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A TALE OF TWO MODULES: TIGHT MEET ESSENTIALLY TIGHT

NASIEF KHLAIF AND MOHAMMAD SALEH

ABSTRACT. Tight and essentially tight modules generalize weakly injective mod-
ules. Essential tightness requires embeddings to be essential. This restriction
makes the two notions totally different. In this note, we investigate cases when
those two notions are the same. Moreover, we look at the cases when essen-
tiallity is imposed only on one of the embeddings rather than both. This allows
defining a special class of tight and essentially tight modules and a generalization
of both.
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1. INTRODUCTION

Weakly injective modules were introduced by Jain and Lopez [3] as a gener-
alization of injective modules in their study of CEP rings, which are rings whose
cyclics are essentially embeddable in a projective module. They proved that a ring
R is CEP if and only if it is artinian and every indecomposable projective module
is uniform and weakly R—injective. Later, Golan and Lopez [1] further general-
ized weak injectivity into what they coined as tightness. Saleh [8] proved a more
general result than Jain and Lopez’s characterization of CEP rings replacing weak
injectivity by tightness. Recently, Kosan, Quynh and Serap [5] introduced another
generalization to weak injectivity, namely essential tightness. They proved a char-
acterization of CEP ring similar to Saleh’s using essential tightness.

It is noted in [5] that not every tight module is essentially tight. In this short
note, we provide different cases when those notions are actually equivalent. To do
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this, we review, in section 2, fundamental results on weak injectivity, tightness and
essential tightness from literature, covering fundamentals of g.f.d and semiprime
Goldie rings. The equivalence between the tightness and essential tightness is dis-
cussed in section 3. The main theorem in this regard is Theorem 3.11.

Both tightness and essentially tight modules generalize weak injectivity by im-
posing or removing essentiality on both embeddings. Imposing it on only one of
embeddings provides us with yet two generalizations of weak injectivity, one is a
special case of both tight and essentially tight and the other is a generalization of
both. In section 4, we define those and prove some results on them focusing on CEP
ring characterizations. It turns out that most results are similar to weakly injective,
tight and essentially tight modules. It is assumed that all rings are associative with
unity and all modules are right and unital.

2. PRELIMINARIES

A module M is called weakly N—injective if for any ¢ : N — E (M), there exists
a submodule X of E(M) such that 6(N) C X ~ M. M is called weakly-injective if it
is weakly N —injective for every finitely generated module N. On the other hand, M
is said to be (essentially) N—tight, if for every submodule K of N, whenever N/K
(essentially) embeds into E(M), then N/K (essentially) embeds into M. When
M is (essentially) N—tight for every finitely generated module N, then M is said
to be (essentially) tight. Hence, Any weakly injective module is both tight and
essentially tight. The following characterization appears in [3, Proposition 4.1]
and [5, Theorem 3.2] which gaurantees the existence of monomorphisms from
quotients by submodules.

Proposition 2.1. Given R—modules M and N, the following are equivalent.
(1) M is weakly N —injective (essentially N —tight).
(2) M is weakly N /K —injective (essentially N /K —tight) for any K C N.
(3) For every submodule K of N and for every (essential) monomorphism h :
N/K — E(M) there exist (essential) monomorphisms ¢ : M — E(M) and
g:N/K — M such thath=cog.

One important result that relates tight and weakly injective modules is the fol-
lowing result by Jain and Lopez [4, Proposition 2.2]. This result along with results
presented next allow characterizing different cases when tightness and weak injec-
tivity are the same.

Proposition 2.2. If M is a module with E(M) is a direct sum of indecomposables.
Then M is tight if and only if M is weakly injective.

Remark 2.3. For any module M over a noetherian ring, E(M) can be written as a
direct sum of indecomposables.

A module is said to be uniform if any nonzero submodule is essential. A module
M is said to have a Goldie (uniform) dimension u.dim(M) = n € Z if there exists
a finite set of uniform submodules U; such that @ _,U; is an essential submodule
of M. A ring R is said to be g.f.d if every cyclic module has a finitely generated,
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possibly trivial, socle. Hence a ring is q.f.d if every cyclic module has a finite
Goldie dimension. One important class of q.f.d rings is the class of noetherian
rings. One important result over q.f.d is that of Lopez [6, Theorem 3.1] which
establishes an equivalence between weak injectivity and tightness over g.f.d rings.

Theorem 2.4. Over a q.f.d. ring, every tight module is weakly injective.

The following result relates weak injectivity, tightness and essential tightness
over q.f.d. rings from both [2, Theorem 2.6] and [5, Theorem 3.10].

Theorem 2.5. The following are equivalent for a ring R.
(1) Ris q.f.d.
(2) Every direct sum of injectives is weakly-injective.
(3) Every direct sum of injectives is tight.
(4) Every direct sum of tight is tight.
(5) Every direct sum of weakly-injectives is tight.
(6) Every direct sum of weakly-injectives is R—tight.
(7) Every direct sum of indecomposable injectives is R—tight.
(8) Every direct sum of essentially tight is essentially tight.
(9) Every direct sum of injective R—modules is essentially tight.
(10) Every direct sum of indecomposable injective R—modules is essentially
tight.

A right Goldie ring is a ring with a finite Goldie dimension as a module over
itself, u.dim Rg < o, and every ascending chain of annihilator ideals stabilizes.
Similarly, left Goldie rings can be defined. A ring is Goldie if it is both left and right
Goldie. One important result that plays a pivotal role in this note is the following
result from [7, Proposition 3.8]. It provides a case when specific modules are
always weakly injective.

Proposition 2.6. Every nonsingular module over a semiprime Goldie ring R is
weakly injective.

3. TIGHT MEETS ESSENTIALLY TIGHT

Tightness and essential tightness are two generalizations of weak injectivity.
Although they satisfy identical results, they are two different classes of modules.
Below, we answer a question raised by Kosan [5] concerning equivalence between
tight and essentially tight modules. Motivated by results in the previous section,
the following results provide connections between tightness and essential tightness
and their proofs are similar.

3.1. Specific Types of Modules. Some specific types of modules lie at the inter-
section of tight and essentially tight modules. Some of those are presented here as
a further extension of results relating tightness and weak injectivity.

Proposition 3.1. If M is a module with E(M) is a direct sum of indecomposables.
Then M is essentially tight if and only if M is weakly injective.
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Corollary 3.2. Over a noetherian ring, a module is weakly injective if and only if
it is essentially tight.

Proof. This follows from Remark 2.3. U

Corollary 3.3. If M is a module with E(M) is a direct sum of indecomposables.
Then, the following are equivalent:

(1) M is tight.

(2) M is weakly injective.

(3) M is essentially tight. O

Corollary 3.4. Over a noetherian ring, the following are equivalent:
(1) M is tight.
(2) M is weakly injective.
(3) M is essentially tight. O

Proposition 3.5. Let M be a uniform module. M is N—tight if and only if M is
essentially N—tight.

Proof. Let M be a uniform module and N by any other module with K C N. As-
sume M is essentially N—tight. Let f: N/K — E(M) be an embedding, then,
since M is uniform, E (M) is also uniform and hence f is an essential embedding.
since M is essentially N—tight, then we have an essential embedding f: N/K — M
hence, M is N—tight.

Conversly, let M be N—tight, then for the embedding g : N/K — E(M) it is
necessarily essential since E(M) is uniform and any submodule is essential, thus
f(N/K) < E(M). By N—tightness of M, we have an embedding g : N/K — M
which is also essential by uniformity of M. Hence M is essentially N —tight. O

Corollary 3.6. For a uniform module, the following are equivalent:

(1) M is tight.

(2) M is weakly injective.

(3) M is essentially tight. O
3.2. Over Some Classes of Rings. Some classes of rings provide rich module
structure that was investigated with respect to tight and weakly injective modules

as stated in section 2. So, most of the results apply naturally in a similar manner
without much changes.

Theorem 3.7. Essentially tight modules are weakly injective over q.f.d.’s.
Theorem 3.8. Over a q.f.d. ring, the following are equivalent:
(1) M is tight.

(2) M is weakly injective.
(3) M is essentially tight. O

Corollary 3.9. Over a semiprime Goldie ring, every nonsingular essentially tight
module is weakly injective. O

Corollary 3.10. For nonsingular modules over semiprime Goldie rings, the fol-
lowing are equivalent:
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(1) M is tight.
(2) M is weakly injective.
(3) M is essentially tight. U

This section is concluded with the following theorem as one of the main results
of this note summing up all results presented thus far on the equivalence between
tight and essentially tight modules.

Theorem 3.11. Essential tightness of a module M is equivalent to tightness when-
ever one of the following cases holds.

(1) M is uniform.

(2) E(M) can be written as a direct sum of indecomposables.

(3) Over a q.f.d. ring.

(4) M is nonsingular over a semiprime Goldie ring.

4. NEW CLASSES

In defining essential tightness, essentiality is imposed on both embeddings of
tightness. Imposing essentiality on one of the embeddings allows to define two
new types of modules. The first is a special case of both tight and essentially tight
modules, coined as roughly tight. On the other hand, the second is a generalization
of both, coined as strongly tight. In this section, we study basic properties of those
types and prove some results concerning them.

4.1. Strongly Tight Modules. Strongly tight modules generalize both tight and
essentially tight modules. They provide a more general characterization of CEP
rings in spirit of the characterizations of CEP rings with respect to weakly injective,
tight and essentially tight modules.

Definition 4.1 (Relatively Strongly Tight Module). A module M is strongly N —tight
if for any submodule K of N, N/K essentially embeds in E (M) implies that N/K
embeds in M.

Definition 4.2 (Strongly Tight Module). A module M is said to be strongly tight if
it is strongly N—tight for every finitely generated module N.

Corollary 4.3. Every tight module is strongly tight.

Proof. Let M be an N—tight module, assume ¢ : N/K — E(M) be an essential em-
bedding for a submodule K of N. Hence ¢ is an embedding of N/K in E(M). Since,
M is N—tight, then N /K is embeddable into M. Hence M is strongly N—tight. O

Corollary 4.4. Every essentially tight module is strongly tight.

Proof. Let M be an essentially N—tight module, assume ¢ : N/K — E(M) be an
essential embedding for a submodule K of N. Since, M is essentially N—tight,
then N/K is essentially embeddable into M and so embeddable into M. So. M is
strongly N —tight. O

Corollary 4.5. Any weakly injective module is strongly tight O
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Remark 4.6. Let M be a finitely generated module. M is weakly injective if and
only if it is strongly tight.

Strongly tight modules turn out to satisfy some properties similar to those of
(essentially) tight modules. The following results provide some insights on the
behaviour of strongly tight modules in different settings.

Lemma 4.7. For modules M and N. The following are equivalent:
(1) M is strongly N—tight.
(2) M is strongly N /K—tight for any K C N.
(3) For every submodule K of N and for every essential monomorphism h :
N/K — E(M) there exist an essential monomorphism 6 : M — E(M) and
a monomorphism g : N/K — M such that h=cog.

Proof. Similar to proof of Theorem 3.2 in Kosan [5]. (]

Theorem 4.8. Let M be strongly N—tight. Then
(1) If K AN, then M is strongly K—tight.
(2) If K = N, then M is strongly K—tight.
(3) If L is an essential extension of M, then L is strongly N—tight.
Proof. Similar to proof of Theorem 2.5 in Kosan [5]. O

Theorem 4.9. The following are true over any ring R.
(1) Let N be an uniform module. If P and Q are strongly N—tight, then so is
PO
(2) Strongly tight modules are closed under finite direct sums.

Proof. Similar to proof of Theorem 3.5 in Kosan [5]. O

Since the main constructions of the different types of modules so far presented
originated from characterizing CEP rings, it would be worth to characterize CEP
rings in terms of strong tightness. This is the focus of the next results. For a more
compact notation, two modules M and N are said to be relatively strongly tight if
M is strongly N—tight and N is strongly M —tight.

Lemma 4.10. Let N and M be finitely generated modules over an artinian ring R.
If M and N are relatively strongly tight and Soc(M) = Soc(N), then M = N.

Proof. Similar to proof of Lemma 1 in Saleh [8]. O

Lemma 4.11. Let R be an artinian ring such that all indecomposable projective
R—modules are uniform and strongly R—tight. Then
(1) Every simple module is isomorphic to the socle of an indecomposable pro-
Jective module,
(2) Every simple R—module is embeddable in Soc(R), and
(3) If P and Q are projectives with Soc(P) = Soc(Q) then P == Q.

Proof. Similar to proof of Lemma 3 in Saleh [8]. O
Theorem 4.12. A ring R is CEP if and only if
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(1) R is artinian.

(2) Indecomposable projective right R—modules are uniform and strongly R—tight.

Proof. Similar to proof of Theorem 1 in Saleh [8] and Theorem 5 in [3]. O

In spirit of the study presented on g.f.d. rings, results extend from weaklt injec-
tive and (essentially) tight modules to strongly tight modules naturally along the
same lines. This would allow to further extend on the equivalence results of g.f.d.
rings.

Theorem 4.13. The following are equivalent for a ring R.
(1) Ris q.fd.
(2) Every direct sum of strongly tight is strongly tight.
(3) Every direct sum of injective R—modules is strongly tight.
(4) Every direct sum of indecomposable injectives is strongly tight.

Proof. Similar to Theorem 3.10 in Kogan [5] and Theorem 2.6 in [2]. U

4.2. Roughly Tight Modules. Such modules represent a special class of both
tight and essentially tight modules at the border line between weakly injective and
(essentially) tight modules. They share many results with those classes. In this
section, we define those modules and present some of their properties. Proofs of
different results presented here are omitted as they go along the same lines with
previous results.

Definition 4.14 (Relatively Roughly Tight Module). A module M is roughly N —tight
if for any submodule K of N, N/K embeds in E(M) implies that N/K essentially
embeds in M.

Definition 4.15 (Roughly Tight Module). A module M is said to be roughly tight
if it is roughly N —tight for every finitely generated module N.

Corollary 4.16. Every roughly tight module is tight.

Proof. Let M be an roughly N—tight module, assume ¢ : N/K — E(M) be an
embedding for a submodule K of N. Since, M is roughly N—tight, then N/K is
essentially embeddable, hence embeddable into M. Hence M is N —tight. O

Corollary 4.17. Every roughly tight module is essentially tight.

Proof. Let M be an roughly N—tight module, assume ¢ : N/K — E(M) be an
embedding for a submodule K of N. Since, M is roughly N—tight, then N/K is
essentially embeddable into M. So M is essentially N —tight. O

Lemma 4.18. For modules M and N. The following are equivalent:
(1) M is roughly N—tight.
(2) M is roughly N/K—tight for any K C N.
(3) For every submodule K of N and for every monomorphism h: N/K —
E (M) there exist a monomorphism ¢ : M — E (M) and an essential monomor-
phism g : N/K — M such that h=cog. O
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Corollary 4.19. Every weakly injective module is roughly tight. O

Similar to strongly tight modules characterizations, roughly tight modules also
provide a characterization of CEP rings. Two modules M, N are said to be relatively
roughly tight if M is roughly N—tight and N is roughly M —tight. Proofs also go
along the same lines, hence they are omitted.

Lemma 4.20. Let N and M be finitely generated modules over an artinian ring R.
If M and N are relatively roughly tight and Soc(M) = Soc(N), then M = N. O

Lemma 4.21. Let R be an artinian ring such that all indecomposable projective
R—modules are uniform and roughly R—tight. Then

(1) Every simple module is isomorphic to the socle of an indecomposable pro-
Jective module,

(2) Every simple R—module is embeddable in Soc(R), and

(3) If P and Q are projective with Soc(P) = Soc(Q) then P = Q. O

Theorem 4.22. A ring R is CEP if and only if
(1) R is artinian.
(2) Indecomposable projectives are uniform and roughly R—tight. U

Theorem 4.23. The following are equivalent for a ring R.
(1) Ris q.fd.
(2) Every direct sum of roughly tight is roughly tight.
(3) Every direct sum of injective R—modules is roughly tight.
(4) Every direct sum of indecomposable injectives is strongly tight. U

Combining Theorem 4.23, Theorem 4.13, Theorem 2.6 in [2] and Theorem 3.10
in [5], we get the following result followed by a simpler theorem.

Theorem 4.24. The following are equivalent for a ring R.

(1) Ris q.f.d.

(2) Every direct sum of injectives is weakly-injective.

(3) Every direct sum of injectives is tight.

(4) Every direct sum of tight is tight.

(5) Every direct sum of weakly-injectives is tight.

(6) Every direct sum of weakly-injectives is R—tight.

(7) Every direct sum of indecomposable injectives is R—tight.

(8) Every direct sum of essentially tight is essentially tight.

(9) Every direct sum of injective R—modules is essentially tight.
(10) Every direct sum of indecomposable injective is essentially tight.
(11) Every direct sum of strongly tight is strongly tight.

(12) Every direct sum of weakly-injectives is strongly tight.

(13) Every direct sum of weakly-injectives is strongly R—tight.

(14) Every direct sum of indecomposable injectives is strongly R—tight.
(15) Every direct sum of roughly tight is roughly tight.

(16) Every direct sum of weakly-injectives is roughly tight.

(17) Every direct sum of weakly-injectives is roughly R—tight.
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(18) Every direct sum of indecomposable injectives is roughly R—tight.

Theorem 4.25. Over a q.f.d. ring, the following are equivalent:

(1]
(2]
(3]

[4]

(5]

[6]
[7]

(8]

(1) M is tight.

(2) M is weakly injective.

(3) M is essentially tight.

(4) M is strongly tight.

(5) M is roughly tight. U
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