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Relativistic full weak-neutral axial-vector four-current distributions inside a gen-
eral spin—% system are systematically studied for the first time, where the second-class
current contribution associated with the induced (pseudo-)tensor form factor (FF)
is included. For experimental measurements, we explicitly derive the first exact full
tree-level unpolarized differential cross sections of both (anti)neutrino-nucleon and
(anti)neutrino-antinucleon elastic scatterings. We clearly demonstrate that the 3D
axial charge distribution in the Breit frame, being purely imaginary and parity-odd,
is in fact related to the induced (pseudo-)tensor FF GZ4(Q?) rather than the axial FF
Gfl(QQ). We study the frame-dependence of full axial-vector four-current distribu-
tions for a moving system, and compared them with their light-front counterparts.
We clarify the role played by Melosh rotations, and classify the origin of distortions
in light-front distributions into three key sources using the lemma that we have pro-
posed and verified in this work. In particular, we show that the second-class current
contribution, although explicitly included, does not contribute in fact to the mean-
square axial and spin radii. We finally illustrate our results in the case of a proton

using the weak-neutral axial-vector FFs extracted from experimental data.
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I. INTRODUCTION

Nucleons (i.e. protons and neutrons) are key hadrons to study for understanding quantum
chromodynamics (QCD), since they are responsible for more than 99% of the visible-matter
mass in the universe [1]. Protons, in particular, also hold another unique role of being the
only stable composite building blocks in nature [2]. Due to the complicated nonperturba-
tive dynamics of their quark and gluon degrees of freedom, nucleons inherit particularly
rich and intricate internal structures. Properties and internal structures of these key QCD
bound-state systems in the weak sector become increasingly important when come to the
experimental studies of nucleon axial-vector form factors (FFs) in high-energy elastic or

quasielastic (anti)neutrino-(anti)nucleon scatterings [3—22].

Axial-vector FFs are Lorentz-invariant functions that describe how the hadron reacts with
the incoming (anti)neutrino in a scattering reaction, encoding therefore very clean internal
axial charge and spin information of the hadron in the weak sector since (anti)neutrinos
participate only in weak interactions. In the Standard Model, there are in general two
types of axial-vector FFs of a hadron in the weak sector: the weak-charged ones via the
weak-charged current interactions mediated by the W* bosons, and the weak-neutral ones
via the weak-neutral current interactions mediated by the Z° bosons. These axial-vector
FFs also serve as important quantities for constraining the systematic uncertainties of high-
precision measurements in (anti)neutrino oscillation experiments [23-31]. On the theory
side, tremendous progress has been made in the last few years from first principle lattice
QCD calculations of these axial-vector FFs [32-57]; theoretical evaluations of these axial-
vector FF's and cross sections based on chiral perturbation theory and various models are still
vividly developing [58-90]. For (recent) reviews of nucleon axial-vector FFs and associated

physics of (anti)neutrino interactions, see e.g. Refs. [91-106].

According to textbooks, charge distributions can be defined in the Breit frame (BF) in
term of three-dimensional (3D) Fourier transform of the Sachs electric FF [1, 107, 108].
However, relativistic recoil corrections spoil their interpretation as probabilistic distribu-
tions [109-114]. In position space, a probabilistic density interpretation is tied to Galilean
symmetry that implies the invariance of inertia under the change of frames. In a relativistic
theory, inertia becomes however a frame-dependent concept because of Lorentz symmetry.

The only way out is to switch to the light-front (LF) formalism [115] where a Galilean sub-



group of the Lorentz group is singled out [116, 117], allowing therefore a nice probabilistic
interpretation [118-128]. The price to pay is that besides losing the longitudinal spatial di-
mension’, these LF distributions also exhibit various distortions owing to the particular LF
perspective and the complicated Wigner-Melosh rotations [130-135], which are sometimes
hard to reconcile with an intuitive picture of the system in 3D at rest.

The quantum phase-space formalism distinguishes itself by the fact that the requirement
of a strict probabilistic interpretation is relaxed and replaced by a milder quasiprobabilistic
picture [136—138]. This approach is quite appealing since it allows one to define in a consis-
tent way relativistic spatial distributions inside a target with arbitrary spin and arbitrary
average momentum [139-149], providing a smooth and neutral connection between the BF
and essentially the LF pictures?, and allowing one to explicitly trace the spatial distortions
induced by Wigner rotations at arbitrary average momenta for any spin-j hadrons under

the protection of Poincaré symmetry.

As a extension of our recent work [148], we study in this work in detail the frame-
dependence of the relativistic weak-neutral axial-vector four-current distributions inside a
general spin—% hadron (the nucleon for instance), where the second-class current contribution
associated with the induced (pseudo-)tensor FF GZ(Q?) is newly taken into account in
terms of full matrix elements. For ongoing and future experimental measurements and data
analyses of elastic (anti)neutrino-(anti)nucleon scatterings [9, 10, 15, 18], we also derive
the first exact full tree-level unpolarized differential cross sections of both (anti)neutrino-
nucleon and (anti)neutrino-antinucleon elastic scatterings in the lab frame using the full
vertex functions including 6 FF's individually.

We explicitly demonstrate that the relativistic 3D weak-neutral axial charge distribution
in the BF, being purely imaginary and parity-odd, is in fact related to the weak-neutral
induced (pseudo-)tensor FF GZ%(Q?) rather than the axial FF G4(Q?). For the derivations
of LF amplitudes, we proposed and verified the following lemma: Any light-front amplitudes
for well-defined light-front distributions in principle can be explicitly reproduced from the
corresponding elastic-frame amplitudes in the proper infinite-momentum-frame limit. As a

reward, we can classify more clearly the origin of distortions appearing in LF distributions

1 'We note that Miller and Brodsky [129] have recently demonstrated at the wavefunction level that frame-
independent and three-dimensional LF coordinate-space wavefunctions can be obtained by using the

dimensionless, frame-independent longitudinal coordinate Z.
2 Strictly speaking, the smooth connection is between the 2D BF and 2D infinite-momentum frame (IMF)

distributions, see e.g., Refs. [142, 146-148]. However, IMF distributions coincide most of the time with
the corresponding LF distributions [147].



in general into three key sources. For completeness, both 3D and 2D transverse mean-square
axial and spin radii in different frames are explicitly rederived, where we show in particular
that the second-class current contribution, although explicitly included in our calculations,

does not contribute in fact to the mean-square axial and spin radii.

The paper is organized as follows. In Sec. II, we first briefly review the matrix elements
of weak-neutral axial-vector and vector four-current operators and associated FFs for a
general spin—% hadron, and then derive the exact full tree-level unpolarized differential cross
sections of both (anti)neutrino-nucleon and (anti)neutrino-antinucleon elastic scatterings in
the lab frame for experimental measurements. In Sec. III, we present the key ingredients
of the quantum phase-space formalism. We start our analysis in Sec. IV with the 3D Breit
frame distributions of weak-neutral axial-vector four-current inside a spin—% hadron. We
then present in Sec. V the generic elastic frame distributions inside a moving spin—% hadron
at arbitrary average momenta. In Sec. VI, we present the light-front distributions, and the
explicit demonstration of light-front amplitudes via the proper infinite-momentum frame
limit of elastic-frame amplitudes. In Sec. IV to Sec. VI, we also supply our rederived 3D
and 2D transverse mean-square axial and spin radii. Finally, we summarize our findings in
Sec. VII. For completeness, we also provide details for the parametrization of nucleon weak-
neutral axial-vector form factors in Appendix A, and further discussions on the breakdown

of Abel transformation of axial charge distributions in Appendix B.

II. ELASTIC (ANTI)NEUTRINO-(ANTI)NUCLEON SCATTERINGS

A. Weak-neutral axial-vector four-current and FFs

The weak-neutral axial-vector FFs of a spin—% hadron in the weak sector contain in general
axial G4, induced pseudoscalar G% and induced (pseudo-)tensor GZ FFs [61, 65, 92, 94],
as real functions of spacelike four-momentum transfer squared Q? = —A?% > 0 owing to
the time-reversal (T) invariance of weak interactions [62, 92]. They together describe the
internal weak-neutral axial-vector content of the system in response to external weak-neutral
current interactions; see e.g., Fig. 1 for the tree-level Feynman diagram of neutrino-nucleon
elastic scattering.

In the case of a Spin-% hadron, matrix elements of the weak-neutral axial-vector four-



FIG. 1. The tree-level Feynman diagram of the t-channel weak-neutral current elastic scattering
reaction vy(k) + N(p) — ve(k') + N(p') in the first Born approximation (i.e. one virtual Z° boson
exchange), with £ = e, u, 7. The four-momentum transfer is A = k — k' = p' — p.

current operator j¥(z) = 12(95)7“7%@@) in general can be parametrized as [61, 65, 92, 94]

T —//HZANZiUuVAVZ5
<p S |j5 (0)|p7 S) = u<p ) S ) Y GA + WGP + WGT 8 U(p,S), (]')
where @(m) denotes the quark field operator (which can either be a flavor-singlet or flavor-
multiplet), and p? = p> = M? are the on-mass-shell relations for the same hadron B of mass
M in the initial and final states. For better legibility, we have omitted the hadron index “B”

attached to momentum-eigenstates, and the explicit @Q?-dependence of these weak-neutral

axial-vector FFs G4(Q?), G4(Q?) and G4(Q?). Since the explicit (diagonal) matrix forms
of generators T, associated with the operator jg‘a(x) = 1Z(x)fy“fy5Taz/;(x), see e.g. Ref. [94],
for a given flavor-space fundamental representation group SU(n)s (n > 2 and n € Z) of a
given (anti)neutrino-hadron elastic scattering reaction are known, it is convenient to work

in the U(1) representation without loss of generality.

According to Weinberg [150], one can use the G-parity to classify all possible currents
formed by Dirac bilinears in the literature in term of the first- and second-class currents. The
G-parity is defined as the combination of the charge-conjugation C-parity after an rotation

of a 180° angle around the y-axis in isospin space, namely
G = Cexp (inl), (2)

where I, = 0,/2 is the y-component isospin matrix. As the ne plus ultra, one can easily



demonstrate that the vector and axial-vector four-currents j* = 1y and j& = yHye)

which transform in the following manner
G'GTh=+j",  GEGT =—jf (3)
are classified as the first-class currents, whereas those transform in the opposite manner
Gj*GT = —j", GG = +j5 (4)

are classified as the second-class currents. For completeness, we do summarize in Table I
the classification of all possible independent currents formed by Dirac bilinears under the

G-parity transformation.

TABLE I. Classification of the first- and second-class currents formed by Dirac bilinears under the
G-parity transformation, see e.g. Eqs. (3) and (4).

Type Dirac bilinears first-class currents second-class currents
Scalar Y — ) +1pi
Pseudoscalar Py® — 1 1y
Vector VyHa) +pytap — ¢y
Axial-vector PyHySe) —hryHyP +hyaSy
Tensor Vioha +apicHa) —piche)

Using Weinberg’s classification, we can thus identify G4 and G% in Eq. (1) as the FFs
associated with the first-class currents, while identify GZ as the FF associated with the
second-class current. Our analysis is well consistent with Refs. [61, 92]. In the presence
of exact isospin symmetry or G-parity invariance, the second-class current contribution in
Eq. (1) vanishes identically [61, 65, 94], i.e. GZ%(Q*) = 0. Note also the fact that G-
parity invariance is well respected by strong interactions or QCD, it is thus common in the
literature that the second-class current contribution of a hadron in Eq. (1) is usually not

much discussed and calculated, see e.g. Refs. [58-60, 63-85, 87].



B. Weak-neutral vector four-current and FFs

According to the famous V' — A theory [151-153] in weak interactions, there are two types
of currents involved in both weak-neutral and weak-charged current interactions: the weak

vector current j*(z) = ¢ (x)y*1)(x) and the weak axial-vector current j% () = i (z)vv5) ().
They together celebrate in the V' — A form for the total weak current of the system:

¥, $'|[7"(0) — jE(0)]Ip, s) = a(p’, s \TY_ (0, p)ulp, s), (5)

where I"(/_ 4 1s the total vertex function. In the weak neutral sector, matrix elements of the
axial-vector four-current operator for a general spin—% target can be generically parametrized
in the form of Eq. (1). Similarly, matrix elements of the weak-neutral vector four-current

operator for a generic spin—% target in general can be parametrized as [61, 142, 147, 154-156]

AH
2M

. ) MP: e A, Pyyyy®
', s'17*(0)|p, s) = a(p', s") 5z Ge 5p?

Gir + 577G | ulp,s), (6)
where P = (p/ +p)/2, A =p —p, p* = p* = M? and €p193 = +1. Likewise Eq. (1), we have
also omitted the explicit Q?-dependence for the weak-neutral vector FFs G%, G%, and G%,
where G% and G%; are the weak-neutral electromagnetic FFs associated with the first-class
currents, and G% is the weak-neutral induced scalar FF associated with the second-class
current. If one imposes the hypothesis of conserved weak-neutral vector four-current (or the
Ward identities of weak-neutral vector four-current quantum amplitudes) that also follows

naturally from the Standard Model, it is evident that GZ(Q?) = 0 [156].

C. Exact full tree-level unpolarized differential cross sections

Since we have discussed the full vertex function (5) for a generic spin-3 hadron, we
are now ready to connect these weak-neutral FFs G%, G%,, GZ, G4, G% and G% to the
unpolarized differential cross sections measured in (anti)neutrino-nucleon elastic scattering
experiments [9, 10, 15, 18]. It should be noted that although the tree-level unpolarized
differential cross sections of (anti)neutrino-nucleon elastic scatterings have been derived in
Refs. [9, 10, 157-160], the vertex function I'{,_ , employed in Refs. [9, 10, 157-160] is however

incomplete, missing usually the Lorentz structures associated with GZ, GZ and even G%.



For neutrino-nucleon elastic scattering reaction (with ¢ = e, u, 7)

ve(k,r) + N(p,s) = ve(K',7") + N, §), (7)

the scattering amplitude M in the Feynman gauge is given by

' , M?2 Gr
iM=(—iée) <MZQ—+ZQ2) ELqu‘éeak, (8)
with
Lu = a(kla 70/)7#(1 - VS)U(lﬁ 7“), (9)
Jvﬁt/eak = a(pl7 S/)PI‘L/—Au(p’ S)’

where {¢ = 1 (for weak-neutral currents), My =~ 91.1880(20) GeV is the Z° boson mass [161],
G is the Fermi coupling constant, I}, _, is the full vertex function given in Eq. (5), and we

have used the fact that
Gr - g9’

V2 8MZcos? Oy’

with ¢g the universal weak coupling constant and 6y, the Weinberg angle.

(10)

We then proceed to obtain the following spin averaged and summed unpolarized scattering

amplitude squared | M|?, namely

M2 2 G2
2 _ "z _F HY
M| (M§+Q2) L H", (11)
with

Ly = tr [(F 4 mu ) 7u(1 = ") +mu,)(14+97)7]

(12)
H =t | (¢ + M)TY_y(p+ M)"TH ")

where s = (k+p)?, Q* = —(k—FK)% k* = k> = m? , and p? = p’> = M?. One can check that

Vyp?
the (anti)neutrino mass m,, in fact does not contribute to L,,. For antineutrino scattering,

we simply need to replace L, as follows

Ly = tr [(F = mu,)7,(1 = ") F = mu,) 1+ )] - (13)

We are now ready to insert |M|? into the formula for the lab-frame tree-level unpolarized
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differential cross section:

do 1
dQ?  167(s — M?)

G2 Mz O\
5 IMJ? £ ( £ )LWH“”. (14)

T 6dm(s — M2)2 \ M2 + @2

As a result, the ezxact full tree-level unpolarized differential cross sections of the elastic

scattering reactions v, () + N — vy(g) + N are explicitly obtained as follows:

do _ GLM? M2 2 s—u (s —u)?
a0? o STED (M§+Q2> [A(Q?)i—M2 B(Q?) + I C(Q2)], (15)
with

A= [(147) (GR) +7(CF) — (G) — =1+ 7) (63)7].

B = 4rGAG%,, (16)
€= 1 [+ 7) (€47 (G5) + (63 + 71+ 1) (63)7].

where the (—) + sign is for the (anti)neutrino-nucleon scattering, and explicit Q* dependence
of these FFs GZ(Q?), G%,(Q%), G4(Q?), G4(Q?), G4(Q?), G4(Q?) for clarity is omitted.
We note that M is the nucleon mass, £, is the incident (anti)neutrino energy in the lab
frame, Q* = 2MT = —A? is the reconstructed four-momentum transfer squared (with T
the sum of kinetic energies of final-state nucleons), 7 = Q*/(4M?) and s —u = 4ME, — Q.
In particular, we observed that the terms associated with the FFs G4 and GZ in Egs. (1)
and (6), although explicitly included in our derivations, do not contribute in fact to the

tree-level unpolarized differential cross sections (15).

Similarly for the neutrino-antinucleon elastic scattering reaction
ve(k,r) + N(p,s) — ve(K',7")+ N(p', s, (17)
we can simply replace H* in Eq. (12) as follows
H =t |(p = MDY (f = MY 42" (18)

with the full vertex function I, , given by

B(p's 8'[[7(0) = J5(0)]lp, s)5 = v(p, )Y _4o(@', ), (19)
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with

] M PH _ q uoc,BAPaA 5
s, 817"(0)p, s)5 = v(p, ) [_ 57 GE + e BINY

GZ_i_ﬁéZ (//)
M T oar s|vp,s)

2P? (20)
A 5 v Ar ~Z it A, NZ| Ao (o o
B<p78|j5 (0)|p,S>B:U(p7S> Y GA+WGP+ IM GT Y U(p,S),

where |p, s) is the canonical momentum eigenstates for the spin—% antiparticle B with o(p, s)
the corresponding Dirac spinor in the initial state, and G%, G%,, G4, G4, G%, GZ are the
corresponding weak-neutral FFs of this antiparticle where explicit Q2-dependence is omitted.

As a result, the ezact full tree-level unpolarized differential cross sections of the elastic

scattering reactions vy() + N — vy() + N are given by

do G7M? M, 1+ 2 ST U5 2 (s —w?® - 1o
Q2,55 B2 (vera) Mo e+ Eto@)]. e
with
A= [(147) (G) 47 (Gh) — (GF) — =1 +7) (GF)7].
B = _4rGAGE, (22)
C= ﬁ {(1 +7) (G4’ +7(G4)* + (G2 +r(1 + 7) (@%)Q] :

where the (—) + sign is for the (anti)neutrino-antinucleon scattering. In comparison with
the differential cross sections (15) for the nucleon, the key difference of the differential cross

sections (21) for the antinucleon lies in the extra minus sign for the definition of B(Q?).

It should be emphasized that our exact results of the full tree-level unpolarized differential
cross sections (15, 21) also apply to other spin—% hadrons (including their antiparticles), e.g.
A A9 30 30 =0 =0 etc., where the full vertex functions (5, 19) including 6 FFs individu-
ally are explicitly taken into account. Relative to those previous studies [9, 10, 157-160], our
results (15) of the full tree-level unpolarized differential cross sections are more general and
complete, and should be more useful for ongoing and future elastic (anti)neutrino-nucleon
scattering experiments [9, 10, 15, 18].

Last but not least, we did realize during the derivations of the full tree-level unpolar-
ized differential cross sections (15, 21) that polarized differential cross sections of polarized
(anti)neutrino-(anti)nucleon elastic scatterings will provide us more rich and complete infor-

mation about nucleon weak-neutral vector and axial-vector FFs in the weak sector, where
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FFs G% (or G%) and GZ (or GZ) may explicitly appear in the polarized differential cross
sections®, which may enable us to measure these 6 weak-neutral FFs individually in future

experiments.

ITII. QUANTUM PHASE-SPACE FORMALISM

Although FFs are objects defined in momentum space and extracted from experimental
data involving particles with well-defined momenta, their physical interpretation actually
resides in position space [147]. Because of Lorentz symmetry, the notion of relativistic spatial
distributions in general depends on the target average momentum, hindering therefore in
general a probabilistic interpretation in position space. We are therefore naturally led to
switch our perspective to a phase-space picture, which is quasiprobabilistic at the quantum
level owing to Heisenberg’s uncertainty principle. In this section, we only present the key
ingredients of the quantum phase-space formalism [142, 146, 147].

In quantum field theory, it has been known for a long time that the expectation value of

any an operator O in a physical state |¥) can be expressed as [136-138]

@O =Y [ G5 a Ry (R.P) (O)ipo), (23)

where
p3 (R, P) = /d%e—“"z U(R—Z%,s)U(R+Z,s)
_ —iq-R \J,* !
—/(27)36 q \I/(P+Q,S)\IJ(P—%,S)
defines the Wigner distribution interpreted as the quantum weight for finding the system at

1

1(r' + r) and average momentum P = 1(p’ + p). Here, z =7 — 7’

average position R =
and g = p’ — p denote the relative position and relative momentum, respectively.
We note that U(p,s) = (p, s|¥)/\/2p° defines the momentum-space wavepacket of the

system, and satisfies the following completeness condition

> [ G -1 (25)

3 We note that two virtual Z° bosons exchange (or multiple virtual Z° bosons exchange) and radiative

corrections at one-loop order (or even higher loops) may also provide us the possibilities that nucleon FFs

GZ (or G%) and GZ (or G%) may explicitly appear in the unpolarized differential cross sections.
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where |p,s) denote the four-momentum eigenstates and are covariantly normalized as
(', s'|p, s) = 2p°(27)35®) (p'—p)dys. Both initial and final four-momenta being on-mass-shell
p? = p'? = M?, the energy components are given by p° = /p? + M? and p" = \/m

Accordingly, ¥(r,s) = (r,s|¥) defines the position-space wave packet at ¢ = 0 via
the Newton-Wigner position operator [162-165], whose eigenstates at ¢ = 0 are related to

momentum eigenstates via Fourier transforms

d? :
|’I“, S> _ / p3 e~ |p> 5> (26)
(27T) 2p0

and are normalized as (v, s'|r,s) = §®)(r' — r)dy,. One finds that the position-space wave

packet at t = 0 is related to the momentum-space one via the familiar Fourier transform

U(r,s) = / STP;?’ P U(p, ) (27)

and satisfies the following completeness condition

Z/d?’r 1U(r,s)|* = 1. (28)

In a relativistic theory, the Newton-Wigner position operator [162-165] is, to the best of
our knowledge, the only 3D position operator satisfying usual commutation relations with
both linear and angular momentum operators, and having mutually commuting compo-
nents [140, 143]. Although this operator does not transform as part of a Lorentz four-vector,
it allows one to localize a relativistic system at a fixed time. Probabilistic densities are then

recovered upon integration over either average position or momentum variables

/ PRy (R, P) = U (P,sU(P,s),
3 (29)
/ % P (R, P) = U*(R,s')U(R,s).

A compelling feature of the quantum phase-space formalism is that wave-packet details have

been cleanly factored out in Eq. (23). We can then interpret the phase-space amplitude

A\ s's d3A AR <P+éasl‘é($)|P_é75>
O)itrle) = [ Goe N (30)
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as the internal distribution associated with a state localized in the Wigner sense around

average position R and average momentum P [140-143, 146, 147], with P - A = 0.

IV. BREIT FRAME DISTRIBUTIONS

From a phase-space perspective, the BF can be regarded as the average rest frame of the
system, where spin structure assumes its simplest form [83, 142, 144, 147, 148]. In this frame,
one can provide fully relativistic 3D spatial distributions of a generic composite system for
its static internal structures in the Wigner sense. This is also the reason why many 3D

2

mean-square radii of a hadron, e.g. (electric) charge (r?), mass (r2...), mechanical (r? )

and spin (r2; ) radii, are usually defined in this frame [1, 147, 148, 166-169].

spin

The BF is specified by the condition P = 0, which physically constrains that the energy
transfer A = P - A/P° vanishes automatically in this frame. As a result, internal distri-

0 arising due to translation invariance of the

butions in the BF do not dependent on time x
matrix elements in Eq. (30). Relativistic three-dimensional BF distributions are therefore

in general defined as [147]

A\ EA L a (P 5B100)|ps, s5)
_ spsB o —i AT B> °B )
Os(r) = (O)fs"(r) = [ Goyee S, (1)
where r = & — R is the distance relative to the center R = 0 of the system, pls = —pp =

A/27 Q2:A277-EQ2/(4M2> and PO Ippr :pOB:M\/H‘—T

A. BF weak-neutral axial-vector four-current distributions

Evaluating the matrix elements (1) in the BF leads to [59, 61, 62, 64, 148]

A% = V1471 (0 A)GE(A?),
A(A o)

A(A o) (32)
~ 4PY(PY + M)

Ap =2P} |o G4(A?) — GZ(A?),

2M

where A% = (p3, s%5]74(0)|ps, 55), and explicit canonical polarization indices will be omitted
for better legibility hereafter unless necessary.

Applying the general definition (31) to the axial-vector four-current operator with the



15

help of BF amplitudes (32), one obtains the following relativistic 3D BF weak-neutral axial-

vector four-current distributions [148]

BPA oA o-V A
0 _ —iAr A 2\ _ r
S5(r) = / (2m)3 € o CTA) =i | Gy

TG A,
(33)

We do observe that the 3D BF axial charge distribution J? 5(7) is in fact related to the
weak-neutral induced (pseudo-)tensor FF G%(Q?) rather than the axial FF G4(Q?%). We
stress that above results (32,33) are also well consistent with our previous work [148], where
the G-parity invariance of QCD* (or exact isospin symmetry) is further applied to the matrix
elements (1), eliminating therefore the second-class current contribution associated with the
induced (pseudo-)tensor FF GZ(Q?) [61, 65, 94].

The Fourier transform of AGZ(A?) in Eq. (33) will lead to a purely imaginary BF
axial charge distribution J§ z(), since G7(Q?) is real by assuming the T-invariance of weak
interactions [62, 91, 92, 155]. Besides, JgB(’r) is also parity-odd along the polarization
axial owing to the associated parity-odd factor (o - r) coming from the Fourier transform of
(o - A). In Fig. 2, we illustrate the BF axial charge distributions i.J 5(r) = —Im [J¢ 5(r)]
and 47r? - i.Jg p(r) with 7 = |r| along the z-axis inside a longitudinally polarized proton,
using proton’s weak-neutral induced (pseudo-)tensor FF GZ(Q?) given in Appendix A. For
more details of the nucleon weak-neutral axial-vector FFs, see Appendix A.

On the other hand, we notice that the 3D BF axial-vector current distribution Js p is
in fact independent of the induced tensor form factor G%(Q?). In other words, Js 5 is free
from the second-class current contribution, and therefore assumes the same expression as in

Ref. [148]. Using the QCD equation of motion [171], one can show that [139, 148]

Sp(r) %J5,B(r) (34)

is the physically meaningful 3D spin distribution in the BF, characterizing how the spin
is distributed in the weak neutral sector. Based on this meaningful and well-defined spin

distribution (34), one can derive the meaningful 3D mean-square spin radius (r2;,) [148],

4 In strong interactions or QCD, e.g. the strong decays of mesons, the G-parity invariance is exact. However,
the G-parity is in general not conserved in electromagnetic and weak interactions due to either quark mass

or quark (electric) charge differences [170].



16

0.30 T T T T T T T T T T T T T T T T
— 020 —
| - -
“E 0.10_— o

—~ 0 00— -t -+

S L -
R -0.10— —
~ -0.20— —

— —0.30
0 i ' -
é 0()4_ | i
—  0.02—- : —
~ i | T
= 0.00_— ************* /i ]
= —0.02F | -
”5 ~0.04 | i | =

_006 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-2 -1 0 1 2

vz [fm]
FIG. 2. BF weak-neutral axial charge distributions iJ50? g(r) = —Im[Jg g(r)] (upper panel) and

47r? . Z'Jg p(r) (lower panel) along the z-axis inside a longitudinally polarized (i.e. § = o5 =€)
proton, using proton’s weak-neutral induced (pseudo-)tensor FF G%(QQ) given in Appendix A.

which relies on both the slope of the axial FF G4(Q?) at Q* = 0 and the ratio G%(0)/G4(0).
Using proton’s weak-neutral axial-vector FFs G4(Q?) and G4(Q?) given in Appendix A, we

find that the weak-neutral mean-square spin radius of the proton is given by [148]

(r2 VP = ! [-VAGL(A?)] ‘ P P 2G4 (0) =r% ~ (2.1054 fm)*,  (35)
win/ = G7(0) Ao | 4M? GZ(0) ’
1_GZ(0) - - Oz Z(0) —
where the last term (537554 ) plays the dominant role since the ratio G%(0)/G4(0) =
A

(2M,, /M, )? ~ 180.772 is very large; see Appendix A for more details of G4(Q?) and G%(Q?).

In Fig. 3, we illustrate the 3D BF weak-neutral axial-vector current distribution J5 g(7)
in the transverse plane inside a transversely polarized proton, using proton’s weak-neutral
axial-vector FFs G4(Q?) and G%4(Q?) given in Appendix A. We observe that the distribution
is perfectly mirror symmetric (antisymmetric) with respect to the z-axis (y-axis) in the trans-
verse plane. This can be more easily understood from the multipole decomposition [147] of

J5.5(7), where we find that Js g(r) consists of mirror symmetric (antisymmetric) monopole



17

1.0’_I T T T | I‘I.I.I‘|'I'I IAI | ‘I ‘I AI j_ 25
Proton :
05 . v Ao
= [ el =
g i . — ]
i IS e S 1.0
L0Sl— e ]
DEDEDBRERCEREREREE T
_l.ohl L1 | T B |‘| |‘|‘| | <| <| 1 |— 0.0
-1.0 -0.5 0.0 0.5 1.0
ry [fm]

FIG. 3. The BF weak-neutral axial-vector current distribution Js g(r) in the transverse plane
inside a transversely polarized (i.e. § = e;) proton, using proton’s weak-neutral axial-vector FF's
G4(Q?) and G4(Q?) given in Appendix A.

and quadrupole contributions solely with respect to the z-axis (y-axis).
Recalling in the BF that ply = —pp = A/2 and p)Y = p% = P, we do recognize
in Eq. (32) the characteristic spin structure <0' — ﬁ’%’%) defined relative to the center
B\I'B
of mass R); = R = 0, which is the only relativistic center transforming as the spatial
part of a Lorentz four-vector, and corresponds therefore to the true relativistic center of

the system [140, 143, 147]. The other two relativistic centers are the center of energy
Ry =Ry +

Pxs
2MEp

and the center of canonical spin R. = Ry, + (the pivot about

Pxs
2M (Ep+M)
which the internal angular momentum takes the same value as in the rest frame), where

Ep = vV/P?2+ M? and $ is a unit polarization vector. These two relativistic centers Rpg

Pxs and Px3§

M (Ep+ M) 2MEp of pure

and R,., however, will suffer from respectively sideways shifts
relativistic origin when (P x §) # 0, e.g, when the spinning system is longitudinally moving
while it is transversely polarized. This in turn justifies that the parametrization of the axial-
vector four-current operator in Eq. (1) is indeed physically clear and transparent. For more
details of the relativistic centers and sideways shifts, see Refs. [140, 143] and also the similar

discussions for the parametrization of polarization-magnetization tensor in Ref. [147].
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B. BF mean-square radii

Note that the total axial charge for a generic spin—% composite system in average at rest

vanishes identically [148]:

1
3,. 70 : Z( A2
[ () = i S [l A)GHAY)] =0 (36)
because the term (o - A) in momentum-space is parity-odd, or equivalently the term (o - )
in position-space is parity-odd. This means that the definition of standard mean-square

axial (charge) radius
_ [ & J0 (r)
f d’r JL?,B(T)

(r) (37)

for a generic spin—% system is in fact not well-defined. This is different from case for the
definition of the mean-square charge radius of the neutron where one can replace G'%(0) = 0
with G%,(0) = 1 [1, 147] so as to make the definition well-defined®; since the nucleon induced
(pseudo-)tensor charge GZ(0) in general is not zero [172], see e.g., Eq. (A10).

In the case when GZ(Q?) = 0 by using G-parity invariance of QCD or exact isospin
symmetry, the 3D axial density Jg p(r) vanishes identically for a generic spin—% target and
thus the axial (charge) radius does not exist [148], contrary to what is usually stated in the

literature [19, 20, 58, 59, 104, 173-176] via

6 dG4(Q?) _ 1

R2
A7 G4(0) d@?

. -VAGi@AY]| (38)

In conclusion, in either GZ(Q?) = 0 or G4(Q?) # 0 cases, the genuine 3D mean-square axial
(charge) radius (r%) is not defined via the slope of the axial FF G4(Q?) at Q* = 0, since
the 3D axial charge distribution itself is related to GZ(Q?) rather than G%(Q?).

Before we move forward, there are two key points deserving to be emphasized [148]. The
first point is that the relation between a genuine 3D mean-square radius and the slope of
the corresponding FF is in general not so obvious and simple, see the examples given in
Refs. [148, 167]. One needs to carefully define first the corresponding distribution, and then
derive the genuine mean-square radius based on that distribution. The second point is that

the concept of identifying a mean-square radius simply via the slope of the corresponding

® Note also the fact that the BF charge distribution of the neutron is spherically symmetric [142, 147].
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FF is in general misleading and incorrect. A typical example is the 3D mean-square axial
(charge) radius which is not even related to the axial FF G4(Q?), see Eq. (33) and Ref. [148].
On the other hand, it also explicitly reveals the breakdown of Abel transformation in the

case of axial charge distributions, see further discussions given in Appendix B.

V. ELASTIC FRAME DISTRIBUTIONS

BF distributions provide us the best proxy for picturing a system in 3D sitting in average
at rest around the origin in the Wigner sense, where the spin in the parametrization (1)
is defined with respect to the relativistic center of mass. If one is however interested in
the internal structure of a moving system, one can employ the so-called elastic frame (EF)
distributions introduced in Ref. [139].

Accordingly, the relativistic 2D EF distributions are in general unambiguously defined

as [142, 147]

Opr(b.; P.) = / dr. (0)35(r)

= / dQ—AJ- e_iAibl <p’,5"(j(0)|p, 8>
(27)2 2P0

(39)

Az:|PL|:0’

where the z-axis has been chosen along P = (0, P,) without loss of generality, and r =
x— R = (by,r,) is the position relative to the center R = 0 of the system. Integrating over
the longitudinal coordinate r, amounts to setting the longitudinal momentum transfer A,
to zero, which in turn implies a vanishing energy transfer A° = P - A/P% = 0 and hence
time-independent distributions. At P, = 0, the EF distributions (39) coincide with the BF

distributions (31) projected onto the transverse plane

AL 5, 85100
Ou(b150) = [ dr. On(r) = [ 555 c-iawe W olEne: 200 (40)

(2m)? 2P

A.=|P|=0

In the limit P, — oo, the EF distributions (39) explicitly reproduce the IMF distributions

d*A p—iALbL (v, 5/‘0(0”177 s)

(2m)? 2P0 ’ (41)

7700 A,=0,P,—c0

OIMF(bJ_) = th OEF(bJ_;PZ) = /

which coincide most of the time with the corresponding LF distributions, up to some trivial
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factors [141, 142, 144, 146-149, 177, 178]. EF distribution provides therefore a smooth and
physically clear interpolation between the BF and LF distributions.

A. EF weak-neutral axial-vector four-current distributions

Evaluating directly the matrix elements (1) in the generic EF leads to [148§]

PO
0p = 2P.0.G4(AY) + (AL - 01)GE(AY),

M
P,
Afp = 2P°0.G4(AY) + 27 AL o1 )GE(AY),
P+ M(1+7) (ex X iAL)L P (42)
L [ i Lo : (A2
PO+ M)yyTtr * 2M (P + M)V1+7 Al

CAL(AL -0l [G5(AY) | GE(AY)
2 PO+ M M ’

where AL = (¥, s’|§§(0)]p,s>, p=(P° A /2,P), p= (P —A,/2,P,), Q* = A%, and
= /M2(1+7)+ P2

Poincaré symmetry can also be employed to determine how the matrix elements of the
axial-vector four-current operator in different Lorentz frames are related to each other. One

can write in general [130, 131]

(0, s'1jL0)p,s) = > DL (0, A)DY)(p, A) A, (D, 5515 (0)|ps, 55), (43)

53,58

where (ps, s'%3]72(0)|pB, s5) represents the BF matrix elements, A is the rotationless Lorentz
boost matrix from the BF to a generic Lorentz frame, and D) is the Wigner rotation
matrix for a generic spin-j system. Alternatively, one can analytically reproduce above EF
amplitudes (42) by applying the covariant Lorentz transformation (43) on the BF amplitudes
(32) at A, = 0, where the Wigner rotation matrix D/?) is explicitly given by [146, 147]

D(1/2)(pB,A) — DT(l/z)(p’B,A)

cos g —e A gin g (44)
)\ i gin @ 9
€"a sin § cos &

with A = Q(cos pa,sin pa,0) and 0 being the Wigner rotation angle. We indeed explicitly
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reproduce our previous results in electromagnetic four-current, polarization-magnetization
tensor and axial-vector four-current (without the second-class current contribution) cases

for the Wigner angular conditions: [144, 146-148]

(45)

As a result, the EF amplitudes (42) can be equivalently rewritten as

(0L-AL)
2M
(o0 -AY)
2M

AQy = 2T T 7 [ﬂazaimi) n G%(Ai)] ,

:aMATT T [azai@i) 5 G%(A@] |

A =0T 7 {4 FALZE [ (ALK D0 ] L ozaty
1
B A (A o)) { Gi(Aij
2M 1+V1+7

(46)

+ G%(Ai)] ,

with [146, 147]

I B P,
C MVI+r V/PY - -

7 =7(Q)

where A can also be alternatively but equivalently rewritten as [148]

(ez X Z.AJ_)J_

A]JE_F = 2\/ﬁ |:0'L cos O — W
 Sulby o) [61180) , GHAD)

sin 9} G4(A?)
(48)

2 PO+ M M

We emphasize that the Wigner rotation will in general distort the original distributions in
the frame before the Lorentz boost, resulting physical distortions in another frame after the
Lorentz boost (43), see e.g., the -dependent sin § and cos 6 factors in terms of the Wigner

rotation angle 6 in Agp.

Applying the general definition (39) to the axial-vector four-current operator and inserting

the EF amplitudes from Eqgs. (42) or (46,48), we obtain the following relativistic EF weak-
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FIG. 4. Frame-dependence of EF weak-neutral axial charge distributions JE?,EF(b; P,) (upper panel)
and 27b - JQ’EF(b; P.) (lower panel) as a function b = |b, | inside a longitudinally polarized (i.e.
§ = e;) proton, using proton’s weak-neutral axial FF G%(Q?) given in Appendix A. Maxima of
27h - JQEF are indicated by the gray dot-dashed curve, and the corresponding root-mean-square

transverse axial (charge) radii |/ (b%)gr of J50,EF from Eq. (51) are also marked in the lower panel.

neutral axial-vector four-current distributions:

d2A . P, A -
Jer(bi; P.) = / — oAby K—) 0.G4(AY) + == ‘”G%(Ai)],

(2m)2 PO 2M
2 d*A —iA b, Z(A2 P.NAL-0L 7, 09
J5,EF(bL§PZ) = / (27)2 € [UZGA(AL) + (ﬁ) WGT(AL>:| ) )
JJ_ (b P) — / dQAL e*iAJ_'bJ_ o AL(AL ) O'L) GZ(A3_> GIZD(Ai)
BEF\TL: T2 (2)2 AP0 PO+ M M
\/P2 (GZXZ'AJ_)J_ . A 9
+ P |:COSQO'J_ — Wsm@] GA(AL)}.

In the case G4(A?%) = 0, we do explicitly reproduce the EF axial-vector four-current dis-
tributions given in Ref. [148]. In Fig. 4, we illustrate the EF axial charge distributions
JYgp(b; P;) and 27b - J)pp(b; P.) as a function of b = |b,| inside a longitudinally polar-

ized (i.e. 8 = e,) proton at different P,, using proton’s weak-neutral axial FF G4(Q?)
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FIG. 5. Frame-dependence of EF weak-neutral longitudinal axial-vector current distributions
iJ5 gp(b1; P;) (upper panel) and 27b - iJZ g (b1 ; P;) (lower panel) along the z-axis inside a trans-
versely polarized (i.e. § = e,) proton, using proton’s weak-neutral induced (pseudo-)tensor FF
GZ(Q?) given in Appendix A. The maxima (minima) are indicated by the gray dot-dashed curves.

given in Appendix A. According to Eq. (49), it is clear that J9gp(b1;00) = JZpp(by;00),
which is quite reminiscent of the cases for the electromagnetic four-current [146] and
polarization-magnetization [147] distributions in the IMF limit P, — oo. In Fig. 5, we
illustrate the parity-odd longitudinal axial-vector current distributions iJZ (b1 ; P.) and
21b - iJZ gp(by; P.) along the r-axis at different P, inside a transversely polarized proton,

using proton’s weak-neutral induced (pseudo-)tensor FF GZ(Q?) given in Appendix A.

Similarly to what we have mentioned in the BF case (33), we do observe that the trans-
verse EF axial-vector current J;EF is indeed independent of GZ(Q?), since the transverse
part of the BF axial-vector four-current amplitudes (32) does not get mixed under longitudi-
nal Lorentz boosts (33). In Fig. 6, we illustrate the transverse EF weak-neutral axial-vector

current distribution JéEF(b 1; P,) in the transverse plane inside a transversely polarized (i.e.

8 = e,) proton at P, = 2 GeV, using proton’s weak-neutral axial-vector FFs G4(Q?) and
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FIG. 6. The transverse EF weak-neutral axial-vector current distribution J5LEF(b 1;P,) in the
transverse plane inside a transversely polarized (i.e. § = e,) proton at P, = 2 GeV, using proton’s
weak-neutral axial-vector FFs G%(Q?) and G%(Q?) given in Appendix A.

G%(Q?) given in Appendix A. We observe that the EF distribution Jyp at P, = 2 GeV,
compared with the BF one J5fB at P, = 0 in Fig. 3, is no longer mirror symmetric with
respect to the z-axis but is still mirror antisymmetric with respect to the y-axis in the
transverse plane, as long as P, is finite and nonvanishing. The key reason is that on top of
the monopole and quadrupole contributions, J;EF at finite P, also contains a dipole contri-
bution, which explicitly breaks the up-down mirror symmetry (with respect to the z-axis)
but still preserves the left-right mirror antisymmetry (with respect to the y-axis) in the
transverse plane for a transversely polarized Spin—% system.

Furthermore, owing to the mixing of temporal and longitudinal components of the axial-
vector four-current under a longitudinal Lorentz boost, we also observe that as long as
|P.| > 0 the generic EF distributions J{gp and JZpp begin to depend on G%(Q?%) and
GZ(Q?) respectively, in comparison with those BF ones (33). Moreover, we note that both
J0gp and JZgp in the generic EF are free from the Wigner rotation (43) while Jgpp suffers
from that (see, e.g., the cos 6 and sin 6 factors in J3gy), since the Wigner rotation (43) mixes

(01 )ss while leaves (0,)ys and (A} - 0 )ys unchanged [147].
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B. EF mean-square transverse radii

Following Refs. [147, 148], we are now ready to rederive mean-square transverse axial and
spin radii for a general spin—% hadron in the generic EF. In the 2D case, the mean-square

transverse radius of a 2D spatial distribution O(b_; K) is in general given by

_ [ O(by;K)

) = T ok

(50)

where K denotes a set of external momentum information, e.g., K = P, in the 2D EF case
[see e.g. Eq. (49)] and K = PT in the LF case [see e.g. Eq. (61) in the following Sec. VI].

Applying this general definition (50) to the 2D EF axial charge JJ gp(by; P.) and longi-
tudinal spin Sgp(by; P.) = JEgp(by; P.)/2 distributions (49), we find

J &%, b I gp(by; P.) 12
v’ P,) = : = + = R%,
en(P) = Ll SO )2
spin, L [d%, Szp(by;P) 37

which explicitly coincide with the results given in Ref. [148], with Ep = /M2 + P2 and R%
given in Eq. (38). Besides, since J;5yp in Eq. (49) assumes exactly the same expression as

in Ref. [148], we expect the same result for the mean-square transverse spin radius [148]

0 2 , 1 G%0) 1 1

. P)==2R - . 52
wnr)er(P2) = 3 R4+ 53 G7(0) " 2E%  2M(Ep + M) (52)

In Fig. 7, we show the mean-square transverse spin radius (b2, )er(P,) as a function of P,

spin,T'

for the proton in the generic EF, where R% = 12/(M#%)? ~ (0.6510 fm)? and G%(0)/G4(0) =
(2M,, /M, )? ~ 180.772 by using proton’s weak-neutral axial-vector FFs G4(Q?) and G%(Q?)
given in Appendix A. In particular, we find that the minimum of (b2, 7)gr(P) is located at
P, ~ 3.2132 M, =~ 3.0149 GeV, while the maximum of (b2

spin,T>EF(Pz) is located at Pz = 0.
At IMF limit P, — oo, the value of (b?

Soin) EF(00) is entirely contributed by the first two

terms (52), lying in between (b2, 7)er(0) and (b2, 7)er(P: ~ 3.2132 M,).

spin,T'
From Egs. (51) and (52), we conclude that although we explicitly include the second-class
current contribution associated with GZ(Q?) in the full matrix elements (1) and G4(Q?)

indeed enters both JQ}EF and Jigp in Eq. (49), this second-class current contribution does
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FIG. 7. The mean-square transverse spin radius <b§pin’T>Ep(Pz) of the proton from Eq. (52) as a
function of P,, using proton’s weak-neutral axial-vector FFs G4(0) and G4(0) given in Appendix A.

The minimum of (b2;, 7)er(P) is located at P, =~ 3.2132 M,, ~ 3.0149 GeV.

not contribute in fact to the mean-square transverse axial and spin radii in the generic EF.

VI. LIGHT-FRONT DISTRIBUTIONS

For completeness, we finally study the relativistic axial-vector four-current distributions
including the second-class current contribution (1) by using the LF formalism [115], where
LF distributions in some cases can be interpreted as strict probabilistic densities [118-128],
since the symmetry group associated with the transverse LF plane is the Galilean subgroup
singled out from the Lorentz group [116, 117].

In the LF formalism [115], a generic four-vector a* is denoted as a* = [a™,a™,a ] with
at = (a° £a®)/v/2. As aresult, scalar products read p-z = ptx, = pte~ +p 2T —p -z,
and the constrained LF momentum component p~ is then given by p~ = (p? + M?)/(2p™)
by using the on-mass-shell condition p* = 2pTp~ — p? = M?.

It is possible to define z"-independent LF distributions [118, 125, 139] in the so-called
symmetric LF frame specified by the conditions®: P, = 0, and A" = 0, which ensure that

the LF energy transfer A~ = (P, - A} — P~AT)/P* vanishes automatically. Similar to

6 One can relax the condition P, = 0, , provided that LF distributions are restricted to + = 0 [179, 180].
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Eq. (39), probabilistic LF distributions are in general defined as

d*A N Le (P, N[O(0)|p, A)Lr

Our(bui P7) = / (2m)? 2P A+:|PL|:O7 (%9)

where PT is treated as an independent variable in LF formalism, and LF helicity states

|p, \)Lr are covariantly normalized as

Le (0, Np, Mer = 207 (210)%0(p' " — pH)dP (p!, — p1)owa, (54)

and can be related to the generic canonical spin states |p, s) via the Melosh rotation [132]

’p’ S| _ () (4) — <p7 S|p7 /\>LF
|p7 Z |p’ | LF — ; |p7 S>Ms)\ (p)7 Ms)\ (p) - <p’ 3|p, 8> 3 (55)

where Mg{\) (p) denotes the unitary matrix elements of the Melosh rotation for a spin-j
system. We note that some of the unusual distortions appearing in LF distributions are
relativistic artefacts caused by Melosh rotations [133, 142, 144, 146, 147], since MY (p) in

general is not an identity matrix.

In the Spin—% case that we mainly focus on in this work, the generic 2 x 2 unitary Melosh

rotation matrix M(1/?) is explicitly given by [133, 146, 147]

M7 () = cos 0% —e " gin GTM 1 P’ +p.+ M, —(p. —ipy) (56)
eiPr sin(’TM cos% VN pe+ipy, pPP+p.+M 7
with )
cos By — PP M)F — [pu
./\/;) Y
0 (57)
winga, — 200+ + Mlp.|
M Np )

where N, = 2(p° +p.)(p°+ M) = (p° +p.+m)*+p2, pL. = |pL|(cos ¢,,sin ¢,), and by is the
Melosh rotation angle. It is easy to verify that cos? 6, +sin? @y, = 1 is indeed automatically

guaranteed.

In Fig. 8, we illustrate the Melosh rotation angle #;; and cos ), for the proton in the

generic EF as a function of the average momentum P, = p, and the momentum transfer
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FIG. 8. Melosh rotation angle 05 (left panel) and cos 6, (right panel) for the proton in the generic
EF as a function of the average momentum P, and the momentum transfer magnitude @ = |A | |.

magnitude @ = |A || = 2|p,|. In particular when P, = 0, we have

! VT (58)

lim cosfy = lim sinfy; = —

P50 I+7  Poo Vitr

which are well consistent with what we have found in Ref. [146]. When P, — oo, ), = 0 and
M1/ (p) will be an identity matrix. We also observe that as long as Q # 0 and |P,| # oo,
M2 (p) will not be an identity matrix. In most of the LF distributions in the literature,
see e.g. Refs. [118-126], @ = 2|p.| # 0 is evident since people wish to present the 2D LF

distributions on the transverse (or impact parameter) plane.

One may argue that the as long as the limit P, — oo is taken, LF amplitudes should be
completely free from relativistic artefacts caused by Melosh rotations, since the LF ampli-
tudes can be explicitly obtained via the IMF limit P, — oo of the EF amplitudes [146-148].
This is not true, since when we take the IMF limit P, — oo of EF amplitudes, see e.g.
Sec. VIB, we keep both (P°+ P,)/v/2 = P* and (P° — P,)//2 = P~ fixed. When P* # oo
and P~ # 0, relativistic artefacts caused by Melosh rotations may have been inherited
partially in the LF amplitudes, see e.g. A in Eq. (60). Typically, when a well-defined
LF distribution is completely independent of both P™ and P~, e.g. the LF electric charge
distribution J{, [147] and axial charge distribution J3  (61) of the nucleon, it should be
free from relativistic artefacts caused by Melosh rotations [133, 142, 144, 146, 147]. From

the Melosh rotation perspective, this also explains the reason why the LF components j’*



29

and j~ are usually regarded as the “good” and “bad” components in the literature [146],
respectively. In this sense, we believe that the pictures provided by those LF densities that
depend explicitly on P or P~ can not be considered as realistic representations of the

system (on the average) at rest [147].

Another substantial part of distortions appearing in LF distributions are physically in-
duced by Wigner rotations [146]. According to the generic Lorentz transformation [130, 131]
of matrix elements from one frame X to another Lorentz frame >’ based on Poincaré sym-
metry, the Wigner rotation will in general distort the distributions (in the 3 frame) during
the Lorentz boost, resulting therefore physical distortions in the Y frame. Since one can
always explicitly reproduce the LF amplitudes based on the proper IMF limit of canonical
EF amplitudes [146-148] where the Wigner rotation has already played an important role,
see e.g. Sec. VI B, we conclude that some of the distortions appearing in LF distributions are
natural relativistic consequences of physical Wigner rotations rather than artefacts owing

to the change of Dirac spinors from canonical spin basis to LF helicity basis (55).

A. LF weak-neutral axial-vector four-current distributions

By analogy with Eq. (1), matrix elements of the axial-vector four-current operator in
terms of LF helicity states |p, \)Lr for a general spin—% system are parametrized as [148]

AH
Gp + N

BY; GZ| YPurr(p, \), (59)

L (P, N[3E(0)|p, N or = ace(p, N) |G +

where urrp(p, A) denotes the LF helicity Dirac spinor, and the explicit Q*-dependence of
these axial-vector FFs G4(Q?), G4(Q?), and GZ(Q?) for clarity is omitted.

Evaluating directly the matrix elements (59) in the symmetric LF frame leads to [148§]

P+
Afp = 2P (0.) G4 (A%) + H(AL o )nGE(AY),
P
Arp = —2P (0.)mG4(AY) + W(Ai o) GE(AY), (60)
AL (AL : UL)

Al = 2M (o )ay + (e, x iA L) 16xy] GA(A%) — MAGEZ(AY),

2M

where Al]jF = LF<p,7)\,|3g(O)’p7 A>LF7 p/ - [P+7P_7AJ_/2]7 b= [P+7P_7 _AJ_/Q]J QQ - Ai_?
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FIG. 9. The (scaled) transverse LF weak-neutral axial-vector current distribution %JEfLF(b 13 PT)
in the transverse plane inside a transversely polarized (i.e. § = e,;) proton, using proton’s weak-
neutral axial-vector FFs G4(Q?) and G%(Q?) given in Appendix A.

P? = M*(1 +7) and P~ = M?*(1 + 7)/(2P"). Applying the general definition (53) to
the axial-vector four-current operator and inserting the EF amplitudes (60), we obtain the

following LF weak-neutral axial-vector four-current distributions [148, 181]:

dQA -3 R A e i
Fur(bss ) = [ Cob st apnciiat) + BTG Al

_ AL A P (AL -01)w
Js1e(bi; PT) :/ 2m? © At Pr {—(Uz)A'AGi(Ai) + TG%(AD} :

d’A inn. M e, X iA
J;:LF(bL§ P+) = / (27r)§ e iALDL ﬁ{ [(UL)/\’A + %@M} Gi(Ai)

AL(AL'UL)/\’)\ Z(A2

(61)

In the case GZ(A?%) = 0, we do explicitly reproduce the LF axial-vector four-current distri-
butions given in Ref. [148]. Again, we confirm that the transverse LF axial-vector current

JgfLF (61) is independent of the second-class current contribution associated with GZ.
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According to Egs. (61) and (49), one can explicitly show that
J5+,LF(bJ-; P+) = JQ,EF(bL; 00) = JsiEF(bLE 00), (62)

where the canonical spin polarizations coincide with the LF helicities in the IMF limit
P, — oo (see Sec. VIB). Above result (62) is quite reminiscent of what we have found
in the electromagnetic four-current [146] and polarization-magnetization [147] cases. It is
therefore clear that for a longitudinally polarized proton, J5;p(b; P*) and 27b- J 1 (b; PT)
will be exactly the same as the P, = oo case of Jg gp(b; P:) and 27b - J)pp(b; P,) in Fig. 4,
respectively. Similarly for a transversely polarized proton, i.J; 7 (b; P*) and 2mb-i.J; | p(b; PT)
will be exactly the same as the P, = oo case of i.J gp(by; P.) and 27b - iJ pp(by; P.) in
Fig. 5, respectively. In Fig. 9, we illustrate the (scaled) transverse LF axial-vector current
distribution P—]\;JéLF(b 1; P™) in the transverse plane inside a transversely polarized proton,
using proton’s weak-neutral axial-vector FFs G4(Q?) and G4(Q?) given in Appendix A.
Similarly to Fig. 6, the distribution %J;LF in the transverse plane is not mirror symmetric
with respect to the z-axis but is still mirror antisymmetric with respect to the y-axis, since

L . . . . . . L
J51r also contains monopole, dipole and quadrupole contributions similar as J3yp.

B. LF amplitudes via proper IMF limit of EF amplitudes

Following Ref. [146], we can explicitly reproduce the LF amplitudes (60) by making use
of the EF amplitudes (42) in the proper IMF limit (i.e. first keep P™ and P~ fixed, and
then take P, — oo limit). Starting from Eq. (42), we can first construct the following A

and Agp amplitudes in a generic EF:

VAR A + A o, -A s's
WS O s) = 2R —ap 0GR a) + (T T GR A
-AOEF - (L -Al)ys (63)

0. <13 O)lp. ) = 2P~ | (o) GAAY) + TR

V2
with j& = (j9 £ j2)/v/2. We note that (p/, 5|5 (0)|p,s) = Agp remains the same as in
Eq. (42). Above amplitudes (p/, s'|75(0)|p, s) and (p', 5|72 (0)|p, s) clearly are not proper LF
amplitudes since they are still defined in terms of the canonical (or instant-form) polarization

states |s) rather than the LF helicity states |\)pp [146].
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By keeping Pt and P~ fixed, we then take the P, — oo limit of (p/,s'|75(0)|p,s),
(p', 5|75 (0)|p, s) and (p', 5|3 (0)|p, s). It then follows that

Jin 61, O, = 2P (206582 + T B G a)
Jim 65155 O], = P [ecian + B -
Jim (7,13 O)lp. )| | =20 {ms/s " %a} G4(a?)

A (AZW'UL)S/SG]ZD(AZ‘L)’

We note that in the IMF limit (i.e., P, — o0), similarly to the electromagnetic case [146],
the amplitude (p,s'|j5(0)|p, s) will be enhanced while the amplitude (p/, s'|75 (0)|p, s) will

be suppressed, owing to the associated global factors P™ and P~, respectively.

Compared with Eq. (60), we see that above “constructed” EF amplitudes (64) in the
proper IMF limit almost coincides with the genuine LF amplitudes (60), except the po-
larization difference. Recall the fact that canonical polarization states |s) in the P, — oo
limit (or equivalently, M — 0 and @ = |A | — 0 limits) will coincide with the LF helicity
states |A)pp, namely limp, o [s) = |A)rp since M3/ (p) = MIA/2 (/) = 14,5 in the limit

P, — oco. In other words, we can directly make the following replacements
s = A s = X (65)

for the “constructed” amplitudes (64) at proper IMF limit. It then follows that

Jim (o, 5155 (0) p. 5)

PE, s, s'=N

oAl

= op+ [(az),\/,\Gi(Ai) ! i G%(Ai)] = A,

1i VA
lei)noo <p S ’j5 (O)‘p’ S> P, s, s'—= )
(01 A)

( (66)
=2P" |:—(O'Z))\/,\GZ(A3_) + oM G%(Ai)} = Arps

li AV 0
Pzgnoo <p - "75 ( )|p’ 8> PE) s, s/ =N
e. X iA Al (AL o)),
=2 [(oon + SR 0] i) - SHEL TGy - A,
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which indeed explicitly coincide with the genuine LF amplitudes (60) as expected [146].
Alternatively, we can also explicitly reproduce the LF amplitudes (60) by using the EF
amplitudes in Eqgs. (46,48) obtained via the covariant Lorentz transformation (43). Similarly

to Eq. (63), we can construct (pf, s'|75(0)|p, s) and (¢, §'|75 (0)|p, s) from Eq. (46) as follows

W, 5175 O)lp, 5) = V(L + ByMVT+ 7 [azagm) oAy

WG:%(AQD] 5

U'J_'AJ_)

—2rt o.65(at) + TR aa),

(- AY)
2M

(67)
@, <15 O)lp, s) = V2(1 - BMVIT7 {—azaimi) n

(oL Ay)
2M

cran)|.
— 2P |-0.65(aY) cran)|.

where we have used Eq. (47). Evidently, (o, s'|2(0)|p,s) = Agp assumes exactly the
same expression as in Eq. (48). By taking then the proper IMF limit of (p', 5|72 (0)|p, s),
(0,575 (0)|p, s) and (p/, s'|72(0)|p, s), we do reproduce Eq. (64) with the help that [146]7

1 VT

lim cosf = lim sinf = —

P, —o00 \/1—|—7" P,—00 \/1—{—7'.

(68)

Finally, applying the replacements (65) to the “constructed” amplitudes will directly lead
to the same LF amplitudes (60). We remind that similar procedure has been used for the
cross check of the LF polarization and magnetization amplitudes in Ref. [147].

According to the explicit demonstrations of LF amplitudes via the proper IMF limit of
corresponding EF amplitudes in electromagnetic four-current [146], polarization-magnetization
tensor [147], and axial-vector four-current (66) cases, we are now confident to propose the

following (verified) lemma:

Lemma. Any light-front (LF) amplitudes for well-defined LF' distributions in principle
can be explicitly reproduced from the corresponding elastic frame (EF) amplitudes in the
proper infinite-momentum frame (IMF) limit (i.e., first keep P™ and P~ fized and then

take P, — ).

7 We note that there is a typo in the Eq. (41) of Ref. [146] that “limp, ,,, tanf = —1/,/7” should be
corrected as “limp, o tanf = —/7”, see Eq. (68).
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As a reward, we can classify more easily the origin of distortions appearing in LF distribu-
tions in general into three key sources. The first key source of distributions is at amplitude
level, originating from complicated Wigner rotations and the mixing of temporal and lon-
gitudinal components under longitudinal Lorentz boosts according to the covariant Lorentz
transformation (43) for amplitudes from BF to another Lorentz frame (e.g., a generic EF).

This is the only source of physical distortions for EF distributions.

The second source of distortions in LF distributions is also at amplitude level, originating
from relativistic artefacts caused by Melosh rotations (i.e. the change of Dirac spinors from
canonical spin basis to LF helicity basis), see Eq. (55). The change of polarization basis
in general affects also the normalization of the amplitudes, which usually brings the P*-
dependence for the transverse components of LF distributions, see e.g. the transverse LF

axial-vector current distribution J5(b1; PT) in Eq. (61) and Fig. 9.

The third source of distortions in LF distributions is due to the peculiar LF perspective for
defining the LF OF and O~ components [146, 147]. The O* component is usually regarded as
the “good” component, allowing physically clear probabilistic interpretation [118, 125, 182].
The O~ component, however, is usually regarded as the “bad” component, and it is also
considered as a complicated object without clear physical interpretation [146] and is therefore

often just ignored in the literature.

C. LF mean-square transverse radii

Similarly to Eq. (51), we can also apply the general definition (50) to the 2D LF axial
charge (or helicity) J;Lp(bb P1) and longitudinal spin Sy, pr(by; PT) = iTr [JZJ;LF(bL; P*)}
distributions (61). It then follows that [181]

2

OLe(PY) = (b pir(PT) = 33317 (69)

which indeed coincides with Ref. [148]. Besides, since J57p in Eq. (61) assumes exactly the
same expression as in Ref. [148], we then naturally arrive at the same mean-square transverse

LF spin radius [148]
2 1 G%(0)
b Pty =ZR? 7
< spm,T>LF( ) 3 A 2M?2 Gi(o)

(70)
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for the transverse spin distribution Sypp(by; PT) = 1Tr [oL - Jip(by; PT)]. Similarly to
what we found in Egs. (51,52) in the 2D EF case, these LF results (69, 70) again reconfirm
that the second-class current contribution associated with the induced (pseudo-)tensor FF
GZ(Q?), although explicitly included in the full matrix elements (59) and G%(Q?) indeed
enters J; -, does not contribute in fact to the mean-square transverse axial and spin radii

on the LF.

VII. SUMMARY

In this paper, we extended our recent study [148] of the relativistic weak-neutral axial-
vector four-current distributions inside a general spin—% composite system, where the second-
class current contribution associated with the weak-neutral induced (pseudo-)tensor form
factor is newly but automatically taken into account in terms of the full matrix elements.
To the best of our knowledge, this is the first time that the full weak-neutral axial-vector
four-current distributions inside a general spin—% system are systematically studied in terms

of relativistic Breit frame, elastic frame and light-front distributions.

We explicitly derived the first exact full tree-level unpolarized differential cross sections
of both (anti)neutrino-nucleon (15) and (anti)neutrino-antinucleon (21) elastic scatterings in
the lab frame using the full vertex functions including 6 weak-neutral form factors, individ-
ually. Relative to previous studies, our formulas of the full tree-level unpolarized differential
cross sections are more general and complete, and should be more useful for ongoing and
future (anti)neutrino-(anti)nucleon elastic scattering experiments.

In particular, we explicitly demonstrated that the relativistic weak-neutral 3D axial
charge distribution Jg 5 in the Breit frame is in fact related to the induced (pseudo-)tensor
form factor GZ(Q?) rather than the axial form factor G4(Q?). Besides, we newly found that
J? p is purely imaginary and parity-odd (33). This can be understood by the fact that .J? 5
is entirely contributed by the second-class current associated with GZ(Q?) whose existence
signs explicitly the G-parity violation, rather by the ordinary first-class current. Owing to the
parity-odd nature of .J{ 5, the definition of standard mean-square axial (charge) radius (37)
is in fact not well-defined. We also tested for the first time the Abel transformation of axial
charge distributions in the spin—% case, through which we explicitly revealed the breakdown

of Abel transformation for the connection in physics between 2D light-front and 3D Breit
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frame axial charge distributions, see Appendix B. On the other hand, the 3D axial-vector
current distribution Js g is totally free from the second-class current contribution, and is
closely related to the physically meaningful 3D spin distribution (34), from which one can
unambiguously define the physically meaningful 3D mean-square spin radius <r§pin> which
better characterizes the spatial extension of the weak-neutral content of the system [148].

When the system is boosted, the situation gets more complicated since both the Wigner
rotation and the mixing of different components under the Lorentz boost will play the roles.
We did observe clear frame-dependence of the axial charge distribution JQEF (longitudinal
axial-vector current distribution JZgp) in the generic EF for a longitudinally (transversely)
polarized proton. The frame-dependence of J9pp and JZ gp is solely due to the mixing of
temporal and longitudinal components of the axial-vector four-current amplitudes under
longitudinal Lorentz boosts (43), since they are both free from the Wigner rotation. On
the contrary, the transverse axial-vector current distribution JEfEF (49) does not get mixed
under longitudinal Lorentz boosts, but it suffers from Wigner rotations (46).

We also studied light-front distributions of full weak-neutral axial-vector four-current.
We clarified the role played by Melosh rotations, and further proposed and verified the
lemma that any light-front amplitudes for well-defined light-front distributions in principle
can be explicitly reproduced from the corresponding elastic-frame amplitudes in the proper
infinite-momentum-frame limit. As a reward, we can classify more clearly the distortions
appearing in light-front distributions into three key sources. For completeness, we rederived
both 3D and 2D transverse mean-square axial and spin radii in different frames. We showed
in particular that the second-class current contribution, although explicitly included in our
calculations, does not contribution in fact to the mean-square axial and spin radii.

To get a more intuitive view of the weak-neutral axial-vector structure of a spin—% hadron,
we also numerically illustrated our results of the full weak-neutral axial-vector four-current
distributions in different frames in the case of a proton, using proton’s weak-neutral axial-
vector form factors extracted from experimental data, see Appendix A. It should be em-
phasize that our analytic formulas apply to any spin-1 hadrons (e.g. A% X°, 2% etc.) and
can be easily generalized to higher spin systems, as long as the corresponding weak-neutral

axial-vector form factors are available.
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Appendix A: Parametrization of nucleon weak-neutral axial-vector FF's

In the literature [9, 10, 15, 18, 94], the nucleon weak-neutral G4(Q?) and weak-charged

G (Q?) axial FFs are usually parametrized in terms of a standard dipole model ansitz:

G%4(0)
__Gil0
Q2
(1 T <M£>2>

where L = Z, W and MY is the corresponding (axial) dipole mass. We note that the

GA(Q%) = (A1)

weak-charged nucleon axial FF G' (Q?) has been extracted from quasielastic (anti)neutrino-
nucleon and (anti)neutrino-nuclei scattering data with M} ~ (1.026 £0.021) GeV [94]. The
weak-charged axial charge (or coupling constant) G (0) = (1.2754 & 0.0013) [161] is very
precisely determined in neutron beta decay reaction n — pe~v,.

According to Refs. [9, 10, 157-160, 183], the weak-neutral axial-vector FFs G%(Q?) for
X = A, P,T can be related to the corresponding weak-charged ones G% (Q?) via

GZ(@) =) gl GL(@)
! (A2)

~

[GY(Q%) — GX(Q%) + G%(Q*) — GX(Q%) + GX(Q*)]

DO | —

where GY ~ G% — G% = Gg?_d), and G% denotes the FF contribution from the f-flavor

quark with f = u,d, s,c,b,t. We note that the axial-vector couplings of quarks to the Z°

boson in the Standard Model are given by ¢'y*" = 1 and gffl’s’b = -1

5 which explains the
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FIG. 10. Comparison of the nucleon weak-neutral axial G4(Q?) (left panel) and induced pseu-
doscalar G4(Q?) (right panel) FFs as a function of Q? using different methods, where confidence
bands of G%(Q?) at 95% confidence level are also shown. See texts for more details.

overall factor 3 in Eq. (A2). It should be noted that G4(t = —Q?) and GZ(t = —Q?) can
also be accessed via measurements of generalized parton distributions (GPDs) H flx, &)
and Ef(x,f,t) using facilities at JLab, DESY, CERN, BNL, etc. through the first-moment

sum rules [184-186]

Al) ZgA / dz (A3)

Z(t)

In general, the contributions from the heavy-flavor quarks (i.e. ¢, b, t) are very small for
the nucleon and are therefore usually neglected in practical calculations. In this analysis,

we also neglect the contributions from heavy-flavor quarks for the nucleon.

Using directly the extracted experimental data of the nucleon weak-neutral axial FF
G%(Q?) from Ref. [160] based on recent MiniBooNE measurements [15, 18], and performing
the standard dipole model (A1) fit to the data (denoted as “Dipole fit”), we find

M% ~ (1.0500 & 0.0107) GeV, (A4)

where G4(0) = (0.65520 4 0.00465) is fixed using both world average experimental data of
G (0) = (1.2754+0.0013) from Particle Data Table [161] and the strange quark contribution
to the nucleon spin As = G%(0) ~ (—0.0350 £ 0.0092) in the continuum limit and physical
pion point from lattice QCD [187]; see also Refs. [21, 22, 183] for recent analyses of G*(0).

Alternative to Eq. (A1) with M% given in Eq. (A4), we can also obtain G%(Q?) in terms
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of GW(Q?%) and G%(Q?) via Eq. (A2)%. For the strange quark contributions G%(Q?) and
G5(Q%), G5%(Q?) for X = A, P are also parametrized usually in the literature in terms of
the standard dipole model [46]

G (0)

(M5)?

Gx(Q") =

where the corresponding dipole parameters G%(0) = —0.044(8), M5 = 0.992(164) GeV,
G%(0) = —1.325(406) and M} = 0.609(89) GeV taken from Ref. [46].

In the left panel of Fig. 10, we show the direct “Dipole fit” (red dot-dashed curve) result of
G%4(Q?) using the extracted MiniBooNE data [15, 18, 160] (circle markers) via Eq. (A1) and
the reconstructed G4(Q?) = [GY (Q?)— G4 (Q?)]/2 labeled by “Quasi-vN” (blue solid curve)
using Eq. (A2) in terms of G} (A1) extracted from quasi-elastic (anti)neutrino scattering
data and G% (A5), in comparison with G4(Q?) from the BNL E734 measurements [9, 10]
(orange dotted curve) and the recent ETM lattice QCD calculations [44, 46] (green dot-dot-
dashed curve), where confidence bands at 95% confidence level are also shown. Within error
bands, all these experimental-data-based results (MiniBooNE, Dipole fit, BNL E734, and
Quasi-vN) are well consistent with each other, which in turn validates the correctness of
Eq. (A2). In contrast, the ETM lattice result of G4(Q?) [44, 46] shows sizeable deviation
from the MiniBooNE, Dipole fit, BNL E734, and Quasi-vN results.

To the best of our knowledge, there is currently no direct experimental data of the nucleon
weak-neutral induced pseudoscalar FF G4(Q?) in the literature. To obtain G%(Q?), we need
the knowledge of G¥% (Q?) and G%(Q?) according to Eq. (A2). The result of G5 (Q?) is given
in Eq. (A5) where the dipole parameters can be found in Ref. [46]. The remaining task is
to obtain G¥% (Q?). In chiral perturbation theory (yPT), the nucleon weak-charged induced
pseudoscalar FF G% (Q?) from full chiral structure up to next-to-leading-order (NLO) is
given by [60, 94]

2(M, + M,)F;
Q2+ M7

(M, + M,,)?
(MY)?

GP(Q%) = grtpn - 2GY(0) +0(Q% My), (A6)

where ¢,+,, is the pseudoscalar pion-nucleon coupling constant, M, (M,) is the proton

8 We note that the direct (anti)neutrino-nucleon elastic scattering data [15, 18, 160] of G4 (Q?) in turn can
help us to test whether the relation (A2) between G4 (Q?) and G (Q?) is valid or not.
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(neutron) mass, M; is the charged pion mass, Fy = f,/v/2 ~ (92.0653 4 0.8485) MeV [161]
is the pion decay constant for the 7 — u*v, reaction, and MY =~ (1.026 £0.021) GeV [94].

Based on the recent combined analysis of experimental data using chiral effective field theory

for 2., = 0.0769(5)2(0.9)" [188], we find [161]
Vir (M, + M,
Grtpn = al - M) Frtpn A (13.22613 £ 0.04369), (A7)

where uncertainties of fZ.  from the first (a) and second (b) errors are added in quadrature.
Alternatively, we can also obtain G (Q?) by assuming the pion-pole dominance (PPD)
hypothesis [41, 83|, which is based on the low-energy QCD relations—the partially conserved

axial-vector current (PCAC) relation and the Goldberger-Treiman relation [189], namely

(M, £ M) o g2) (AS)

GY(Q%) = NVEEN

where G (Q?) is extracted from quasielastic (anti)neutrino scattering data [94] via Eq. (A1).
We can thus construct G4(Q?) = [G¥ (Q?) — G5(Q?)]/2 with known G%(Q?) (A5) by using
GW(Q?) either from Eq. (A6) which is labeled by “NLO xPT”, or from Eq. (A8) which is
labeled by “PPD + Quasi-vN”. The PPD hypothesis also inspires us to reconstruct G4(Q?)
by using directly the “Dipole fit” G%(Q?) from Egs. (A1) and (A4), namely

4M?

GH(Q%) = mGi(QQ), (A9)

which is labeled by “PPD + Dipole fit”.

In the right panel of Fig. 10, we present our results of G4(Q?) by using different methods:
“PPD + Dipole fit” (red dot-dashed curve), “PPD + Quasi-vN” (blue solid curve), and
“NLO xPT”, in comparison with the reconstructed G4(Q?) = [G} (Q?) — G5(Q?)]/2 with
G%(Q%) (A5) by using experimental data of G (Q?) from the ordinary p-capture measure-
ments [190, 191] at® Q% ~ 0.88 Mg in the u~ +p — n + v, reaction labeled by “u-capture
(1981)” [190] (square marker) and “p-capture (2013)” [191] (triangle marker), and from
the low-energy charged pion electroproduction measurements [192] labeled by “Saclay exp.”

(circle markers). Besides, we also show the results of G4(Q?) = [G%_d) —G%]/2 from the re-

. M, +Mp)*—M? M, (M, +M,)—M2 ~ .
9 More rigorously, Q2 = [W — 1} M2 = {W} M} ~ 0.88 M7, where M, is the

muon mass.
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cent ETM lattice QCD calculations [44, 46] labeled by “ETM lattice” (green dot-dot-dashed
curve). We find that all these results of G% are well consistent with each other, which also
indicates the validity of Eq. (A2). Owing to the intensive overlaps of these results, the

confidence bands for G4(Q?) at 95% confidence level are not shown.

For the nucleon weak-neutral induced (pseudo-)tensor FF G4, there is currently no direct
experimental data at all. To some extent, this is also the reason why the second-class
current contribution of the nucleon associated with the induced (pseudo-)tensor FF G4(Q?)
are scarcely discussed and calculated in the literature [58-60, 63-85, 87]. According to
the Fig. 7 of Ref. [172], one can assume that GV (Q?) can by roughly approximated by
GV (Q*) = krGY (Q?), where the factor kr & 0.1 is roughly the mean value of the ratio
GY(0)/G% (0) in the Fig. 7 of Ref. [172] with GY = F4 and G} = 2F3, and G% (Q?) is
given in Eq. (A1) with M} ~ (1.026 4+ 0.021) GeV [94].

As a reward, Ref. [172] thus inspires us to propose the following ansdtz for the nucleon

weak-neutral induced (pseudo-)tensor FF GZ(Q?):

Gr (Q%) = krGR(Q%), (A10)

where G4(Q?) is the direct dipole model (A1) fit to the elastic (anti)neutrino-nucleon scat-
tering data [15, 18, 160]. We should emphasize that the reason why we relate G%(Q?) with
G%(Q?) via the ansditz (A10) is simply because the assumption proposed in Ref. [172], which
is the only reference that we have ever found with experimentally reasonable and useful re-
lation for G} (Q?) [and thus for GZ(Q?)]. In the real word, G%(Q?) is most probably to
be quite different from G4(Q?) instead of the simple but naive scaling ansdtz (A10), since
GZ(Q?) is strongly constrained by many symmetries and conservation laws while G4(Q?) is
not. This provides also a key motivation for future experimental measurements of G%(Q?)
and G'Y(Q?) for the nucleon in (anti)neutrino-nucleon elastic and quasielastic scatterings,

respectively, e.g. using the full tree-level unpolarized differential cross sections (15).

For numerical calculations and illustrations of the nucleon weak-neutral axial-vector four-
current distributions in Sec. IV to Sec. VI, we declare that we employ only nucleon weak-
neutral axial-vector FFs G4(Q?) from Eq. (A1) via the “Dipole fit”, GZ(Q?) from Eq. (A9)
using the “Dipole fit” G4(Q?) and the PPD hypothesis (A9), and G%(Q?) from Eq. (A10)
using the “Dipole fit” G4(Q?) and k7 ~ 0.1.
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Appendix B: Breakdown of Abel transformation for axial charge distributions

The Abel and its inverse transforms, named after Niels H. Abel for integral transforms
in mathematics, have been visited recently in several works [177, 178, 193-197] in the case
of charge and energy-momentum tensor spatial distributions with the goal of connecting 2D
LF spatial distributions with the corresponding 3D ones, where 2D LF spatial distributions
are regarded as the 2D Abel images of the corresponds 3D spatial distributions. We notice
that some discussions and debates have already been triggered in Refs. [194, 198]. In this
appendix, we will explicitly show the breakdown of Abel and its inverse transforms for the

connection between 2D LF and 3D BF axial charge distributions in the spin—% case.

According to textbooks, the standard definitions of the Abel and its inverse transforms

are given by [199]

o

]
S
—
=

I

Gy =2 | dr—=—gl(r),
b VvT —b (Bl)

Y 1 dG(b)
o(r) = [db 0

™

where &7 [g] (b) = G(b) is called the 2D Abel image of the 3D spatial function g(r) [198]. It
is thus not difficult to obtain the following generic relation for the nth order Mellin moment

of the Abel image G(b) in connecting with the corresponding 3D spatial function g(r):

/000 dbb" 1 G(b) = \;‘%%i(l%)) /000 drr"g(r), neNt={1,23,---}, (B2)

which is believed to be valid as long as g(r) decreases faster than any order of r™ [177].

Using the dipole model ansditz (Al) for the axial FF G4(Q?), one can easily obtain
the following analytic expression of the LF axial charge distribution from Eq. (61) for a

longitudinally polarized spin-3 target (with b= |b,|):

b(MZ)°

‘];,_LF(bJ-; P = (0:)x:G4(0) K, (bM%) = J;LF(b)7 (B3)

which is axially symmetric and can be regarded as the 2D Abel image of a 3D spatial

distribution J?

5,naive

(r). Applying the inverse Abel transform (B1) to J;7(b), we find

MZ 3 2
‘]50,naive(r) = (O-Z)/\’)\Gi(o)% G_TMA. (B4)
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One can first check that the axial charge normalization condition

(@G50) = [ @1 r) = [ by e (B)

seems to be automatically guaranteed. Besides, one can also check that J5|p(b) and
J5,

at any order. In particular, we find that the mean-square axial (charge) radius of J9 .:..(r)

naive (1) indeed satisfy the generic relation (B2) for the corresponding Mellin moment

is given by
J d‘”’rerSnawe( ) 12

(ri) naee = [E )~ QP ~ (0.6510 fm)?
HalVe (B6)
I < (2] -
Gi(o) dQ2 Q2:0 '

which exactly coincides with the identification of R% via Eq. (38) widely employed in the
literature [19, 20, 58, 59, 104, 173-176]. In contrast to J{ ... (B4), the genuine 3D axial
charge distribution (33) for a longitudinally polarized target is in fact given by

Jy g(r) = (Uz)s/s/ ((;w?i’» o AT QAMGZ<A2) (B7)

which is actually related to the induced (pseudo-)tensor FF GZ(Q?) rather than the axial
FF G4(Q?). This explicitly demonstrates that even though we neglect the polarization
difference, the naive 3D distribution J ;.. () does not assume clear physical meaning for
quantifying the genuine 3D spatial distribution of weak-neutral axial charges in the BF for a
longitudinally polarized spin—% target. This explicitly reveals for the first time the breakdown
of Abel and its inverse transforms for the connection in physics between 2D LF and 3D BF
axial charge distributions in the spin—% case. It should be noted that some discussions on the

breakdown of Abel transformations for targets with spin j > 1 have recently been presented

in Ref. [198].
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