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Abstract

Consider that G = (X,Y) is a simple, connected graph with X as the vertex set and Y as the edge set.
The atom-bond connectivity (ABC') index is a novel topological index that Estrada introduced in Estrada et
al. (1998). It is defined as

2y€Y (G) Csz
where (, and (, represent the degrees of the vertices x and y, respectively. In this work, we explore the
behavior of the ABC index for tree graphs. We establish both lower and upper bounds for the ABC index,
expressed in terms of the graph’s order and its Roman domination number. Additionally, we characterize the
tree structures that correspond to these extremal values, offering a deeper understanding of how the Roman
domination number (RDN) influences the ABC index in tree graphs.
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1 Introduction

In theoretical chemistry, mathematical chemistry is the study of chemistry without reference to quantum
mechanics, aimed at explaining and predicting the properties of molecules. Graph theory is used to represent
chemical events in the important topic of chemical graph theory within mathematical chemistry. The chemical
sciences have advanced significantly as a result of this strategy.

A molecular graph is a fundamental graph where the edges represent bonds between atoms, and the vertices
represent the atoms themselves. Hydrogen atoms are often omitted from these representations. According to
IUPAC terminology, a topological index is a number associated with the chemical structure. This value is used
to establish correlations between different physical and chemical attributes, biological activity, and chemical
reactivity, and the chemical structure, see [I3|[15H17.22].

The Randi¢ connectivity index is one of the most well-known topological indices, supported by a solid
mathematical foundation and widely applied in pharmacology and chemistry. In 1998, Estrada et al. [11]
introduced the ABC(G) index as a notable alternative to the Randi¢ index. According to Furtula [12], the
ABC index ranks among the leading degree-based molecular descriptors.
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where Y (G) represents the set of edges in the graph G, and (, and ¢, are the degrees of the vertices x and y

connected by the edge xy. The index has been widely used to predict molecular stability, boiling points, and
other properties, and has proven to be a valuable tool in QSAR/QSPR studies and drug design. Chen and
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Das [7] confirmed the conjecture that the Turdn graph maximizes the ABC index among graphs with a given
chromatic number, resolving a problem posed by Zhang et al. [28]. Zheng et al. [30] established bounds for the
general ABC' index for connected graphs with fixed maximum degree, characterizing the extremal graphs for
specific parameter ranges. Numerous studies have been conducted on this topological indicator, and research
on it is still ongoing, see [5}6L19,120.23].

Prior research [9L[10L27] has investigated the relations between different topological indices and the ABC
index. Among other notable studies, Das and Trinajsti¢ [10] looked at the relationship between the GA and
ABC index. Xinli Xu [27] established correlations between the Harmonic index and several other indices,
including the ABC' index, Randi¢ index, and the first Zagreb index, based on the order, size, and number of
pendant vertices in the graph. Further research was done on the connection between the ABC index and the
distance-based variation of the ABCg index by Das et al. [9]. Additionally, they determined which extremal
trees reach these limits. In order to determine the structures of extremal graphs, Zhang et al. [29] investigated
the extremal limits of the ABS index for trees with certain matching and dominance values. In order to find
graphs with the highest and least values of these indices, Wang et al. [24] looked into extremal multiplicative
Zagreb indices in graphs with provided vertices and cut edges. Jamri et al. [2L[14] established both the extreme
values of the RI(T) with a specified TDN. Most recently, Bermudo et al. [3}4] provided an maximum value
for the GA(T), based on their order and TDN, as well as both extreme values for the RI(T), based on their
order and domination number, and research on the bounds of various topological indices with given parameters
is still ongoing, as noted in [I}[18]21,25].

In this study, we take a look at a simple, uncorrected connected graph G, which has a set of vertices X and
an edge set Y. An edge in graph G connecting two vertices, x and y, is represented by the symbol zy. The
open neighborhood of any vertex y € X is defined as N(y) =z € X | zy € Y, whereas N[y] = N(y) Uy indicates
the closed neighbor. The size of an open neighborhood, |N(x)|, around a vertex x, denoted by (., is called its
degree. A vertex x is called a leaf if (; = 1. The longest path between any two leaves in a tree is defined as its
diameter. A diameter path in a tree T is denoted by Pji1 = x1,9,...,T411, where the path between vertices
Z1,%2,...,2T4+1 reaches this maximum length.

For a given vertex y € X, the graph G — y is obtained by removing y, which results in a new vertex set X —y
and an edge set Y —yx | € N(y). Similarly, for an edge e € Y, the graph G — e retains the original vertex set
X but removes the edge e, resulting in the edge set Y — e.

For [ vertices x1,...,x; or edges ey, ..., e, we define the graph G —z1,...,z; a8 (G — z1,...,2;_1) — x;, and
similarly, G —ey,...,¢; as (G —ey,...,e;-1) — ¢;. The path graph P,, and the star graph S,,. We direct the
reader to [26] for definitions of any other notation and terminology not covered here.

The RDN of a graph G is the minimum weight of a Roman dominating function on G. An RDN is a
function W : X(G) — 0, 1,2 such that every vertex y € X(G) with X(y) = 0 is adjacent to at least one vertex
z € X(G) where R(z) = 2. The weight of R is the sum N(X) = }_ ) X(y) [8]. Essentially, the RDN ensures
that any unguarded vertex (with R(y) = 0) is adjacent to a heavily guarded vertex (with N(x) = 2), and it is
denoted by I'g.

2 Preliminary Results

We introduce a number of lemmas in this section that will be utilized to demonstrate the primary theorem.
Using the Mathematics program, all single and double variables function-related inequalities in these lemmas
and the main theorem’s proof have been confirmed.

a

Lemma 2.1. Suppose m(a) = (a — 1),/ <L — (a — 2),/ Z—:% with a > 3. Then, m(a) is increasing function.

a

Proof. Suppose that f(a) = (a — 1)4/%L. The derivative is f/(a) = /%=L + ‘;%21, /-%5- The expression for

f'(a) is positive for a > 2. Since f’(a) > 0 in this range, the function is increasing. Thus, f(a) is increasing for
a > 2. Therefore, m(a) = f(a) — f(a—1) > 0. O

Lemma 2.2. Suppose q(a) = 4/ “+;’b_2 — ‘(lj_bl_)i’ with b, and a > 3. Then, q(a) is decreasing function for any
b>2.
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Proof. We have that ¢'(a) = e —bt2 >0 <— . If we denote

1
= - — > -
29ba3 Vath—2  2vb(a—1)3 vatb—3 a3 ath=2 — (a—1)3vatb-3
k(b) = 4—L——, since k' (b) = ——2—+ < 0 for b > 2, k(b) is a decreasing function. Thus, it follows that
a2+a+b—2 2a2 (a+b—2)2
1 . Hence, we conclude that ¢(a) is a decreasing function for a > 3 and b > 2. O

<
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Lemma 2.3. Suppose Z(a,b) = (a—l)\/%l—kw%bb_z—(a—2)1/2—j—,/‘(1:_b1_)2 > % with a > 3, and b > 2.

. . . o . . -1 _9
Proof. We begin by decomposing the function Z(a,b) into two parts, fi(a) = (a — 1)/ %= — (@ — 2)/ %=

and fa(a,b) = 4/ “*;’;2 — ,/‘(lj_bl_)i’. By Lemma 2] fi(a) is increasing function and it satisfies fi(a) > 0.9258
(f1(3) = 0.9258). By Lemma 2.2] fo(a,b) is deceasing function and it satisfies fa(a,b) > —0.1296. Since

E(a,b) = fi(a,b) + fa(a,b) we conclude Z(a,b) > 0.7962 > 5 " Thus, it follows that =(a,b) > 5 This
U

2v/2 22"
completes the proof.

Lemma 2.4. Suppose that p(a) = va —bva—b—1—+va—b+ 1va — b witha > 3 and b < (%“] is a increasing
and negative function, and —v/2 < pla) < —1.

Proof. Suppose that k(a) = va—bva—b—1 and ¥'(a) = %, so k(a) is a increasing function for
a >3 and b < [22]. Therefor, give function p(a) = k(a) — k(a + 1) is a increasing and negative function. We
verified that given function hold the inequalities —v/2 < p(a) < —1. O

Lemma 2.5. Let m(a) = Va—b—1Va—b—2—+a—-b+1vVa—b witha >4 and b < [%ﬂ is a increasing
and negative function, and —/6 < m(a) < —2.

Proof. Derivative of a(a) = va— b — 1v/a —b—2is ' (a) = % > 0. Therefore, a(a) is a increasing
function for @ > 4 and b < [22]. Hence, give function m(a) = a(a) — aa + 2) is a increasing and negative
function. We verified that given function hold the inequalities —v/6 < m(a) < —2. O

Theorem 2.6. [§] For the path graph P,, RDN is I'r(P,) = [%1 .

3 Main Results

This section presents the extremal values of the ABC index of trees in terms of their Roman domination
number and order. We define two functions, Omin(n,I'g) and Omax(n,['g), which represent the lower and
upper bounds of the ABC index for trees, respectively, based on the order n and the RDN I'g. The proofs of
these bounds are provided in TheoremsB.2]and B3l Additionally, Theorems B.4] and identify specific graphs
that achieve these exact values.

- 3]-3) ()
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The following lemma assists in establishing the minimum value of the ABC' index in terms of the order and its
RDN.

Lemma 3.1. Suppose that T is a tree graph and I'g is a RDN, a vertex x € V(T) such that ((x) = m > 3,

N(z) ={y1,y2,- -, Ym}s C(ym) = J = 2, ((ya) = 1 for every a € {1,2,3,...,m — 1}. If we take T' =T — yy,
we have:



Proof. Since T = T — y;, we have ABC(T) = ABC(T') + (m — 1 \/m L m+j._2 — (m — 2),/%—:% —
m+j—3 1 4y 1 2(n—1) 3 1 3 _ m—1 m+j=2 _ m=2
oy 2 A WJJ [ (2-75)+Tn (f 4) DyER P = =255
?:nJr—jl_)? > Gpin(n,TR) + (m — 1 \/m 1, \/m-i—] 2 (m—2) m—2 _ ?:;]1)3 _ % - <% - \/_> Suppose

that a(m, j) -1 \/m L mﬂ 2 _(m \/( +i— 3 . Using Lemma 23] we say a(m, j) > %

So, ABC(T) > Umax(n,I‘R) - % - (g - E) > Umm(n,rR). 0

Theorem 3.2. Suppose that T be a tree graph and let I'g denote its RDN. Then the ABC index of T satisfies
the inequality ABC(T) > Upin(n,Rr).

Proof. Let us demonstrate the outcome using induction regarding the vertex count. T is either a star Sy or a
path P;. As we have already observed, ABC(Py) = Upnin(4,3), and ABC(Sy) = 2.44 > Uppin(4,3) = 2.1213.
We examine a T with order n and I'r. We consider that the inequality holds for every T with n — 1 vertices.
Now we prove that for when T has n vertices. We discuss some cases.

Case 1: We consider that x —y — 2z is a path in T. If x is a leaf, ((y) = m > 3 and ((2) = j > 2, then we
apply Lemma B.1] and get the result.

Case 2: Let Pyy1 = {z1,29,...,24+1} is a diametral path of the tree graph. Now, Let degree of xo is 2.
Case 2.1: Suppose that d(z3) = m > 4, N(x3) = {x2, 24, w1,..., W2}, d(wy) =by <2, 0 =2,...,m — 2,
d(wy) =1 and d(x4) = k where 3 < k <m. If T =T — {xl,xg,wl} then I'p(T) = I'r(T1) + 1, we get:

ABC(T) = ABC(T1) + 505 () W mibe? ’”*ba‘4> W mk=2 _ m,:ﬁ;*) /=2 >

=)=+ [250] (5- ) e (1) - (1) + 5 () (Vo - o)+

7 W S m;ﬁ;3>+ B /3> B (0, D)+ 0 () W ml m;@;‘%ﬁ(\/@—
mnﬁf)ﬂ/mn?l—(% - %>_%+\/§ > Umz’n(mPR)—i-(mT_;’) (\/@ - \/%)Jri <\/m+m’“‘2 - mntﬁg4>+

mT_l - %. Suppose that a(m,k) = <m\/_§3) ( m:%'l — /= ) T <\/m+k 2 _ m+k 4> + \/m L_ %.
a(m,k) >0 for m >4 and 3 < k <m. So, ABC(T) > Umm(n,FR + a(m, k) > Omin(n,Tr).

[IE[SN]

Case 2.2: We assume ((z3) = 3, N(x3) = {22, 24,1}, y1 is the leaf of the T and ((z
Case 2.2.1: We suppose that 1 < k: < 4. If we take Ty = T — {x, 22}, then I'(T) =

) =
I'r
ABC(T) = ABO(T) /52 43 > J5n—1)= 2+ [2072] (3 = J5 ) +(Ta— 1>(7—g)+ i /7

Omin(n,T'r) + % +4/3-V2- <Z - 7) Suppose that 5(k) = k“ \/g —V2 - (% \/5> B(k) >0
for 1 < k < 4. Therefore, ABC(T) > Upin(n,T'r) + B(k) > Umm(n,FR).

Case 2.2.2: We suppose that k > 5, ((x5) = u, N(z4) = {23, 2Z5,Y1,- -, Yp— 2} C(y1) =1 and ((yq) = by <5
where a = {2,3, .. —2}. If we take Ty = T — {21, 29,23, 24,y1}, then T'r(T) = T'r(Ty4) + 3, we get:

ABC(T) :ABC(T4 TRV S By [T R 1+\/ B+l \/ basz_ fhied ) 2y /2>
daln =) = g [ (1 05) o+ 9 (G 1) ikl - i) R+ -
s \/ﬁ + \/7 + 5+ \/é > Bpin(n, Tr) + 2 asi /252 = S0z ’“,jbl‘bf \/7 \/@
JEer o sy 2y 28 s G (0 TR) (k- 2>f . 3)@ 2

B i
Suppose that a(k) = (k — 2)\/% — (k- 3)\/% + \/% + k+1 It has been verified that «(k) > 1.57.

Now, Let S(k,u) = 1/k+k“u_2 — '6:_“1_)3 By using Lemma 221 we have §(k,u) > —0.013. Therefore,

N
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ABC(T) > Umm(nyrR) + OZ( ) + 5(k U) + \[ + g - T > Umzn(n FR)

Case 2.3: Assume that ((z3) = 2, ((z4) =1 > 2, and N(z4) = {x3,25,91,.--,Yi—2}, where ((y;) = a; < 5 for
ie{l1,2,...,1—2} and ((z5) =t <. If we take T5 = T — {x1,x2,23,y1}, then T'r(T) = Tr(Ty4) + 2, we get:

ABC(T) = ABC(Ts)+ X 2 (VB - e+ gy (VR - R )+ 2 o)
o[22 (3 - 35)+ 02 (35 — )Tl o (VI - B )R g (VIR - R )+
%wmmw PR>+zi:?¢t—z(w+“f—2—w+az )V +f<w+’?‘2—\/”ﬁf’)—%—(%—%)>
Sl T+ 52 (V2= B + 1T (VB2 - ) -4

+ 2
Let a(l) = ng’ <\/ ,/H' ) +4/1— % Since «a(l) is an increasing function for every | > 3, we define
B(l, k) lk <\/l+ =2 \/“lrf;?’) By Lemma 2.2 5(I, k) is a decreasing function. Therefore, the inequality
holds: ABC(T) > Upin(n,Tr) + a(l) + B(1, k) — % > Upmin(n,TR). O

Theorem 3.3. If T be a tree graph and let I'g denote its RDN. Then the ABC index of T satisfies the inequality
ABC(T) < Unmaz(n,Tr).

Proof. Let us demonstrate the outcome using induction regarding the vertex count. T is either a star Sy or a
path P;. As we have already observed, ABC(P;) = 2.121 < Uua2(4,3), and ABC(S4) = Upaz(4,3) = 2.44.
We examine a T with order n and RDN TI'r. We consider that the inequality holds for every T with n — 1
vertices. Now we prove that for when T has n vertices. We discuss some cases.
Case 1: Consider a vertex x where ((z) =m >3, N(z) = {yl,yg, cesUmbs Clym) =7 > 2, ((ya) = 1 for every
a€{l1,2,3,...,m—1}. If we take T" =T — y;, then I'r(T) = T'r(T’). We have:
3
2

ABC’(’]I‘):ABC(T’)+\/—1R((m—1)2+\/@)—ﬁ<( —2)2 4 [P < TRV —Tr—1-
(Tr=2) (3= %) + ok (0m =02+ /252) = g (m = 2)8 + \/"52) <Cpou(n. D) + Vi~ T
VI TR =1 = Vi Trd W= Tr+ 2= (m = DF + /2822) - L (= 2)F 4+ | /7H53). We as-
sumethata():\/n—FR\/n—FR—1—\/n—FR+1\/n—FRandﬁ(m,j):ﬁ«m—l)%—k\/@)—
\/ﬁ(( —2)2+\/m) By using Lemma 2] we get —v2 < a(n) < —1 for n > 3 and 2 < I'g < [2]

and by Lemma [2.3] we get % < B(m,j) < 1 for any m > 3 and j > 2. Therefore, n(n,m,j) = a(n) + 5(m,j)

is negative function. So, ABC(T) < Upaz(n, Tr) + n(n,m, ) < Opaz(n,TR).

Case 2: Let Py = {z1,22,...,2411} is a diametral path of the tree. Let ((xz2) = 2, {(x3) = m, N(z3) =
{zo, 4,91, Ym—2}, C(yi) = b;, where i € {1,2,...,m—2}, and ((x4) = k. If we take Ty = T — {z1, 22}, then

Tr(T) = Tr(T2)+1, we get: ABC(T) = ABC(T2)+ <\/m+mk-2 —~ m,;ﬁ;?’) i <\/m+b =2 %>+
V2 Vi TR— 1V —Tr—2-(Tr - 3) (§ - & )+dp (/2552 /)4 0y fW’“*b = %%
V2 < Bpae(n, TR) +Vn —Tr— IV —Tp =2 —vn—Tr+ 1Vn—Tr+ & Wmtfi‘z— miks 3>+Z

L <\/m+7%~_2 _fmih 3>+\f+<_ _ 7) < Opaz (0, TR) VN — T —1v/n —Th —2—vn —Th + Iv/n —Ta+

5 (V) (V) + 4 (- ).

We assume that a(n) = vn— T —1v/n—Tgr —2—/n —Tr+ 1v/n —Tg, B(m, k) = ﬁ <\/m+k 2 _ m;gff’)
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and y(m) = ™2 <1/m+3 M%*’%) By using Lemma 5], we get —v6 < a(n) < —2, by Lemma 2 8(m, k)
is decreasmg functlon and ~y(m) is negative function for any m > 3. Hence, ABC(T) < Uyaz(n,T'r) + a(n) +
Blm, k) +7(m) + V2 + (3 = %) < Opaa(n ).

U

Theorem 3.4. Suppose that T be a tree with order n and RDN T'g, then we have ABC(T) = Uin(n,Tr) if
and only if T = P,.

Proof. Using Equation [I we know that for the path graph P,, the ABC index is: ABC(P,) = %(n —1).

By Theorem 2.6, the RDN of the path graph P, is, ['r(P,) = [%"] Substituting this into the formula for
Gpnas (0, T ), e gt Opnaa(n, Tr) = d5(n=1)+ 3] (3 = J5)+Tr(Pa) (5 — §) = J5(n—1) = ABC(P,). O

Theorem 3.5. Suppose that T a tree with order n and the RDN T'g, then we have ABC(T) = Upaz(n,r)
if and only if T = 5,,.

Proof. By using Equation [I, we know that for the star graph Sy, the ABC' index in the term of order of S,, is

given by: ABC(S,) = vn—1y/n—2 and RDN of S, is 2 (T'r(S,) = 2) Hence, we substitute this into the

formula for Upaq(n,Tr(Sy)), giving: Umaz(n,Tr(Sy)) = vVn — 1v/n —2 = ABC(S,,). This is exactly equal to
the ABC' index of S, so we conclude that: ABC(S,) = Unaz(n, I‘R(Sn)). O

4 Conclusion

In this study, we examined the ABC' index of tree graphs, focusing on its dependence on the RDN and the
tree’s order. We established the lower and upper bounds of the ABC' index, as detailed in Theorems B.2] and
B3l demonstrating that these bounds are determined by the tree’s order and RDN. Specifically, Theorem [3.4]
shows that IP,, achieve the minimum ABC index, while Theorem reveals that S,, trees attain the maximum
index, illustrating the significant impact of the RDN on these extremal values. These results enhance the
understanding of the relationship between tree parameters and topological indices, providing a basis for future
research to explore these interactions in broader graph classes and uncover new connections between the ABC'
index and other graph invariants.
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