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The proxy-SU(3) symmetry predicts, in a parameter-free way, based only on the Pauli principle
and the short-range nature of the nucleon-nucleon interaction, non-vanishing values of the collective
variable γ almost everywhere across the nuclear chart. Substantial triaxiality with γ between 15o

and 45o is proved to be expected along horizontal and vertical stripes on the nuclear chart, covering
the nucleon numbers 22-26, 34-48, 74-80, 116-124, 172-182. Empirical support for these stripes is
found by collecting all even-even nuclei for which the first two excited 2+ states are known, along
with the B(E2)s connecting them, as well as the second 2+ state to the ground state. The stripes
are related to regions in which oblate SU(3) irreducible representations appear, bearing similarity
to the appearance of triaxiality within the SU(3)∗ dynamical symmetry of the interacting boson
model-2. Detailed comparisons of the proxy-SU(3) predictions to the data and to predictions by
state-of-the-art Monte Carlo shell model calculations for deformed N = 94, 96, 98 isotones in the
rare earth region show good overall agreement, with the exception of Z = 70 and N = 94, which
correspond to fully symmetric proxy-SU(3) irreps, suggesting that the latter are an artifact of the
method which can be amended by considering the influence of the neighboring irreps.
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I. INTRODUCTION

Triaxial nuclei, i.e., nuclei with three unequal axes,
have a long history in nuclear structure studies. Soon
after the introduction of the collective model of Bohr
and Mottelson [1, 2] in 1952, in which the nuclear prop-
erties are described in terms of the collective variables
β and γ, indicating the departure from sphericity and
from axial symmetry respectively, the rigid triaxial ro-
tor model has been introduced by Davydov et al. [3, 4]
in 1958, in which γ assumes a constant (rigid) value.
The model has been solved analytically for maximal tri-
axiality (γ = 30o) in 1975 by Meyer-ter-Vehn [5]. In
the algebraic framework of the interacting boson model
(IBM), introduced by Arima and Iachello [6, 7] in 1975,
the nuclear collective properties are described in terms
of s and d bosons, bearing angular momentum 0 and
2, respectively and corresponding to correlated pairs of
valence nucleons, giving rise to three dynamical symme-
tries, U(5), SU(3), and O(6), corresponding to spherical,
axially deformed, and γ-unstable (soft towards triaxial
deformation) nuclei, respectively. Triaxial shapes have
been introduced [8] in 1982 in the framework of IBM-
2 [7], in which distinction is made between protons and
neutrons. In the IBM-2 framework the SU(3)∗ dynami-
cal symmetry [8, 9] appears, in which protons correspond
to valence particles and neutrons correspond to valence
holes, or vice versa.

In the realm of mean field models, early studies of tri-
axial nuclei include Hartree–Fock (HF) calculations in
1969 [10], Hartree–Bogolyubov (HB) calculations in 1978
[11], as well as Hartree–Fock–Bogolyubov (HFB) calcula-
tions in 1983 [12], employing the Gogny D1 interaction.
The importance of employing angular momentum pro-
jection in order to single out minima with triaxial shapes
in the energy surfaces in the HFB framework has been
realized in 1984 [13]. Angular momentum projection has
also been used, along with configuration mixing, in rela-
tivistic mean field calculations [14] for triaxial nuclei.

The spherical shell model, introduced by Mayer and
Jensen [15–17] in 1949, based on the isotropic 3-
dimensional harmonic oscillator (3DHO) plus a spin-orbit
interaction, as well as the deformed shell model, intro-
duced by Nilsson [18, 19] in 1955, based on an axially
deformed 3DHO, cannot readily accommodate triaxial
shapes. This has been achieved by Sheikh and Hara
[20] in 1999 with the introduction of the triaxial pro-
jected shell model (TPSM), in which triaxiality is explic-
itly taken into account and 3-dimensional angular mo-
mentum projection is performed from the triaxial Nils-
son+BCS wave function [20]. Since the computational
effort needed in the TPSM is negligible, in comparison
to the full shell model approach, detailed calculations
for several nuclei have been performed in this framework
[21]. A still highly demanding, but much improved, in
comparison to the conventional shell model, computa-
tional path has been suggested by Otsuka and collabo-
rators [22], by introducing the Monte Carlo shell model
(MCSM) methodology. Detailed calculations for some
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heavy deformed nuclei by the MCSM method have been
recently achieved [23, 24].

A different microscopic path towards nuclear deforma-
tion has been discovered in 1958 by Elliott [25–27], who
proved that quadrupole deformation can occur within
the spherical shell model, revealed through the use of
the SU(3) symmetry underlying the nuclear 3DHO shells
[28]. The spin-orbit interaction is known to break the
SU(3) symmetry beyond the sd nuclear shell [15–17], but
its restoration in heavier shells has been suggested by
different approximate ways, including the pseudo-SU(3)
(1973) [29–31], quasi-SU(3) (1995) [32, 33], and proxy-
SU(3) (2017) [34–36] schemes, in which triaxiality is read-
ily obtained.

A bridge between the collective model of Bohr and
Mottelson and the algebraic approach using SU(3) has
been achieved in 1988 [37], by mapping the invariants of
the collective model onto the invariants of the rigid rotor
(the Casimir operators of SU(3)). Through this mapping
the collective variables β and γ of the collective model
are connected to the Elliott quantum numbers λ and µ,
characterizing the SU(3) irreducible representations (ir-
reps) (λ, µ) in the Elliott notation [25]. For the γ variable
the connection reads [37]

γ = arctan

(√
3(µ+ 1)

2λ+ µ+ 3

)
. (1)

The variable γ is known to assume values between 0 and
60o [1, 2], corresponding to prolate (rugby ball like) and
oblate (pancake like) axially symmetric deformed shapes,
with triaxial shapes occurring in between and maximal
triaxiality seen at 30o. Purely prolate (oblate) SU(3) ir-
reps have the form (λ, 0) [(0, µ)], while (λ, µ) irreps are
in general triaxial. Prolate-like (oblate-like) irreps with
λ > µ (λ < µ) are usually referred to simply as prolate
(oblate), while irreps with λ = µ correspond to the maxi-
mum triaxiality. Systems of bosons obviously correspond
to the fully symmetric (λ, 0) irreps [7], while for systems
of boson holes the irreps [(0, µ)] have been used [8, 9].
In recent years, numerous theoretical studies have been

performed not only for isolated triaxial nuclei, but also
in some series of isotopes in which triaxial deformation is
expected, including TPSM calculations [38–41], as well as
mean-field calculations extending from HFB [13, 42–46]
to relativistic mean field (RMF) [14, 47, 48] and covariant
density functional theory (CDFT) [49–53]. However, it
seems that an effort to locate regions of the nuclear chart
in which triaxiality would be preferable is lacking.

In the present manuscript we address the above ques-
tion using the proxy-SU(3) approximation to the shell
model, in a way similar to the prediction of regions of the
nuclear chart in which shape coexistence can be expected
to occur [54–56]. In Section II the relevant proxy-SU(3)
predictions are given, to be compared with existing em-
pirical information in Section III and in Section IV to
recent numerical results for some specific deformed nu-
clei, recently obtained through state-of-the-art configura-

tion interaction calculations in the shell model framework
[23, 24].

II. PROXY-SU(3) PREDICTIONS

The SU(3) symmetry of the isotropic 3DHO is de-
stroyed beyond the sd shell because of the spin-orbit in-
teraction, which within each major shell pushes a bunch
of orbitals (the deserting orbitals) to the shell below [15–
17]. As a result, each major shell remains with the rest
of its original orbitals, plus the ones coming down from
the shell above (the intruder orbitals). Within the proxy-
SU(3) scheme [34–36], the SU(3) symmetry is restored by
using the deserting orbitals as ”proxies” of the intruder
orbitals (except the intruder orbital with the highest pro-
jection of the total angular momentum, which however
lies at the top of the shell and thus is empty for most
nuclei).
Within the proxy-SU(3) scheme [34–36] each nucleus is

characterized by an SU(3) irrep (λ, µ), which is the most
stretched irrep (λp+λn, µp+µn) coming from the highest
weight irrep [57] corresponding to the valence protons
(λp, µp) and the highest weight irrep coming from the
valence neutrons (λn, µn). It has been shown [57] that the
highest weight irrep is the most symmetric irrep allowed
by the restrictions imposed by the Pauli principle and the
short range nature of the nucleon-nucleon interaction.
The necessary SU(3) irreps for the valence protons or

neutrons are easily obtained from Table I of Ref. [35],
with several examples appearing in Tables II and III of
the same reference. Additional tables are given in Ref.
[58]. From Table I of Ref. [35] and Table 1 of Ref. [58] we
see that within the major nuclear shells, created by the
spin-orbit interaction and bordered by the magic num-
bers 28, 50, 82, 126, 184 [59], SU(3) irreps with λ ≤ µ
(oblate-like or maximally triaxial) occur for the nucleon
numbers 22-26, 42-48, 74-80, 116-124, 172-182. For ex-
ample, the major shell 50-82 corresponds to the U(15)
column in Table I of Ref. [35], in which irreps with
λ ≤ µ appear for 24-30 valence particles, i.e. for 74-
80 particles in the 50-82 shell. Furthermore, as discussed
extensively in Ref. [59], in addition to the shells created
by the spin-orbit interaction, the pure isotropic 3D-HO
shells, bordered by the magic numbers 2, 8, 20, 40, 70,
112, 168, may play a distinct role in some cases, as for
example in the dual-shell mechanism [54] revealing the
regions of the nuclear chart in which shape coexistence
may be expected to occur (see Table 7 and Fig. 1 of
Ref. [59] for further details on the connection of the
proxy-SU(3) scheme to the spherical shell model through
a unitary transformation). For the present purpose of
determining regions of the nuclear chart in which nuclei
with increased triaxiality may occur, only the sometimes
strong subshell closure at 40 nucleons [60] is expected to
play a role. In the same way as above, we see that within
the 20-40 shell, bearing the U(10) symmetry, irreps with
λ ≤ µ occur for 14-20 valence nucleons, i.e., for 34-40
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particles.

In view of the above, nuclei with substantial triaxi-
ality are expected to occur within horizontal and verti-
cal stripes in the nuclear chart, bordered by the nucleon
(proton or neutron) numbers 22-26, 34-48, 74-80, 116-
124, 172-182, shown in Fig. 1. This will happen because
for these nuclei at least one of the involved h.w. irreps
(protons or neutrons) will be oblate-like, thus carrying on
a substantial value of µ to the total irrep (λ, µ) character-
izing the properties of the nucleus. It should be pointed
out that these predictions will be completely parameter-
free, based only on the proxy-SU(3) symmetry and the
consequences of the Pauli principle and the short-range
nature of the nucleon-nucleon interaction, which favor
the h.w. irreps [57].

In Fig. 1 the value of γ obtained from Eq. (1) for
all experimentally known [61] nuclei with Z = 18-80 and
N = 18-124 is shown. We see that very few nuclei ex-
hibit γ close to 0 (pure prolate shape) or 60o (pure oblate
shape), while the great majority of nuclei shows γ be-
tween 5o and 55o. This result is in qualitative agreement
with recent studies [62] based on the analysis of data
for several observables in heavy nuclei, showing exten-
sive presence of triaxiality in them.

In Fig. 2 we keep only the nuclei exhibiting substantial
triaxiality, with γ between 15o and 45o. We see that these
tend to be aligned along the regions (indicated in Fig. 2
by green stripes) in which oblate SU(3) irreps for the
valence protons or neutrons are predicted by the proxy-
SU(3) symmetry, thus resulting in substantial µ values in
the (λ, µ) SU(3) irreps, resulting in larger γ values. The
few nuclei not falling within the green stripes in Fig. 2
are indeed touching them. It should be noticed that the
choice of nuclei with γ between 15o and 45o is arbitrary,
having the meaning of considering nuclei in the region of
±15o around the value of maximal triaxiality, occurring
at 30o.

The findings of Fig. 2 are in qualitative agreement
with the basic idea underlying the SU(3)∗ symmetry of
IBM-2 [8, 9], in which either the valence protons or the
valence neutrons should be holes, which correspond to
the upper half of the relevant shell. For example, in a
nucleus with Np pairs of valence proton particles and Nn

pairs of valence neutron holes, the corresponding SU(3)
irreps are (2Np, 0) and (0, 2Nn), giving the total irrep
(2Np, 2Nn), which will present substantial triaxiality.

It should be pointed out that the values of the collec-
tive variables β and γ obtained [63] in the framework of
the pseudo-SU(3) scheme [29–31] using the h.w. irreps,
have been found to be quite close to the predictions of the
proxy-SU(3) scheme, despite the fact that the approxi-
mations made and the unitary transformations used in
the two schemes are very different. In addition to adding
credibility to both approximation schemes, this result
suggests that a similar study carried out in the pseudo-
SU(3) framework would produce results very similar to
these shown in Figs. 1 and 2.

III. COMPARISON TO EMPIRICAL
SYSTEMATICS

It would be interesting to examine to which extent
these predictions are supported by the data. In this direc-
tion one can use the analytical expressions derived within
the Davydov model [3, 4]. One can obtain γ directly from
the energy ratio

R =
E(2+2 )

E(2+1 )
(2)

through the expression [64]

γ =
1

3
sin−1

(
3

R+ 1

√
R

2

)
. (3)

One can also obtain γ from the ratio of transition rates
(branching ratio)

R2 =
B(E2; 2+2 → 2+1 )

B(E2; 2+2 → 0+1 )
(4)

through the expression [64]

R2 =
20

7

sin2 3γ
9−8 sin2 3γ

1− 3−2 sin2 3γ√
9−8 sin2 3γ

. (5)

The ratios R and R2 are shown in Fig. 3. It is clear
that R starts from the value 2 at γ = 30o and raises
towards infinity for γ = 0, while R2 shows the opposite
behavior, starting from 1.43 at γ = 0 and raising towards
infinity at γ = 30o. At γ = 15o one has R = 6.85 and
R2 = 2.71.
In Fig. 4 all nuclei with known [61] 2+1 and 2+2 levels

are shown, divided into two groups, these with R < 6.85
(expected to have γ > 15o) and those with R > 6.85
(expected to have γ < 15o). We see that many nuclei
belong to the first group. However, not all of them are
expected to exhibit strong triaxiality, since R = 2 also
corresponds to the simple vibrator with U(5) symmetry
[7].
In Table I all nuclei with experimentally known 2+1 and

2+2 levels, as well as B(E2; 2+2 → 0+1 ) and B(E2; 2+2 →
2+1 ) transition rates, are shown. The experimental
R4/2 = E(4+1 )/E(2+1 ) ratio, a well-known [64] indica-
tor of collectivity, is also shown, in order to facilitate the
recognition of nuclei being close to the simple vibrator
value of R4/2 = 2, mentioned above.
In Fig. 5 the nuclei of Table I are subdivided into

two groups, these with R < 6.85 and R2 > 2.71 (ex-
pected to have γ > 15o) and those with R > 6.85 and
R2 < 2.71 (expected to have γ < 15o). We see that by
taking into account the value of the branching ratio, the
number of candidates for substantial triaxiality is drasti-
cally reduced, while most of the remaining candidates are
aligned along the regions (indicated in Fig. 5 by green
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stripes) for which oblate SU(3) irreps are predicted by
the proxy-SU(3) symmetry, in agreement with the situa-
tion appearing in Fig. 2. A substantial deviation is seen
in the Z = 50-56, N = 62-72 region, in which nine nuclei
with γ > 15o are lying outside the green stripes.

IV. COMPARISON TO SHELL MODEL
PREDICTIONS

In a recent series of papers by Otsuka and collabora-
tors [23, 24, 65] the appearance of triaxiality in heavy de-
formed nuclei like 166

68Er, traditionally considered as pro-
late rotors with a γ-band appearing close to the ground
state band, have been considered in the framework of
state-of-the-art Monte Carlo shell model (MCSM) [22]
calculations. It has been argued [24] that a relatively
small amount of basic modest triaxiality coming from
symmetry restoration appears in all nuclei, but in addi-
tion a large amount of prominent triaxiality due to the pn
tensor monopole interaction and the pn central multipole
(mainly hexadecapole) interaction also appears. Detailed
results of highly demanding MCSM computations have
been reported [24] for some deformed N = 94, 96, 98
isotones in the rare earth region.

It is of interest to see to what extend the bare-bones,
parameter-free predictions of the proxy-SU(3) scheme,
which are obtained practically at no computational cost,
agree with the results of MCSM highly sophisticated and
time-consuming calculations.

In the left column of Fig. 6 the proxy-SU(3) and
MCSM predictions for γ for the N = 94, 96, 98 series
of isotones are compared to the experimental values ex-
tracted from the ratios R and R2 as described in Sec. III
and illustrated in Fig. 3. The following observations can
be made.

a) In all cases there is reasonable agreement between
the empirical R and R2 values, with R being higher than
R2, either slightly, as for N = 94, or more explicitly, as
for N = 96, 98.

b) In all cases the MCSM predictions for the K = 2
band are higher than the predictions for the ground state
(K = 0) band.

c) The N = 96, 98 cases are quite similar, with the
proxy-SU(3) predictions (except for Z = 70, to be dis-
cussed below) being close to the empirical R values and
the MCSM predictions being close to the empirical R2

values, with the former pair lying considerably higher
than the latter. In other words, there is a higher group,
consisting of proxy-SU(3) and R, and a lower group, con-
sisting of MCSM and R2.
d) The N = 94 case presents some modifications. The

higher group consists of the R and R2 empirical values
and the MCSM predictions for the K = 2 bands, while
the lower group is made of the proxy-SU(3) predictions
and the MCSM predictions for the K = 0 band. In other
words, the proxy-SU(3) predictions have moved from the
top group to the bottom group, while the prediction for

Z = 70 still remains highly problematic as before.

These observations can be summarized as follows.

1) The MCSM predictions are in general close to the
empirical R2 values, with the exception of the predictions
for the ground state band atN = 94, which are somewhat
lower.

2) The proxy-SU(3) predictions are close to the em-
pirical R values, except for N = 94, in which they are
lower.

3) The proxy-SU(3) predictions for Z = 70 are too low
in all cases.

The above observations reveal that there is a prob-
lem of underestimation of the γ value in proxy-SU(3)
for Z = 70 and N = 94. This problem appears to be
due to the fact that the relevant h.w. irreps, which are
(20,0) and (36,0) respectively, as one can see in Table I
of Ref. [34], have µ = 0, thus dropping the value of γ
obtained from Eq. (1). It seems that the appearance of
hw irreps with µ = 0 is a rather extreme limiting case in
the proxy-SU(3) framework, which should be avoided by
considering the contributions of the next higher weight
irreps, which have µ ≥ 4, since no irreps with µ = 2 oc-
cur among the stretched irreps corresponding to nuclei,
as seen in Refs. [35, 58]. Preliminary calculations involv-
ing the next higher weight (nhw) irrep along with the hw
irrep, described in Appendices A and B, seem to suggest
that the modifications occurring for the predictions of γ
are negligible if the h.w. irrep has µ ̸= 0 (which means
µ ≥ 4), but they are sizeable if the h.w. irrep has µ = 0.

The µ = 0 problem appears most severely at 164
70Yb94,

in which both the proton and neutron h.w. irreps have
µ = 0, resulting in the total irrep (56,0). This creates a
major problem, since the lowest K = 2 band (tradition-
ally called the γ-band) and the lowestK = 4 band (tradi-
tionally called the γγ band) should be accommodated in
the same framework, as suggested by the MCSM results
[24]. In most nuclei the proxy-SU(3) scheme predicts h.w.
irreps with µ ≥ 4 [35, 58], thus the K = 0 ground state
band and the lowest K = 2 and K = 4 bands belong to
the same SU(3) irrep, so that interband transitions are
allowed to occur within the symmetry. The same situa-
tion occurs [63] within the pseudo-SU(3) scheme [29–31],
although it is based on different approximations. It ap-
pears that the common framework for the lowest K = 0,
2, 4 bands is a requirement of the Pauli principle and
the short-range nature of the nucleon-nucleon interac-
tion within the proxy-SU(3) and pseudo-SU(3) schemes,
manifested in the MCSM framework by the pn tensor
monopole interaction and the pn central multipole in-
teraction [24]. It seems that this requirement appears
in all models using fermions, irrespectively of the use or
not of algebraic techniques. This requirement contra-
dicts the simple picture of the SU(3) limit of IBM-1 [7],
in which for a nucleus corresponding to N bosons the
ground state band is sitting alone in the (2N, 0) irrep,
the lowest K = 2 band sits in the (2N − 4, 2) irrep, and
the lowest K = 4 band sits in the (2N − 8, 4) irrep, with
interband transitions among them being forbidden within
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the SU(3) symmetry, since they belong to different irreps,
thus leading to the need to break the SU(3) symmetry in
order to allow them to occur.

The results of the schematic calculation described in
Appendix B are shown in the right column of Fig. 6, in
which the following observations can be made.

1) The MCSM predictions are in general close to the
empirical R2 values, with the exception of the predictions
for the ground state band atN = 94, which are somewhat
lower.

2) The proxy-SU(3) predictions are close to the empir-
ical R values.
3) The sudden drops of the proxy-SU(3) predictions at

Z = 70 have been eliminated.
It can therefore be concluded that the MCSM calcula-

tions provide guidance for the amendment of the proxy-
SU(3) scheme in the cases in which irreps with µ = 0
appear.

V. CONCLUSIONS

The main conclusions of the present work are summa-
rized here.

a) The proxy-SU(3) symmetry predicts some degree of
triaxiality almost all over the nuclear chart, with sub-
stantial values of triaxiality occurring within horizontal
and vertical stripes on the nuclear chart covering the nu-
cleon numbers 22-26, 34-48, 74-80, 116-124, and 172-182.
These predictions, derived with minimal numerical ef-
fort, are completely parameter-free and are based on the
Pauli principle and the short-range nature of the nucleon-
nucleon interaction.

b) The stripes predicted by the proxy-SU(3) symmetry
are supported by the data, by singling out nuclei of which
the experimental energy ratio R and the experimental
B(E2)s ratio R2 correspond to γ values above 15o, as
extracted through the formalism of the Davydov model.

c) The comparison between the proxy-SU(3) predic-
tions and the values predicted by state-of-the-art, com-
putationally demanding MCSM calculations, for the col-
lective parameter γ for the N = 94, 96, 98 series of iso-
tones reveal large deviations occurring at Z = 70 and
N = 94, which suggest that h.w. SU(3) irreps in proxy-
SU(3) with µ = 0 (fully symmetric irreps) are an extreme
limit of the method used, which should be avoided by tak-
ing into account the influence of the next higher weight
(nhw) SU(3) irreps. After taking the nhw irreps into
account, the proxy-SU(3) predictions are close to these
corresponding to the experimental energy ratio R, while
the MCSM predictions are close to these corresponding
to the experimental B(E2) ratio R2, the former couple of
predictions being systematically higher than the latter.

d) The stripes predicted by proxy-SU(3) are compati-
ble with the basic idea underlying the SU(3)∗ symmetry
of IBM-2, namely that triaxial shapes appear when one
type of the valence nucleons (protons or neutrons) corre-
sponds to particles and the other one to holes.

Predominance of triaxial shapes in some superheavy
nuclei (Flerovium (Z = 114) isotopes) has been recently
predicted by triaxial symmetry-conserving configuration-
mixing (SCCM) calculations [66]. The extension of
the proxy-SU(3) predictions to superheavy nuclei is a
straightforward task.
What has been ignored in the present study is the dis-

tinction between rigid and soft triaxiality, which is usu-
ally made by looking at the odd-even staggering of the
levels of the K = 2 band [67, 68]. Based on the avail-
able data [61], very few nuclei have been found [68] to
correspond to rigid triaxiality. Efforts to find signatures
distinguishing rigid from soft triaxiality based on the lev-
els of both the ground state and K = 2 bands [69, 70]
are in progress.
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Appendix A: Highest weight irreducible
representations of SU(3) and their next ones

The highest weight (hw) irreducible representations of
SU(3) are the most symmetric irreps for a given number
of nucleons allowed by the Pauli principle and the short-
range nature of the nucleon-nucleon interaction [57]. The
hw irreps for U(15) and U(21) (the symmetries corre-
sponding to the valence protons and neutrons, respec-
tively, in the heavy rare earth region within the proxy-
SU(3) scheme) are shown in Table II, along with the
next higher weight irreps, which are the second prefer-
ence of the Pauli principle and the sort-range nature of
the nucleon-nucleon interaction, calculated through the
code UNTOU3 [71]. The hw irreps for U(6), U(10), and
U(28) are also shown for comparison. The following ob-
servations can be made.
a) If the hw irrep is (λ, µ), the next higher weight irrep

is always (λ+2, µ−4), except in the cases in which µ = 0,
2, in which this is obviously impossible.
b) µ = 2 occurs only for particle number M = 4, while

µ = 0 occurs for M = 2, 6, 12, 20, 30, 42.
This peculiarity has certain physical consequences.

The hw irreps with µ ≥ 4 can accommodate the ground
state band, which has K = 0, as well as the lowest K = 2
band and the lowestK = 4 band. Since these three bands
belong to the same irrep, they can be connected through
electromagnetic transitions without having to break the
SU(3) symmetry.
In contrast, the hw irreps with µ = 0 can accommo-

date only the ground state band (gsb), while the K = 2
and K = 4 bands will have to be accommodated within
a higher irrep, thus no electromagnetic transitions con-
necting them to the gsb would be allowed. It becomes
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clear that in these cases both the hw irrep and the next
higher weight (nhw) irrep should be simultaneously taken
into account in order to describe the K = 0, 2, 4 bands
within the same framework.

As a simple approximation, we assume a 50% contri-
bution from each of the two irreps.

Appendix B: Application to the N = 94, 96, 98 series
of isotones

In Table III the nuclei affected by the replacement of
the hw irrep by the next higher weight (nhw) irrep in
the N = 94, 96, 98 series of isotones shown in Fig. 6
are listed. They include the Yb (Z = 70) isotopes, in
which the hw irrep for protons is changed from (20,0)
to (10,14), as well as the N = 94 isotones, in which the
neutron irrep is changed from (36,0) to (28,10). The
following observations can be made.

a) The modified irreps are quite different from the orig-
inal ones, especially as far as µ is concerned.
b) Because of a), the modified values of γ are very

different from the original ones.
c) Despite of a), the values of the collective variable β

are changed only by a few percent. This is due to the fact

that the square of the collective variable β is proportional
to the eigenvalue of the second order Casimir operator of
SU(3) [7], C2(λ, µ),

C2(λ, µ) =
2

3
[(λ+ µ)(λ+ µ+ 3)− λµ], (6)

through the relation [37]

β2 ∝ ((λ+ µ)(λ+ µ+ 3)− λµ+ 3), (7)

where the proportionality constant depends of the atomic
number A and the dimensionless mean nuclear radius (see
[35] for further details). As one can see in Table III, the
value of λ + µ is changed very little when passing from
the original to the new irrep, thus β remains practically
unchanged.
d) The values of β predicted by proxy-SU(3) in a

parameter-free way are in good agreement with the avail-
able experimental values [72].
As mentioned above, we approximately consider 50%

contribution from each irrep. Replacing the original val-
ues γhw by the average of the values of γhw and γnhw
of Table III in Fig. 6, we obtain the panels in its right
column.
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TABLE I: Nuclei with experimentally known 2+1 and 2+2 levels, as well as known B(E2; 2+2 → 0+1 ) and B(E2; 2+2 → 2+1 )
transition rates. Data have been taken from Ref. [61]. In nuclei in which β- and γ-bands are assigned in Ref. [61], the 2+ state
of the γ-band is chosen as the 2+2 . Energies are given in MeV, while B(E2) transition rates are given in W.u. The ratios R and
R2 are calculated from Eqs. (2) and (4) respectively. The ratio R4/2, a well-known [64] indicator of collectivity, is also shown.
See Section III for further discussion.

nucleus 2+1 2+2 R 2+2 → 0+1 2+2 → 2+1 R2 R4/2

MeV MeV W.u. W.u.
42
20Ca22 1.525 3.392 2.225 0.43 (9) 6.4 (+27-15) 14.88 1.805
44
20Ca24 1.157 2.657 2.296 1.70 (+20-16) 3.6 (+12-9) 2.12 1.973
44
22Ti22 1.083 2.887 2.665 0.59 (+17-12) 2.7 (+10-8) 4.58 2.266
46
22Ti24 0.889 2.962 3.331 0.064 (16) 5.2 (6) 81.25 2.260
48
22Ti26 0.984 2.421 2.462 1.12 (10) 6.1 (+27-22) 5.45 2.334
52
24Cr28 1.434 2.965 2.067 0.005 (4) 13. (3) 2600.00 1.652
54
24Cr30 0.835 2.620 3.138 0.20 (4) 7. (4) 35.00 2.185
52
26Fe26 0.849 2.759 3.248 1.7 (+7-11) 3.3 (+17-25) 1.94 2.807
56
26Fe30 0.847 2.658 3.138 0.0037 (10) 3.3 (4) 891.89 2.462
58
26Fe32 0.811 1.675 2.066 0.87 (22) 10. (3) 11.49 2.561
62
30Zn32 0.954 1.805 1.892 0.32 (6) 18. (4) 56.25 2.292
64
30Zn34 0.992 1.799 1.815 0.225 (+25-22) 39. (4) 173.33 2.326
66
30Zn36 1.039 1.873 1.802 0.032 (12) 3.3 102 (13) 10312.50 2.358
68
30Zn38 1.077 1.883 1.748 0.85 (5) 28.6 (18) 33.65 2.244
70
30Zn40 0.885 1.759 1.988 0.60 (12) 10. (4) 16.67 2.019
64
32Ge32 0.902 1.579 1.751 0.095 (33) 21. (7) 221.05 2.276
66
32Ge34 0.957 1.693 1.769 0.13 (5) 16. (7) 123.08 2.271
68
32Ge36 1.016 1.777 1.750 0.40 (5) 1.0 (5) 2.50 2.233
70
32Ge38 1.040 1.708 1.643 0.50 (8) 64. (11) 128.00 2.071
72
32Ge40 0.834 1.464 1.755 0.130 (+18-24) 62. (+9-11) 476.92 2.072
74
32Ge42 0.596 1.204 2.021 0.71 (11) 43. (6) 60.56 2.457
76
32Ge44 0.563 1.108 1.969 0.74 (+8-7) 31.0 (+34-29) 41.89 2.505
70
34Se36 0.945 1.600 1.694 0.19 (8) 33. (14) 173.68 2.159
74
34Se40 0.635 1.269 1.999 0.80 (23) 48. (14) 60.00 2.148
76
34Se42 0.559 1.216 2.175 1.24 (+13-11) 44.7 (+45-38) 36.05 2.380
78
34Se44 0.614 1.309 2.132 0.76 (6) 22.2 (18) 29.21 2.449
80
34Se46 0.666 1.449 2.175 1.33 (7) 18.5 (10) 13.91 2.554
82
34Se48 0.655 1.731 2.645 1.45 (21) 4.1 (10) 2.83 2.650
76
36Kr40 0.424 1.222 2.882 4.00 (+31-28) 1.9 (+22-14) 0.48 2.440
78
36Kr42 0.455 1.148 2.523 1.7 (3) 5.6 (24) 3.29 2.460
80
36Kr44 0.617 1.256 2.037 0.30 (7) 25. (5) 83.33 2.329
82
36Kr46 0.777 1.475 1.899 0.12 6.9 57.50 2.344
84
36Kr48 0.882 1.898 2.153 3.0 (7) 13. (3) 4.33 2.376
90
36Kr54 0.707 1.362 1.926 2.8 (+6-8) 14. (6) 5.00 2.589
86
38Sr48 1.077 1.854 1.722 1.28 (8) 7.7 (11) 6.02 2.071
90
38Sr52 0.832 1.892 2.275 0.028 (+24-10) 1.7 (+15-6) 60.71 1.991
92
38Sr54 0.815 1.385 1.699 0.35 (18) 1.9 (10) 5.43 2.053
88
40Zr48 1.057 1.818 1.720 0.75 (7) 6.5 (20) 8.67 2.024
90
40Zr50 2.186 3.308 1.513 0.589 (38) 3.5 (+15-13) 5.94 1.407
92
40Zr52 0.935 1.847 1.977 3.7 (5) 0.001 (+25-1) 2.7 10−4 1.600

92
42Mo50 1.510 3.091 2.048 2.5 (3) 4.3 (13) 1.72 1.512
94
42Mo52 0.871 1.864 2.140 0.40 (+8-12) 85. (5) 212.5 1.807
96
42Mo54 0.778 1.498 1.925 1.10 (11) 16.4 (24) 14.91 2.092
98
42Mo56 0.787 1.432 1.819 1.02 (+15-12) 48. (+9-8) 47.06 1.918

100
42Mo58 0.536 1.064 1.986 0.62 (6) 52. (7) 83.87 2.121
96
44Ru52 0.833 1.931 2.319 35. (6) 18.4 (24) 0.53 1.823
98
44Ru54 0.652 1.414 2.168 1.04 (+17-14) 46. (+7-6) 44.23 2.142

100
44Ru56 0.540 1.362 2.525 2.0 (4) 31. (6) 15.50 2.273

102
44Ru58 0.475 1.103 2.322 1.14 (15) 32. (5) 28.07 2.329

104
44Ru60 0.358 0.893 2.495 2.8 (5) 55. (6) 19.64 2.482

102
46Pd56 0.556 1.534 2.758 4.2 (21) 15.0 (20) 3.57 2.293

104
46Pd58 0.556 1.342 2.414 1.29 (10) 21.8 (17) 16.90 2.381

106
46Pd60 0.512 1.128 2.204 1.17 (10) 44. (4) 37.61 2.402
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TABLE I: Table I (continued)

nucleus 2+1 2+2 R 2+2 → 0+1 2+2 → 2+1 R2 R4/2

MeV MeV W.u. W.u.
108
46Pd62 0.434 0.931 2.146 0.83 (9) 72. (6) 86.75 2.416

110
46Pd64 0.374 0.814 2.177 0.74 (10) 44. (3) 59.46 2.463

106
48Cd58 0.633 1.717 2.713 2.4 (3) 11. (3) 4.58 2.361

108
48Cd60 0.633 1.602 2.531 1.8 (3) 17. (5) 9.44 2.383

110
48Cd62 0.658 1.476 2.244 1.35 (20) 30. (5) 22.22 2.345

112
48Cd64 0.618 1.312 2.125 0.65 (11) 39. (7) 60.00 2.292

114
48Cd66 0.558 1.210 2.166 0.48 (6) 22. (6) 45.83 2.299

116
48Cd68 0.513 1.213 2.362 1.11 (18) 25. (10) 22.52 2.375
112
50Sn62 1.257 2.151 1.712 0.039 (12) 1.4 (7) 35.90 1.788

116
50Sn66 1.294 2.225 1.720 0.118 (7) 7.7 (8) 65.34 1.848

118
50Sn68 1.230 2.120 1.724 0.075 (11) 6.9 (10) 92.00 1.854

120
50Sn70 1.171 2.097 1.791 0.11 (4) 12. (4) 109.09 1.873

122
50Sn72 1.141 2.154 1.888 0.015 (+5-12) 19. (3) 1266.67 1.878

124
50Sn74 1.132 2.130 1.882 0.012 (+4-8) 17.4 (4) 1450.00 1.857

122
52Te70 0.564 1.257 2.228 1.2 (3) 1.1 102 (3) 91.67 2.094

126
52Te74 0.666 1.420 2.131 0.140 (15) 44. (5) 314.29 2.043

128
52Te76 0.743 1.520 2.045 0.032 (+8-16) 28. (+7-14) 875.00 2.014

124
54Xe70 0.354 0.847 2.391 0.71 (13) 32. (6) 45.07 2.483

126
54Xe72 0.389 0.880 2.264 0.68 (12) 47. (9) 69.12 2.424

128
54Xe74 0.443 0.969 2.189 0.76 (5) 57. (4) 75.00 2.333

132
54Xe78 0.668 1.298 1.944 0.079 (11) 41. (4) 518.99 2.157

128
56Ba72 0.284 0.885 3.114 3.4 (6) 32. (4) 9.41 2.688

132
56Ba76 0.465 1.032 2.221 3.9 (4) 144. (14) 36.92 2.428

134
56Ba78 0.605 1.168 1.931 0.42 (13) 73. (22) 173.81 2.316

136
56Ba80 0.819 1.551 1.895 0.89 (25) 17. (6) 19.10 2.280

136
58Ce78 0.552 1.092 1.978 0.53 (9) 47. (8) 88.68 2.380

144
60Nd84 0.697 1.561 2.241 0.210 (19) 19.1 (23) 90.95 1.887

148
62Sm86 0.550 1.454 2.643 3.3 (4) 30. (3) 9.09 2.145

152
62Sm90 0.122 1.086 8.916 2.9 (4) 7.4 (10) 2.55 3.009

154
64Gd90 0.123 0.996 8.095 5.7 (5) 12.3 (10) 2.16 3.015

156
64Gd92 0.089 1.154 12.972 4.68 (16) 7.24 (25) 1.55 3.239

158
64Gd94 0.080 1.187 14.930 3.4 (3) 6.0 (7) 1.76 3.288

160
64Gd96 0.075 0.988 13.133 3.80 (16) 1.07 (+21-16) 0.28 3.302

156
66Dy90 0.138 0.891 6.464 7.2 (8) 9.4 (12) 1.31 2.934

158
66Dy92 0.099 0.946 9.567 5.9 (12) 19. (4) 3.22 3.206

160
66Dy94 0.087 0.966 11.133 4.46 (+33-99) 8.5 (6) 1.91 3.270

162
66Dy96 0.081 0.888 11.011 4.65 (+24-22) 8.23 (41) 1.77 3.294

164
66Dy98 0.073 0.762 10.380 4.3 (3) 7.4 (6) 1.72 3.301
162
68Er94 0.102 0.901 8.827 6.22 (+41-39) 14.7 (9) 2.36 3.230

164
68Er96 0.091 0.860 9.414 5.3 (6) 9. (2) 1.70 3.277

166
68Er98 0.081 0.786 9.753 5.17 (21) 9.6 (6) 1.86 3.289

168
70Yb98 0.088 0.984 11.216 5.0 (7) 9.2 (10) 1.84 3.266

170
70Yb100 0.084 1.146 13.598 2.7 (6) 4.8 (10) 1.78 3.293

176
70Yb106 0.082 1.261 15.351 1.80 (21) 0.000111 (15) 6.2 10−5 3.310
174
72Hf102 0.091 1.227 13.483 4.8 (22) 7.4 (15) 1.54 3.268

178
72Hf106 0.093 1.175 12.606 3.9 (5) 4.4 (3) 1.13 3.291

180
72Hf108 0.093 1.200 12.855 3.7 (5) 5.2 (6) 1.41 3.307
182
74W108 0.100 1.221 12.201 3.40 (9) 6.74 (17) 1.98 3.291

184
74W110 0.111 0.903 8.122 4.19 (11) 7.94 (21) 1.89 3.273

186
74W112 0.123 0.738 6.018 4.35 (+28-26) 10.1 (7) 2.32 3.234

186
76Os110 0.137 0.767 5.596 9.4 (8) 22.1 (17) 2.35 3.165

188
76Os112 0.155 0.633 4.083 5.0 (6) 16.2 (8) 3.24 3.083

190
76Os114 0.187 0.558 2.988 6.0 (6) 32.6 (34) 5.43 2.934

192
76Os116 0.206 0.489 2.376 5.62 (+21-12) 46.0 (+26-12) 8.19 2.820
192
78Pt114 0.317 0.612 1.935 0.55 (4) 109. (7) 198.18 2.479

194
78Pt116 0.328 0.622 1.894 0.286 (+44-35) 89. (+12-10) 311.19 2.470

198
78Pt120 0.407 0.775 1.895 0.038 (12) 37. (7) 973.68 2.419

198
80Hg118 0.412 1.088 2.641 0.0216 (4) 0.63 (8) 29.17 2.546

200
80Hg120 0.368 1.254 3.408 0.23 (5) 2.2 (5) 9.57 2.574

202
80Hg122 0.440 0.960 2.184 0.087 (21) 5.6 (15) 64.37 2.548
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TABLE II: Highest weight (hw) irreducible representations (irreps) and next higher weight (nhw) irreps for the algebras U(6),
U(10), U(15), U(21), and U(28) corresponding to the sd, pf , sdg, pfh, and sdgi shells of the isotropic 3-dimensional harmonic
oscillator, as well as to the shell model 8-20, 28-50, 50-82, 82-126, and 126-184 shells within the proxy-SU(3) scheme [59],
calculated using the code UNTOSU3 [71]. See Appendix A for further discussion.

U(6) U(6) U(10) U(10) U(15) U(15) U(21) U(21) U(28) U(28)
sd sd pf pf sdg sdg pfh pfh sdgi sdgi

8-20 8-20 28-50 28-50 50-82 50-82 82-126 82-126 126-184 126-184
M hw nhw hw nhw hw nhw hw nhw hw nhw
0 0,0 0,0 0,0 0,0 0,0
2 4,0 0,2 6,0 2,2 8,0 4,2 10,0 6,2 12,0 8,2
4 4,2 0,4 8,2 4,4 12,2 8,4 16,2 12,4 20,2 16,4
6 6,0 0,6 12,0 6,6 18,0 12,6 24,0 18,6 30,0 24,6
8 2,4 4,0 10,4 12,0 18,4 20,0 26,4 28,0 34,4 36,0

10 0,4 2,0 10,4 12,0 20,4 22,0 30,4 32,0 40,4 42,0
12 0,0 12,0 4,10 24,0 16,10 36,0 28,10 48,0 40,10
14 6,6 8,2 20,6 22,2 34,6 36,2 48,6 50,2
16 2,8 4,4 18,8 20,4 34,8 36,4 50,8 52,4
18 0,6 2,2 18,6 20,2 36,6 38,2 54,6 56,2
20 0,0 20,0 10,14 40,0 30,14 60,0 50,14
22 12,8 14,4 34,8 36,4 56,8 58,4
24 6,12 8,8 30,12 32,8 54,12 56,8
26 2,12 4,8 28,12 30,8 54,12 56,8
28 0,8 2,4 28,8 30,4 56,8 58,4
30 0,0 30,0 18,18 60,0 48,18
32 20,10 22,6 52,10 54,6
34 12,16 14,12 46,16 48,12
36 6,18 8,14 42,18 44,14
38 2,16 4,12 40,16 42,12
40 0,10 2,6 40,10 42,6
42 0,0 42,0 28,22
44 30,12 32,8
46 20,20 22,16
48 12,24 14,20
50 6,24 8,20
52 2,20 4,16
54 0,12 2,8
56 0,0

TABLE III: Nuclei of Fig. 6 having Z = 62, 70 and/or N =
94, for which the next higher weight (nhw) irrep of Table II
has to be taken into account. In column hw the proxy-SU(3)
irreps obtained from the hw valence protons and neutrons
irreps are shown, while in column nhw the proxy-SU(3) irreps
resulting after the replacement of hw irreps having µ = 0
by their nhw irreps are given. The values of the collective
variables γ and β obtained with these irreps from Eqs. (1)
and (7) are labeled by the subscripts hw and nhw respectively.
Experimental values of β [72], labeled by exp, are also given
for comparison. See Appendix B for further discussion.

nucleus hw nhw γhw γnhw βhw βnhw βexp

deg deg
154
60Nd94 56,4 48,14 4.16 12.95 0.307 0.298 0.258 (+42-58)

156
62Sm94 60,0 44,20 0.81 18.14 0.315 0.299 < 0.434

158
64Gd94 56,6 48,16 5.72 14.36 0.310 0.303 0.3510 (38)

160
66Dy94 54,8 46,18 7.46 16.24 0.305 0.299 0.3360 (13)
162
68Er94 54,6 46,16 5.92 14.86 0.297 0.290 0.3232 (81)

164
70Yb94 56,0 38,24 0.86 22.80 0.290 0.281 0.2886 (47)
166
72Hf94 48,8 40,18 8.29 18.05 0.271 0.266 0.2488 (+61-54)

166
70Yb96 54,6 44,20 5.92 18.14 0.294 0.293 0.3137 (60)

168
70Yb98 54,8 44,22 7.46 19.42 0.300 0.299 0.324 (3)
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FIG. 1: Proxy-SU(3) predictions, taken from Eq. (1), for the deformation variable γ (in degrees) for all experimentally known
[61] nuclei with 18 ≤ Z ≤ 80 and N ≤ 18 ≤ 124. See Sec. II for further discussion.
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FIG. 2: Same as Fig. 1, but only for nuclei having 15o ≤ γ ≤ 45o included. The horizontal and vertical stripes covering
the nucleon numbers 22-26, 34-48, 74-80, 116-124, 172-182, within which substantial triaxiality is expected to occur, are also
shown. See Sec. II for further discussion.
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FIG. 3: The theoretical energy ratio R (Eq. (2)), shown
by a blue solid line, and the theoretical branching ratio R2

(Eq. (4)), shown by an orange dashed line, are plotted as a
function of γ. These ratios are used [64] for singling out from
the data nuclei with substantial (γ ≥ 15o) triaxiality. See Sec.
III for further discussion.
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FIG. 4: Nuclei with experimentally known 2+1 and 2+2 levels, subdivided into these with R < 6.85 (expected to have γ > 15o)
and those with R > 6.85 (expected to have γ < 15o). Data have been taken from Ref. [61]. In nuclei in which β- and γ-bands
are assigned in Ref. [61], the 2+ state of the γ-band is chosen as the 2+2 . See Sec. III for further discussion.
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FIG. 5: Nuclei with experimentally known 2+1 and 2+2 levels, as well as known B(E2; 2+2 → 0+1 ) and B(E2; 2+2 → 2+1 ) transition
rates, subdivided into these with R < 6.85 and R2 > 2.71 (expected to have γ > 15o) and those with R > 6.85 and R2 < 2.71
(expected to have γ < 15o). Data have been taken from Ref. [61] and collected in Table I. In nuclei in which β- and γ-bands
are assigned in Ref. [61], the 2+ state of the γ-band is chosen as the 2+2 . Ten border-line nuclei from Table I with R < 6.85 and
R2 < 2.71, as well as one nucleus (15866Dy) with R > 6.85 and R2 > 2.71 are also shown. The nuclei expected to have γ > 15o lie
within the horizontal and vertical stripes predicted by the proxy-SU(3) symmetry, covering the nucleon numbers 22-26, 34-48,
74-80, 116-124, 172-182, also shown in Fig. 2. See Sec. III for further discussion.
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FIG. 6: Left column: Parameter-free proxy-SU(3) predictions (labeled as proxy-SU(3)) for γ (calculated with Eq. (1)) for
some series of isotones are compared to the empirical values extracted from the ratios R (Eq. (2)) and R2 (Eq. (4)) (labeled
as R and R2 respectively), in the way described in Sec. III and depicted in Fig. 3, as well as to the predictions coming
from state-of-the-art configuration interaction calculations in the Monte Carlo shell model (MCSM) framework [24], in which
predictions for the ground state (K = 0) band are labeled by MCSM0, while these for the lowest K = 2 band are labeled as
MCSM2. While the overall agreement is in general good, the shortcomings of proxy-SU(3) for Z = 70 and N = 94 become
evident, calling for taking into account the next higher weight (nhw) irreps neighboring the highest weight irrep, if the latter
happens to be fully symmetric (i.e., has µ = 0). Right column: In this column the proxy-SU(3) predictions have been replaced
by the average value of the hw and nhw values obtained in Table III, as discussed in Appendix B. See Sec. IV for further
discussion.
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