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RELATIVE TRACE FORMULA AND SIMULTANEOUS
NONVANISHING FOR GL3 x GL; AND GL3 x GLy L-FUNCTIONS

PHILIPPE MICHEL, DINAKAR RAMAKRISHNAN AND LIYANG YANG

ABsTRACT. Fix a Dirichlet character x and a cuspidal GL(2) eigenform ¢
with relatively prime conductors. Then we show that there are infinitely many
cusp forms 7 on GL(3)/Q such that L(1/2,7m x x) and L(1/2, 7 X ¢) are
simulaneously non-zero. We achieve this by use of Jacquet’s Relative Trace
Formula. We derive an expression of the average over the GL(3) cuspidal
spectrum as a sum of a non-zero main term and two subsidiary terms which
are forced to be zero for large enough level by use of a suitable test function.
This article is dedicated to the memory of Harish Chandra, on the occasion of
his hundredth birthday.

Dedicated to Harish Chandra, with admiration, on the centenary of his birth
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1. Introduction

Harish Chandra was a mathematical giant who revolutionized the theory of repre-
sentations of semisimple Lie groups G, which many of us utilize in several different
facets of modern mathematics, from number theory at one end to geometry at the
other. The basic objects of the theory are the discrete series whose criterion for
existence (that G possesses a compact Cartan subgroup) and whose mirific prop-
erties were established by him. They lead directly to tempered representations via
parabolic induction of discrete series, and then on to the general Langlands clas-
sification and admissible (Lie(G), K)-modules. Of particular interest to us three
(writing this article) is the unitary representation L?(T'\G) for a discrete subgroup
T" of congruence type, where G acts by right translation p. The uninitiated could
first look at the case when I' is cocompact, in which case L?(I'\G) decomposes
discretely into a Hilbert direct sum of ireducible unitary representations of G, each
occurring with finite multiplicity. The simplest case is when G is SL(2,R) and T’
the group of integral units in an indefinite quaternion division algebra B over Q.
We are especially interested in the case when G is PGL3(R), which already
carries some of the difficulties encountered beyond SLa(R). We are in particular
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concerned with the periods over cycles defined by (discrete quotients of) suitable
Lie subgroups H; and Hs, which are intimately related to the central values of
Rankin-Selberg L-functions of GL(3) x GL(1) and GL(3) x GL(2); this relationship
follows from the integral representations of Jacquet, Piatetski-Shapiro and Shalika
in these two (very different) settings [JPSS83, JPSS79]. We utilize for their study
the relative trace formula of G (acting on L?(I'\G)) with respect to (Hy, Hz). The
spectral side furnishes the periods, and the essential difficulty of the paper is in
analyzing the geometric side, isolating the main term and showing the remaining
terms to be negligible.

We will be interested in congruence subgroups I', which are not cocompact. But
we are able to move to the adelic picture, and work with automorphic representa-
tions 7w of GL3(A), with A being the adele ring of Q, and by a suitable choice of a
test function f =[], fu, restrict to those 7 which have a supercuspidal component
at a fixed prime vg, which simplifies the trace formula and allows one to focus just
on the discrete part, which is a big help. We will actually consider the periods
weighted by a fixed character x of H; and a fixed cusp form o on Hy = PGL(2).
The final objective is to show that for infinitely many cusp forms 7 of GL(3),
L(1/2,7® x) and L(1/2,7 X o) are simultaneously non-zero.

The second author of this article (D.R.) gave a lecture at the Harish Chandra
Centennial conference at HRI in Allahabad in October, 2023, when he focused on a
similar, but much more difficult case of U(2,1) x U(1,1) (see [MRY23]). The case
considered here is much shorter and is more amenable to an easier exposition. We
hope it will be of some use.

Let us begin with a quick review of Jacquet’s relative trace formula, which the
experts can skip. For simplicity let us pretend that T'\G is compact. Every smooth
compactly supported test function f on G acts as a nice compact operator on
L2(T\G) by p(f)p := ¢ fF\G f(9)p(g)pdg, where dg is the quotient measure
induced by the Haar measure on G. Since ¢ is left invariant under T, p(f)¢p is
the pairing (¢, Kf‘A>F\G, where Ky is the kernel function on I'\G x I'\G given by

(T,y) = > er f(z71yy), and A denotes the diagonally embedded I'\G. This leads
to the expression of the trace of f as the integral of K over A. On the one hand,
a spectral analysis of L*(T\G) as Y & MV, into a sum of irreducible unitary
representations (m, V) with multiplicity m,. On the other hand, the geometric
side expands [, Ky as 2 () YOI \G~)O,(f), where {7} is the set of conjugacy
classes of 4 (with representative 7), G, (resp. I'y) is the centralizer of v in G
(resp. T'), vol(T'y\G,) is the volume of the quotient space of G, under the left
action of 'y, and O (f) denotes the orbital integral fGW\G f(x~1yy)dz. Comparing
the two sides one often gets many beautiful consequences. When f is a Hecke
operator, the geometric picture to keep in mind is the intersection of the graph
of the Hecke correspondence with the diagonal. Jacquet’s ingenious idea was to
replace the diagonal by a product Z; x Z, of suitable codimension in (I'\G)? (so it
is not too big or too small), and consider the integral - “period” - of the kernel Ky
over Z1 X Zs. To be able to apply representation theory, one is led to restrict the
“cycles” Zj, j = 1,2 to be arithmetic quotients I';\ H}, with H; Lie subgroups of G
and F;- = I'NHj; note that the H; are not necessarily semisimple. A simple example
is G = PGL(2,R), I cocompact defined by an indefinite quaternion division algebra
B over Q, T'\G a circle bundle over the Riemann surface I'\H (where H is the upper
half plane) and H; is (for j = 1,2) the torus defined by the algebraic integers of
norm one in a real quadratic field F; where B splits; here the image of Z; x Z3
in (I'\'H)? is a product of two circles (and has the same dimension as the diagonal
Riemann surface).
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Often one also integrates against a weight function (£1,&2) on Z; x Zs. The
kernel function Ky can be expanded spectrally as . p(gzpirf;"r
over an orthogonal basis {¢.|r € N} of the automorphic spectrum. This leads to the

spectral side of the relative trace formula for [ [, , Ky(z,y)& (v)2(y)dady to

be 3, Pi(p(f)er: §1)P2(@,, &2), where Pi(p(f)er, 1), resp. Pa(,.,&2), equals the
weighted period [, p(f)(¢r) (@)1 (x)d, resp. [, B,(y)€2(y)dy. In some cases, p(f)
acts as a scalar A\, on ¢,., simplifying the first period. A miracle is that in certain
cases, the period integrals are related to L-values, as it is in the case we analyze in
this article. (For a discussion of the simpler case of PGL(2)/ Q with Hy = Hy =T,
the diagonal torus, see [RR05].) Writing H = Hy x Hy and IV =T x I'}, we may
expand the geometric side as }° ., — vol(I,\H,)O,(f,§), where I'/ = is the set
of equivalence classes of v € T" with the equivalence v = § (in T') iff 6 = hivhe
for some hi, ha , H, (vesp. I') is the stabilizer of v in H (resp. I'), and O,(f,¢)

denotes the integral fHW\H Flz™ yy)ér (2)E4(y)dady.

In our case of interest, where G =PGL(3), we take Hs to be PGL(2), and the
period is given (thanks to [JPSS83]) essentially by L(1/2,¢, x o) if the weight
function on Hj is given by a cusp form in the space of o. Even more interesting is

a 0 b
the fact that if we take H; to be { 1

, where the sum is

¢ | }, whose abelianization is GL(1),
1

then the corresponding period is (essentially) L(1/2, ¢, X x), for & a character x
([JPSST9]). And our object is to prove that for many ¢, belonging to different
cuspidal automorphic forms on G, these two periods are simultaneously non-zero.
We can achieve this because there are, for our choice of a test function f, three
terms on the geometric side, and two of those happen to be zero (after some work)
by suitable shrinking the support of f. The remaining (main) term is shown to be
non-zero, as the (prime) level of the GL(3) forms becomes large. We have not tried
here to quantify here the amount of non-vanishing, as have done in [MRY23].

We conclude the Introduction with a few comments. In our main result below,
it should be possible with some work to deal with the more general case where we
do not require (by our choice of f) any supercuspidal component of 7, but it will be
more delicate. Much harder will be the case of 7' (on GL(2)) not cuspidal, which
will require a subtle regularization and consequently some additional terms, and it
will be impressive to solve this case. In a different direction, one could try to get
the second moment of GL(3) x GL(1) L-functions, where we will take Hy to be
the same as the H; used here; the geometric side is quite difficult in this case. By
contrast, the case of the second moment of the GL(3) x GL(2) L-functions work
out a bit better, though still difficult; in fact the third author of this paper has
achieved that for GL(n + 1) x GL(n) L-functions (|[Yan23]) for any n > 2.

Ph.M. was partially supported by the SNF grant 200021 197045. D.R. was
supported by a grant from the Simons Foundation (award Number: 523557).

2. The Main Result

Theorem A. Let x be a unitary Hecke character of F*\A%. Let o be a unitary
cuspidal automorphic representation of GLa/F. Then there are infinitely many
unitary cuspidal automorphic representations © of PGLs/F such that

(2.1) L(1/2,7m x x)L(1/2,7 x o) # 0.

Remark 2.2. More precisely, we will prove that (2.1) holds for n’s such that

® T is contained in a compact subset of the unitary dual of GL3(F),
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e there is a fixed finite split place vg, at which m,, is isomorphic to (fixed)
supercuspidal representation of PGL3(F,,),

e 7 has an Iwahori invariant vector at some prime ideal 91 with Nrp /Q(fﬁ)
sufficiently large (in particular distinct from vp),

e 7 is unramified at every other finite place.

For Nrp/ (M) large enough the number of such 7 is < Nrp, o(91)?. One may then
asked for how such 7 satisfy (2.1). In [MRY23] we could establish that this was
the case for > Nrp/@(‘ﬁ)a for some fixed 6 > 0. The proof used the amplification
method to bound individually the relevant period integrals; by design these were
non-negative. In the present case, we lack this positivity property. Instead, using
the mollification method one could show that (2.1) holds for > log(Nrz, o(91))° for
some fixed § > 0. We leave this to the interested reader.

Notation Guide.

Number Fields and Measures. Let F' be a number field with ring of integers Op.
Let N be the absolute norm. Let Or be the different of F. Let Ar be the adele
group of F. Let ¥ be the set of places of F. Denote by Xpan (resp. Xpoo) the
set of non-Archimedean (resp. Archimedean) places. For v € ¥, we denote by
F, the corresponding local field. For a non-Archimedean place v, let O, be the
ring of integers of F;,, and p, be the maximal prime ideal in O,. Given an integral
ideal Z, we say v | Z if Z C p,. Fix a uniformizer w, € p,. Denote by e,(-) the
evaluation relative to tw, normalized as e,(w,) = 1. Let ¢, be the cardinality of
F, := O,/p,. We use v | 0o to indicate an Archimedean place v and write v < oo
if v is non-Archimedean. Let |- |, be the norm in F,. Put |- | = HU|OO ||, and
| “lin = [Tpcoo |- o Let |- |ap =] |oo @] - |fn. We will simply write | - | for | - |4,
in calculation over A} or its quotient by F*.

Let g be the additive character on Q\Ag such that ¥g(te) = exp(27its), for
too € R <= Ag. Let ¥p = 9g o Trp, where Trp is the trace map. Then ¢p(t) =
HveEF Py (ty) for t = (ty)y € Ap. For v € ¥, let dt, be the additive Haar measure
on F,, self-dual relative to v,. Then dt = HueEF dt, is the standard Tamagawa
measure on Ap. Let d*t, = (p, (1)dt,/|ty|v, where (g, (+) is the local Dedekind zeta
factor. In particular, Vol(O},d*t,) = Vol(OQ,,dt,) = N, (Dr)~'/? for all finite

place v. Moreover, Vol(F\Ap;dt,) = 1 and Vol(F\Ag),dXt) = R_els Cr(s), where
A;}) is the subgroup of ideles A} with norm 1, and (r(s) = [[, . CF,(s) is the
finite Dedekind zeta function. Denote by F'* \Ag) the Pontryagin dual of F* \Ag).

Reductive Groups. For an algebraic group H over F, we will denote by [H] :=
H(F)\H(AF). We equip measures on H(Ap) as follows: for each unipotent group
U of H, we equip U(Ap) with the Haar measure such that, U(F') being equipped
with the counting measure. The measure of [U] is 1. We equip the maximal compact
subgroup K of H(Ap) with the Haar measure such that K has total mass 1. When
H is split, we also equip the maximal split torus of H with Tamagawa measure
induced from that of A%.

In this paper we set G = GL(3) and G’ = GLay. Let B be the group of upper
triangular matrices in G. Let G = Z\G and By = Z\B, where Z is the center of
G. Let N be the unipotent radical of B. Let 8 be the generic character induced by

Y
(2.2) 0 (u) = Yr(uiz +u2s), u= (uz;) € N(Ap).
Then 0 = ®,0,, where 0, (uy) := ¥y (U120 + U23 1), V € Tp.
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Let K’ = ®, K] be a maximal compact subgroup of G'(Af), where K| = Uy(C)
if v is complex, K/ = O2(R) if v is real, and K| = G'(O,) if v < co. For v € Ep gy,
m € Z>, define

(2.3) Kv[m] = {(kij)lgi,j§3 S G(OU) : kgl,k/’32 S an}
Define the following matrices:
1 1
w1, = 1 R Wy = 1
1 1

Other Conventions. Denote by a < 3 for o, f € R if there are absolute constants ¢
and C such that ¢f < a < CpB.

Throughout the paper, we fix a number field F, functions h, € C°(GL3(F,))
at v | oo supported in a small neighborhood of the identity I3 with h,(I3) =1, a
supercuspidal representation ,,, a unitary Hecke character x of F', and a unitary
cuspidal automorphic representation o of GLy/F with a cusp form ¢ € o. All
implied constants in < or O(-) will depend at most on F, h,’s, my,, x and ¢.

3. Test Functions and the Two Sides of RTF
Intrinsic Data.

Automorphic Representations. Let x = ®,X, be a unitary Hecke character of
F*\AF. Let 0 = ®,0, be a unitary automorphic representation of GLy/F.
For v < 0o, we denote by r,, and 7,, the exponent of the arithmetic conductor
of x, and o,, respectively. Let
® Yiin i= {v <00 Ty, > 0}, the set of ramified places of Xxfin = ®y<ooXv-
o X, = {U <0 Te, > 0}, the set of ramified places of gy = Rp<coov-

Then X, and X, are finite sets.

Cusp Forms in o. For v | oo, let o, € CP(F)) be such that a,(1) = 1 and
ay(ty) = 01if |t, — 1| > . Let W, be the function in the Whittaker model satisfying

W, <av 1> = ay(ay), ay € E.

For v < oo, we let W, be the local new vector in the Whittaker model of o,
normalized as W, (I2) = 1.
Let ¢ be the cusp form in o corresponding to the Whittaker vector ®y<eoWy.

Ramifications. Let M C Op be a prime ideal. Let
(3.1) M) :=Ix[1] [ Ko
v<oo, viN
where Iy[1] is the Iwahori subgroup of level 1 at v = 91. Suppose the absolute

norm Np (1) is sufficiently large so that x, and 7, are unramified at v = 91.

Supercuspidal Components. Let vy be a fixed finite split place such that ry, =
To,, = 0and vg 1 N. Let m,, be a unitary supercuspidal representation of PGL3/ F), .

Let W, be the vector in the Whittaker model of 7,, (relative to v, ) such that

(32) W’UU <yv0 1) - ]-KL%[I] (y’uo); Yo € GLQ(F’U())'
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Here K [1] is the congruence subgroup defined by

o k k
K’IIJU[]‘] = { (k; k;i) © ka1 € Poy, k22 —1¢€ on}-

By Kirillov model theory, such a Whittaker vector W,, is uniquely determined
by (3.2). Moreover, we have the following property of the matrix coefficient.

1 bu,
Lemma 3.1. Let notation be as before. Let y,, = 1 ¢y (%0 1), where
1
bugs Cop € Fuy, and xy, € GLa(Fy,). Then

(33) <7Tv0 (yvo)WUov Wv0> = Evo (Cvo) VOI(K:)C; [1])1bv07gvoep;1 ]-K{,% [1] (xvo)'

0

Proof. By definition, the matrix coefficient is

<7TU0 (yvo)Wvoa Wvo> :/ W, ((g 1) yvo) W, (g 1) | det9|vd9-
N(Fuo)\GLy (Fug)

Substituting (3.2) into the above integral yields

k 1 b’uo T
(34) <7TU0 (y’uo )W’Uo s W,UO> = / W’Uo ( 1> 1 Cuo < Vo 1> dk.
K1) 1
ki1 kio

Write k = <k:21 P

> € K,2[1]. Then it follows from (3.4) that

_ kx,,
(3.5) (0 (Yoo ) Woo s W) :/ Yy (k21byy + k22c0, )W, < Loy 1> dk.
Ko 1)

k.,

Notice that W, ( ) = lgpp (Zyy). We thus derive (3.3) from (3.5),

1
along with orthogonality of the additive character Evo. (I

Construction of the Test Function.

e at v = vy, we take

fuo (g’Uo) = VOI(K;(;U])_2<7TU0 (gvo)Wvoa Wvo)a Guvo € GL3(Fvo)-

e at v | N, we take

fo(go) == VOI(Iv[l])_l/ 17,1 (20g0)d™ 20, guv € GL3(F),
FX

where T,[1] is the Iwahori subgroup of level 1.
o at v e Xy, UXsy,,, we take

folg) =—— S @ Y

7(Xw)

X
roy 4 EFY

ave(ov/pzxv ) Bv€Oy /Py
X
L (aumr i, * Lo (gomr oy, (2090)4" 20,
where 7(x, ) is the Gauss sum relative to x, and v, and for v, € F,,
L v 1 Yo
(3.6) Ur(yy) := 1 , Ua(yw) = 1
1 1

e at the remaining finite places v, we take

fv(gv) = / lGLg(OU)(zvgv)dxzvv gv € GLS(FU)-
FX

v



e at Archimedean places v | co we take
(37) Flg:) = [ olaga)d 2 g, € GLa(E),
F)

where h, € C°(GL3(F,)) is a fixed smooth function, with h,(I3) = 1, and
supported in an e-neighborhood of the identity I3 (ie. defined by ||gs|l+ < &
for some fixed norm on M3 (F,)) with € > 0 fixed sufficiently small.

Let f = ®y<oofv be the test function constructed as above. Henceforth we will
work below with this test function in the relative trace formula, or RTF for short.

The Relative Trace Formula. Let f be the test function defined in §3. Let

(3.8) K(gi,92):= Y fl91'792), 91,92 € GLy(Ar)
YEPGLy(F)

be the automorphic kernel function associated with f. Since f has compact support,
K(g1,g2) converges absolutely.

Let s = (s1,52) € C? be such that Re(s1) > 1 and Re(s2) > 1. Let ¢ be an
automorphic form in o. Define

a b
J(f, 0, 8) ::/ dxa/ dbdc/ K 1 ¢ ,(y 1) x(a)(c)
FX\AX (F\AF)? [GL:] 1
Jaf**~ % 6(y)| det y|**dy.

The Spectral Side. Since f, is a matrix coefficient of a supercuspidal represen-

tation at v = vg, only the cuspidal spectrum appears in the spectral decomposition
of K(+,-). Hence,

(3.9) K(g1,00) = > Y 7()e(g)e(ga),

T pemlOV

where 9B, is an orthonormal basis of 7, invariant under the action of I(N) :=
[1ocoo Kolen(M)]. Substituting (3.9) into the definition of J(f, ¢, s) yields

(310) J(f,¢,8) :Z Z P1(1/2+Slaﬁ(f)507X)P2(1/2+525¢7¢)7

(o)

T pEBx

where P1(1/2 4 s1,7(f)e, x) is defined by

a b
/ / m(f)e 1 ¢ | x(a)d(c)|a|* ~ 2 dbded*a,
L Jap? 1

and Pa(1/2 + s2,7, ¢) is defined by

/ so(y 1)<15(y)|detyl‘”ﬂh/-
[GL]

Notice that P1(1/24s1, 7(f)p, x) is the Rankin-Selberg integral representing the
L-function L(1/24 s1,m X x), and Pa2(1/2 + s2,5, ¢) represents L(1/2+ s2, 7 X 0),
where 7 is the contragredient of .

Due to the rapid decay of cusp forms and Rankin-Selberg theory, the function
J(f, ¢, s) converges absolutely in Re(s1) > 1 and Re(sz) > 1, and admits a holo-
morphic continuation to C2.



8 PHILIPPE MICHEL, DINAKAR RAMAKRISHNAN AND LIYANG YANG

The Geometric Side. Let P be the parabolic subgroup of GL3 of type (2, 1), and
let Py be the mirabolic subgroup. Let N, be the unipotent subgroup consisting
1

of matrices of the form 1 x|, and let Ny, be the unipotent subgroup
1

1 *x %

consisting of matrices of the form 1
1
Then, we have the Bruhat decomposition:

(3.11) GL3(F) = P(F) U N, (F)ws P(F) U Ny, u, (F)wiws P(F).
Substituting (3.8) and (3.11) into the definition of J(f, ¢, s) yields
(312) J(fa¢) 'S) = JSmall(f;¢; 'S) +JII{eg(fa¢a 'S) Reg(f ®, )7

where

a b
Jsman(f, ¢, s) / / / 1 ¢ v (y 1)
FX\AR J(F\Ar)? J[GL2] 1

YEPo (F)
x(@)$(c)[al* =2 @(y)| det y|** dydbded* a,
the function Jéeg(f, @, 8) is defined by

a b
[ - e -0
FX\AR J(F\Ap)?2 J[GL2] 1 1

| yeN, F)wgPo(F)
X(a)P(c)|al* 2 ¢(y)| det y|* dydbdcd*a,
and the function J{{ég(f, ¢, s) is defined by
~1

a b Y
- ) ()
FX\ARX J(F\Ap)? J[GL2] (F) 1

X(@)9(c)|al** "2 (y)| det y|* dydbded* a.

We will refer to Jsman(f, ¢, ) as the small cell orbital integral, while J{{eg(f, o, 8)

and J{{ég( f, &, 8) will be called the regular orbital integrals of type I and II, re-
spectively.

In the following sections, we will show that Jsman(f, @, s) is the main term on
the geometric side (3.12), and that

JReg(f7¢7 ) Reg(f ¢a )—0

as the absolute norm Np(9) becomes sufficiently large.

YENw wo (F)wlwng

4. The Small Cell Orbital Integral

In this section we will investigate the small cell orbital integral

a b
JSma,ll f ¢a / / / 1 ¢ v (y 1)
F'X\A>< (F\AFr)? J[GL2] 1

'yGP (F

% x(a)p(c)lal** "2 ¢(y)| det y|*2 dydbded* a.
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Proposition 4.1. Let notation be as before. Then Jsman(f, ¢, 8) converges abso-
lutely in Re(s1) > 1 and Re(s2) > 1. Moreover, it admits a holomorphic continu-
ation to C2, and

(4.1) Jsmant(f, ¢, 0) > Np(N)°,
where the implied constant depends only on x, ¢, and h,’s at v | co.

Proof. By the change of variables b — —ab, ¢ — —c, and y — ay, we have

b

1
Isatroa = [ e (7)) P s detsp e
2(AF 1

Plros)i= [ o ((* 1)) x@laereszama

Since ¢ is a cusp form, P(y;¢d,s) converges absolutely for each y, defining a
continuous function of y. Also, the construction of f ensures that

1 b
f 1 ¢ (y 1) =0
1
unless y lies in a compact set of GL2(Ap), and (b, ¢) lie in a certain compact set of

AZ. Hence, the integral Jsman(f, @, s) converges absolutely for all s € C2.
Utilizing the Fourier expansion of ¢ we obtain

Ply; ¢,s) = /AX W <<a 1) y> (@)|a[ o235,

where W is the Whittaker function of ¢ relative to the additive character ¢). There-
fore, we obtain the local factorization:

JSmall(.ﬂ ¢7S) = H JSmall,v(fv (bvs)a Re(sl) > 15 Re(SQ) > 1’

v<oo

where

where

by
JSmall'u f ¢; / / fv 1 Cy (yv 1) wv(cv)dbvdcv
GL2(Fy) JF? 1

Gy S1+S2 S2
Lo (")) wetonantst 2 aet ..
X

e Let v = vy. By Lemma 3.1, we have

Py (o) VOI(EP N1, oot Licop (o)

Jsmanw(f, ¢, 8) = Vol (K [1 / / / dbyde,
K/O[l]

/ W <<au 1) yu> Yo (ay)|as 533752 20% 0, dy,,
FX

which simplifies to

(42) JSmall,v(fa ®, 8) = quv(l + s1 + 82,0, X Xv)-
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o Let v e Xy, UXs,,. Then

1
JSmall,v(f; ¢; 3) :m Z Xv /G,L2 /F2 i "/)v Cv

€(0y/pXY )X ﬁu €0, / WY
1 by
1k, | 2Ui(—apm, ) 1 e (yv 1> Us(Bown 7)) | d* 2,
1

ey [, (")) ) olendlan o2 e det i,
F><

where Uy (—a, @, **) and Ua(B,@, ") are defined by (3.6).
By the change of variable v, + Ui (a, @y X*)yy, along with

(%) i) = vz ()

we thus simplify JSma,ll,U(f; @, s) to
by

/ / ]-K Cy <yv 1) U2 (ﬂvwijrav) 1/}71 (Cv)dbvdcv
2
B,€0, /prgv GL2(Fy) JF? 1
Ay ey (Qy S1TS82 S2
/ e (( 1) yv) Xo (@ @) ay |72 20% ay | det |3 dy.-
X

Write y = (yll y12)' By the change of variable (bv) — (b”) —
Y21 Y22 Cy Cy

Yo (B”ws U)), we obtain

JSmall,v(f; ¢; 3) = Z / / 1/}71 Cy — y?lﬂvwv )db dcv

Bu€O, /7"

Low (")) m) w@se el 2 a,
FX

which, due to a straightforward calculation, boils down to
(4.3) Jsmall.o(f, &, 8) = qu”" Vol(Ky[ro,]) Lo(1 + 81 + 82,04 X Xo)-
o Let v <ooand v ¢ 3y, |UZs, U{vo}. Then

JSmall,v(fa ¢a ) VOl / / 1[ [ew (D)) (( 1)) wv(cv)dbvdcv
GLy(F,) J 02
/F W <<av 1) yv) xv(av)|av|i1+sz+l/2dxav| det y, |22 dy, -
As a consequence, we obtain

(44) JSmall,v(fa o, S) = CF, VOl(IU [ev (m)])ilLv(l + 81 + 82,0, X Xv);

where cr, is a positive constant depending only on the discriminant of F.
In particular, ¢, =1 if v is not a ramified place.
e Let v | co. By definition of f, (cf. (3.7)), we have

1 by

/ fo 1 ¢ (y ) bo(ey)dbyde, = 0
F? 1 1
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unless ||y, — 2], < €, and

1 by
(4.5) ’ / / f, 1 ¢ (yv ) by (co)dbyde,| det y, |52 dy,
GLy(F,) J F2 1 1

Let| Re(s1)], | Re(s2)] < 1. By the mean value theorem,

> 1.

1 by
JSmall,v(fv ¢7 S>7 / / fv 1 Cy (y'u 1) 1/}71 (Cv>dbvdcv
GLy(Fy) J F? 1

Q.
Loma (™)) wlania 2t et iy,
FX

L eg,

where the implied constant depends on ¢, f, and ¢. In conjunction with
(4.5), we deduce, by taking € to be sufficiently small, that

(4.6) Jsmalt.o(f, 6, 8) > ’/ W, (av 1) Xv(a'u)|av|f;1+sz+l/2d><av‘ > 1.
FX

Here the last inequality is a consequence of the definition of W,, in §3.
Therefore, (4.2) follows from (4.2), (4.3), (4.4) and (4.6). O

5. Regular Orbital Integrals of Type I

Let J{{eg(f, ¢, s) be the orbital integral defined as in §3. In this section, we aim to

show that J{{eg(f, ¢, s) converges absolutely in Re(s1) > 1 and Re(s2) > 1, and
moreover, that it vanishes in this region.

Local Analysis. Let f be the test function constructed in §3. Let C = ®4<c0Cl,
where C, is a compact subset of G(F,) with Z(F,)C, = supp f,. In particular,
Cy=K,ifv<ooand v gy, |JZeg, or vtvedl. Hence,

Y1 y1u -+ y2b b i
(5.1) f Yac B t+e ( 1) =0
Y2 1

unless there exists some z, € F,* such that

(5.2) Z Y2,0Co B+

Yo Y10Uv + y2,vbv bv K’
o ()
1
Y20 1

where K is a maximal compact subgroup of GLa(F,).

Archimedean plaves. Let v | co. By (5.2), we obtain

|Zvy1,v|v = 1; |Z12;y2,vﬂ_1|v = 1
|Zv(yl,'uuv + yQ,Ub'U)|U <1, |Zyby|»u <1
|Zvy27v|v < 1, |Zvy2,vcv|v <1, |Zv|v < 1, |Zv(6_1 + Cv)lv <1,

where the implied constant depends only on h, € C*(GL3(F,)) (cf. (3.7)). So
2ol <1, [25g20lo < Blu, [2og0lo <1 = [Blo < |20]o < 1

(53) |Z'U(y1,vu'u + yQ,Ubv)|'u < 13 |Z’UbU|’U <1
|Z'Uy1,vlv = 13 |ZU92,'UCU|U < 1; |Z’U(/B_1 + cU)lU < 1
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Non-Archimedean places: ramification. Let v € X, |J¥s,, or v | vo. Write | =
ey(2y). Tt follows from (5.2) that

120 + ey (y2,0) — en(B)] < 1

[l +ep(y1,0)] <1

I+ eu(y2,0) > —1

[+ eu(y2,0) +eulcy) > —1
> -1

I+ e, (B +¢p) > -1

I+ ey (Y1,0Uy + Y2,0b0) > —1
I+ ey(by) > —1,

(5.4)

where the implied constants depend on x, m,,, o, and F. It follows from (5.4) that

e(B) > -1, —1<I<K1+ e, ()]
120 + v (y2,0) — eu(B)] < 1

I+ ev(yl,v)| <1

(5.5) I+ en(y2,0) + ep(cy) > —1
I+e,(B7 +ep)>—1

I+ ey (Y1,0Up + Y2,0by) > —1

I+ ey(by) > —1.

In particular, for each 3, the constraints (5.5) forces the variables 1.4, Y2, Uy,
¢y and b, lie in compact sets depending only on x, m,,, o, F', and g.

Non-Archimedean places: unramified places. Let v < oo with v € £, X, and
vt vg. Write | = e,(zy). In this case we have C, = K,[e,(91)]. So (5.2) boils down
to

eo(B) =20+ ey(y2,0)
I+ eu(y2,0) > €n(M)

I+ ey(y1,0) =0

L+ ey(y2,0) + €v(cy) >0

(5.6) 1> 0
I+e, (Bt +cy) >0
I+ ey(y, uuv+y2 wby) >0
I+ ey(by) >

In particular, we have e, (8) > e,(91). Moreover, when e, (9) > 1, we have

(5.7) ev(B) = ev(y2,0) = €M), eu(y1,0) =0
. ev(ﬁ_l + CU) Z Oa e'u(yl,vu'u + yQ,UbU) Z 0; ev(bv) Z 0.
Now we assume e, (‘ﬁ) , so that C,, = K. Consider the following scenarios.
e Suppose e,(8) = 0. Then
— &v v) = €u v) =0
(58) =€ y2 ) € (yl, )

'U( U) Z Oa ev(bu) Z 0

e Suppose e,(3) > 1. We have the following scenarios.
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— Suppose [ = 0. Then

ev(B) = ev(y2,w) > 1
ev(Y1,0) =0
(5.9) cp=—F"1+0,
ey (uy) >0
ev(bv) > 0.

— Suppose [ > 1. Then

en(B) =21+ ey(y2,) > 1

I+ ey(y2,0) =0

[+ ev(yl,v) =0 ngf N Z_Ze 1(y ) I
v\Y2,v) — Cv\Ylw) — —

(510) ; "i>‘€1v(y2,u) + @U(Cv) >0 = eU(C,U) >0

l+ ev(ﬂil + Cv) -0 l+ ev(yl,vuv + y2,vbv) 2 0

l+ ev(yl,vuv + y2,vbv) Z 0 eﬂ(bv) 2 -

I+ ey(by) >0

Back to Archimedean places. Suppose that (5.1) holds. By (5.5) and (5.6) there
exists a fractional ideal J, depending only on F, m,,, x and o, such that g €
NI — {0}. So N(B) > 1. Combining this with |5|, < |zy|» < 1 for each v | 0o, we
derive that |z,], < 1, v | co. Hence, (5.3) reduces to

|zolo X1, |y2ple <1 = |Bl, <1
(5.11) [Y1 0ty + Y2,0b0]0 K 1, |byle < 1
W1wle <1, |87+ colo < 1
In particular, under the constraint (5.1), we have § € MJ — {0} with |3], < 1

at all v | co. In particular, there are only O(1) such S’s.

Convergence and Vanishing.

Lemma 5.1. Let notation be as before. Let ¢ be a cusp form in o. Let Re(s1) > 10
and Re(sa) > 20. Then

Jr —/ / / ’f(X) a1~} é(y)| det y|*2 |dydbded* a < oo,
FX\AR J(F\AF)? JGLa2(AF) o 3 cp
where X refers to the matrix
a=! 1 -b\ (1 1 o
(5.12) 1 1 —c 1y | w 1 B (y 1) .
1 1 1 1

Proof. Due to the construction of f, at v | 91, we may assume § € F* in the above
inner sum. Taking advantage of

1 @ 1 =6 1 =9 1 o+ 0p3
1 B 1 - 1 1 8 |,
1 1 1 1
. . 1 —ap! -1
we can preform a series of change of variables y — 1 Yy, b= b+af™,

a
cr—>c+'y,andyr—>< 1

) y, in conjunction with the Iwasawa coordinate y =
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(yl ylu) k, to obtain
Y2

FX\AR J(Ap)? GLZ(AF)ﬂ;;X
S1 1 a S22
o (7)) 1dens

A straightforward calculation leads to

dydbded™ a.

1 b Y1 YU Y1 Y1u + y2b Bb
1 c|w y2 B = Yac 1+ Bc
1 1 Y2 B

Consequently, we obtain, by the change of variable y; — By; and y2 — Bys, that

Y1 yiu+ yaob b k
-1
/FX\AX/ )2/A // e p e ( 1)
BEFX Ap F) Yo 1
S1+% ayi I w k S2
. ¢<( yz)( 1) )'yl‘”'

Utilizing (5.5), (5.7), (5.8), (5.9), (5.10), and (5.11) in §5, which characterize the
support of the variables y1, y2, u, b, ¢ and a, in conjunction with the decaying of

cusp forms
1 : -
¢ <<ay1 yz) ( t1L) k> < min{1, Jay: |7 [y2[ '},

where the implied constant depends on ¢ and F', we obtain J; < co. O

dkdudbded™ y1d* y2d™ a.

Remark 5.2. In the above proof the cuspidality of ¢ is essentially used. In fact, Jr
may not converge if ¢ is an Eisenstein series.

Corollary 5.3. Let notation be as before. Let Np(IM) be sufficiently large. Let ¢
be a cusp form in o. Let Re(s1) > 10 and Re(sz) > 20. Then Jh.,(f,¢,5) =0

Proof. By definition,
Hettosr=[ [ £(x)
FX\AX J(F\AF)? JGL2(AF) 5 TeF

x(a)(c)]al* 7 ¢(y)| det y|*> dydbded*a,
where X is defined by (5.12). By Lemma 5.1, Jéeg(f, $,s) is equal to

Y1 y1u + yob b k
S i ho o me atee) (B
FX\AL J(AF)? J(AF)3 JK' 1

BeFX Y2

— 1 1 s
x(a)¢(0)|alsl+2¢((ayl yg)( 1{) k) ly1yo|* dkdudbded* yi d* yod* a,

which converges absolutely by the control theorem.

By the analysis in §5, there exists a fractional ideal J, depending only on F|,
Tues X and o, such that 8 € 97 — {0}. Also, by (5.11) we have ||, < 1 for
all v | oo, which contradicts 5 € NI — {0} if Np(MN) is sufficiently large. Hence,
Jéeg(f, ¢,8) = 0in Re(s1) > 10 and Re(s2) > 20. O



15
6. Regular Orbital Integrals of Type 11

Let JII{ég(f,qﬁ, s) be the orbital integral defined in §3. In this section, we aim to

show that Jéég(f,qﬁ, 8) converges absolutely in Re(sy) > 1 and Re(s2) > 1, and
moreover, that it vanishes in this region.

Local Analysis. Let f be the test function constructed in §3. Let C = ®,<c0Cy,
be as in §5. We have

—1

alyr aMyriutyb) a BT+ D) (k:
)

f Y1 Yiu + yac c =0
Y2 1
unless
—1 —1 b —1/p—-1 b
au yl,v ay (yl,vuv +y2,v v) ay (ﬂ + v) K/
(61) ) Yl Y1,0Uy + Y2,0Cy Cy S C’U ( v 1) .

Y20 1

Archimedean places. It follows from (6.1) that

|Z§a516‘1y1 vY2ule < 1

lzoay Y1 0lo <1, |zoy10lo < 1

|zoas  (Y1.0te + Y2,0b0) |0 < 1, |2zpag (B +by)]y < 1

lZ0y2.0lo € 1, |2oclo <1, |2u|o < 1, [20(U10Us + Y2,000)|0 < 1,

where the implied constant depends only on h, € C(GL3(F,)) (cf. (3.7)). So

|zay B 2wl < 1, Bl < J20]o < 1

|zvay, Y1 0] < 1, |Zuy1,v|v <1

|20a; (Y10t + Y2.0b0) o < 1, |20a; (B~ + b)) < 1
|Zoyo.0le < 1, |2ucolo < 1, |20 (10U + Y2,000)]0 < 1.

(6.2)

Non-Archimedean places: ramification. Let v € Xy, U6, or v | vo. Write [ =
ey(2zy). The constraint (6.1) amounts to

a;lyie  ar (yrete + Yaeby) ay (B4 by)
fj Yiv Y1,0Uy + Y2,0Cy Cy S va
Y2, 1

w.

which leads to

3l — e(B) — evlaw) + eu(y1,0) + €u(y2,0)] < 1

l+ en(yon) > =1, 1> =1, I+e,(c,) > —1
—ep(ay) +ep(y10) > -1, I+ep(yro) > —1
— ey(ay) + ey (Y10t + y2,000) > —1

l+ o (Y10t + Yo, vcv) > —1

I —ey(ay) + en(B71 +by) > —1,
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where the implied constants depend on ¥, m,,, o, and F. It follows from (6.3) that

er(B8)> -1, -1l 1+ |ey(8)]

131 — ey (B) — ev(av) + euv(y1,0) + €v(y2,0)| < 1
ev(ay) >1—ey(B), l+ey(cy) > —1

=1 <1+ ep(y2) < 14 [ey(B)]

(64) -1 <<lfev(av)+ev(y1,v> <1+ |ev(ﬂ>|

—1 < l+ep(y1,0) < 1+ en(B)]

I —ey(ay) + ey (Y10t + y2,000) > —1

L+ ey (Y1,0Uy + Y2,0C0) > —1

[ —ey(ay) +eu(B71+by) > —1.

In particular, for each §, the constraints (6.4) forces the variables ya 4, Uy, ¢y
and b, lie in compact sets depending only on x, m,,, o, F, and 3. Moreover, y; ,
and a,, satisfy the restrictions

(6.5) ev(ar) > =1 —les(B)l,  eu(y1,0) > =1 —leu(B)].

Non-Archimedean places: unramified places. Let v < oo with v € £, X, and

vtvg. Write | = e,(2y). We have C,, = K, [e,(9)], and (6.1) reduces to

ev(B) = 3l — ev(av) + €v(y1,0) + €v(y2,0)

L+ ey(y2,0) = €0(M)

[>0

I+ ey(ey) >

(6.6) I —ey(ay )+6v(y1 v) >0

L+ ev(y1o) >
—ey(ay) + ev(yl vy + Y2,0by) >0
+ €y (Y1,0U0 + Y2, Ucv) >0

l*ev(av)Jrev(ﬂ +by) > 0.

When e,(91) > 1, (6.6) simplifies to

ev(B) = en(Y2,0) > €(N) > 1

ev(co) 20, ey(ay) = en(yr,0) >

—ey(ay) + eu(Y1,0us + y2,0b0) >

eo(B7 4 by) > en(MN).

Now we assume e, (M) = 0, so that C,, = K,. Counsider the following scenarios.
e Suppose e,(8) = 0. Then

€y (av)*ev(yl v)>0 ev(y2u)*0 ev(cv)>0
'u(yl,uu'u + y2,vbv) > ev(av); (ﬁ +b ) (av)-

e Suppose e,(8) > 1. Then

(6.8)

ev(B) = 3l — ey(ay) + eu(Y10) +eu(y2,0) > 1
I+ey(y2,0) >0, 1>0
(6.9) I —ey(an) +eu(yrw) =0 eylcy) > —1
I+eu(y1) >0, [ —ep(ay)+ eo(Y1,0to + Y2,0b0) >0
I+ ey (y1,0tn + Y2,0¢0) =0, 1 —ey(ay) +eu(B71 4+ by) > 0.

Consider the following scenarios according to the sign of e, (a,).



— Suppose €, (a,) > 0. Then (6.9) reduces to

2l + ey (y2,0) = €u(B) > 1
ev(ay) >0, 1>0, I+ey(y2,) >0
l—|— eyp(cy — H>o0

— ey av)+eu(y1v) =0

l+evy2v)+€v(cv_b) 0

(
(
—ey(ay) + eu(yl Uy + Y2, vby) >0
(
(

I —ey(ay) +e, (B~ +by) >

* Suppose [ = 0. Then

ev(Y2,0) = €u(B) > 1
€v (Y10 ) = ev(av) >0

Y2, ’UbU) > ev(av)

(
(
= ev(cy) >
(
(

) > ev(av)

x Suppose [ > 1. Then

) =1 > 1 ev(y2,v) = *ev(ﬂ)

)20, eu(y1,0) = evl(av) — eu(B)
'qu + y2 ’Ub’U) Z ev(av) - ev(ﬁ)

) >0, ey(B71+by) > epay) —eu(B).

— Suppose e, (a,) < —1. Then (6.9) reduces to

2l — ey(ay) + ev(ylv) = ey(B)
l+ev(y2v)207 120
I+ eu(cy) >0, I+e,(y1) =0

(
l—ey(aw) +eu(y2,0) + €v(by —cy) >0
(

l+ev ylvuv+y2vcv) > 0
I —ey(ay) + e (B + by —cy) >0.

* Suppose [ = 0. Then (6.12) becomes

ev(ﬁ) = _ev(av) + ev(y2,v) >1,

(
(
ey(Cy) >
(6.10) eu(Y1,vthy +
e'u(yQ v + ev(c'u - b )
ev(ﬂ + by
e (8
ey (ay
(6.11) ev(yl
ey(cy —
(6.12)
ev(cy) >0,
(6.13) eolby) > —

ev(yl v) =0
( )a ev(uv) >0

—€y av)+ev(ﬂ +bv) 20

* Suppose [ > 1. Then (6.12) becomes

ev(B) > 1,

ev(yl,v) = ev(ylv) = —ey(ay) — es(B)

(6.14) ev(ay) >1—ey(B), eulcy) > —ep(ay) —en(B)

—ey(ay) + ey(by, — ¢y) >0,

€y y2 v) - ev(ﬂ)

€v(Y1, ) = ev(av)

ev(yl,vuv + yQ,vcv) Z

eo(B71 +by) > ey(a

€v (Y1, vuv + Y2, ’UbU) Z ev(av)

v)-

e'u(yQ,U) Z 0 = ev(av) Z _ev(ﬁ)

,ev(av) —

17

Back to Archimedean places. Suppose that (6.1) holds. By (6.7), (6.8) and (6.9)
there exists a fractional ideal J, depending only on F, m,,, x and o, such that
B € NI—{0}. So N(f) > 1. Combining this with |5], < |2zy|» < 1 for each v | oo,
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we derive that |z,], < 1, v | co. Hence, (6.2) reduces to

lag ' 87 1 0y2,0lo < 1, |y1ule <1, Jy2ele <1 = |ayle < |Blw
1Ble < 1, lag 'y10]e < 1

las Y (Y10t + Y2,0b0) [0 < 1, |ag (B~ +by)|o < 1

levlo €1, |y1,0Uy + Y2,0C0 |0 <K 1.

(6.15)

In particular, under the constraint (6.1), we have § € 9MJ — {0} with |8], < 1
at all v | co. In particular, there are only O(1) such S’s.

Convergence and Vanishing.

Lemma 6.1. Let notation be as before. Let ¢ be a cusp form in o. Let Re(s1) > 10
and Re(s2) > Re(s1) + 10. Then

Jip = / / / ‘f (V) |al** 2 (y)| det y|** | dydbded* a
FX\AF J(F\AF)? JGLa2(AF) o 5 Sep
converges absolutely, where Y refers to the matriz
a"! 1 b 1 v 6 1 @
(6.16) 1 1 ¢ 1 wyws 1 B (y 1> .
1 1 1 1

Proof. By the definition of f in §3, we have f(Y) = 0 unless 8,7y € F*. For § # 0,

we have

1 a 1 aB™! 1 1
w1Wa 1 ﬁ 1 = 1 aﬁ_l wi1wr 1 6
1 1 1 1

Therefore, by a change of variable, we obtain

Jrr f/ / / ‘ " |a|51_%¢(y)|dety|s2 dydbded™ a,
F'X\A>< (Ap)? JGL2(AF) B,yEFX
where
a~t 1 v b 1
Y = 1 1 ¢ | wiws 1 B (y 1).
1 1 1

-1
Utilizing the algebraic relation <1 Y) = (7 1) (1 D (7 1) we may

perform the change of variable a — ~va to write Jrs as

"”:/ / / S|y ()] dety| |dydbdeda,
FX\A; (Ap)? GLQ(AF)ﬁeFX
where
a=! 11 b 1
Yy = 1 1 ¢ | wiws 1 B <y 1>.
1 1 1

Write y = (y1 y ) ! 1;) k in the Iwasawa coordinates. Performing the
2

change of variables y; — fy; and ys — By2, we derive that

Jir = Z Jrr(B)

BEFX
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a”'(yru+y2b) a (B! +D) <k 1)

where Jr7(8) is defined by
a 'y
f Y1 Yy1u + yac c
Y2 1

Juzo do e
x |a|RC =31 ¢(y)|| det y[Re¢2) dydbded” a.

Recall the discussion in §6, Jr7(8) = 0 unless 8 € NI — {0} and |B], < 1 at all
v | 0o. By Dirichlet’s unit theorem, the number of such §’s is finite:

(6.17) Yol

peNy—{0}
1Blo<1 v]oo

Let ||¢]|oo be the sup-norm of ¢. Since ¢ is a cusp form, ||@||o < co. Therefore,

Trr(B) < l8llee [T J11.0(8),

v<o0o

where Jrr,(5) is defined by

aylyie  ay (y1ete + Yaebe) ay (B4 by) i
/ / / f'u Yiv Y1,0Uy + Y2,0Cy Cy ( Y 1)
(FUX )3 (F)3 KU y2,'u 1
e(s1)—3
X Jauls 72 ety |RC2) dy, db,de,d” a,.

Let 8 € M — {0} with |8], < 1 at all v | co. Then there exists a finite set S
of non-Archimedean places such that e,(8) = 0 for v < co and v € S. The set S
depends at most on F', h,’s, m,,, x and ¢.

o Let v <oowithv ¢ X, UXs,, US and v {vy. From the discussion in §6
and the assumption that v ¢ S, we have e, () = 0, and the variables y; ,,
Y2,0, Uy, by, and ¢, satisfy the constraints:

(6 8) ev(av) - ev(yl,'u) Z 0 e'u(yQ,U) — Oa ev(cv) Z 0
ev(yl,vuv + y2,vbv) Z ev(av); ev(ﬂil + bv) Z ev(av)-

As a consequence, we obtain

J]I,’U(ﬂ) :/ dC,U/ |av|5e(51)+Re(52)_§/ / /
0, 0,—{0} X Ja,0X Jeu (B-14b0)>e0 (an)

/ duydby,d* Y1 »d* Y2 0d™ ay.
€ (Y1,0Uv+Y2,0bv) ey (ay)

With a straightforward we deduce
(6.18) Ji1,0(B) = Vol(OX)? Vol(0,)3¢,(1/2 + Re(s1) + Re(sz)).

o Let v € By, UZs, US or v | vgM. According to (6.4), (6.5), (6.7),
(6.8), (6.9), (6.10), (6.11), (6.13), and (6.14), along with the assumptions
Re(s1) > 10 and Re(s2) > Re(s1) + 10, we derive that

(6.19) Jrrw(B) <1,

where the implied constant depends on s1, s2, F', my,, X and ¢.
e Let v | co. By (6.15), and the assumptions Re(s1), Re(s2) > 10, we obtain

(6.20) Jire(8) < 1,

where the implied constant depends on s1, s2, F', hy’s, my,, x and ¢.
Therefore, Lemma 6.1 follows from (6.17), (6.18), (6.19), and (6.20). O
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Remark 6.2. In the above proof, we have leveraged the fact that the cusp form ¢
is bounded.

Corollary 6.3. Let notation be as before. Let ¢ be a cusp form in o. Let Re(s1) >
10 and Re(s2) > Re(s1) + 10. Then Jéég(f, $,8) =0

Proof. By definition,

Wt = [ o S oo, 22,

a ﬁ VEF
X(a)w(c)|al** =2 ¢(y)| det y|**dydbded*a,

where Y refers to the matrix defined as in (6.16). Therefore, it follows from Lemma
6.1 and the triangle inequality that Jéég( f, ¢, 8) converges absolutely in the region
Re(s1) > 10 and Re(s2) > Re(s1) + 10. Furthermore,

HL(£.6.5) - S Lo 0

ﬁe*)u {0}
[Blo<1 vfoo

X(a)y(c)|al** =2 ¢(y)| det y|**dydbded*a,
where Y* is defined by
alyr aMyru+yed) a8+ D) (k
C
)

Y1 Y1 + yaC
Y2 1
However, when Np(N) is large enough, there is no 3 satisfying 8 € MJ — {0}
and |8, < 1 v | oco. Hence, JL,(f,¢,8) = 0. 0

7. Conclusion of the Proof

Let Re(s1) > 10 and Re(sz) > Re(sy) + 10. Let I(91) be defined as in (3.1). By
the relative trace formula from (3.10) and (3.12), together with Corollaries 5.3 and
6.3, we obtain

Z Z P1(1/2+Slvﬂ(f)@aX)P2(1/2+527¢a ¢) = JSmall(f7¢7s>a

™ (o)

©EBL

as an identity of holomorphic functions in the region Re(s;) > 10 and Re(s2) >
Re(s1) + 10.

By Proposition 4.1 the function Jsman(f, ¢, 8) admits an analytic continuation
to C2. Hence, by the uniqueness of the continuation, we obtain

(71 > Y Pi1/2+ s, 7)), X)Pa(1/2 + 52,8, 6) = Jsman(f, 6, 9)

™ (M)

@EDBr

as an identity of entire functions on C2. Evaluating (7.1) at s = (0,0), along with
the estimate (4.1) in Proposition 4.1, we deduce

(7.2) ST P12, 7(f)e, X)P2(1/2,8, ) > Np(N)?,

™ (M)

eEBL

when Np (M) is sufficiently large. It follows from (7.2) that similarly to the calcu-
lation in [MRY23, §13|, we have

(7.3) ST P2, (fe, x)Pa(1/2,5,6) < 1,

s QDE‘Bfr(ﬁn
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where Kgy, =] K,. Therefore, it follows from (7.2) and (7.3) that

<0

YooY P2, m(H)e. x)Pa(1/2,5,6) > Ne(W),
™ ¢€%£(W)7;Bffin

from which we derive that there is a unitary cuspidal automorphic representation
m of PGL3/F of level I(N) such that

L(1/2,m x x)L(1/2,7 x o) # 0.

Therefore, Theorem A follows upon replacing o with its contragredient o and
the functional equation of L(s,T x o).
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