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Abstract

In this work, we investigate the existence of wormholes within the framework of Loop Quantum
Cosmology, considering isotropic dark matter as the matter source. We examine three distinct
density profiles and employ modified field equations along with stress-energy tensor conservation,
applying suitable boundary conditions to derive traversable wormhole solutions. We confirm that
each obtained solution meets the geometric requirements for wormholes and assess the regularity
of these spacetimes by computing the Kretschmann scalar to ensure the absence of singularities.
Through the stress-energy tensor, we analyze the conditions under which energy conditions may
be violated in this model. We explore the geometry of these wormholes using embedding diagrams,
and evaluate the stability of the solutions by examining the speed of sound. Lastly, we compute the

amount of exotic matter necessary to sustain these structures using the Volume Integral Quantifier.
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I. INTRODUCTION

General Relativity (GR) has successfully described gravitational phenomena for over a
century, providing a robust framework for understanding spacetime curvature as influenced
by matter and energy. This theory’s predictions, from planetary orbits to black hole prop-
erties, have been verified extensively, notably in strong-field regimes with the detection of
gravitational waves by LIGO and Virgo collaborations [1]. Another fascinating consequence
of GR is the possibility of traversable wormholes, hypothetical passages through spacetime
that could connect distant points or even different universes [2-4]. Unlike black holes, which
are characterized by an event horizon that prevents anything from escaping, traversable
wormholes remain open, allowing for potential passage by particles and light.

However, constructing stable wormhole solutions within GR typically requires exotic mat-
ter — substances that violate energy conditions such as the Null Energy Condition (NEC)
[5-8]. This need for exotic matter has driven investigations into alternative sources and mod-
ifications of GR, particularly in theories that incorporate quantum gravitational effects, such
as Loop Quantum Gravity (LQG). Loop Quantum Cosmology (LQC), a simplified model
of LQG, introduces corrections to classical GR, especially at high densities, by imposing a
critical density p., beyond which quantum geometric effects become significant [9]. In this
sense, traversable wormholes in scenarios of LQC were built in [10, 11]. Such quantum ef-
fects hold the potential to reduce or even eliminate the need for exotic matter in sustaining
wormbholes, allowing other forms of matter, such as dark matter, to support their structure.

The enigmatic nature of dark matter remains one of physics’ greatest puzzles, thought
to comprise around five-sixths of the universe’s matter [12]. Its presence is strongly sup-
ported by astrophysical observations, such as galaxy rotation curves that indicate more
mass than visible matter alone can explain [13-16]. Dark matter’s mass scale, spanning
from cosmic structures down to 10722 eV, is still undetermined, making the identification of
its particle nature a priority in modern physics [17]. One theory suggests that primordial
black holes, originating shortly after the Big Bang, might serve as dark matter. Another
possibility involves new particles beyond the Standard Model, like axions and Weakly In-
teracting Massive Particles (WIMPs), which might accumulate and annihilate in the Sun,
emitting neutrinos detectable by observatories like IceCube, though no confirmation has

yet been found [18, 19]. It is worth noting that dark matter as a source of wormholes was



investigated in several papers, in Einstein and modified gravity [20-26].

In this work, we explore the existence of traversable wormholes sourced by isotropic
dark matter within the framework of LQC. We investigate three cold dark matter models —
Navarro-Frenk-White (NFW), Pseudo-Isothermal (PI), and Perfect Fluid (PF) models [27,
30] — each with distinct density profiles that influence the stability and structure of wormhole
solutions. While in the context of General Relativity dark matter does not possess an exotic
nature, it may exhibit such characteristics within certain modified gravity frameworks. Then
we adopt a linear equation of state, p = wp, where w can potentially take on negative values.
Thus, by employing the LQC-modified Einstein and conservation equations with linear EoS,
we derive shape and redshift functions for each dark matter model to assess whether the
resulting geometries satisty the conditions for traversable wormholes, such as the flaring-out
condition and asymptotic flatness. Following, we examine the regularity conditions of the
corresponding spacetimes by computing the Kretschmann scalar. We further examine energy
conditions by analyzing the effective stress-energy tensor derived from the dark matter
density profiles, noting that the violation of NEC may vary with the choice of model and
parameters, particularly p. and py, the LQC critical density and central density of dark
matter, respectively.

Through embedding diagrams, we visually represent the wormhole shapes for each model,
illustrating how changes in the parameters influence their structure. Furthermore, by cal-
culating the Volume Integral Quantifier (VIQ), we evaluate the amount of exotic matter
required to sustain each wormhole, comparing the models between themselves. The stability
of these wormholes is also analyzed through sound speed calculations within the employed
isotropic dark matter fluids. This work underscores, therefore, the role of quantum cor-
rections from LQC in potentially creating stable, traversable wormholes sustained by dark
matter, advancing the study of non-classical spacetimes as viable exotic structures within
modified gravity theories.

The structure of this paper is as follows: In Section II, we introduce the dark matter
models to be used and the modified Einstein equations for general traversable wormhole
solutions in the context of LQC. In Sections III, IV, and V, we derive these wormhole
solutions for the three dark matter models and discuss their geometric properties. Section
VI explores the embedding diagrams of the obtained wormhole solutions. In Section VII,

we examine the energy conditions and calculate the necessary amount of exotic matter. In



Section VIII, we analyze the stability of the solutions by investigating the sound velocity
within the isotropic fluid. Finally, Section IX presents the conclusions and closes the paper.
Throughout this paper, we utilize natural units with 87G = ¢ = 1 and adopt the metric

signature (—, 4+, +, +).

II. DARK MATTER MODELS AND LQC-INSPIRED WORMHOLES

We will work with the cold dark matter models whose density profiles can be synthesized

in the following formula:
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where R, and p, are a distance scale and a density parameter, respectively, which are
associated with the dark matter distribution. The coefficients a, depends on the model

under analysis. Thus, we have

NFW: ay=0, a1 =1, as =2, a3 =1, (2)
PI: apg = 1, ap = 0, Qg = 1, as = 0, (3)
PF: ay=a,=ay,=0, a3 =1, (4)

where NFW stands for Navarro-Frenk-White, PI is for Pseudo-Isothermal, and PF denotes
Perfect Fluid model. A plausible justification for using these dark matter profiles as sources
for wormholes in the context of LQC lies in their distinct structural characteristics, which
offer a range of gravitational behaviors under some density conditions near the wormhole
throat. The NFW profile, with its cuspy core, represents a widely observed density distribu-
tion in galaxies and clusters, while the pseudo-isothermal model provides a softened central
density, helping to capture alternative galactic dynamics. Meanwhile, the PF dark matter
model, often applied in theoretical explorations, features an equation of state that supports
pressure, making it particularly useful in analyzing exotic configurations like black holes and
wormholes [28, 29].

Our exploration of traversable wormholes sourced by dark matter is inspired by princi-
ples coming from LQC. The solution arises from an effective matter fluid that simulates
corrections within the framework of LQC. Consequently, the effective gravity-matter system

obeys the Einstein equations:

1
G' = R' — §g”VR =T", (5)
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where 7}, denotes the effective stress-energy tensor, which is, for an isotropic perfect fluid,

given by

Tlf/ = dlag (_peapevpevpe) ) (6)

where p, = —G*,, p. = G", = G = Gi. The analytical expressions for the effective energy
density and pressure are given by [10, 11]:

pe(r) = p (1 - ﬁ) , (7)

Pc

o 2p+p
p(r) = p p< pc ) ®)

where p. represents the critical density in the context of LQC.

Therefore, moving forward, we will investigate the wormholes in the context of LQC. We
will particularly focus on the energy density given in Eq. (7) by the static and spherically

symmetric Morris-Thorne wormhole metric as presented by [3]:
2

b(r)

T

dr

+ 7’2d92. (9)

ds* = —e**")dt* + .

Here, ®(r) represents the redshift function, b(r) is the shape function, and d, = d6? +
sin? fd¢? denotes the spherical line element. Given the metric ansatz of Eq. (9), the modified

Einstein equations take on their simplest form:

Gy =5 = pe(r), (10)
GTT:—T—[Q+2% :pe(r)a (11)
G~ — (1 _ ;) lq)/ur @)+ éf(;ibg)qu 2(7052(—707“_52) +‘1’% —p(r),  (12)

The quantities p(r) and p(r) = wp(r) that entry in the effective densities and pressures are
described by Eq. (1), and will be regarded as the sources for the new wormhole solutions
investigated here.

Another key feature of the isotropic traversable wormhole solutions to be derived here is

that they must satisfy the modified conservation equation:
dp. d®P

— Pe e) = Y, 1
De 0 et p) =0 (13)

where we assume identical radial and lateral pressures due to the source isotropy. This

equation is inherently satisfied, as the Einstein tensor for any general geometry is divergence-

free.



To verify the presence of singularities in these spacetimes, it is important to examine
whether there are divergences in the curvature invariants. Since the spacetimes we are
dealing with in this work are spherically symmetric, it is sufficient to check the Kretschmann
scalar, defined as K = R**° R, where RV, is the Riemann tensor.

For our shape function to describe traversable wormholes, there are certain conditions it
must satisfy. Our solution must have a throat, i.e., a minimum size, should not have event
horizons, and the wormhole opening must remain [3] Mathematically, this can be analyzed
through the shape function as follows: 1) b(rg) = ro; ii) b(r) < r must be valid for r > rg;

iii) b'(ro) < 1; iv) and b(r) — O/ (r)r > 0.

III. NFW MODEL
A. Shape function

From Egs. (1), (2), (7), and (10) we find that the corresponding wormhole shape function

is given by
Rs3 . Rs3 .
b(r) = ro— Al ro 3+ P - + Po fo 5 + p .
o sGeg) (i) e [s(eg) ()
14+ +
R3 1 Rs 14

where we have taken into account the boundary condition b(rg) = rg in order to determine
the integration constant.

The condition b(rg) = ro was used to integrate the field equation and obtain the form of
b(r). However, we still need to verify whether the other conditions mentioned in the before
are also satisfied. In Fig. 1, we observe the behavior of b(r)/r and notice that, for r > r,
the ratio b(r)/r is always less than one, thus satisfying the condition i that we established
earlier. In Fig. 2, we analyze the behavior of b/(r) and observe that it is always less than
one, ensuring that the condition O'(rg) < 1 is easily satisfied. In Fig. 3, we examine the
behavior of the relation b(r) — rb/(r) and observe that it is always positive, ensuring that
the flaring condition is always satisfied. Thus, we see that the wormhole model derived from
LQC, when considering dark matter described by the NF'W profile, satisfies the established

conditions.
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Figure 1: Behavior of b(r)/r considering the model (14) in terms of the radial coordinate
with 79 = 1, Ry = 2, p. = 107°, and py = 1075, Changes in the densities p. and py do not
significantly alter the shape of the graph.
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Figure 2: Behavior of '(r) considering the model (14) in terms of the radial coordinate
with 7o = 1, Ry = 2, and p. = 107°, for different values of py. Changes in the density p. do
not significantly alter the shape of the graph.

B. Redshift function

From Eq. (1), (2), (13), and the state equation p(r) = wp(r), we find

2(14-2w)

20(r) _ (L> - ( r+ 8 >4(1iiw ro(ro + Rs)?pe — 2R3 po ?
-\ ro + R, r(r+ Rs)?p. — 2R3py |

e (15)

where we have chosen the integration constant such that, at the throat, e>®(™) = 1. This
metric’s time coefficient exhibits an undesirable asymptotic behavior, except when w —

0, thereby necessitating in general the imposition of junction conditions. However, the
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Figure 3: Behavior of b(r) — r/(r) considering the model (14) in terms of the radial
coordinate with ro = 1, R, = 2, and p, = 107°, for different values of py. Changes in the

density p. do not significantly alter the shape of the graph.

curvature scalars clearly indicate that asymptotic flatness is in fact achieved, as we will
demonstrate. This property holds consistently across all dark matter models.

Once we have the shape function and the redshift function, we are able to obtain the
Kretschmann scalar. Analytically, the Kretschmann scalar is quite lengthy and complex,
making its information unclear; therefore, we will not include it here. What we can identify
is that our spacetime will only be free of singularities for py < p. 7o (ro + Rs)?/2 R2. Thus,
we verify that if the dark matter density is very high, it may end up generating singularities
in our spacetime. In Fig. 4, we graphically observe the behavior of the Kretschmann scalar
and see that it does not show divergences as it approaches the throat radius, decreasing to
zero as the radial coordinate increases. Respecting the regularity condition imposed on the
energy density of the dark matter and considering that p. must have small values to deviate
from the general relativity results, parameter changes do not significantly alter the behavior

of the Kretschmann scalar; therefore, we have not included additional curves in Fig. 4.



Figure 4: Behavior of the Kretschmann scalar for model (14), as a functions of the radial

coordinate, with w =1, 79 =1, R, = 2, p. = 107°, and py = 1076.

IV. PI MODEL

A. Shape function

From Egs. (1), (3), (7), and (10) we find that the corresponding wormhole shape function

is given by
b(r) = g2 OB (0 g g gt (10 4 T (#)
(7’) = To — Porolty — 2pc (’I“O + S) + Polrg tan <E) + 2pc
2, R4 2R3 tan™! (L)
por Pots R 3 a1 ( r )
R? — — poR2t — . 16
+ porhi 2p. (r?2 + R2) 20, Polts tan R, (16)

Let us now verify whether the model satisfies the conditions imposed previously. The con-
dition b(rg) = ro is automatically satisfied since this condition was imposed during the
integration process to obtain b(r). The second condition, b(r)/r < 1 for r > rq, is always
satisfied, as we see from Fig. 5 that for model (16) the function b(r)/r is always less than one
for r > rg. Through Fig. 6, we see that b'(r) is always less than one, even taking negative
values. This shows that the third condition, ¥'(ry) < 1, is satisfied. Through Fig. 7, we
see that b(r) — b/(r)r > 0 for model (16), so that the fourth condition is always satisfied.
Thus, depending on the chosen parameter values, model (16) meets all the conditions for a

wormbhole.
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Figure 5: Behavior of b(r)/r considering the model (16) in terms of the radial coordinate
with ro =1, Ry =2, p. =5 x 107°, and py = 1075, Changes in the densities p. and py do
not significantly alter the shape of the graph.
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Figure 6: Behavior of ¥'(r) considering the model (16) in terms of the radial coordinate
with ro =1, R, = 2, and p. = 5 x 107°, for different values of py. Changes in the density p,
do not significantly alter the shape of the graph.

B. Redshift function

From Eq. (1), (3), (13), and state equation p(r) = wp(r), we find

2 9y 22 2 2 2 72
62<I>(T) . T + RS I4w (TO + RS )pc - 2R8 po
— \r2 + Rs? (r2 4+ Rs%)p. — 2Rs%py |

(17)

Once we have the shape function and the redshift function, we are able to calculate the
Kretschmann scalar for the second model. However, as in the previous case, the analytical

expression is not clear. An information we can extract from the analytical expression is that
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Figure 7: Behavior of b(r) — rb/(r) considering the model (16) in terms of the radial
coordinate with ry = 1, R, = 2, and p. = 5 x 107°, for different values of p,. Changes in

the density p. do not significantly alter the shape of the graph.

Figure 8: Behavior of the Kretschmann scalar for model (16), as a functions of the radial

coordinate, with w =1, 79 =1, Ry = 2, p. = 5 x 1075, and py = 107°.

there are no singularities if py < p./2. This limits the possible values of the dark matter
energy density. In Fig. 8, we graphically observe the behavior of the Kretschmann scalar
and see that it does not show divergences as it approaches the throat radius, decreasing to
zero as the radial coordinate increases. As in the case before, parameter changes do not
significantly alter the behavior of the Kretschmann scalar; therefore, we have not included

additional curves in Fig. 8.
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Figure 9: Behavior of b(r)/r considering the model (18) in terms of the radial coordinate
with rg = 1, Ry = 2, p. =5 x 107°, and py = 10~7. Changes in the densities p. and py do
not significantly alter the shape of the graph.

V. PF MODEL

A. Shape function

From Eqs. (1), (4), (7), and (10), we find that the corresponding wormhole shape function

is given by
b(r) = 1o — % + % + po? log (:—0) (18)
As in the previous cases, the condition b(rq) = rq is identically satisfied since it was used in
the integration to obtain b(r). From Fig. 9, we see that b(r)/r < 1 for r > ry, which satisfies
the second condition for wormholes. In Fig. 10, we observe that ¥ < 1 at all points with
different parameter values, which ensures that ¢/(rg) < 1. Finally, in Fig. 11, we analyze
the behavior of b(r) — b'(r)r and verify that it is always positive for the chosen parameters.

Thus, the wormhole that arises due to the dark matter profile 4 in LQC satisfies all the

conditions imposed for wormholes.

B. Redshift function

From Eq. (1), (4), (13), and state equation p(r) = wp(r), we find

6(14+2w) 2
62‘1>(7‘) — <L) e Tgpc - 2R83p0 (19)
To r3p. —2Rs%py )
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Figure 10: Behavior of '(r) considering the model (18) in terms of the radial coordinate
with 7o = 1 and R, = 2. In the left panel, we fix py = 107 and vary p.. In the right panel,

we fix p. =5 x 1075 and vary po.
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Figure 11: Behavior of b(r) — r/(r) considering the model (18) in terms of the radial
coordinate with rg = 1 and R, = 2. In the left panel, we fix py = 1077 and vary p.. In the
right panel, we fix p. = 5 x 107 and vary py.

As in previous cases, we now have the necessary functions to calculate the Kretschmann
scalar. Although the analytical expression is simpler than in previous cases, it is still quite
confusing and unclear. Nevertheless, we can verify that, for our spacetime to be free of
singularities, we need py < 15 p./2 R3. In Fig. 12, we graphically observe the behavior of the
Kretschmann scalar and see that it does not show divergences as it approaches the throat
radius, decreasing to zero as the radial coordinate increases. As in the cases before, param-
eter changes do not significantly alter the behavior of the Kretschmann scalar; therefore, we

have not included additional curves in Fig. 12.
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Figure 12: Behavior of the Kretschmann scalar for model (18), as a functions of the radial

coordinate, with w =1,79 =1, Ry =2, p. = 5 x 1075, and py = 1077,
VI. EMBEDDING DIAGRAMS

In order to better analyze the shape of the wormholes we found, we will study the
embedding diagrams. These type of diagrams help us to understand the curvature of the
spacetime around compact objects, such as the wormholes.

To construct these diagrams, we will consider the line element that describes our wormhole
models for the case t = constant and considering the equatorial plane, § = 7/2. With these

simplifications, the line element is written as:

d 2
1—% +r2dg?, (20)

s

ds® =

Now, we will embed this spacetime into another spacetime, which is three-dimensional with
cylindrical symmetry, assuming 6 = 7/2. This three-dimensional spacetime is described by
the line element:

ds?, = dp® + p*d¢® + d=°. (21)

Comparing the two line elements, we can identify:

~1/2
p=r, and %21(2—1) . (22)

Now, we just need to integrate equation (22) to obtain the shape of these wormholes to each
model.
In Figs. 13 and 14, we show the behavior of the embedding diagram profile and the three-

dimensional version of the diagrams for model (14). Depending on the chosen parameter
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Figure 13: Behavior of z(r) considering the model (14) in terms of the radial coordinate
with ro = 1 and Ry = 2. In the left panel, we fix pg = 0.01 and vary p.. In the right panel,
we fix p. = 0.001 and vary py.

Figure 14: Embedding diagrams considering the model (14) in terms of the radial

coordinate with rg = 1 and R, = 2. In the left panel, we fix py = 0.01 and consider
pe = 0.0001 (green), p. = 0.0002 (blue), and p. = 0.0003 (red). In the right panel, we fix
pe = 0.001 and consider py = 0.01 (red), po = 0.02 (blue), and py = 0.03 (green).

values, the wormhole flattens more quickly. The higher the value of py or the lower the value
of p., the faster the wormhole flattens.

In Figs. 15 and 16, we show the behavior of the embedding diagram profile and the
three-dimensional version of the diagrams for model (16). The behavior is similar to the
first model, where the higher the value of py or the lower the value of p., the faster the
solution flattens. It is interesting to note that for larger values of p., the shape of the

wormhole does not change much when p, is further increased.
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Figure 15: Behavior of z(r) considering the model (16) in terms of the radial coordinate
with 7o = 1 and R = 2. In the left panel, we fix pg = 0.001 and vary p.. In the right
panel, we fix p. = 0.00005 and vary py.

Figure 16: Embedding diagrams considering the model (16) in terms of the radial

coordinate with ro = 1 and R; = 2. In the left panel, we fix py = 0.001 and consider
pe = 0.000005 (green), p. = 0.00005 (blue), and p, = 0.0005 (red). In the right panel, we
fix p. = 0.00005 and consider py = 0.001 (red), po = 0.002 (blue), and py = 0.003 (green).

Finally, 17 and 18, we show the behavior of the embedding diagram profile and the three-
dimensional version of the diagrams for model (18). The behavior is similar to the first
model, where the higher the value of py or the lower the value of p,., the faster the solution
flattens. Thus, even though the shape function of each wormhole is completely different,

graphically the behavior of the wormhole shape for each dark matter profile is quite similar.
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Figure 17: Behavior of z(r) considering the model (18) in terms of the radial coordinate
with 7o = 1 and R = 2. In the left panel, we fix pg = 0.001 and vary p.. In the right
panel, we fix p. = 0.0005 and vary po.

Figure 18: Embedding diagrams considering the model (18) in terms of the radial
coordinate with ro = 1 and R, = 2. In the left panel, we fix py = 0.001 and consider
pe = 0.00005 (green), p. = 0.0005 (blue), and p. = 0.005 (red). In the right panel, we fix
pe = 0.0005 and consider py = 0.001 (red), po = 0.002 (blue), and py = 0.003 (green).

VII. ENERGY CONDITIONS AND QUANTITY OF EXOTIC MATTER

The energy conditions are constraints imposed on the components of a given stress-
energy tensor to ensure its physical viability. In the case of wormholes, the violation of

certain energy conditions is essential to keep the wormhole’s throat traversable.

To our case, let’s consider the components of the stress-energy tensor given by (6). The

17



energy conditions are given by the inequalities:

NEC =WEC, = SEC, <= p. + p. > 0, (23)
SECy <= p.+ 3p. >0, (24)
DEC, <= pe — |pe| 2 0 <= (pe +pe = 0) and (pe — pe > 0), (25)
DECy = WEC, <= p. >0, (26)

where the energy conditions are the null (NEC), weak (WEC), strong (SEC), and dominant
(DEC). We see that the NEC is embedded within the other conditions. Thus, if the NEC is
violated, the other conditions will also be violated. However, the reverse is not necessarily
true, as the other conditions also impose additional inequalities that do not appear in the
NEC. Now let’s analyze the conditions for each dark matter model.

In this section, we will also analyze the quantity of exotic matter necessary to maintain

the wormhole by calculating the Volume Integral Quantifier (VIQ), defined by [31]

T, = / Az (p. + pe)d, (27)
0

where r — 0o. We will perform this calculation for the three dark matter models considered

up to this point.

A. NFW model

Considering the model (2), we can calculate the components of the stress-energy tensor,

and we obtain that their combinations are given by:

_ poli(w+ 1) (rpe(r + Ry)® — 2po %))

= 2
pe +p6 chQ(T+RS)4 ) ( 8)
poR2 (rp.(r + Re)*(Bw + 1) — 2po R3(3w + 2))
e e — ) 2
pe + 3p 02 (r 1 R (29)
R (rpelr + RO)X(1 - w) + 2p0Rw) a0)
pe pe pcr2(r + RS)4 Y
— pORS (pcr(r + RS)2 B p0R§> (31)
e pr TR

Analyzing Eq. (28), we notice that, for w > —1, NEC will be violated for small values
of the radial coordinate. This violation can be mitigated by increasing the value of p. or

decreasing the value of py. As long as w > —1, the value of w will not affect the region
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where NEC is satisfied. If w < —1, the regions where NEC was previously satisfied will now
be violated, and where it was violated, it will now be satisfied. Through Eq. (29), we see
that if w > —%, the relation p, + 3p. will be positive for regions farther from the wormhole,
thus the SEC will be violated in more central regions. For —% > w > —%, the SEC will
always be violated. Finally, for w < —%, the SEC will be violated in more distant regions
and satisfied in regions closer to the wormhole. From Eq. (30), we see that for w < 1, the
relation p, — p. will always be positive. This ensures that at least one of the inequalities of
DEC will always be satisfied. If w > 1, the relation will be negative for points farther from
the wormhole and positive in more central regions. The region where this inequality will be
violated depends on the value of w; the larger w is, the larger the region where the DEC
will be violated. The behavior of Eq. (31) is similar to that of Eq. (28). The density p, will
be negative for small values of the radial coordinate and positive for points farther from the
wormhole. This means that one of the inequalities of the WEC will not be satisfied in more
central regions. This violation can be mitigated by increasing p. or decreasing the values of
Po-
The quantity of exotic matter for the NF'W model, calculated via Eq. (27) yields

T, = 4nR¥ 1+ w)™®
Pe

r+Rs)
’I“()—I—Rs

2 1 R 1
3\ R o+ R\ T R) T (ot Ry

. (32)

+ pe log(

In the limit » > R,, we have Z, ~ 4mpyR3(w + 1)log (mle)' Then, when r — oo the

integral diverges logarithmically. However, for w — —1 this quantity vanishes.

B. PI model

Considering the model (3), we can calculate the components of the stress-energy tensor,

and we obtain that their combinations are given by:
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oot p, = PRl + 1) (F(pe — 2p0) + per”)
‘ ‘ pe (1 +R§>2
R? (pr?(3w + 1) + R2(—2p0(3w + 2) + pe(3w + 1
bt 3p, = 0 s (per*(Bw +1) + R3( po(;u+ ) +pBw 1)) (34)
pe (r? + R2)
_ polZpe ((r? 4+ B2 (1 — w) + 2R pow)
pe (r? + R2)*
— pORg (pcr2 + Rg(pc - po)) (36)
pe (r? + R2)’ '

: (33)

Pe — Pe (35)

Y

e

For w = —1, the NEC is identically satisfied, since Eq. (33) would be null in this case.
For w > —1, NEC will always be satisfied if p. > 2pg. If p. < 2pg, NEC will be violated
near the center of the wormhole. This violation will be mitigated the smaller p, is or the
larger p. is. For p. > 2py(3w + 2)/(3w + 1), the relation p, + 3p., Eq. (34), will always be
positive, thus satisfying SEC. If w < 1, the relation p, — p., Eq. (35), will always be positive,
satisfying DEC. For w > 1, DEC will be satisfied in more internal regions and violated at
points farther from the wormhole. If p. > po, Eq. (36), the energy density p. will always be
positive, contributing to NEC being always satisfied.
The quantity of exotic matter at r for the PI model is given by

C

— R, (po+ pe) (tan_l <R;s> — tan™" <%)>} : (37)

and for r < Ry, Z, ~ 47 R%py(1 + w)r, diverging, therefore, linearly with r. Once more, the

1 1
T, = 47R*(1 +w)® er§p0< - = >+(T—7‘o)ﬂc

quantifier vanishes for w — —1.
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C. PF model

Considering the model (4), we can calculate the components of the stress-energy tensor,

and we obtain that their combinations are given by:

~ poR(w 4+ 1) (per® — 2poR2)

Pe+pe = = , (38)
Do+ 3p, = po 3 (per® (3w +;>7~; 2p0 R (3w + 2))’ (39)
PR poR: (7’3Pc(1p—:60) j— 2POR§C‘J)7 (40)

= po RS (per® — PORE)C. (41)

per®
For w > —1, the combination p., + p., Eq. (38), will present positive values for r >
WRS. Therefore, NEC will only be violated in the region r < /2pg/p. Rs. For
the case where w < —1, NEC will be violated for r > {¥2py/p. Rs. If w = —1, NEC will
be identically satisfied in all regions. For w > —%, the combination p, + 3p., Eq. (39), is
negative for small values of r. Thus, SEC is violated in this region, and this violation can be
mitigated by increasing p. or decreasing p,. For —% > w > —%, SEC will always be violated.
For w < —%, SEC will be violated at points farther from the wormhole, with this violation
being mitigated by increasing py or decreasing p.. For w < 1, the combination p, — p., (40),
will always be positive, so the DEC will always be satisfied. For w > 1, the DEC will be
violated in regions farther from the wormhole. For r > {/po/p. Rs, the energy density p, is
always positive, so WEC will be violated in regions where r < /po/pe Rs.

For the PF dark matter model, the quantifier of exotic dark matter is

£o 2R3p0 1 1 r
T, = 4T R3(1 = s — - .1 (-) 42
) 2R () o (2)] (@2

which also diverges logarithmically for » — oo and vanishes for w — —1.

In Figure 19, we show VIQ as a function of the radial coordinate for the three models,
each evaluated at two different values of p.. Notice that as this latter decreases, the quantity
of exotic matter reduces across all models, with the PF model exhibiting the most significant
reduction. Overall, the PI model requires the largest amount of exotic matter, while the
NFW model requires the least.

In LQC, a lower critical density p. introduces quantum gravitational effects at lower

densities, reducing the need for exotic matter to sustain non-standard spacetime structures.
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Figure 19: VIQ as a function of the radial coordinate, for the NF'W model, in blue and
dashed blue, for PI model, in green and dashed green, and for PF model, in orange and

dashed orange. The set parameters are p, = 1.0 (solid curves), p. = 0.1 (dashed curves),

po =0.01, 70 = 5.0, w = —1/2, and R, = 10.0.

Additionally, quantum corrections impact spacetime at larger radial distances, stabilizing
structures like wormholes without as much exotic matter. Thus, a reduced p. shifts the
balance, allowing quantum geometry to fulfill part of the role typically assigned to exotic

dark matter.

VIII. SOLUTION STABILITY

In this section we evaluate the stability of the obtained wormhole solutions through the

analysis of the radial sound velocity within the dark matter fluid [32]. This quantity, denoted

2

as (vg)?, can be calculated as follows:

(0)? = dp.  dp./dr

= = ) 4
dpe  dpe/dr (43)

2

2 > 0, with the condition vy < 1 required to maintain

Wormhole stability is ensured if v
subluminal velocities. Our analysis focuses on the throat at r = r.

In left panel of Figure 20, we illustrate the parameter space (p.,w) for various values
of the critical dark matter density py, with other parameters held constant. Although the
plot describes the stability and physicality of the NF'W model, the behavior is similar in

the other dark matter models. Notably, a lower concentration of py expands (reduces) the

regions where stability and physical viability are achieved, particularly for w >0 (w < 0 ).
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Figure 20: Left panel: Parameter space (p.,w) for the NFW model, identifying regions at
the throat where wormhole solutions exhibit stability and physical viability, namely where
0 < v? < 1, for selected values of py, with ry = 5.0 and R, = 10.0 held constant. Right
panel: Comparison between the parameter spaces of the three models, for py = 0.1 and

same values for the other parameters.

Conversely, higher values of py reduce (expand) these regions. We also observe that as the
solutions become classical (i.e., non-quantum, p. — o0), the dark matter-sourced wormhole
solutions tend to the stability, particularly for w > 0.

In the right panel of the same figure, we compare the stability and physicality regions
across the parameter spaces of the three models. Notably, the PI model exhibits the largest
parameter space for w > 0, while the PF model shows the largest region for w < 0. In other
words, the PF model favors an exotic, quantum nature of dark matter in scenarios where

non-classical effects (p. — 0) become more significant.

IX. CONCLUSIONS

In this paper, we obtain wormhole solutions in the context of LQC. As a source of
matter, we chose three different dark matter profiles that are well-known and studied in
the literature. To obtain these solutions, we solved the field equations of LQC and the
conservation equation for the energy-momentum tensor, with the appropriate boundary

conditions. It was also necessary to choose an equation of state, for which we adopted
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p = wp. So that, we obtained the appropriate expressions for the shape function, b(r), and
the redshift function, ®(r).

Even though it was obtained through the boundary conditions for a wormhole, it was
still necessary to verify whether the shape function satisfied certain criteria. We thus found
that all models satisfy the established criteria for wormholes. Furthermore, we found that
for these spacetimes to be regular, the energy density of dark matter, py, needed to have a
maximum limit, with each model having a different limit. Once the criteria for the regularity
of the spacetimes were established, we verified through the Kretschmann scalar plots that
there were no singularities in our spacetimes.

Through the embedding diagrams, we were able to visualize the structure of these worm-
holes. We verified that the smaller the value of p. or the larger the value of py, the faster
these wormholes flatten out. The embedding diagrams also allowed us to visualize that there
is a minimum radius, which is precisely the throat radius of the wormholes.

We studied the energy conditions for all models. If w = —1, the null energy condition is
identically satisfied for all models. For w # —1, models (2) and (4) always violate the null
energy condition in the innermost regions of the wormhole, equations (28) and (38). For the
second model, if p. > 2py, the null condition will always be satisfied, while for p. < 2py, the
null condition will be violated in more central regions, equation (33). In models (2) and (4),
the energy densities will always have negative values in central regions, equations (31) and
(41). In model (3), if p. > po, the density will be positive at all points, equation (36). The
second model satisfies the energy conditions with fewer restrictions than the other cases.

We further investigated the amount of exotic matter required to stabilize the wormholes
by calculating the volume integral quantifier (VIQ), Z,. Our findings suggest that, across
the three analyzed models, a smaller amount of exotic dark matter is generally required
as quantum effects intensify (i.e., for lower values of the critical density, p.), with this
effect being particularly notable in the PF model. Overall, the PI model requires the largest
amount of exotic matter, while the NF'W model requires the least. However, near the throat,
the PF model demands the highest amount of exotic matter, as shown in the plot in Figure
19.

Finally, we analyzed the stability of the wormhole solutions at the throat by computing
the sound velocity within the isotropic fluid and identifying the regions in the parameter

space (pe,w) where 0 < v, < 1. Our results show that the PI model, followed by the NF'W
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model, offers a broader range of conditions to ensure both stability and physical viability for
w > 0. Conversely, the PF model exhibits the most robust stability conditions for w < 0.
In conclusion, we have demonstrated that various dark matter profiles in Loop Quantum
Cosmology lead to stable, regular traversable wormhole solutions, with our results highlight-
ing the substantial impact of quantum effects on wormhole structure. This work lays the
groundwork for further investigation into dark matter’s role in supporting exotic geometries

within quantum gravity frameworks.
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