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ON A BIRCH AND SWINNERTON-DYER TYPE CONJECTURE FOR THE
HASSE-WEIL-ARTIN L-FUNCTIONS IN CHARACTERISTIC p > 0
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ABSTRACT. Given an abelian variety A over a global function field K of characteristic
p > 0 and an irreducible complex continuous representation ¢ of the absolute Galois
group of K, we obtain a BSD-type formula for the leading term of Hasse-Weil-Artin L-
function for (A, 1) at s = 1 under certain technical hypotheses. The formula we obtain
can be applied quite generally; for example, it can be applied to the p-part of the leading
term even when ¢ is weakly wildly ramified at some place under additional hypotheses.

Our result is the function field analogue of the work of D. Burns and D. Macias Castillo
[BMC24], built upon the work on the equivariant refinement of the BSD conjecture by
D.Burns, M. Kakde and the first-named author [BKK]. To handle the p-part of the leading
term, we need the Riemann-Roch theorem for equivariant vector bundles on a curve
over a finite field generalising the work of S. Nakajima [Nak&c], B. Kéck [K6c04], and
H. Fischbacher-Weitz and B. Kéck [FWK09], which is of independent interest.
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1. INTRODUCTION

In [Tat68], Tate gave a uniform formulation of the conjecture of Birch and Swinnerton-
Dyer (or the BSD conjecture) for abelian varieties over global fields of any characteristic.
Furthermore, for a Jacobian of a curve over a global function field of characteristic p > 0,
the “prime-to-p part” of the full conjecture (including the leading term formula up to p-
power ambiguity) was obtained assuming finiteness of a certain object closely related to
the Tate-Shafarevich group; see [Tat68, Theorem 5.2] for further details. It is now known
that for an abelian variety A over a global function field K the full BSD conjecture follows
from the finiteness of III(A/K){¢}, the £-primary part of the Tate-Shafarevich group for
some prime ¢; see Kato—Trihan [KT03] for the precise result, and its introduction for the
history. We note that the p-part of the argument in [KT03] heavily relies on the theory
of p-adic cohomology, as anticipated by Tate [Tat68, p. 438].

In the work of D. Burns, M. Kakde and the first-named author [BKK], we formulated an
equivariant refinement of the BSD conjecture for abelian varieties over a global function
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field of characteristic p > 0 in the spirit of the Equivariant Tamagawa Number Conjec-
ture for motives over a number field. Given an abelian variety A over a global function
field K and a finite Galois extension L/K, the equivariant BSD conjecture [ , Conjec-
ture 4.3] refines the BSD conjecture for A/L by predicting that the “derived Galois module
structure” of arithmetic invariants of A/L should encode the (suitably normalised) leading
terms of Hasse-Weil-Artin L-functions at s = 1 attached to A and complex irreducible
characters of G := Gal(L/K), as well as certain “algebraic relations” thereof.' (To forum-
late the conjecture we need certain perfect complexes of integral Galois modules, which
we refer to as the “derived Galois module structure”.)
In this paper, we consider the following natural question.

Question 1.1. Let A be an abelian variety over a global function field K, and we choose
a complex irreducible character i/ of the absolute Galois group of K. Assuming finiteness
of the relevant Tate—Shafarevich group, can we get an explicit formula of the (suitably
normalised) the leading term of the Hasse-Weil-Artin L-function attached to (A, ) at
s = 1 (possibly imposing additional hypotheses that are not too restrictive)?

Note that the equivariant refinement of the BSD conjecture is known up to torsion
in relative Ky assuming a suitable finiteness condition on the Tate-Shafarevich group;
of [ , Theorem 4.10]. In fact, ignoring such torsion ambiguity does not affect indi-
vidual leading terms, though we may lose algebraic relations among them. However,
loc. cit. does not completely resolve the question; in fact, the resulting formula depends
on the “derived Galois-module structure” of certain perfect complexes, so it is not explicit
enough. (See Corollary 6.15 for the precise statement.) Nonetheless, one take [ , The-
orem 4.10] and Corollary 6.15 as a starting point, and manage to extract some non-trivial
and explicit formula on the leading term at s = 1 of L-function attached to (A, ) under
some additional technical hypotheses; ¢f. Assumption 7.2.

Let us briefly indicate the nature of Assumption 7.2. Recall that the equivariant BSD
conjecture [ , Conjecture 4.3] involves two perfect complexes: a kind of Selmer com-
plex for A/L, and a coherent cohomology of a certain equivariant vector bundle. Our
additional hypotheses are mainly to simplify the “Selmer complex term”, clearly inspired
by the number field analogue of our result obtained by D. Burns and D. Macias Castillo
(cf [ ], especially the set of hypotheses at the beginning of §6). Our main work is
to control the “coherent cohomology term” (or rather, the ramification correction to the
local volumes, so to speak) under a mild hypothesis — namely, Assumption 7.2(3) — and
thereby obtain a formula for the p-part of the leading term in a satisfying generality. If
A has semistable reduction at all places of K, then our main result can be applied if ¥
has tame ramification at worst (or even, we allow “shallow wild ramification”) assuming
finiteness of a suitable Tate-Shafarevich group.

Let us set up the notation for more detailed introduction. In the setting of Question 1.1,
let L/K be a finite Galois extension with G = Gal(L/K) such that ¢ factors through G.
Suppose that { can be defined over a number field E ¢ C, and we fix the underlying E-
vector space Vy, for the representation /. Let Z be the set of places of K consisting exactly
of the places ramified in L/K and the bad reduction places for A.

We consider the Hasse-Weil-Artin L-function Ly (A, ¥, s) without Euler factors at Z
as in (6.9), where U denotes the set of places of K away from Z. We normalise its leading
term Zy (A, ) at s = 1 as (6.10) so that we have Fy (A, ¢) € EX. In particular, for any
place A of E it makes sense to consider the A-adic valuation v; (Zy (A, )).

If A is a place over ¢ coprime to |G| (which applies to all but finitely many places of
E), then v; (%y (A, )) is quite easy to describe since the group ring Z,G is rather simple
in terms of homological algebra; cf. Proposition 7.13. For a place A of E over a prime

ISee [ , Proposition 4.8] for an example of algebraic relations implied by the equivariant BSD conjecture
when L/K is a p-extension.
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¢ dividing |G| however, one cannot really expect an explicit description of v; (Zy (A, ¥))
without imposing an additional assumption for (A, ) to simplify the homological algebra
involved. And unsurprisingly, it requires much harder extra work to handle places A over
p, the characteristic of K, when p divides |G].

Theorem 1.2 (Cf Theorem 7.12). In addition to the above setting, suppose that III(A/L)
is finite. Choose a prime ¢ that does not divide any of |A(L)tors|, |A* (L)tors| and | AL (kw)|,
where Ay, is the Néron model of A/L and k., is the residue field at a place w of L above some
v € Z. If t = p then we assume that A has semistable reduction at all places of K and the
extension L/K is at worst weakly ramified at each place in the sense of Definition 2.6. Then
for any place A of E above £ we have

Regf

3U(A, Iﬁ)OE,}L = VOlZ(A/K)deg‘// . lOCZL (A, W) ’ |G|ralg(l//)

- Chary, (Hl:/i/1 (A/L)),

where Og ) is the A-adic completion of O, Regf is the y-twisted regulator for A (cf. Defin-
ition 7.9) and rag (V) is the rank of the “Y-part of A(L)” (6.12). Lastly, Char (HIX\;A(A/L))
is the characteristic ideal (7.11) ofLHJ’A(A/L) (7.1c), and volz(A/K) and locz, (A, ) are
p-power integers defined in Theorem 7.12.

We actually obtain a result in a more general setting where A has semistable reduction
at all places of L (instead of K), L/K is at worst weakly ramified at each place, and L/K
is tamely ramified at all places of K where A has non-semistable reduction. The formula
becomes more complicated in this generality, and we refer to the main body of the text.

If we choose L = K (so ¢ is the trivial character and E = Q), then Theorem 1.2 is
compatible with the f-part of the classical BSD formula [ , (1.8.1)]; indeed, in the
setting of of Theorem 7.12 we have locz, (A, ) = 1 and volz(A/K) is the p-part of
vol ([Tyez A(Ky)), using the notation of loc. cit. In general, the p-power integer locz, (A, 1),
given by an explicit local formula, can be thought of as the “ramification correction” to
the volume term. In fact, we have locz, (A, ) = 1 if the ramification index of L/K at each
place is a power of p (including the case where L/K is unramified everywhere). If the
ramification index of L/K at each place divides p — 1 and deg ) = 1 then we have

dim A
log, (locz, (4.9)) = = >y lk By,

where w runs through all places of L ramified over K, and j,, is determined so that the
inertia subgroup at w acts on m /m>*" via the restriction of ¥, where m,, is the maximal
ideal of Ox, corresponding to w. (See Remarks 7.14 and 4.19 for further details.) We
believe that the explicit formula for locz, (A, ) is new even when L/K is cyclic and tame.

We note that for abelian varieties defined over a number field, an analogous result was
obtained by D. Burns and D. Macias Castillo (cf: [ , Proposition 7.3]), which clearly
inspired our result.

Let us now list some of the main ingredients of the proof. Let z: X; — X denote
the covering of smooth projective curves corresponding to L/K, and let Z; c X} be the
closed subset consisting of places over Z. Let Ay, be the Néron model over X; of A/L.

Let us specialise to the case where £ = p, which is the main case of interest. To
apply [ , Theorem 4.10] one needs to choose a suitable G-stable subbundle £ C
Lie(Ar)(-Z) such that R['(X;, L) is a perfect F,G-complex. The choice of such £ could
a priori be very inexplicit, but we show that we can take £ = Lie(AL)(—ZL) provided
that the following conditions are satisfied; c¢f. Assumption 7.2(3).

Assumption 1.3. e L/K is weakly ramified at all places (cf. Definition 2.6), and
e if L/K is wildly ramified at a place v of K then A has semistable reduction at v.
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See Corollary 5.8(3) and Proposition 6.6(2) for the precise statement. Note that the
main ingredient of the proof is Kéck’s local integral normal basis theorem for weakly
ramified extensions [ , Theorem 1.1], which we recall in Theorem 2.11.

Suppose that Assumption 1.3 is valid, and set £ = Lie(AL)(—Z;). Then we get a p-
adic Selmer complex with support condition SCz, ,(A, L/K) € DP*(Z,G) following the
construction of [ , Proposition 3.7(i)], and under the assumption of Theorem 1.2 one
can compute its “y-isotypic parts” by the same argument as [ , Proposition 7.3(ii)];
cf. Proposition 7.10.

By the equivariant BSD conjecture modulo torsion, it remains to compute the i/-isotypic
part of RT (X[, Lie(AL)(—Z1))". This can be achieved using the following result.

Theorem 1.4 (Cf. Theorem 3.2, Corollary 5.8). Set £ = Lie(AL)(—ZL) and view it as
a G-equivariant vector bundle on Xi. If Assumption 1.3 is satisfied, then RI'(Xy, L) can
be represented by a two-term complex [C° — C'] for some projective F,G-modules C°, C'.
Furthermore, we have an explicit formula for

[C°] - [C'] = x(LO)[F,G] € Ko(F,G)

in terms of the inertia action on the completed stalk .ZW at each w € Zy. (Here, y(L°) =
log,, (|H*(X, L)|/IH (X, L9)]).)

The precise formula is quite complicated, and we refer to the main body of the text.

The statement can be divided into two steps. By analysing the Néron models over X,
and X, we deduce a certain local property of £ in terms of ramification at each w € 7|,
(cf- Corollary 5.8). And for G-equivariant vector bundles on X} satisfying the same local
property satisfied by £, we prove a kind of “equivariant Riemann-Roch theorem”; cf.
Theorem 3.2. When X; — X is a tame G-cover of curves over an algebraically closed field
k, then the Euler characteristic of a G-equivariant vector bundle £ in Ky (kG) was com-

puted modulo [kG] by S. Nakajima [ , Theorem 2]. The rank-1 case of the equivari-
ant Riemann-Roch theorem was obtained by Fischbacher-Weitz and Kock [ , §3,
Theorem 12] (built upon the case of curves over algebraically closed field [ , The-

orem 4.5]). We give a common generalisation of these arguments to obtain the equivariant
Riemann-Roch theorem sufficient for the proof of our main result, Theorem 1.2.

By Theorem 1.4 we can compute the /-isotypic part of RI['(X, £)", and compare it
with the volume term and locz, (A, ). In case where A admits non-semistable reduction
at some place of K, the volume term needs to be corrected by analysing the behaviour of
Néron models over tame extensions; cf. Proposition 5.5 and Theorem 7.12.

Let us outline the contents of the paper. In §2 we collect various results for semi-
linear representations of decomposition groups, including Kock’s local integral normal
basis theorem. In §3 we formulate and prove the “Riemann-Roch theorem for equivari-
ant vector bundles” (¢f. Theorem 3.2). In §4 we review the relative Ky-groups and re-
interpret Theorem 3.2 using relative Ky-group. In §5 we collect various results on Néron
models (including the behaviour under tame ramification) and show that the equivariant
Riemann-Roch theorem can be applied to Lie(Ay ) (—Z1) under Assumption 1.3. In §6 we
review the equivariant refinement of the BSD conjecture in [ ], and in §7 we give a
proof of the main theorem (cf. Theorem 7.12). In §8 we give some examples in which our
main theorem can be applied unconditionally.

Notation and Conventions 1.5. For any commutative ring R (necessarily with 1) and
for any group G, we let RG denote the group ring of G over R. We may write R[G] for
RG if there is any risk of confusion.

By a G-representation i/, we mean a finite-dimensional C-linear G-representation. Let
Vy denote the (left) CG-module underlying 1. As a standard fact, there exists an EG-
module Vy, g for some number field E C C such that we have a CG-isomorphism C ®¢
Vy.e = V. We will also use Vy, to refer to Vy g if there is no risk of confusion.
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By Ty = Ty,0,, we denote a (chosen) G-stable Og-lattice in V. By abuse of notation,
we also let / denote the ring homomorphisms ZG — Endo, (T;) and QG — Endg(Vy)
defined by the G-action on Ty, and V.

We write (—)* for the linear dual, and (—)" for the Pontryagin dual. For Ty as above,
we regard T; and TJ as right OpG-modules. We write 1/; for the contragredient of .

For any ring A (necessarily with 1 but not necessarily commutative), we let D(A) de-
note the derived category of complexes of A-modules, and DP*f(A) for the triangulated
full subcategory of perfect complexes of A-modules. For any C* € DP? (A), we define its
Euler characteristic as follows:

(1.6) xa(C*) = Z(—l)f[cfl € Ko(A),

where K (A) is the Grothendieck group of the category of finitely generated projective
A-modules and [C'] € Ky(A) denote the class of C'.

2. REVIEW OF LOCAL INTEGRAL NORMAL BASIS THEOREMS

In this section, we collect various standard results on lattices in semilinear Galois mod-
ules for finite extensions of local fields, following Chinburg [ ] and Kock [ ].

Let K, be a complete discrete valuation field with perfect residue field k, of character-
istic p > 0. Let O, and m, respectively denote the valuation ring and its maximal ideal.
We fix a finite Galois extension L,,/K, with valuation ring O,,, maximal ideal m,,, and
residue field k,,. Set G,, = Gal(L.,/K,), and write I,, and P,, for the inertia and wild
inertia subgroups, respectively. (Although the results in this section are purely local, we
will later apply them in the setting where L,,/K, arises from some global extension L/K
via completing at w | v.)

By semilinear G,,-representation over O,,, we mean a finite free O,,-module W,, equipped
with semilinear G,,-action.

Lemma 2.1. For a semilinear G,,-representation W, over O,, the following are equivalent.
(1) W,, is free as an O,[G,,]-module;
(2) W,, is projective as an Oy[G,,]|-module; _
(3) W, is cohomologically trivial for G,, (i.e., the Tate cohomology ﬁl(G, W) is trivial
for each degree i).

Proof. Note that W,, ®¢,, L,, is free as an K,[G,,]-module by standard Galois descent,
so the equivalence of (1) and (2) follows from [ , Corollary 6.4]. The equivalence
between (2) and (3) is standard as W,, is projective as O,,-module.” O

Let us now recall the following “higher-rank version” of the local integral normal basis
theorem in the tame setting, which is essentially due to Chinburg.

Proposition 2.2. Let W,, be a semilinear G,,-representation over O,,. Then W,, is free as
an Oy [G,,]-module if and only if it is cohomologically trivial for I,,. In particular, if L., /K,
is tame then any semilinear G,,-representation over O,, is free as an O,[G,,]-module.

Proof. The case when L,,/K, is unramified is standard; cf. [ , §2, Lemma 1]. To
handle the general case, it suffices, by Lemma 2.1, to show that W,, is cohomologically
trivial for G,, if and only if it is cohomologically trivial for I,,. And since by the unramified
case W‘i,‘“ is cohomologically trivial for G,,/I,, (being a semilinear G,,/I,,-lattice over O{:f ),
the desired claim follows from the inflation-restriction sequence for the Tate cohomology.
The claim for the tame case now follows since any O, [I,,]-module cohomologically trivial

for I,, when |I,,| is prime to p. O

’The proof of the ZG-projectivity criterion [ , Chap IX, §5, Theorem 7] can be repeated to show the RG-
projectivity criterion for any Dedekind domain R. This is also implicitly proved in [ , Proposition 4.1].
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We next classify the inertia action on any semilinear G,,-representation over O,, in the
tame case. For this let us first describe all the mod p absolutely irreducible representations
of I,,, without assuming tameness.

Definition 2.3. Let 0,,: I,, — k, be the character corresponding to the natural I,,-action
on m,,/ mfv; in other words, choosing a uniformiser ®,, € m,, we have

Ow(g) = gow/@\ mod m,, Vg € I,,.
The I,,-action on m” /m”H is given by 0"..

Remark 2.4. Note that ,, induces an inclusion I,,/P,, < k%, so the order of 0,, is |I,,/P,,|.
Furthermore, since P,, acts trivially on any simple k,,[I,,]-module, any simple k,,[I,,]-
module is isomorphic to exactly one of m” /m?™ for n € Z/(|I,,/Py|).

Lemma 2.5. Suppose that L., /K, is tame, and let W,, be a rank-d semilinear G,,-representation
over O,,. Then there exist integers ny,1, - - ,Nywg € {0, -+, |L,| — 1}, unique up to ordering,
such that we have a k., [1,,]-module isomorphism

d
Nw,i —Nay,it+l
Ww ®()W kw = @(mwn /mwn )

i=1

Furthermore, the above isomorphism can be lifted to an isomorphism

d
W, = @ m,,
i=1

of semilinear 1,,-representations over O,,.

Proof. By tameness, the group ring k,,[I,,] is semi-simple and its simple modules are
described in Remark 2.4. Therefore, one can find a k,,-basis €y, - - - , &g of W,, ®¢_, k,, such
that I,, acts on ¢&; via 6,,""" for 0 < n,,; < |I,,]. We choose a lift e; € W,, of &; for each i,
and set
’ 1 w,i
= 2 O 9) - (g
w g€l,,

Then each ¢/ € W, lifts ¢; and satisfies ge] = 0,,""(g)e] for any g € I,,. Therefore, W,,
can be written as a direct sum of I,,-stable O,,-submodules O,,e;, which is isomorphic to

—Nawi e .
m,, ™ as a semilinear I,, representation over O,,. m]

If L,,/K, is wildly ramified, then the Galois module structure of a semilinear G,,-
representation over O,, could be quite complicated in general. Instead, we focus on the
case where W,, is of rank 1. To proceed, we need the following definition.

Definition 2.6. We say that L,,/K, is weakly ramified if the second lower-index ramific-
ation subgroup I, is trivial.

Recall that for any non-negative integer s, we set
Lys = {9 € Iy | 9@+, = @,, mod m:!"

for some (or equivalently, any) uniformiser @,, € m,,. Note that I,, = I,,0 and P,, = I,,;.

Clearly, unramified or tamely ramified extensions are weakly ramified. Much less ob-
vious examples of weakly ramified extensions are those obtained by the completion of a
finite Galois cover : X; — X of ordinary’ curves over a perfect field of characteristic
p>0;cf [ , Theorem 2(i)].

Being weakly ramified imposes a strong condition on the inertia group I,, as follows.

3A curve over a field of characteristic p > 0is defined to be ordinary if the genus and the p-rank coincides.
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Lemma 2.7. For any finite Galois extension L,,/K, we have

L,=P,=C,,
where P,, is a p-group and C,, is a cyclic group of prime-to-p order. Furthermore, if L,,/K,
is weakly ramified, then P, is an elementary p-group and the conjugation action of C,, on
Py, \ {1} is faithful.
Proof. The properties can be deduced from Proposition 9 and the corollaries of Proposi-
tion 7 in [ , Chap 1V, §2]. O

Remark 2.8. The choice of the lift C,, of I,/ P,, is far from canonical if P,, is a proper non-
trivial subgroup of I,,, but different choices of C,, are conjugate to each other. Indeed, by
direct computation we have

(29) CwN(gCug™) = {1} VgePy\ {1}
cf. the proof of Lemma 4.2 in [ ]. By simple counting we obtain I,,\Py, = [ Jyep,, (9Cwg™ ™\
{1}), so in particular any lift of I,,/P,, in I,, is of the form gC,,g™! for a unique g € P,,.

Lemma 2.10. For any finite Galois extension L., /Ky, any indecomposable projective k., [I,,] -
module is isomorphic to exactly one of

My()) = Indgy, ((ndy/mdMle, ) forj € Z/(CuD.
Furthermore, M., (j) is a k[ L, -projective cover ofm{v/mj,:l, so it does not depend on the
choice of C,, up to isomorphism.
IfL,,/K, is weakly ramified, then we have

[Pyw|-1
[Cwl |

Muw(Dle,, = (ml,/m") @ ki [Co]®

Proof. Note that the radical rad (k,,[I,,]) of k\,[I,,] is generated by the augmentation ideal
of k., [Py]. Furthermore, we have an k,,[I,,]-module isomorphism

M,y (j)/rad(kw[L]) = My (j)p,, = m),/mi".
J+1,

Then essentially by the Nakayama lemma, M,,(j) is a k. [,] -projective cover of m{v /m, s
of [ , Theorem (6.23)]. Indecomposability of M,,(j) follows from being a projective
cover of a simple k,,[I,,]-module. Since k,,[I,,] = @j M,,(j), any non-zero projective
ky[I,]-module contains a copy of some M,, (j). Finally, the last claim is proved in [ ,
Lemma 4.2]. O

Let us now recall the local integral normal basis theorem due to Kock:

Theorem 2.11 (Kock [ , Theorem 1.1]). The local fractional ideal m forn € Z
is free of rank 1 as an Oy[G.|-module if and only if L,,/K, is weakly ramified and n =
—1 mod |P,,|.

If L,,/K, is tame (i.e., we have |P,,| = 1) then the theorem asserts that any fractional
ideal m" is projective as an O, [G,,]-module, which is consistent with Proposition 2.2.

Remark 2.12. The higher-rank generalisation of Theorem 2.11 (or rather, the wildly rami-
fied analogue of Lemma 2.5) could be quite complicated. To illustrate, let L,,/K, be any
finite Galois extension (not necessarily weakly ramified) and choose a semilinear G,,-
representation WY, over O,,. (We do not require W), to be projective as O, [G,,]-module.)
Then O,,[G] ®0,, W;,, with G acting diagonally, is a semilinear G,,-representation over
O,, that is free as a O,[G,,]-module; indeed, the following O,,-linear isomorphism

IndS™ W), = 0,,[G] ®0,, W), — 0.,[G] ®0,, W,
(> ag)exis > (a9) ®gx

geG,,y geGyy

is Gy,-equivariant.
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3. EQUIVARIANT RIEMANN-ROCH FOR WEAKLY RAMIFIED COVERING

Let k be a perfect field of characteristic p > 0. Let X be a smooth projective geometric-
ally connected curve over k, with its function field denoted by K. For any finite extension
L of K, we write X} denote the normalisation of X in Spec L equipped with the covering
map 7: X — X. (We do not require X;, to be geometrically connected over k.) Let |X]|
and | X1 | respectively denote the set of closed points of X and X}.

From now on, suppose that L/K is Galois with group G, so 7 is a G-covering. Choosing
v € |X|andw € 771 (v), we obtain the Galois extension L,,/K, via completion. We employ
the same notation as in §2.

We next study the “equivariant Euler characteristic” of the cohomology of G-equivariant
vector bundles on X} ; i.e., alocally free Ox, -module with semilinear G-action. Given such
&, we may represent RI'(X}, &) as a complex of kG-modules (eg, by choosing a G-stable
Cech covering). If we have R['(Xz, &) € DP™ (kG), then we write

(3.1) X6 (E) = yrc(RT(X1, E)) € Ko(kG),

where the right hand side is defined in (1.6).

Given a finite Galois cover 7: X; — X, we let Zf‘m (respectively, Zz"’ild) denote the
locus in X;, where 7 is ramified (respectively, wildly ramified).

We are now ready to state the equivaiant Riemann—Roch theorem, which generalises
the results of Nakajima [ ], Kock [ ] and Fischbacher-Weitz and Kock [ ].

Theorem 3.2. Let n: X, — X be a G-cover that is weakly ramified everywhere. Let & be
a G-equivariant vector bundle on X, and suppose that for any w € szld we have

k&
(3.2a) Ew = @ m,,"™  wheren,,; = —1mod |P,,| for any i
i=1

as a semilinear I,,-representation over O,,. Then the following properties hold.

(1) WecanrepresentRT (X1, E) by a complex of finitely generated projective kG-modules
in degrees [0, 1]. In particular, we have RT (X1, &) € DP™ (kG).
(2) Foranyw € Z*™ andi € {1, - ,rk &}, definel,,; to be the unique integer satisfy-

ing
_ 1+ Ny,i

3.2b Ly; =
(520 =T
where n,,;’s are as in (3.2a) forw € Zz"ﬂd, and as in Lemma 2.5 if w ¢
Then we have the following equality in Ko(kG) ® Q
(3.2¢) x6(8) = ~(tk E) [N(m)] + [W5(E)] +Ind} (1 (E9)),

where EC is the G-invariants of &, which is a vector bundle on X, and

—1mod |I,,/Py| and 0<1I,; <|L/Pwl,

wild 4
Zyid,

uw/Pwl_l
INGOV= o > Pl ) g [, (u(7)] and
wezZpm Jj=1
1 k& lw,i
o— G .
[Wo(8)] = WEZ] T zl] 2, [indy, (o (=)

Here, M,,(j) is defined in Lemma 2.10.

Note that formula (3.2c) is generalises the rank-1 case stated in [ , §3, The-
orem 12], which is built upon [ , Theorem 4.5]. When k = k and 7 is tame, then
S. Nakajima [ , Theorem 2] obtained (3.2c) modulo Ind$ (yx (E9)).

Before we give a proof, let us make a few remarks.

“4Note that for w € zpm \ ZZ’ﬂd, we have [,,; = n,,; as we have |P,,| =1and 0 < n,,; < |L,y].
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Remark 3.3. As the notation suggests, [N ()] and [W5(E)] respectively come from fi-
nitely generated projective kG-modules N () and W5(E). Indeed, this is a byproduct of
the rank-1 case of the formula; cf. Theorem 11 and Theorem 12(a) in [ , §3]. In par-
ticular, formula (3.2¢) holds in K (kG) since K (kG) is torsion-free (being a free abelian
group). In the intended application, we only need formula (3.2¢c) in Ko (kG) ® Q.

Remark 3.4. In the setting of Theorem 3.2, if we have I,, = P,, forall w € Zf‘m (eg.,if G
is a p-group), then clearly both [N ()] and [W5(E)] are trivial so formula (3.2¢) reduces
to

X6 (8) = Ind{ (x(89)).

Remark 3.5. Applying the Hirzeburch-Riemann-Roch theorem to compute yx(E°) (cf.
Theorem (4.11) and Exa 4.1.1 in [ , Appendix A]), we obtain

Indf’ (1(8%) = ((1k &) - (1 - geny) + deg(€%) ) [kG,
where gen is the genus of X. (Note also that rk(E¢) = rk &.)

Example 3.6. The local assumption (3.2a) may look artificial, but it is a common gener-
alisation of the tame case (cf. Lemma 2.5) and the following class of examples. Let
be a rank-d vector bundle on X, and let D, = },,¢|x, | "wW be a G-equivariant divisor
of X;. Then & = (n*F)(Dy) is a G-equivariant vector bundle and we clearly have a
G-equivariant O,,-linear isomorphism

(3.6a) Ey = (M),
as we have a natural G,,-equivariant isomorphism (7*%)7, = %r(w) ®0,(,, Ow- Further-

more, we have ¢ = ¥ (Dg) where D satisfies (OXL (DL))G = Ox(Dg). More explicitly,
we can apply [ , Lemma 1.4(a)] to obtain Dk = },¢|x| no0 Where for each v € |X]

we set n, = -1+ f”ﬁ:ll] for some (or equivalently, any) 5 € 771 ().

Now, assume that 7 is weakly ramified everywhere. Then Theorem 3.2 can be applied
to & = (n*F)(Dr) provided that the coefficient n,, at each w € Zz’"ﬂd satisfies n,, =
—1 mod |P,,|, in which case we have n,,; = n,, for all i.

Let us further specialise to the case when & = (n*F)(—ZL) for some reduced G-stable
closed subscheme Z;, C X| containing Zj*". In that case, we have l,,; = |I,,/Py| — 1
for any w € Z/*" and i, and EC = F(~Z) where Z c X is the reduced image of Z;.
Therefore, formula (3.2c) reduces to the following

[T [Py | =1
Gob)  nol(rP-2) =t Y D Pl nd, ()]

Gl wezZgm
+ ((tkF) - (1 — genyg — deg(2)) + deg(F)) [kG].

For the rest of the section we give a proof of Theorem 3.2.

Proof of Claim (1) of Theorem 3.2. The proof is essentially contained in the proof of
Theorem 2.1(a) in [ ], which is the rank-1 case of our statement. Indeed, by Kock’s
theorem (Theorem 2.11) our assumption 3.2a implies that &, is cohomologically trivial
for I,, for any w € |X1|, so by Proposition 2.2 it follows that the following completed stalk

(m.E)y = @ &v = Indg &;,
wer~1(v)
is O,[G]-free at any v € |X|. (Here, 9 € n~!(v) is any point above v.) By the stand-
ard result (cf. [ , Corollary (76.9)]), the Zariski stalk (7.&), is Ox ,[G]-free, so we
may apply [ , Theorem 1.1] to obtain kG-perfectness of RI'(X;, &) = RI'(X, 1.5).
Finally, RT'(X}, &) can be represented by a two-term perfect kG-complex thanks to the
cohomology vanishing outside degrees [0, 1]. O
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Digressions to Brauer characters. Even if |G| is not invertible in k, there is a version
of character theory for finitely generated kG-modules; namely, Brauer characters. (Here,
k denotes the algebraic closure of k.) We will recall the minimal background needed in
the proof, and for further details we refer to [ ,§18] or [ , Ch 18].

We choose a complete discrete valuation field E of characteristic 0 with residue field
k. For any subset S C G stable under conjugation, set

(3.7) Clg(S) == {¢: S — E| ¢ is invariant under conjugation}.

Let GP ™8 denote the set of elements of G with prime-to-p order, which is stable un-
der conjugation. Then for any finitely generated kG-module M, let Bchyy € Clg(GP ™¢8)
denote the Brauer character in the sense of [ , Def (17.4)]. It is easy to check that
Bchy(1) = dimg (M) and Behg;(g) = 0 for any g # 1. If M admits a lift to an EG-module
Mg (e.g., if M is projective), then we have Bchy = ch i1, lGpee, which we take as a working
definition; cf. [ , Proposition (17.5)(iv)].

Let us now recall a few basic properties. The construction of Brauer characters nat-
urally extends to the Grothendieck group Go(kG) of finitely generated kG-modules, in-
ducing an isomorphism G (kG) ® E — Clg(GP™8); cf. [ , Theorem (17.9)]. There
is a natural homomorphism c: Ky(kG) — Go(kG), which turns out to be injective with
finite cokernel; cf. [ , Theorem (21.22)]. By abuse of notation, for [M] € Ko(kG) we
let Bchyar) denote Behe(pay). As Ko(kG) and G (kG) are free abelian groups, we obtain
the following:

Proposition 3.8. The homomorphism Bch(_y: Ko(kG) — Clg(GP™8) is injective.
We record the following lemma, which should be well known.

Lemma 3.9. For finitely generated projective kG-modules M and M’, we have Bchpy(g) =
Bchyy (g) for any g # 1 if and only if [M] — [M'] is an integer multiple of [kG] in Ko(kG).

Proof. Suppose that an element [N] € Ko (kG) satisfies Bchin(g) = 0 for any g # 0. We
first claim that |G| divides Bchn(1) = dimg([N]). The lemma easily follows from this
claim for [N] = [M] — [M’] via Proposition 3.8.

For each prime divisor ¢ of |G|, choose a Sylow ¢-subgroup G, of G. Note that the re-
striction [N]|g, defines an element in Ko(k[G,]) as the restriction preserves projectivity,
and we have Bch|nj|;, = (Bchin)lg,-

If £ # p then we have G, C G?™% and Bchjnlg, = Ch[ﬁg] |G, where [NE] €
Ko(EG) is the lift of [N]. By the standard character theory in characteristic 0, we have
dimE([ﬁE]G’) = dimg ([N])/|G¢|, which is an integer. If £ = p then KO(IE[GP]) is the free
abelian group generated by [IE[GP]] as E[Gp] is a local ring. In particular, |G,| divides
dimg ([N]). This shows that |G| divides dimg([N]). O

Remark 3.10. Lemma 3.9 cannot be extended to Gy(kG) in general. For example, if G
admits a normal Sylow p-subgroup P # {1}, then we have Bchg(g/p)(g) = 0 for any
g € GP 7€\ {1}. Then the Brauer characters of k[G/P]1®"P! and kG coincide, but k[G/P]
is not even projective as a kG-module.

Proof of Claim (2) of Theorem 3.2: The case where k is algebraically closed. In
the setting of Theorem 3.2, assume that k = k so we have G,, = I,,. Choose H = (g) for
some g € GP ™€\ {1}, a cyclic subgroup of prime-to-p order. Let 7y : X; — X;# denote
the natural projection, which is a everywhere tame H-covering.

The following lemma generalises the tame case [ , p 120], and the main idea of
proof can be read off from the proof of Theorem 3.1 and Theorem 4.3 of [ 1.

One may refer to [ , §18.1] instead, where Bchyy is called the modular character.
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Lemma 3.11. In the above setting, we have the following elements in Ko (kH)
[N(D]la — [N(7n)] and [We(E)|n - [WH(E)]
are integer multiples of [kH].

Proof. For any w € Z*", let H,, := I,, N H. Then by the Mackey formula [ , The-
orem (44.2)]°, we have

[Indf, My (Dl = ), [Indfy, (Mool )]
seH\G/I,,

1
= 2 el [di | (Mol ]

seG/I,,

Choosing Cs,, to contain H,,, which is possible by Remark 2.8, it follows from Lemma 2.10
that

[Psw|-1 .
(3.12) Mo (1) lH,0, = (65,7 @ (K[Heyy])® ToouT 1S,
where 95w = OswlH,,,-
Let nfl. = I be the integers defined in Lemma 2.5 for & viewed as an H-equivariant
vector bundle Then clearly we have
(3.13) Il =1 = ny; mod |H,,|
possibly up to reordering lH ;’s. Therefore we have
k& Lwi
- G
Wo(@)llu= D, 1o IW] D2 [ndf (Mu(=1)] n
WEZE"“1 i=1 j=1
1 k& lwz
= | [Indff | (Myw(=))a,)]
e
k& 151
= ' [Ind} ((61)77)] = Wu(&) mod [kH],
wezim [H « H i=1 j=1

where the last congruence uses (3.12), (3.13) and k[H,,]| = @jez/(lel) (05,
The computation of [N(r)]|g is quite similar except that we use
DT 1Pl [0df (My()] 1 = jollwl - [Indff | ((05)*)] mod [kH]

0<j<|Ly /Pyl
Jj=jo mod |H,|

for any 0 < jo < |Hy|. O
Corollary 3.14. Theorem 3.2(2) holds ifk = k.

Proof. We first show that yxg(E) = —1k(E)[N(7)] + [Ws(E)] + c[kG] for some ¢ € Z.
By Lemma 3.9, we can proceed by comparing the values of Brauer characters at each
g € GP™€\ {1}. Now applying Lemma 3.11 to H := (g) for any g € G "€\ {1}, it suffices
to prove the claim for my: X; — X;un as we have yx6(E)|lg = yxu(E). However, the
claim for 7y is already obtained in [ , Theorem 2].

Note that ()(kG(S))G = (&%) in Ko(k) We next claim that [N(7)]¢ = [W5(&)]° =
0; indeed, we have by the Frobenius reciprocity that

G . G .
(10§} (Mo () 2 (nd€ (0llc,,)) = Home, (1.0%c,),

%When all the modules involved are projective (as in our setting), one may alternatively obtain the mod p
Mackey formula by lifting to characteristic 0.
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which is zero if and only if j # 0 mod |I,,/P,|. This shows that c[kG] = [Indlc()(k(SG))] ,
which implies formula (3.2c). O

We are now ready to conclude the proof.

Proof of Claim (2) of Theorem 3.2: The general case. We now allow k to be any per-
fect field. By injectivity of the scalar extension map Ko(kG) — Ko(kG), we may verify
formula (3.2¢) in Ko(kG).

Let 7: X, — X denote the base change of 7 to k, and let & denote the pull back of &
to X1. We choose a connected component )_(2 of X1, with 7° := ﬁ|)—(z. Let G° denote the

stabiliser of )_(2 By Corollary 3.14, we have the following formula in Ko (k[G°])
— . - o —G
Xk[G°] (8|§2) =—(rtk &) - [N(2°)] + [Wo5e (8|§2)] +Ind$” (xp(E)).

-G = o
(Notethat & = (8|Y2)G .) We next claim that Indg0 of the above formula coincides with

the scalar extension to k of formula (3.2c) for .
Firstly, the following equality holds in Ky (kG)

16 (RT (X1, 8)) & k = x5 (RU(X1, E)) = Indg. (e (RT (X, Elgr)))

Similarly, we have IndS, Ind¥" (¢ (EG)) = Ind{ (yx(E°)®kk) in Ko (k). Lastly, it remains
to show

[N(7)] ® k =IndS.[N(7°)] and [Wg(E)] & k = IndS, [We- (§|§2)],
which can be deduced from (m{;,/mj;l) k= D, m{;y/mj.‘;r1 where w runs through the
closed points in X} over w. (More details can be found in the proof of Theorem 11 and

Theorem 12 in [ , §3].) Hence, formula (3.2¢) is valid after the scalar extension to
k, as desired. |

Remark 3.15. Assume that k = k, and let 7: X; — X be a connected G-cover over k,
not necessarily weakly ramified everywhere. Then for any G-equivariant vector bundle
& (for which RT (X1, &) may not be a perfect kG-complex), Kock [ , Theorem 3.1]
showed’

|Iw/PW‘_1

i ’ 1 . G
2D Behn, gy = ¢ +Behug =iz D 1Pl )y Ind] (Bebyy g g, ).
i we|X]| j=1

where

, 1 k&
¢ =1+ geng+izideg(@) = o D) | (i Pul = DAPWl+ 1)+ D (sl = D).
we|Xp| §>2

By Proposition 3.8, the verification of formula (3.2c) over k reduces to comparing with
the Brauer character of the right hand side of (3.2c) with the above formula. (This is
how the rank-1 case of Theorem 3.2(2) is proved when k = k in [ , Theorem 4.3].)
In our proof of Theorem 3.2(2), we study the value of Bch,, . (g)(g) at any g # 1 and
concluded the proof via a simple and conceptual argument using ( yx(E))¢ = yx(E°)
and Lemma 3.9. This proof avoids evaluating the Brauer character at g = 1. Alternatively,
one can explicitly compare the Brauer character value at g = 1 for both sides of (3.2¢),

"This formula is generalised to the case where k is any perfect field in [ , §4, Theorem 16], but there is

an obvious typo in the coefficient of Bchy G that makes it inconsistent with [ , Theorem 3.1] when k = k.
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using the theorems of Hirzeburch-Riemann-Roch and Riemann-Hurwitz, as well as the
following computation

k&

deg(E) — Gldeg(E9) = > > (IPul(li+ D) = 1),

weZpm i=1

which equals Zwezg*m 251;18 n,,; if we have chosen 0 < n,,; < |I,,| for all w € Z]*" and i.
This way, one can also show the compatibility of (3.2c) with [ , Theorem 3.1] over
k. (We note that the coefficient ¢’ of Bchyg in the above formula may not coincide with
the coefficient ¢ of [kG] in K¢ (kG) due to the subtlety explained in Remark 3.10.)

4. RELATIVE K-THEORY OF GROUP RINGS

In this section, we review the Euler characteristics in the relative Kq-group (cf. Def 4.8),
and obtain some explicit computation for equivariant vector bundles (cf. Corollary 4.15).

Let us consider the following general setup. Let E be either a number field or a (pos-
sibly archimedean) local field of characteristic 0, and fix a Dedekind domain R contained
in E. (We usually set E = Frac(R), but we also allow E = R and R = Z.) We fix a finite-
dimensional semi-simple E-algebra A together with an R-order W C A. (In the intended
setting, we consider W = RG and A = EG for a finite group G.) Thanks to the assumption
on E, the reduced norm map K;(A) — {(A)* is injective, where {(A) is the centre of A.
We view K;(A) as a subgroup of {(A)*; cf. [ , Theorem (45.3)].

We recall the explicit description of the abelian group Ko (2, A) in terms of generators
and relations, following [ ,p 215]:

generators: the isomorphism classes of triples [P, 8, Q], where P and Q are finitely
generated projective A-modules, §: E ®g P — E ®g Q is an isomorphism of A-

modules, with respect to the obvious notion of isomorphisms (cf. [ ,p 214]);
relations: generated by the following
(4.1) [P,0,0]+[P,0,Q =[PP, 000 ,00Q] and

[P,6,P] +[P,0,P"] = [P,6 0 0,P"].

The relative Ky-group fits into the natural localisation sequence (cf. [ , Theorem 15.5];
in particular, we have the following connecting homomorphism

(4.23.) aQI,E : K1 (A) —>K0(‘JI, A),
which, in our setting, turns out to be the restriction of the following map:

a—[Wa,A

(4.2b) Su: {(A) Ko (U, A).

Example 4.3. Suppose that W is a PID and A = Frac U is a finite extension of E. Then the
natural map A* — Ko(, A), sending a € A* to [, a, A], induces an isomorphism

AX U —= Ko (W, A).

(This essentially follows from the structure theorem of finitely generated modules over
PID. In fact, given [P, 8, Q] we choose an UA-basis of P and Q so that 6 can be represented
by a diagonal matrix, and the relations (4.1) yield [P, 6, Q] = [, a, A] where a is the de-
terminant of the matrix representation of 6, showing surjectivity. Injectivity can be seen
by keeping track of the effect of relations on “determinants”; cf. [ , Lemma 15.8].)

Now, let E’ be another global or local field containing E, and choose a Dedekind sub-
domain R” C E’ containing R. We choose an E-algebra homomorphism

y: A— A’ = Endg (V)
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for some finite-dimensional E’-vector space Vy. Fix an R’-lattice Ty of V;, such that i/
restricts to a map A — A’ := Endg (Ty), which we also denote by y.
For a (left) A-module M, we define the following R’-module
(4.4) [M]¢ = Tl; ®9 M,
where we view the R’-linear dual T; as a (R, W)-bimodule via y. Clearly, if P is a project-

ive A-module then [P]y, is also a projective R’-module, so we get a group homomorphism
(4.5) p¥: Ko(A,A) —— Ko(R',E');
[P.6.Q] —— [P.0.Qly = [[Ply. [0]y. [Qly].

Alternatively, this map can be obtained the following composition

Ko(%,4) 55 Ko(W, 4) —5 Ko(R,E) |
where ¥, is induced by the scalar extension A’ ®y (—), and the second arrow by the Morita

equivalence; cf. [ , §3.5].
Let us record the following basic properties of p.

Lemma 4.6. Choose an E-algebramap: A — A’ = Endg (V) and an R’ -lattice T, C Vy
such that (N) is contained in W = Endp (Ty), as above.

(1) The map p¥: Ko(W, A) — Ko(R',E’) depends only on : A — A’ = Endg (Vy),
not on the choice of R’ -lattice Ty, C Vy.
(2) We have the following commutative diagram

W ~
Ki(A) 2 g = K (F)

9915\[ JaR’.E’

Ko(U, A) ———— Ko(R, E')
P

where Nrd is the map K;(A) — {(A)* — {(A’)* = E’* induced by .

Proof. Let TEZ be another R’-lattice of V;, such that Ende(TEZ) contains (W), and choose
a € A” such that TI/’/ = a(Ty). Then for any A-module M we have an isomorphism

T/ @y M 2 T oy M
inducing an isomorphism of triples TI/’/* ®y (P,0,0) S T; ®y (P, 0,Q) for any triple

(P, 0, Q) representing an element of Ko (U, A).
Claim (2) also follows from the straightforward diagram chasing. O

For C* € DP™(), a trivialisation over E (or an E-trivialisation) means an A-linear
isomorphism

(4.7) h: @ H/(E ®g C*) > @ H(E ®g C*).
i even iodd

By semi-simplicity of A, one can naturally extend A to an isomorphism P E®RC! =

B, ,4a E ®r C', also denoted by h.

i even

Definition 4.8. Given a perfect A-complex with E-trivialisation (C*®, h), we define its
Euler characteristic yy g(C®, h) € Ko(U, A) as follows:

(Pe)n(Pe)

i even iodd

X?I,E(C.’ h) =

Immediately, yyr £(C®, h) only depends on the isomorphism class of C* in DPerf ().
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If C* is a perfect A-complex such that E®g C* is acyclic, then we let yy £(C*®,0) denote
the Euler characteristic with respect to the unique E-trivialisation on C* (i.e., the zero map
between the zero modules).

The formation of yg g(—) is functorial with respect to p¥ (4.5); indeed, given a perfect
A-complex with E-trivialisation (C*, h), we have

(4.9) P (xa(Ch)) = e (1C71y, [hly),
where [h]y is the E’-trivialisation induced on [C*] = T; ®q C* via h.

Example 4.10. If A is a DVR with normalised valuation vy, then let v4 also denote the
following isomorphism

va: Ko(A,A)——7Z sending [U, a, A] — va(a).
In that case, for any C* € DP*"f () with all H(C*) torsion we have

va (Yae(C®,0)) = Z:(—l)’ur1 lengthy (Hi(C°)).

Now, let p be a non-zero principal prime ideal of R, and write k := R/p. Given C} €
DPerf (A /pA), we abusively write
xe(Cr, 0) = yae(Cy, 0)

where C§ is a perfect A-complex quasi-isomorphic to C}. (Note that E ®g Cy is clearly
acyclic.) In this case, we have another notion of Euler characteristic; namely, yar/par (C}) €
Ko (A /pA), which can be related to yy £(Cr,0) as follows. Define a homomorphism

Japu s Ko(UA/pUA)——Ko (A, A)

by sending a finitely generated projective UA/pA-module Pk, viewed also as a complex
concentrated in degree 0, to

Jupa(Pe) = xae (P 0) = [P, 07", P],

where P is a projective A-module lifting Py and @ is a generator of p; indeed, Py is quasi-
isomorphic to a two-term complex [f; N F] concentrated in degree [—1, 0], so its Euler
characteristic is as above. One can show (by straightforward computation) that this ex-
tends to any C; € DPert (U /pA); that is,

X (Crs 0) = Jarsp (xar/pu (C1)).-

Furthermore, given ¢/: A — Endg (Ty) as before such that R” is a DVR whose maximal
ideal p’ contains p, we also have

@11)  pY(ae(Cr0)) = xr e (T, ® Cr.0) = Jresw (xrr s (T /9T; S Cp))-
Lemma 4.12. In the above setting, choose an algebraic closure k of k and a k-embedding

R//p’ SN ]E Setf*l// = Tl; Rpr ];j and deﬁne

T;®ﬁ/pﬁ(_) _ dimg
m¢:K0(‘l[/p‘l[) Ko (k) p Z.

Then for any C} € DPert (A /pA) we have

g (pw(Xm,E(C,Z, 0))) = —eylp - my (Yapu(CR)),

where v (—) is the normalised valuation on E’ = Frac R" and ey, is the ramification index.
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Proof. By Example 4.10 and (4.11), we have
VE (pl//(XQI,E(C;, O))) = z:(—l)i+1 lengthp, (Hi (TIZ/DTI; 1 /p C,Z))
i
= > ()™ lengthy, (7;/9T; ©wjpa )
=eypp - Z(—l)i+1 dimy (i// B /p Ci) = —eyp - my (rapu(CP)),
as desired. O

Remark 4.13. In Lemma 4.12, the normalised valuation of p‘/’()(auyE(C', 0)) changes if we
replace Ty by the scalar extension under a finite ramified ring extension, but the forma-

tion of the fractional ideal a whose normalised valuation equals that of p‘/’( xe(Crs 0))
commutes with any finite scalar ring extensions.

Now consider a G-cover 7: X; — X and a G-equivariant vector bundle & in X} that
satisfies the conditions in Theorem 3.2. We also assume that the constant field k of X is
finite with characteristic p. For simplicity we write

(4.14) Xy (&) = xz,6.0, RT(XL,E)",0) € Ko(Z,G,Q,G),

which makes sense as R['(Xg, &)Y € Dperf(FpG). Here, RT (X[, &)Y denotes the Pontry-
agin dual (or equivalently, the F,-linear dual) with the contragredient G-action. To mo-
tivate this choice, see Theorem 6.14. For £ # p, we set y; G(8) = 0in Ko(Z,G, Q,G).

Let E’ be a finite extension of Q, with valuation ring R = Op and residue field k’.
Pick a G-stable Op -lattice Ty in a finitely generated E’G-module V;;, so we get a map
V: Z,G — Endp (Ty). We now apply Lemma 4.12 to A = Z,G and p = (p) to obtain the
following corollary.

Corollary 4.15. Let w: X; — X be a G-cover that is weakly ramified everywhere. For
eachw € zZm, choose C,, C I, so that we have I,, = P,, < C,, (cf. Lemma 2.7). We write

Oc,, = Oulc,,-
Let k be the finite constant field of X, and fix a k-embedding k., — k for each w € Zm,
Finally, fix an embedding k' < k and set T¢ =k ®0, Ty

(1) Foranyw € Z[*™ and j € Z/(|C|), we have

my,.,(j) = my (Indf M, (j)) = dimy (i//[eéiu])’

a=0

Here, T¢, .1 for s € Z is the maximal subspace ole/, where C,, acts via 0,
(2) Let&E bea G -equivariant vector bundle X1, that satisfies the condition (3.2a) for any
w € Z}j’ﬂd. Then we have

—up (pw()(g(é‘»))) = o (p) - [[k : Fp] - dimg (T:}, ®k Xk (SG)) +ramg(¢)}

where
k& [Ciw|—-1 Lw,i
ramg () = ﬁ DR Dm0+ Tl Y my () |.
wEZmm i=1 j=1 j=1

Here, my, ., (j) is defined in (1), and l,,,;’s are as in (3.2b).
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Proof. By transitivity of inductions, we have IndICjV M,,(j) = Ind(c}w ((m’w/ m/*c,,); of:
Lemma 2.10. Since T:}, ®F, Indgw(ﬁé ) is a projective kG-module,® we have

— : . —x : . G
(4.16) Ty ®z,cIndg ((m],/mi™h)c,) = (Tw ®F, Indg ((m’w/mf“)lcw))
= Homg (Ty. k &z, ndg_ ((ml,/m"")le,)) = Homgc, ) (Ty, K@z, (m),/m/™))
where the last isomorphism is the Frobenius reciprocity. To conclude, observe that
[kywFpl-1
kor, ml/mi) = B keg e, (ml/mlh,
i=0

where Fr,, is the pth power map and C,, acts on E®Fr;3 Ky (m,/miH") via G{f " In particular,

the last term in (4.16) is the direct sum of the multiplicity spaces for G{f i, and thus the
displayed equation in claim (1) follows.
For any k-vector space V, we have

T:;/ ®F,G Ind? V= T:}, O, V= (T:;/ (22 V)®[k:FP].

Note also that M,,(j)¥ = M,,(—j), where M,,(j)" is the Pontryagin dual with contra-
gredient G,,-action. Claim (2) now follows from Theorem 3.2(2) and Lemma 4.12. O

We conclude the section with some remarks on Corollary 4.15.

Remark 4.17. In Corollary 4.15(1), we have T¢ [Héw] = TS]/,S [Géw] as k,,[C,,] is semi-simple,
which shows that my ,,(j) depends only on j € Z/(|C,,|) and Vy, not on the choice of
Ty C Vy. In particular, the formula in Corollary 4.15(2) is independent of the choice of
Ty C Vy.
Remark 4.18. The right hand side of the formula in Corollary 4.15(2) can be divided into
two parts — the first terms involves degy = dimg Vj, and the Euler characteristic of
&C, and the second term ramg (1) measures the “local ramification” of T;S and & (that is,
T;SIIW and l,,;’s for any w € Z;*™).

Let us now consider the special case of & = 7*F (—Z1) where ¥ is a vector bundle on
X and Z; = n71(Z) for some closed subset Z C |X| containing the ramification locus for

7. Then as in (3.6b), the formula in Corollary 4.15(2) can be made more explicit using the
following formula:

dimy (T; Bk Xk(SG)) = (degy) - ((rkT) - (1 - geng —deg(2)) + deg(T));
k& |y /Py -1 [kw3]Fp]—1 . .
ramg () = — Z Z JjIPw| - dimg (Tl/,[ejc‘i ]),

|G| wezZpm j=1 a=0
where deg(Z2) = > ez ko : k].

Remark 4.19. Let us make ramg (i) more explicit in some special cases. Firstly, if we have
I, = P, forallw € Z[*" (e.g., if G is a p-group or 7 is étale), then we have ramg(y) = 0
for any ¢ and & (cf Remark 3.4).

Now, suppose that r is tame everywhere and deg iy = 1. We also specialise to the case
when & = 7*F (-Z1) as in Remark 4.18. For any w € Z*", let d,, denote the smallest
positive integer such that p% = 1 mod |I,,|. (Note that d,, divides [k, : F,].) For each

80ne can show projectivity by realising T:,, ®F,, IndgW (Géw) as a direct summand of IrldlG (kw ®s, T:/,)
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:(a)

a=0,---,d,,—1,let o denote the integer in {0, - - - , |I,,| — 1} such that I, acts on il,lfw
-('1). a
via Hi‘f” . Then we have
dy—1
k& < .(a) [k : Fp]
(419&) ramg(lﬁ) = H Z Z -]x//,w . T

weZ ™ a=0

If furthermore |I,,| divides p — 1 for any w € Z[*™ (which follows if |G| divides p — 1),

— ;0
= ]x//,w

(4.19b) ramg(tﬁ):% D g [k i Byl

ram
weZf

then setting jy, . we obtain

5. REVIEW oF NERON MODELS AND BASE CHANGE

We use the setting of §3. Fix an abelian variety A over K, and let A denote the Néron
model of A over X. For the pull back Ay of A over L, we let A, denote the Néron model,
and write Ax; = AXxx X;. The connected Néron models are denoted as A°, Aj, etc. Let
A' denote the dual abelian variety of A, and similarly define A‘, A"°, etc. We maintain
this setting for the rest of the paper.

By the Néron mapping property, the G-action on X lifts to a G-action on Ay, and we
get a natural G-equivariant homomorphism Ax, — A extending the identity map on
the generic fibre. Furthermore, we have the following proposition.

Proposition 5.1. Let U’ C X be the maximal open subscheme such that the natural map
A, oy = Apluy is an isomorphism, where Uj = aL(U").

(1) The cokernel of the natural inclusion
Lie(Ax,) = 7" Lie(A) — Lie(AL)

is supported exactly on X \ Uj.

(2) A closed pointv € |X| liesin U’ if either L/K is unramified at v or A has semistable
reduction at v.

(3) Suppose furthermore that L/K is tamely ramified at all places in X’ \ U’. Then the
natural map Lie(A) — Lie(AL)C is an isomorphism.

Proof. Fix a place v € |X]|, and choose a place w € | X1 | over v. We set
Ao, = A Xx SpecOQy, Ap o, = AL Xx, SpecO,,, and Ay, = A Xx SpecO,,.

We similarly define A?, , etc. By standard properties of Néron models, we have v € U’
if and only if the natural map A}, — A; , is an isomorphism, and U’ contains the

unramified locus for L/K; cf. §1.2, Propositionw4 and §7.2, Corollary 2 in [ 1. If ﬂ;)
is a semi-abelian scheme, then v € U’ by [ , §7.4, Corollary 4]). This proves (2).

If L,,/K, is tamely ramified, then by [ , Theorem 4.2] we have a natural isomorph-
ism

ﬂ()v — (ReS()W/()v ﬂL’()W)GW

of group schemes over O,, where Resp, /0, AL, 0,, denotes the Weil restriction of scalars.
Since the Lie algebra of Resg,,/0, AL 0,, coincides with Lie(Ay)(O,,) viewed as an O,-
module, it follows that the natural map Lie(A) — Lie(AL)C induces an isomorphism on
the completed stalks at all tame places v € |X|. Since this map induces an isomorphism
on the restriction to U’ by (2), we obtain (3) by the standard descent argument.

To prove (1), we need to show that the natural map ﬂﬁ)w - A o, 1 isomorphic
if and only if Lie(Ax, ) (Ow) < Lie(AL)(O,,) is isomorphic. The “only if” direction is
clear, so suppose that we have Lie(Ay, )(O,,) — Lie(AL)(O0,,). Then the natural map
ﬂ((’)w - ﬂf,ow is étale by smoothness of the source and the target (cf. [ , §2.2,
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Corollary 10]), so it is an open immersion by Zariski’s main theorem (cf. [ , §2.3,
Theorem 2’]). Since all the fibres of A, over Spec 0,, is connected, the desired claim
now follows. |

Set Bo, = Resg,,j0, AL 0,,, and denote its special fibre by By . Let Arx,, be the
special fibres of Aj ¢ . Then have a natural G,,-equivariant surjective map

(5.2) By, —» Resg,,jk, ALk,

with smooth connected unipotent kernel denoted by F' B, ; indeed, this can be seen by
realising By, as the Weil restriction of scalars for a nilpotent thickening 0., ®¢, ko = ku;

of [ ,85.1] or [ , Proposition A.5.12].
We retain the setting that X is defined over a perfect field k of characteristic p > 0, so
ky is perfect as well. Then F!By is a vector group over k, by [ , Corollary B.2.7];

ie, it is a direct product of copies of G,.

Proposition 5.3. In the above setting, if L,,/K, is tame then the short exact sequence (5.2)
induces the following short exact sequence

Gy

(532) 0 — (F'8)" — (k)" = A, —> (Resy, ik, Ak,) " — 0.,

which induce the following isomorphism

(53b)  (Lie(Ar) (kw) ™ = coker ((Lie(7Ar) (i, /mli!) ™

= Lie(A) (k,)) .
Moreover, (Flﬂkv)Gw is a vector group over k, and the sequence (5.3a) remains exact on
k,-points.

Proof. Suppose that we know the sequence (5.3a) is exact and that (FlﬂkU)Gw is a vector
group. Then the isomorphism (5.3b) is a direct consequence of the short exact sequence
of Lie algebras induced from (5.3a), and the sequence (5.3a) remains exact on k,-points
since H! (ky, (F!8y,,)C") is trivial by the Hilbert normal basis theorem.

It remains to show that the sequence (5.3a) is exact and that (Fl’Bku)GW is a vector
group, both of which can be checked after base change to k,,. Set K, := (L,,)', and let
O, denote its valuation ring. Then as O, is a finite étale extension of O,, we have

Bo, Xspec 0, SpPec o, = ReS(OWQ;,Ov()/W)/O'W Ao, = 1_[ (ReSOW/O’W ﬂL,OW)»
where the natural G,,-action is the extension of the natural I,,-action on Reso,, /07, AL 0.,
so that G,, acts transitively on the factors. Therefore, by taking G,,-invariants we get

G ~ L,
(80,)"™ Xspec 0, Spec 0%, = (Reso, j0;, ALo0,,) ™

If we let By, denote the special fibre of Reso,,;0:, Ar 0,,, then we can also show that
(F'Br,) ™ Xspeck, Specks, = (F' By, ).

Therefore, to prove the proposition we may replace K, with K7, and suppose G,, = I,,.

Now, suppose that L,,/Kj, is totally ramified, so we write 8y, and Ay, for By, and
Ay, Then by tameness, |I,,| acts invertibly on the vector group F! By, which yields the
following short exact sequence of smooth k,,-group schemes

Ly

0 H (FlBkw)Iw H (Bkw)Iw = ﬂkw H (ﬂL’kW) H 0 .

Clearly, (Flﬂkw)[W is still a vector group. This concludes the proof. i

Corollary 5.4. In the same setting as in Proposition 5.3, if A; , is semi-abelian then we
have (F18y,)%» = &, (A7 ), the unipotent radical of the neutral component of Ay, .
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Proof. Since A; , is semi-abelian (hence, with trivial unipotent radical), the unipotent
radical of the neutral component of (Res,, /k, ﬂL,kW)G‘” is also trivial, so the exact se-
quence (5.32) identifies (F' By, )%~ with the unipotent radical of A O

Now, choose a dense open subscheme U C X contained in both the good reduction
locus for A/K and the unramified locus for 7, and set Uy := 771 (U). Let Z := X \ U and
Zy, = X1, \ Uy, respectively denote the reduced complements.

Proposition 5.5. We make the same assumption as in Proposition 5.1(3), and let Z and Z|,
be as above. Then we have natural inclusions

(5.5a) Lie(A)(-2Z) — (Lie(ﬂL)(—ZL))G —— Lie(A)(-(ZnU")) .

that restrict to isomorphisms over U’, and the cokernel of the first inclusion is supported
exactly on X \ U’. Furthermore, we have

Lie(A) (=(Z N U") | .
= D (Lie(A) (k) ,
(Lie(AD) (—20))° Q( (A k)

where we choose a preimage 9 € w~1(v) for eachv ¢ U’.

(5.5b)

Remark 5.6. The last displayed equation is independent of the choice of ¢ since we have

. G
(Lie(AL) (ks)) ™ = (@Lie(ﬂL)(kw)) :
wlo
Proof of Proposition 5.5. We use the notation from Proposition 5.3 and its proof. By Pro-
position 5.1(3), we have a natural isomorphism Lie(A)(-Z)|yr = (Lie(ﬂL)(—ZL))GlUr.
For any v ¢ U’ we have

(Lie(A)(—(ZNU"))a _ Lie(A)(0,)
(Lie(A)(=2)))s  Lie(A)(m,)
and the preimage of Lie(F!By,)¢? in Lie(A)(O,) can be naturally identified with the

completed stalk of (Lie(ﬂL)(—ZL))G at 0. Thus we get the desired inclusions of vector
bundles. Furthermore, we have

L1e(..?l)(—(Z N Uz;) N @ Ijle(‘l?()(kvt)} N @ (Lie(ﬂL)(kg,))Gé,
(Lie(AL) (-20)° o He(FBk)% 57
where the last isomorphism follows from Proposition 5.3.
Lastly, we show that Lie(A)(k,) % (Lie(‘?lL)(k;,))G’3 forany o ¢ U’ and ¢ | v; i.e, the
cokernel of Lie(A)(-Z) — (Lie(ﬂL)(—ZL))G is supported exactly on X \ U’. Indeed, if
we have Lie(A)(k,) = (Lie(ﬂL)(ka))Gé, then it follows that the following composition

Lie(A) (ko) ®k, ks = (Lie(AL) (ks))”* ®%, ks < Lie(AL) (ks)

is an isomorphism for the dimension reason. Hence, by the Nakayama lemma, the natural
map 7" Lie(A) — Lie(Apr) is isomorphic at ¢, so v € U’ by Proposition 5.1(1). This
concludes the proof. O

= Lie(A) (ko),

Under the same setting as in Proposition 5.1(3), choose integers r,,; € {0, - , |L,,| — 1}
for any w € Z] so that Lie(AL) (k) = €, (m,,™ /my*); ¢f. Lemma 2.5. Then one
can shows that

(5.7) dimy, (Lie(AL) (k)% = dj = |{i such that r,,; = 0}|.
Let us record the following immediate corollary.

Corollary 5.8. Under the same assumption as in Proposition 5.5, the following properties
hold.
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(1) If A is an elliptic curve, then we have (Lie(ﬂL)(—ZL))G = Lie(A)(=(Z nU")).
(2) We have

deg ((Lie(A1) (~Z1))° ) = deg ( Lie(A)(~(Z nU)))

= > lky : k] - dimy, (Lie(AL) (ks))”,
vgU’

where we choose & € 71 (v) for eachv ¢ U’.

(3) Suppose additionally that L/K is weakly ramified everywhere. Then the G-equivariant
vector bundle Lie(Ar) (—Z1) satisfies the condition (3.2a), so Theorem 3.2 holds. Fur-
thermore, we can compute l,,;’s defined in (3.2b) as follows:

ILo/Pyl =1, ViifweZRm\ Z;
Lyi=q rwi—1 ifweZ] andr,,; # 0;
|IW/PW| -1 ifWGZIi andrwlizo,

where r,;’s are defined in (5.7).

Proof. Claim (1) can be deduced from the statement on the cokernels of the inclusions
in (5.5a) in Proposition 5.5, noting that all the vector bundles involved are line bundles.
Claim (2) is clear from Proposition 5.5.

Suppose that L/K is weakly ramified everywhere and we want to verify (3.2a) for
& = Lie(AL)(-ZL), which is a local condition at each w € Zz’ﬂd. Since the natural
inclusion Lie(Ax, )(—Z1) — Lie(AL)(—Z) restricts to an isomorphism over U, the
completed stalk of Lie(AL)(—Z1) at each w € U] is G,,-equivariantly isomorphic to md
with d = dim(A); ¢f. (3.6a). Now, the condition (3.2a) follows since the assumption of

Proposition 5.5 implies that ZE’ﬂd C Zp NnUj. It also implies that l,,; = —1 mod |P,,|
for any w € Z;*™ N U]. The computation of ,,; is clear for w ¢ U], so Claim (3) now
follows. O

Example 5.9. The assumption in Corollary 5.8(3) is satisfied if L/K is weakly ramified
everywhere, A has semistable reduction at all places of L, and L/K is tame at all places in
K where A does not have semistable reduction. In that case, |X \ U’| is precisely the set of
places of non-semistable reduction for A. As a special case, if A has semistable reduction

at all places in K then by Proposition 5.5 we have Lie(A)(-Z) — (Lie(ﬂL)(—ZL))G.

6. REVIEW OF EQUIVARIANT BSD AND HASSE-WEIL-ARTIN L-VALUES

We introduce a certain perfect iG-complex encoding the integral Galois module struc-
ture of the arithmetic invariants of A/L, and review the main result of [ ] on the
equivariant BSD conjecture. We maintain the setting of §5, and additionally assume that
k is a finite field of characteristic p. In particular, L/K is an arbitrary finite Galois exten-
sion of global function fields.

For each w € Z, we set

AS (M) = ker (A3 (0y) — A (k).

which is a G,,-stable pro-p open subgroup of A(L,,). Following [ , §2.2], we let
RL.y 7, (UL, ALtors) € D(ZG) denote the mapping fibre of

(61) Rrﬂ(UL, ﬂL,tors) @ EB ﬂz(mw) é Q/Z

weZy

[_1] — @ Rrﬂ(speCLw, ﬂL,tors) .

weZy

We will often write §(\IZL = §EZL (A, L/K).
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Definition 6.2. We set
SCz, (A L/K) = (Rluz, (Ur, Arcors))* [-2] € D(ZG),
where (—)" is the Pontryagin dual. For any prime ¢ (allowing ¢ = p), we write
SCz,¢(AL/K) = SCz, (A, L/K) ®; Z; € D(Z,G).
We will often write §(\IZL = §EZL (A, L/K) and SCz, ; = SCz, ¢(A, L/K) for simplicity.
Proposition 6.3 (cf. [ , §2.5]). We have Hi(S/EZL) =0 fori ¢ [0,2]. Furthermore, if
II(A/L) is finite, then we have
H’(SCy,) = AY(L) ® Z
and a long exact sequence

0—Selg/z(A/L)Y —H'(SCz)— @ (AL(kw))” —(A(L)tors) —H?(SCz, ) —0.

weZr

Proof. Apply [ . §2.5, §2.3] to V = (A7 (m,,)) ez, noting that A(L,,)/A; (m,,) =
AL(OW) [ A} (my,) = AL (k). O

By Schneider’s result [ , p 509], we have a non-degenerate G-equivariant pairing
(6.4) (ajr = (logp)™" - (,Da/Lnr: A(L) X A (L) - Q,
where (, )a/r Nt is the Néron-Tate height pairing.
Definition 6.5. For any prime ¢ (allowing £ = p), we write hy: A"(L)®Q; — (A(L) ® Q,)*

for the Q;G-isomorphism induced by (, )4r. If in addition ITI(A/L) is finite, then we in-
terpret h, as a Q,G-isomorphism

he: HY(SCz, ¢ ®2,Qr) ——H'(SCz,. ®2,Qy).

Therefore, h, defines the Q,-trivialisation in the sense of (4.7) if III(A/L) is finite and
SCz, ¢ is a perfect Z,G-complex. The following proposition gives a sufficient condition
for the Z,G-perfectness.

Proposition 6.6. (1) Ift # p then we have SCz, ;, € DP*(Z,G).
(2) Suppose that L/K is weakly ramified everywhere, and if L/K is wildly ramified at
0 € Z then the natural map A° xx Spec O,, — A} Xx, Spec O,, is an isomorph-
ism. (In other words, the condition for Corollary 5.8(3) is valid.) Then we have

SCz, (A, L/K) € DP*(ZG), and hence, SCz, , € D (Z,G).

Before we prove the proposition, let us make the following remark.

Remark 6.7. Proposition 6.6 is a special case of [ , Proposition 3.7(i)], built upon the
argument in [ , §6]. To explain, by [ , Proposition 3.4, Proposition 3.7(i)] one

constructs a perfect zG—complex SCy, using carefully chosen family of G,,-stable open
compact subgroups Vy, = (V,, C Aj(My,))wez, , equipped with a distinguished triangle
in D(ZG)
SCy, —SCz, —— @ (A2 (M) V) [-1]—— (+1).
weZr
(In| , Proposition 3.7(i)], §(\ZVL is denoted as Ry, (UL, ALtors) * [-2].) As A7 (M) [V,
is a p-group for each w € Zj, it easily follows that the natural map §(\3VL ®z Zy — SCz, ¢
is a quasi-isomorphism, proving Proposition 6.6(1). To prove Proposition 6.6(2), we have
to show that the choice V; = (A} (my,))wez, makes §EVL a perfect zG—complex under
the additional assumption in the statement, which we explain in the proof.
Without the additional assumption in Proposition 6.6(2), the choice of V;, that make
§(\IVL perfect is quite inexplicit and hard to work with. Therefore, we state Proposition 6.6
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in a restrictive setting where there is a preferred explicit choice of V;. See Remark 7.17
for further discussions.

Proof of Proposition 6.6. Claim (1) is already proven in Remark 6.7, so let us prove claim (2)
in the setting of (2). By the proof of Proposition 3.7(i) in [ ], we need to show that the
continuous G,,-action on A; (m,,) is cohomologically trivial, which is equivalent to the
cohomological triviality of Lie (Ay) (m,,) for G,, by the proof of Lemma 6.1 and Lemma 6.2
in [ ]. (See also the proof of Lemma 3.4 in [ ].) But by Corollary 5.8(3), we have
G,,-equivariant isomorphisms of O,,-modules

Lie(AL) (M) = Lie(A)(Oy) @, My, = my, ™,
for any w € Z; where L/K is weakly and wildly ramified, so the desired cohomological

triviality follows from Kock’s local integral normal basis theorem (cf. Theorem 2.11). O

Notation 6.8. Let Ir(G) denote the set of isomorphism classes of (complex) irreducible
G-representations, and choose a number field E C C over which any ¢ € Ir(G) is defined.
For each § € Ir(G), let Vi be the corresponding EG-module, and choose a G-stable Og-
lattice Ty, C V. For any place A of E, we write

Vur=Vy®pEy & Tya:=Ty®0, Og).
We obviously extend the above notation for any G-representation 1.

For any G-representation i/, let Ly (A, , s) be the Hasse—Weil—-Artin L-series for (A, {)
without Euler factors away from U;’ i.e., choosing a place A | £ of E with ¢ # p we have

(6.9) Lu(A,s) = [_[ det £, (1 — |ko|'~ Frob, | Vi(A) ®g, Vy1) ",
ve|U|

where Frob, is the geometric Frobenius at v. It is sometimes useful to apply the change of
variable t = p~% and set Zy (A, {, t) = Ly (A, ¢, s).
Recall that by the Lefschetz trace formula we have

2 i+1
| _ (-1
Zy(A 1) = | | deti, (1= pt - Frob, | Hy, (U Xspecs, SpecFp, Vi(d) @2, V)|
i=0

where Frob, is the geometric p-Frobenius. Moreover, we have Zy (A,,t) € E(t) that is
independent of the choice of A, and there is an analogous formula for A | p recovering
Zy (A, ¢, t) via rigid cohomology. (For more details, see [ , Theorem 8.2].)

For any G-representation ¢, set

(6.10) Fan(¥) = ords=1Ly (A, ¢, s) = ord,—p-1 Zuy (A, ¥, t) and

L' (A, 1
LAy = % - Jim SRS g
We recall the following result; cf. [ , Proposition 5.6].
Proposition 6.11. (1) For any field automorphism t of C, we have
(Zu(A Y1) = Zu(Atoy,t) and ©(ZLy(AY)) = ZLu(AToy),

where we view Zy (A, 1, t) € C(t).
(2) There exists an element 47 (A, L/K) € Ki(QG) interpolating Ly (A, ¥)’s in the
following sense: for any G-representation i, we have

Nrd? (Zy (A, L/K)) = Lu(A ).

9Sometimes it can be convenient to allow ¥ to be reducible as we do (such as the regular representation), which
is harmless as we have Ly (A, ¥/ @ ¥/,s) = Lu (A, ¢/,s) - Lu (A, ¥, s).
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Proof. Claim (1) follows from Eq (2) in the proof of Proposition 2.2 in [ ] (or altern-
atively, see the proof of Proposition 5.6 in [ ]). Identifying {(CG) = []yen () C, we
set

Zu(ALIK) = (ZLu(A w))zj/elr(G) € {(CG)™.
It follows from [ , Proposition 5.6] that (A, L/K) € K1 (QG) = {(QG)* NK;(RG).
This element clearly satisfies the interpolation property for any ¢ € Ig(G), hence for any
G- representation 1. O

For ¢ € Ir(G), the algebraic y-rank of A is defined as follows:
(6.12) rag(y) = dimp (HomEG(Vl/,,E ® A’(L))).
Recall the following standard result.

Theorem 6.13 (cf. [ 1, [ , Theorem 8.2]). The following are equivalent.
(1) The &y-primary part of ILL(A/L) is finite for some prime .
(2) LI(A/L) is finite.
(3) We have ran(y) = rag(y) for any ¢ € Ir(G).

We conclude this section by recalling the following theorem from [ ]. For any
prime £, we write 8? = 9z,6,0,: Ki(Q,G) — Ko(Z,G,Q,G) and )([G(C', h) = xz,6.0,(C*, h) €
Ko(Z,G, Q;G); cf (4.2a) and Def 4.8.

Theorem 6.14 (cf. [BKK, Theorem 4.9]). Suppose that the &-primary part of III(A/L) is
finite for some prime £,.
(1) For any prime ¢ # p, the following formula
o (Lu(ALIK)) — x5 (SCz, ¢, he)

defines a torsion element in Ko(Z,G, Q,G).
(2) Under the assumption as in Corollary 5.8(3), the following formula

3 (Lu(ALIK)) = x5 (SCz.e.hy) + X, (Lie(AL) (~Z1))

defines a torsion element inKo(Z,G, Q,G). Here, )(1?(8) for a G-equivariant vector
bundle & is defined in (4.14).

Proof. This theorem essentially follows from [ , Theorem 4.9, Proposition 5.6], which
we now explain in details. Using the notation of [ , Proposition 5.6], the image of
)(2?5 (A, V1) in Ky (Z,G, Q,G) is equal to )({G ( SCz, ¢, h() by Proposition 6.6 and Remark 6.7.
(We allow £ = p under the addition assumption as in the statement.) The image of
)(g’h(A, Vi) in Ko(ZG, Q,G) is equal to x7 (Lie(AL)(—Z1)) since the vector bundle £,
attached to Vi, = (A} (My))wez in [ , §3.5] is exactly Lie(AL)(—Z1). (In loc. cit. we
assumed that V,, € AL () due to the way we construct cohomologically trivial V,,’s,
but the same proof can be extended verbatim to V,, = A; (m,,) and L}, = Lie(AL)(-ZL).)
Lastly, )(égn(A) is 2-torsion by definition. By [ , Theorem 4.9], the formula in [ ,
Proposition 5.6(ii)] holds up to torsion, and hence the theorem follows. O

We apply Theorem 6.14 to deduce a result on the normalised leading term <y (A, /).
To state it, let us introduce some notation, which is a slight adaptation of §4. Fix a place
A | ¢ of E and a G-representation 1. Set

p!': Ko(ZeG, Q:G)——Ko(Opp, Er) ——Z,

where the first map is induced by ¥ = Z,G i Endo,, (Ty.1).
We also introduce the following integers

A = pY (4 (SCz.ehe) & X5 (AY) = o (xf (Lie(AL) (=Z1))),
where we set Xf(Lie(ﬂL)(—ZL)) =0for ¢ # p.
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Corollary 6.15. Suppose that the £y-primary part of ILL(A/L) is finite for some prime &,.
Fix a place A | £ of E, and let { be a G-representation. Then we have

0 (Zu(A ) = X2 (AY) = x2h (A )
if either £ # p, or £ = p and the same assumption as in Corollary 5.8(3) holds.

Proof. By construction of £y (A, L/K) and Lemma 4.6(2), we have
(P} © ) (Zu(A L/K)) = 01(Zu(A.).

The corollary can now be obtained by applying p;// to the formulae in Theorem 6.14. O
)(2}‘/1 (A, ) hasalready been computed in Corollary 4.15(2),
so to make v (Zu (A, ¥)) explicit, it remains to compute )(gfa (A, ¥) in terms of arithmetic
invariants of A/K (as integral Galois modules). This step turns out to be quite subtle, and

in the next section we carry it out under certain simplifying assumptions depending on #;

cf. Assumptions 7.2. In particular, even though a more general version of Theorem 6.14(2)

is obtained in [ , Theorem 4.9, Proposition 5.6] involving some inexplicit choice V. as

in Remark 6.7, the resulting general formula for vy (Zy (A, ¢)) seems difficult to make
explicit. See Remark 7.17 for further discussions.

Remark 6.16. In the above setting,

7. THE BSD-LIKE FORMULA FOR HASSE-WEIL-ARTIN L-VALUES

Assuming the finiteness of III(A/L), we shall express )(gfa (A, ¥) in terms of the Galois

module structure of A(L), A’(L) and III(A/L) under a certain set of assumptions satisfied
for almost all primes £ under A, and thereby obtain the formula for v, (SU (A, lﬁ)) We also
introduce a stronger assumption to handle £ = p. We closely follow the proof in Burns-
Castillo [ , Proposition 7.3], which proves an analogous result over a number field.

Notation 7.1. For a Z,G-module M we set
(7.1a) [M]ya = HomOE,A(TI//,/l» Og) ®z, M)g = TJ’A ®z,6 M, and

(7.1b) [M]f = HomOE,A(Tz//,/l» OE,)L ®z, M)G = HomOE,A[G](Tx//,)LsOE,/l ®z, M).
We extend these definitions to Z,G-complexes. If V is a Q;G-module and ¢ € Ir(G) then
we have [V]y, = [V]f and its E,-dimension is the multiplicity of ¢ in V.

If M is a finitely generated ZG-module, then we abusively write [M]y  for [M®Z,]y,

and similarly define [M]f

Lastly, we set

(710) LY, (A/L) = ker ([Selg, /2, (A/1) Ty » [(A(L) ® Qe/Z0)1y2)-

To motivate the notation, note that by right exactness of [~]y, 1 we have a natural right
exact sequence

[OI(A/L)Y]y2 — [Selg,/z, (A/L)" ]y —> [(A(L) ® Q¢/Z¢)]yp —> O,

and Hl:/i/1 (A/L) is the image of [IIT(A/L)" ]y, in [Selg,/z, (A/L)"]y,1. In particular, if £ is
prime to |G| then we have [ITI(A/L)"]y 1 — IH:;A(A/L). Note also that HI:;A(A/L) is fi-
nite if ITT(A/L) is finite, in which case LH; , (A/L) is the torsion part of [Selg, /z, (A/L)" ]y 1.
BSD

Xz,2
the arithmetic invariants of A/L, which naturally involves some Hochschield-Serre-type

spectral sequence. To make the spectral sequence sufficiently degenerate, we introduce
the following conditions for (A, L/K, Z) and a prime ¢.

To compute (A, ), we need to compute the cohomology of [SC, ]y, in terms of

Assumption 7.2. For (A, L/K, Z;) and ¢ as above, suppose the following conditions hold.
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(1) Neither A(L) nor A’(L) have any non-trivial ¢ -torsion.

(2) For any w € Z, there is no non-trivial ¢-torsion in Ay (k) = A(Ly) /A (M,,).

(3) If¢ = p, then we assume that L/K is weakly ramified everywhere, A has semistable
reduction at all places of L, and L/K is tamely ramified at all places v € Z where
A does not have semistable reduction. (Cf. Example 5.9.)

Condition (2) can be rephrased as ¢ dividing neither [A} (k)| nor the local Tamagawa
number [A(L,,)/A; (Ow)I.

Given (A, L/K, Z1), Assumption 7.2 is clearly satisfied for all but finitely many primes
£, but it is most interesting for £ = p, especially when p divides [L : K]. In §8 we will
present some non-trivial examples of (A, L/K, Z) where Assumption 7.2 is satisfied for
¢ = p and III(A/L) is finite.

Condition (3) of Assumption 7.2 may look stronger than the assumption to ensure
SCz,p € Dperf(ZpG) in Proposition 6.6(2), but the following lemma shows that these two
conditions are equivalent under Assumption 7.2(2) for £ = p.

Lemma 7.3. (1) Assumption 7.2(2) for £ = p implies that A; has semistable reduction
at all places of L.

(2) For any torus T over a finite field k' of characteristic p, the order of T(k") is prime
to p. In particular, if Ap has totally toric degeneration at all places in Zp, then
Assumption 7.2(2) is satisfied for £ = p if p does not divide |A(L,,)/A; (Oy)| for
anyw € Zj.

Proof. Set ﬂz,kw = A] Xx, Speck,, which is a semi-abelian variety if and only if
the unipotent radical ‘%u(ﬂz,kw) is trivial. Since any connected commutative unipo-
tent algebraic group over a perfect field is a vector group (cf. [ , Corollary B.2.7]),
Ry (.?{E, kw)(kW) is a non-trivial p-group whenever %, (.?{E, kw) is non-trivial. This shows
Claim (1).

To prove (2), recall that for any k’-torus T we have a short exact sequence of k’-tori

15T -S—>T—>1

where S = Respr/pr Grf'n for some finite extension k””/k’. (This is a standard fact; see
[ , pp 8-9] for the proof.) It now follows that T(k’) is of prime-to-p order since it is
a quotient of S(k’) = (k%)% by surjectivity of the Lang isogeny. If A; has totally toric
degeneration at w € Z, then we just showed that p { | A} (k)| since AL, isatorus. O

Let us now record the effect of Assumption 7.2 on the cohomology of [SCz, ¢]y.1-

Lemma 7.4. Suppose that the £y-primary part of ILL(A/L) is finite for some £y, and Assump-

d
tion 7.2 is satisfied for £. Then SCz, , can be represented by a two-term complex [P° — P!]
of finitely generated projective Z,G-modules concentrated in degrees [0, 1]. Furthermore, the
following properties are valid for any G-representation .

(1) HO([SCZLE[]WL) = [At(L)]f, which is torsion-free.
(2) H'([SCz,.ely.0) = [Selg,/z,(A/L)"1y2, whose torsion part and maximal torsion-
free quotient are respectively IH:/L1 (A/L) and [(A(L) ® Q¢/Z¢)"1yz; cf. (7.1c).

Proof. (Compare with the proof of Proposition 7.3(ii) in [ ].) By Proposition 6.3 and
Assumption 7.2 for ¢, we have HO(SCZLJ) = A'(L) ® Z;, which is torsion-free, and
H!(SCz ¢) = 0 for i # 0,1. The Z,G-perfectness (cf. Prop. 6.6) now implies that SCz, ,

d
can be represented by a two-term perfect Z,G-complex [P° — P!].

As T; 5 9z, P! is also a cohomologically trivial Oy G-module, the norm map induces

a natural O -linear isomorphism Ng: [Pi]l//,)L > [Pi]f for i = 0, 1. Therefore, we have
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the following commutative diagram with exact rows

[dly.a

(7.5) [P’y ) ——— [P']ya — [H']ya —0 ,
NG‘LE N(;lz
0 — [HY]Y — [P*]] o (P11}

IR

where H' := H!(SC, ;). Now the lemma follows, noting that [(A(L) ® Q, 1Z6)" 1.2
([A(L) ® Z(]f)* is torsion-free. O

Remark 7.6. For any E;G-module V) and ¢ € Ir(G), we have an isomorphism

(77) (V‘;’A ®EA V/l)G CH Vl;,A ®E,1 VA H) (Vl;,/l ®E,1 V/l)Gs

where the first map is the natural inclusion and the second the natural projection. Then
the norm map Ng: V) — V} induces

« @.7) .
(VI//,/l ®EA V/l)G ( = (V ) ®E,1 V/\)G

\ /

V ) ©E, VA)

where the right diagonal map is multiplication by |G|.
Applying this observation to V) = H(SCg, ;) ®z, E;, we obtain the following com-
mutative diagram

H'([SCz,.ely2) — H'([SCz¢ly2) ® Ex % Hi([SCZL,f]f) ® E;
7.8 ~ ~
(7.8) _lNG _lNG .

Hi([SCZL,[]f) — Hi([SCZL,f]f) ® E).

where the left vertical isomorphism is induced by the isomorphism

N
[SCzpelyx — [SCZL,f]f

given by (7.5). For i = 0 the left horizontal arrow in (7.8) coincides with the isomorphism
No: H([SCz,ely0) —— [A' ()]}

in Lemma 7.4(1). We use this observation in the computation of )(BSD (A, ¢); cf Proposi-
tion 7.10.

We now introduce the i/-twisted regulator, following [ ,§7.2.2].

Definition 7.9. We maintain the setting of Lemma 7.4, and fix a place 4 | £ of E. Given
Y € I(G), choose Opa-bases ()i, ryy(y) of [A(L)]Y, and (&) o gy [A(D)1Y,

respectively. (We refer to §6.8 for the abuse of notation [M]y,, and [M]f when M is a
finitely generated ZG-module.)
we define the /-twisted regulator to be

Regf = det ((es, &) a/L) -



28 W. KIM, K.-S. TAN, F. TRIHAN, AND K.-W. TSOI

Note that Regf is independent of the choice of O, -bases only up to Oy, -multiple, so

v A(Regf) is a well-defined integer.
Consider an E,-linear isomorphism

W= [AND)]] @ By S ([AL)]Y) @ By = [A(L) ]y ® Ex
by sending ¢é; to the functional (-, €;) /1. If the £-primary part of I1I(A/L) is finite, then

we can interpret hY as an E,-trivialisation of [SCz,,¢ly,2 by Lemma 7.4.

Proposition 7.10. Suppose that the &-primary part of LL(A/L) is finite for some &, and fix
a place A of E above a prime number { that satisfies Assumption 7.2. Then for any i € Ir(G),
we have

XD (A, Y) = 03 (Reg) /IGI™<W)) + lengthy, , (I}, (A/L)).

Proof. Recall that )(gfa (A ¢) =0y (XOE,A,EA([SCZLJ]V/,A, [hely.1)). So we proceed by mak-

ing explicit [SCz, ¢]y,2 and [h¢]y 2.

d
By Lemma 7.4 we represent SCz, , = [P® — P'], and we have
0 dy 1
[SCz elya = | [P°lya——[P Iya |

where dy = [d]y, 1. Write Hl’// = H'([SCz,.¢ly,1), and set H://,tf to be the maximal torsion-
1

free quotient of H v Choose a decomposition

[PO]XI,’)L = H% GBQ:/)/ and [Pl]ll,’)L = HtlfQBQl}/,

so that dy, factorises as follows:

do
dy: [Plyy — Q) — Q) < [P']y,

where dg is an injective map with coker(dg,,) = Hll\/i ,(A/L). Now, we can express [h¢]y.2
as follows

(hy.do,)

. HO 0 1 !
[helya: Hl/,,};,1 ® Qx//,E,l Hl//:E/l ® Ql//,EA

for some E,-isomorphism flx/,: Hol// Ey - HII// £y where the subscript E, stands for the
scalar extension. Therefore, we have

X5 (A Y) = [HY, by, H, o] + QY. do,. Q) 1.
Recall that by Example 4.10 we have
U;L([Qf;/, do,, Ql}/]) = length,, (coker(dg,)) = length,, (LH;’A(A/L)),
so to prove the proposition it remains to compute v ( [H&, le/,, Hll//,tf])' By Lemma 7.4 and
Remark 7.6, we have the following commutative diagram of isomorphisms

(77) hy
[A%(1)]Y ® E; < HY, > HY

€] lNG lz

t 14 h‘/’ *
[A"(D)]; ® Ex —— [A(L)*]y 2 ® E;.

Since (7.7) identifies Hol// with |G|™ - [A"(L)]yx in [A"(L)]y, ® Ej, we have

[H, hy H, ¢ | = [[AY(D)]Y, 1GI7! - By, [A(L) Ty
= [Og 1, |G| 7= ~Regf, Oz

where the second equality uses the choice of O -bases as in Def 7.9. O
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For any finite torsion Ogj-module M), we let Chary(M,) denote the characteristic
ideal of M. One can show that

(7.11) Char, (M) = pl;“gth"” )
where p; is the maximal ideal of O ;.

Let us write Z = Z; U Z; where Z; is the reduced complement of U’ defined in Propos-
ition 5.1; i.e., v ¢ Z, if and only if ﬂ;’(L and A7 are isomorphic at . If A has semistable
reduction at all places of L then Z; is the set of places of K where A has non-semistable
reduction.

We are now ready to state our main result.

Theorem 7.12. Fix a place A of E above a prime number £, and suppose that the same
assumption as in Corollary 6.15 is valid (that is, we assume that the f-primary part of
II(A/L) is finite for some &, and if ¢ = p then we assume that L/K is weakly ramified
everywhere and tamely ramified over Z;). Then for any ¢ € Ir(G), we have the following
equality of fractional ideals:

de;
volz, (A/K) &/

[Mocz, |Lie(AL) (ks)Ss

BSD (A’w)

X
(7.122)  ZLu(AY)-Ops = “locz, (A, y) - p, "

where we choose & € m~!(v) for each v € Z,. Here, locz, (A, ), volz, (A/K) € p” are
respectively defined by

(7.12b) logp (locZL(A, 1//)) = ramypie(a,)(-z) ()  and

(7.12¢) volz, (A/K) = p(Lie(A)(AK)/Lie(A)(K))_1 . l_[ By (A°(my))
veZ;
with respect to the Haar measure p,, on Lie(A)(Ky) and p = [y, asin [ , §1.6, §1.7].

In particular, if Assumption 7.2 is valid for ¢ then we have
(7.12d) Ly(A ) - Opa =

volz, (A/K)
[Tocz, | Lie(AL) (ka) S

Regf
|G|ralg(t//)

gy
) -locz, (A Y) - -CharA(LH;,A(A/L)).

BSD (A, )_ coh (A, )
Proof. By Corollary 6.15 we have £y (A, ) - Opp = pi(ZL'A Az Ay

0 3 — .
volz, (A/K) = % by [ , §3.7], it follows from Corollary 4.15 and Corol-

lary 5.8(2) that

. Since we have

volz, (A/K)
oz, | Lie(AL) (ks)C

gy
_ng]?,l (A, !ﬁ) =0 ( ) ' lOCZL (A, Eb)

for any place A of E over ¢. If Assumption 7.2 is valid for ¢ then the formula (7.12d)

immediately follows from the computation of )(gfa (A, ¢¥) in Proposition 7.10. O

If ¢ does not divide |G| then any Z,G-module is cohomologically trivial so the functor
[=]y,2 is exact for any place A above £. In particular, we have

H' ([SCz,¢cly2) = [H(SCz.0)lyx and HIX/V,,A(A/L) = [II(A/L) 1ya.

Therefore, we immediately obtain the following proposition even when Assumption 7.2
does not hold for /.
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Proposition 7.13. Suppose that the £y-primary part of ILL(A/L) is finite for some £, and
we fix a place A of E over a prime £ not dividing |G|. Then for any ¢ € Ir(G), we have

(7.132) x5 (A, ) = 02 (Regh /G| ) + lengthy, , (IIT} ,(A/L))

~lengthy, , ([A(L)tvors]w, A) ~lengthy, , ([Af(L)mrs]l,,j)
+ 3 lengthy, , ([ P Ak w)'
veZ wlv
Furthermore, we have

Regf

degy
) -locz, (A, Y) - |G|

volz, (A/K)
Moez, | Lie(Ar) (ks)Co
Charl(ml\/ﬁl(A/L)) : HUEZ Cham ([ @w\v ﬂL(kW)V]i//,)L)

Char) ([A(L)s]y.2) - Chara([A*(L)iorsly.2) '

Proof. The formula (7.13a) is immediate from Proposition 6.3 by the exactness of [—]y,1,
and (7.13b) follows from (7.12a) and (7.13a). Note that if p does not divide |G| then L/K
is tame at all places so (7.12a) holds for any place A | p of E. O

(7.13b) Zu(AY)-Opa = (

Remark 7.14. We can make locg, (A, ) more explicit in some cases; cf. Remark 4.19. For
example, if L/K is either a p-extension or unramified everywhere, then locz, (A,¢) =1
for any ¢ € Ir(G). If L/K is cyclic and tame everywhere A has semistable reduction at all
places of K, then one gets a simpler formula for locz, (A, ). If A has semistable reduction
at all places of L but admits non-semistable reduction at some place of K (so Z; # 0), then
we need to compute r5;’s as in (5.7) for a preimage & € 771 (v) of each v € Z,. In principle,
locz, (A, ¢) should be computable in any explicit examples.

Let us make a few remarks on the formulae in Theorem 7.12 and Proposition 7.13.

Remark 7.15. In the proof of Theorem 7.12 we used the interpretation of volz, (A/K) in
terms of the Euler characteristic of Lie(A)(—Z;), so we have

(7.152)  logy (volz (A/K)) =

dimy. yx (Lie A(-Z;)) = dim(A) - (1 — geng — deg(Z;)) + deg(Lie A),
where geny is the genus of X. The same equality holds for vol;(A/K) with Z in place
of Z;. If A is an elliptic curve, then we have deg(Lie A) = —deg(A)/12 where A is the

global discriminant; cf. [ ,p 325,eq (9)]
Next, let us show

volz, (A/K) _ (Lie(4)(Ak)\ ™" or Gs
(7:150) I [Lie(Ar) (k)% " (Lie(A)(K)) [ ] o (Azma))

veZy

for the Haar measure as in [ , §1.6, §1.7]; in other words, this expression roughly
measures the volume of ( [T,z ﬂz(mw))c. In fact, observe that

1z, (A/K Lie(A) (k,
(7150 vo .Zl( /K) ~ voly(A/K) l_[ ' | ie(A) (k)| .
oz, | Lie(AL) (ks)%| e, | Lie(AL) (ks)Ce
Now, for any place v of K where L/K is tamely ramified at worst, Proposition 5.3 yields
Lie(A) (ko) . ) ; A(ko)
(7.15d) |—J} = |(Lie(F'Br,) (ko)) %| = | (F By, (ko)) | = ‘—'G
| Lie(AL) (ks) O |(AL(ks)) ™

where the first and last equalities follow from the short exact sequences induced by (5.3a)
on the Lie algebras and k,-rational points respectively, and the second equality holds since
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(F'8By,)% is a vector group; cf. Proposition 5.3. Note that (7.15d) applies to any v € Z,
in the setting where the formula (7.12d) or (7.13b) can be applied. If v ¢ Z, then the left-
most ratio in (7.15d) is equal to 1 by Proposition 5.1. From this observation together with
(7.15¢) and (7.15d), we get the following equality

Iz (A
(7.15e) volz(A/K) - 1_[ Lﬂ(kv)‘ — T “EeiI;L;fz~)Gﬁ| . l_[ |ﬂ(kv)| . l_[ |ﬂL(kb)Gﬁ
veZ veZ, o vEZ; vEZ,
_ volz, (A/K) l_[ A(Ky)
IT |Lie(AL) (ks)%| L L] A7 (m5)Ce |

0622

To see the last equality note that .?{z(m{,)Ga = A(m,) forv € Z;, as A , is the base
change of A, . Now the formula (7.15b) follows.

Remark 7.16. Let us compare the formula (7.12d) for (A, 1) - Z,, (with 16 denoting the
trivial character of G) with the p-part of the classical BSD formula [ ,(1.8.1)] when p
satisfies Assumption 7.2 for (A, L/K, Z1). Since for any P € A(K) and P € A’(K) we have

(7.16a) (P,PyasL = |Gl - (P, PYax,

the discriminant of (, )4/x coincides with Reg;) /|G| up to Z; -multiple.
Recall that [SCz, (A, L/K)]15p = (SCz, p(A, L/K)) ;. and we have the following dis-
tinguished triangle

A; (mp) %o

(7.16b)  SC,(AK/K) —> (SCz p(ALIK)) 5 — BP,ey (W)v [—1] — +1,

where we choose o € 77! (v) for each v € Z. In fact, by [ , Lemma 6.1] and its proof
((SCzp(A, L/K))G)V [-2] is the mapping fibre of

L
R0, A1) @ (@ 7 (o) & Qp/2p) 1-1] = DRin(Speckn AL
veZ veZ
so by comparing it with the p-primary part of (6.1) for L = K we obtain (7.16b).
Next we turn to the index [ﬂi(ma)Gﬁ : A°(my,)] for each v € Z. If v € Z; then this
index is 1 as explained below (7.15¢). Since L/K is tame at all places v € Z, in the setting

o (m-)\Cs
The = P8y, (k)% for

where the formula (7.12d) or (7.13b) can be applied, we have A ()

v € Z; by the short exact sequence

0 — F'By, (ko) — Alky) —> Ar(ks)% —> 0
induced by k,-points of (5.3a). Therefore we get
(7.160) [ [0 ma) % 7 (o)) = | [ (AR = AL(ks) ).

veZ vEZ,
From this together with (7.16b) and (7.15¢), the formula (7.12d) for £y (A, 1) - Z,, can be
reduced to the p-part of the the classical BSD formula [ ,(1.8.1)].

Remark 7.17. This remark is a continuation of Remark 6.16. Even if L/K is not weakly
ramified at some place, one can still obtain a formula for v; (% (A, ¥/)) at A | p analogous
to Corollary 6.15, at the cost of replacing (A7 (my,)) . Z with some (usually inexplicit)
family G,,-stable open compact subgroups V;, := (V,,)wez, where each V,, as “cohomolo-
gically trivial” G,,-action. But then, it would be quite unlikely that §EVL ®5Z,, introduced
in Remark 6.7, can be represented by a perfect 2-term complex. Indeed, at any place
w € Zp where Lie Ay (m,,) is not cohomologically trivial for G,, (with v = 7m(w)), we
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should choose V,, to be a proper subgroup of A7 (m,,), and A; (m,,)/V,, is not cohomo-
logically trivial as a Z,[G,,]-module; cf. [ , Lemma 3.4, Proposition 3.7]. In particular,
it is difficult to control

P! (xS (SCv, ®5 Zp, hy)).

as A(L,,)/V,, is neither cohomologically trivial for G,, nor prime to p. One should also
note that the formula for vy (£ (A, 7)) also involves the G-equivariant Euler character-
istic of some (usually inexplicit) proper G-stable subbundle of Lie(Ayr)(—Z1).

8. EXAMPLES

In Theorem 7.12 we computed the f-part of the normalised leading term &y (A, )
under Assumption 7.2, which was imposed to simplify the homological algebra especially
when ¢ divides |G|. The main novelty lies in obtaining the p-part of the normalised leading
term when p divides |G|. We also have to assume the finiteness of I1I(A/L), which is still
wide open in the general setting.

In this section, we present examples of (A, L/K, Z;) that satisfy Assumption 7.2 for
¢ = p. For all but the last example, III(A/L) is known to be finite so Theorem 7.12 can be
applied unconditionally.

Example 8.1. Suppose that L/K is weakly ramified everywhere, and A is a constant abelian
variety over K; that is, there is an abelian variety Ay over a finite subfield &y of K such
that A = Ay Xspec k, Spec K. Then, III(A/L) is finite by [ ] and Assumption 7.2(3) is
automatic for £ = p. Since the torsion points of A(L) and A’(L) are defined over a finite
subfield of L, to check Assumption 7.2 for ¢ = p it suffices to show that there is no place
w € Z; where k,, contains the field of definition of any non-trivial point in Ay [p] (ko). In
particular, Assumption 7.2 holds for £ = p (with any Z;) if A is a constant supersingular
abelian variety.

Let us now focus on the case where A is a non-constant elliptic curve over K. Observe
that Assumption 7.2 can be check locally at places w € Z except Assumption 7.2(1),
which is on the ¢-torsion of the Mordell-Weil groups of A and A’. Let us give a convenient
sufficient condition for Assumption 7.2(1) for £ = p.

Lemma 8.2. Let A be an ordinary elliptic curve over L. If there is a non-trivial p-torsion
point of A defined over a finite separable extension of L, then A can be defined over L so the
Jj-invariant of A lies in LP. In particular, if the j-invariant of A does not lie in LP then A(L)
has no non-trivial p-torsion.

Proof. If there is a non-trivial p-torsion point of A defined over a separable extension of
L, then one can split the connected-étale sequence 0 — A[p]° — A[p] — A[p]® — 0,
which in turn enables one to factorise [p]: A — A as

et
AL sB_TBya,

where p® is a degree-p étale isogeny and o3 is a degree-p purely inseparable isogeny.
Therefore, op can be identified with the Frobenius isogeny B — B®) = A so A can be
defined over L?. O

Remark 8.3. Indeed, the converse of Lemma 8.2 also holds since the connected-étale se-
quence for A[p] splits after the Frobenius pullback. We do not need this property.

Example 8.4. Let L = Fy(t) be a rational function field of characteristic p > 3, and let A
be an Ulmer elliptic curve; i.e., the elliptic curve over L given by the following equation:

(8.4a) P Hxy=x — 14
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for some d coprime to p. This elliptic curve has been studied by Ulmer [ ]; namely,
he showed that ITT(A/L) is finite [ , Proposition 6.4] and computed the rank of A(L)
[ , Theorems 1.5, 9.2].

Since A is defined over ]Fp(td), we can choose an intermediate extension K = Fy (%)
so that L/K is Galois. (For example, we choose g’ and q large enough so that e := d/d’
divides ¢’ — 1.) Let wp and w, respectively denote the places of L corresponding to t = 0
and t = oo, and write vy = m(wg) and Ve = T(We). Then L/K is unramified away from
{00, Voo }, and admits tame ramification at worst. We now show that Assumption 7.2 for
¢ = p is satisfied for many Ulmer elliptic curves A and L/K with “minimal” choice of Z.

Let us first recall various invariants and local properties of A/L, following [ , §2].
The discriminant of the model (8.4a) is
(8.4b) A = 14(1 - 243%19)

and at each place dividing A the reduction of A is semistable with prime-to-p local Tamagawa
number (as p > 3). Lastly, A has good reduction at wy, if 6 | d, and additive reduction at
Weo otherwise.

Since the j-invariant of A is 1/A ¢ LP, Assumption 7.2(1) is satisfied for £ = p by
Lemma 8.2. From now on, assume d | 6 so that A has semistable reduction at all places of
L, and hence Assumption 7.2(3) is satisfied. Let Z; be the union of the zeroes of A and we,
which is the minimal choice if d* # d. Since the local Tamagawa number at each place
of L is prime to p, to verify Assumption 7.2(2) for £ = p it remains to show that Ay (k)
is p-torsion free (cf. Lemma 7.3). Indeed, the fibre of A at we is given by the following
Weierstrafy equation

(8.4¢) P =x° -1,

which is the mod p reduction of an elliptic curve over Q with complex multiplication by
Q(¥/-3). In particular, ALk, is supersingular if p = 2 mod 3 (and p > 3), in which case
AL (Ewm) is trivial.

To summarise, suppose that p > 3 and p = 2 mod 3. Let A be an elliptic curve defined
by the equation (8.4a) with 6 | d and p 1 d. We choose a finite extension Fy/Fy of finite
fields of characteristic p and a positive integer e dividing ged(d, ¢’ — 1), and set L = F(t)
and K = Fy (tg). (We can arrange so that p divides [L : K] by manipulating F,/Fy.) Let
Z1. be the disjoint union of the zeroes of A := t4(1-2*3%t%) and we,. For such (A, L/K, Z),
Assumption 7.2 holds for £ = p. We also note that IIT(A/K) is finite, and we can arrange
so that A(L) has large rank by the work of Ulmer [ 1.

Remark 8.5. Let A be the elliptic curve over Z[1/6] defined by the equation (8.4c).
We want to show that there is no non-trivial p-torsion in A (Fp) for any p > 5. If
p = 2 mod 3, then we already observed in Example 8.4 that A has supersingular good
reduction so the assertion is obvious. So we may assume that p = 1 mod 3, in which case
A has good ordinary reduction at p. Then there exists w € }P‘; \ {1} such that ©® = 1.
Now over F,, we can rewrite (8.4c) as follows

¥ = (x =~ D(x — o) (x - 0?),
50 Aw(Fp)[2] has order 4. Now suppose by contrary that A (F,)[p] is non-trivial, so
4p divides |Aw (Fp)|. Then we have
1+4p = | A (Fp)| < 1-3p,

which clearly violates the Weil bound. Therefore, A (F,)[p] should be trivial.

Let p be a prime satisfying p = 1 mod 3. Then we just showed that the field of defin-
ition of the p-torsion points of A, is a non-trivial extension of Fj,. Returning to the
setting of Example 8.4, choose a positive integer d such that p 4 d and 6 | d. Set L = F,(t)
for some finite field F,/F, and consider A and L/K as in Example 8.4. Then (A, L/K, Z1)
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as in Example 8.4 satisfies Assumption 7.2 for £ = p provided that [k : F,] does not
divide [FF : F,]. Since [ko : F,] divides p — 1, one can still produce examples where p
divides [L : K] and p = 1 mod 3.

Example 8.6. Let us now give an example of a non-constant elliptic curve A/K and a finite
Galois extension L/K with wild ramification where Assumption 7.2 holds for £ = p. Let
K = F4(t) be a rational function field of characteristic of characteristic p, and consider
an Artin—Schreier extension L := K(u) with u? —u = t. Then L/K is a cyclic extension of
degree p ramified only at the place v, corresponding to t = co. For the unique place wo,
above v, one can check that L., /Ky, is weakly wildly ramified.

Let A be an elliptic curve defined by the equation (8.4a) with 6 | d and p 1 d, and
suppose that p > 3 with p = 2 mod 3. Let Z. be the disjoint union of the bad reduction
places for A and {w}. Let us now verify Assumption 7.2 for (A,L/K,Z1) and ¢ = p,
using the properties of A/K obtained in Example 8.4.

Since A has semistable reduction at all places of K and L/K is weakly ramified every-
where, Assumption 7.2(3) holds. Assumption 7.2(1) follows from Lemma 8.2 since the
J-invariant of A/K does not lie in K”. Since A has good supersingular reduction at v,
AL (k) is trivial. And since the fibre of A at each bad reduction place for A/K is either
Néron d-gon (at t = 0) or of type I; (away of ¢t = 0), each of its components is rationally
defined and the local Tamagawa number remains prime to p under any unramified exten-
sion; cf. [ , §2.2]. By Lemma 7.3, it follows that Ay (k,,) has no non-trivial p-torsion
for any w € Zp, verifying Assumption 7.2(2). We are not able to check if III(A/L) is finite.
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