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We present a study of shearfree gravitational collapse using cylindrically symmetric spacetimes whose interior is a non-
rotating dissipative fluid bounded by a cylindrical hypersurface beyond which is an Einstein-Rosen vacuum exterior.
We consider three different pressure configurations: axially, azimuthally, and radially directed, for which we find new
exact interior solutions of the field equations. We show that the matching conditions cannot be satisfied by the fluid
with radial pressure, while the axial and azimuthal cases with a lapse function depending only on the time coordinate
do satisfy these constraints. We derive, for both cases, a sufficient condition for an emission of gravitational radiation
from the interior towards the exterior, We therefore show that, at variance with what happens for spherical symmetry, in
the simplified picture of an infinite cylinder of anisotropic shearfree matter, gravitational waves can be emitted during
collapsing motion.

I. INTRODUCTION

In spherical symmetry, gravitational collapse occurs without emission of gravitational waves, owing to Birkhoff’s theorem.
The next simplest symmetry assumption of cylindrical symmetry has been therefore considered in the literature, mostly for dust,
see, €. ... For an overview of the importance of cylindrical systems and cylindrical gravitational waves in General Relativity
(GR), see?H.

We establish, here, the conditions allowing a collapsing cylinder of fluid with anisotropic pressure to emit such waves. The
study of shearfree cylindrical gravitational collapse, initiated by Di Prisco et alf, is thus completed for cylinders of fluids
exhibiting particular kinds of anisotropic pressure. The shearfree approximation is valid in the limit of very slow collapse. A
set of three new exact solutions to the field equations of GR, each corresponding to a principal direction of the pressure of the
fluid is displayed. However, the matching conditions to an exterior Einstein-Rosen (ER) vacuum can only be satisfied for two of
them: the spacetimes sourced by a fluid with axial pressure and those sourced by a fluid with azimuthal pressure.

The translational Killing field d,, present in a cylindrical spacetime, as well as the rotational Killing field dy, implies that such
spacetimes are not generally asymptotically flat. Therefore quantities which are usually determined asymptotically, such as mass
or energy, are devoid of meaning here. Thus, the definition of radiation for isolated bodies proposed in® cannot be used.

The conditions to be verified by the parameters defining these solutions to allow the fluid to emit gravitational waves are here
obtained from imposing the energy density of the gravitational fluid to decrease with time, while the cylinder is collapsing. We
thus identify and expressly quantify the conditions for gravitational waves to occur in a case with only one degree of symmetry
less than in the spherical symmetric configuration.

The paper is organized as follows. The metric and general shearfree conditions are displayed in Sec[ll Then, each pressure
configuration is examined in turn: the axial case in Sec[[Il} the azimuthal case in Secl[V] and the radial case in Sec[Vl Only the
first two are shown to exhibit gravitational radiation under some conditions which are derived there. Section[VIlis devoted to the
conclusions.

Il. METRIC AND SHEARFREE CONDITIONS

The source of the considered spacetimes is a cylindrically symmetric anisotropic fluid in collapsing motion. It is non rotating,
dissipative and bounded by a cylindrical hypersurface X. In the following, its principal stresses P, P; and Py will satisfy three
different equations of state which will be analyzed in turn.

In geometric units ¢ = G = 1, the time dependent diagonal line element reads

ds? = —A%(d> — dr?) + B*dZ? + C*d¢?, (1)

A, B, and C, being real functions of the time coordinate ¢ and of the radial coordinate r such as to account for collapse, which can
be viewed as an expansion with a reversal of the time coordinate. The cylindrical symmetry forces the coordinates to conform
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to the following ranges:

where t = 0 represents the beginning of the collapse, and where the two limits of the coordinate ¢ are topologically identified.
The coordinates are denoted x° =7, x! = r, x> =z, and x> = 0.

Here, we assume that the collapse is sufficiently slow so as to justify a vanishing shear approximation.
The non-zero components of the shear tensor corresponding to the diagonal metric () are®
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which can be integrated by
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Ill.  AXIAL PRESSURE

A. Equations describing the problem

In this section, P = Py = 0, which means that the pressure of the gravitational fluid is axially directed. Its stress-energy tensor,
whose general expression has been given by (1) of Célérier and Santos?, can therefore be written under the form

Top = PVaVp + P:SaSp, )
where p denotes the energy density of the fluid, Vy, its timelike 4-velocity, and S, a spacelike 4-vector satisfying
VW4 =—1, S§%g=1, V%Su=0. (10)
Collapse allows the choice of a frame comoving with the fluid?. Thus, its 4-velocity can be written as
Vo = —A82, (an
and the spacelike 4-vector, as

Sq = BS2. (12)

1. Field equations

Using (1) and (I2) into @), the components of the stress-energy tensor matching the five nonvanishing components of the

Einstein tensor are obtained, and the five corresponding field equations can be specialized, from their general form as displayed
by Di Prisco et al4, to



() S
e EA () (2
e A B () 52
Gzz—j—j<—%—g+ﬁ—z+§+%ﬂ—g—lj) — kPR, (16)

where the dots stand for differentiation with respct to ¢, and the primes, for differentiation with respect to r.

2. Conservation of the stress-energy tensor

The conservation of the stress-energy tensor is implemented by the Bianchi identity, whose two non trivial components have
been given as (18) and (19) by Di Prisco et al.4. Specialized to the present equation of state, they become
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Now, we define the ratio®
P
h:é, (20)

which we insert into (I8) and (T9) so as to obtain
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B. Identifying three classes of solutions
We substitute (7)) into (22)) and obtain
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from which we derive
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Now, using the shearfree conditions in (23), we obtain
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Finally, and (24), implemented with the shearfree conditions, give
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Then, we insert all the above into the Bianchi and the field equations. The first Bianchi identity becomes

p A
, T3 =0,

while the second Bianchi identity is kept under its form given by (22). The field equations become
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It is easy to see that possesses three solutions, each defining a given class of spacetimes:
- class I corresponds to
A'=0 = A=a(r),
with a being a function of the time coordinate ¢ only.
- class II corresponds to
A=0 = A=a(r),
with o being a function of the radial coordinate  only.

- class III corresponds to

1

A= 0Tl

(25)
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27)

(28)

(29)

(30)

€19

(32)
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We are therefore going to consider each class of solutions in turn. For an easy reading, the functions a and ¢, which are

different functions in each class, keep the same notations.



C. Class |
1. Integration of class | solutions

We have seen that class I is defined by (33), which we insert into the Bianchi identities so as to obtain

Priaini=o
p a

which imply
B(t) = cpa(r),
where cp is an integration constant which can be absorbed in a rescaling of the z coordinate which yields
B(t) = a(t) = A(r).

Now, (33)) is similarly substituted into the four up to now unused field equations. The Goy equation thus reads
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which can be integrated as
2
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where a; and a; are integration constants. As regards Gy, we obtain
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where we insert (£I)), which yields the following expression for the pressure:
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Finally, G33 yields the same equation as Gyj.
Now, and give, with (20) inserted,
3a?
1+h)p=—
(I+hp =7,
which, with (36) inserted, yields
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We note that the right hand side of this equality is a function of ¢ only, hence, its derivative with respect to r vanishes, which

gives

(47)



which can be integrated as

pi(r)

a2

p= +pa(t),

where p; is a function of r only and p,, a function of 7 only.
Then, we substitute (42)) and into (46), which gives the following first order differential equation for ps:
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whose solution can be written as
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with, ¢, an integration constant. The pressure follows from (45) as
347
T
Now, we insert (31)), where we have substituted (8) and (30), into (@4) and obtain
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which we substitute into (48)), together with (30), and obtain
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2. Final form of class | solutions

The metric reads
ds? = —A% (dr* — dr? — d2* — x*d¢?),

with
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The energy density and the pressure are
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3. Expansion

The expansion scalar, as established by Di Prisco et al4, reads
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By inserting (33) into (38)), we obtain

0= L_ (59)
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The expansion scalar describes the rate of increase of a volume element of the gravitational fluid

1dv
O=——, 60

Vdr (60)
7 being the proper time of the particle located at the center of the spherical volume element dV". In a collapse, the volume V
decreases as the proper time of the particle increases, therefore the expansion scalar must be negative, which implies
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It is easy to see that (61) can be satisfied by a slowly collapsing fluid, whatever the positive value of ¢, only if the parameters a;
and a, are both negative.

4. Determination of the x(r) function

The five independent field equations have allowed us to obtain an integrated class of solutions depending on a function of the
radial coordinate, ¥ (r). The interpretation of this function comes easily from (36) and (57). The ratio " /x gives the dependence
on r of both the energy density and the axial pressure.

A full determination of the metric can therefore follow, for example, from an extra equation of state implying a choice of the
ratio /i(z,r) defined by (20). Indeed, from (36) and (37), we have

1+h
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with
3a? x
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The remaining indeterminacy, due to one degree of freedom left in the setting of the problem, is therefore fully encapsulated
into H(r), and ¥ is obtained as a solution of the ordinary second order differential equation

Hy(r)x" — % =0. (64)
Any H (r) function allowing us to integrate this equation yields a class of explicit solutions only determined by a set of constant
parameters.
As mere examples, we can consider the two following expressions for H;:

a) Hy = cst.

In this case, both the energy density and the pressure are homogeneous for each ¢ = cst. slice.

We denote
H ! (65)
2= 773>
hy
which yields, as a solution of (64},
X =cre 4 e, (66)

where ¢1 and ¢, are integration constants. Now, (63)) substituted into (36) yields
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Using (33)), we see that the weak energy condition (WEC), p > 0, is satisfied if

h h h
V3— 10 > —lt, or —V3-— 14
a 2 a

We have therefore two configurations depending on the sign of A;:

)i >0

The inequalities in (68) become
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This means that the WEC is satisfied if
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and for regions of spacetime where (69) is verified.
ii) hy <0
The inequalities become, in this case,
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which is verified by any ¢ > 0 provided that
a V3
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b) Hy(r) = r?
This expression for H; yields, as a solution of (64),

X = Clr% (1+\/§) + Czr%(li\/g)

)

where ¢ and ¢, are integration constants. In this case the physical properties of the fluid read
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This shows that the weak energy conditions, which are, for such an anisotropic fluid,
P
p>0 and p+ ?Z >0,
and the strong energy conditions,
P
p+§>0 and p+P. >0,
are both verified in this case in the region of spacetime where
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5. Radiation condition

In a collapsing spacetime, a decrease of the energy density is a sufficient condition for the emission of gravitational waves.
We consider the general form of the energy density given by (36) and calculate the partial derivative of p with respect to ¢, and
obtain, after inserting (42)),

aj

pa) 2 2 " 9
a_p = #5 X — . (80)
! Ka4(’§+3—f) x 2(%4—3—?)
Using the notation in (64), we obtain that the sign of dp /dr is produced by the term
t 1 9
(o) [
1 2
+2)

We have seen, in Sec[lITC 3] that a; and a; must be both negative and, therefore, that % + Z—? > 0. Thus, p decreases and radiation
is emitted, if

1 9

A <—=- (82)
2 t a
2(5+2)

In an interior spacetime defined by the couple of parameters a,a,, for each cylindrical shell, determined by a given value of r,
and, thus, by a given value of H(r), (82) must be considered as a constraint on the time coordinate z. Therefore, denoting by a
lower index X the values taken on the boundary, radiation is emitted from the interior towards the exterior vacuum if

L 2 : (83)

Hz(f’z) t 2
>(3+)

6. Junction condition

We consider the junction conditions to an exterior Einstein-Rosen spacetime® described by the metric
ds? = —e?7¥) (7% — dR?) +e*Vdz? + e 2YR*d¢>. (84)

Applying Darmois’ junction conditions™, Di Prisco et al® have obtained, from the continuity of the first fundamental forms
through the boundary ¥, an equality which can be written as

V) (dT? — dR?) £ A%(d* — dr?), (85)
and their equations (24) and (25). From the continuity of the second fundamental forms, they have found
P.Z0, (86)

and their equations (27) and (28). Then, they have rearranged these equations together with the field equations of the Einstein-
Rosen spacetime such as to obtain

eV =B, (87)

= B,(BC),—B,(BC),

s B,(BC),—B,(BC),
~ B[(BC)2—(BC)%]’

VR (89)
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SR L B (90)
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r B[(BC)% - (BC)3]?

, 1)

c { B, (BC), — B,(BC),]* + [B..(BC) . — B, (BC),,]Z}
B[(BC)% - (BC)3]?

Y,R ) (92)

where = denotes that the values are taken at the boundary.

Now, the main junction condition setting constraints on the parameters of the interior spacetimes, independently from the
exterior parameters is (86)). It was already well-known as a junction condition between a rotating cylinder of stationary fluid and
a Lewis vacuumM4,

Since the equation of state for a fluid with axially directed pressure implies P, = 0 everywhere, this applies also at the boundary
and the matching can be completed by imposing the different relations between the parameters of both solutions, the interior
class I, and the Einstein-Rosen vacuum exterior. The junction conditions (87)-(92) become, with the interior metric functions
describing class I,

v Z a% r ar 2
x Ay'
III,T = A (Alez —4A2%2) ] (94)
£ 24y
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Now, we study each junction condition in turn.

Whatever the H,(r) expression, the left hand side of (@3)) never vanishes, since (/2 + ay/ay) is always positive as we have
seen in Sec[ILTC 3l Moreover, for finite values of the time coordinate, e¥ takes a finite value on the ¥ boundary.

The other junction conditions depending on ) and its first derivative, it is easy to see that for both examples considered in
Sec[lITC4] these quantities take finite values for r = ry on the boundary. Now, by inserting A given by (33) into (94)-(98), we
obtain, respectively

2
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Indeed, all the above expressions take finite values on X. We have shown, therefore, that the whole set of junction conditions
can be satisfied on any boundary defined by a non vanishing and non diverging radial coordinate, for class I solutions describing

interior spacetimes.

To exemplify this statement, we apply it to a case where the cylindrical wave starts traveling outward as a short duration

disturbance. Such a solution of the wave-like field equation of Einstein-Rosen spacetimes can be written as'#4¢

1 /T*R f(Hat

- E Y [(T_t/)Z_RZ]l/Z.

L4

For the pulse function, we can choose €

f(t') = fod(r'),
where fj is a constant and &(¢') is the Dirac delta distribution. By inserting (I03)) into (I04), we obtain

v =0, T—-R<O,

Jo

T —— 3N
21(T2 — R2)1/2
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15116

By implementing (I106) and (I07) into the remaining field equations and solving them, as done in*>"'%, we obtain

Y=0, T-R<O,
LR

=0 - = T—R>0.
Y 87172 (TZ_RZ)Z’ >

We consider first the case where T — R > 0. Thus, (I07) inserted into (@3)-([@3) yields, respectively,
2
fo sai(t a
xp |:27I'(T2—R2)1/2 _a2 2+a1 ’

h_T s o
ORI i (s+) x[ (s 2) 221

aj

)

fo_ R 4
R (5) - (05)2]

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)



12

Then, by inserting (I09) into (96)-(@8), we obtain, respectively,

-1

13 R? ] T X' 2
exp|=L—— 1=y 22— _ , (113)
{Snz (17— R r (sre)
S TR x azy’ (114)
272 (T2 — R2)3 5 20
T at(sen) - (44 ) o]
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After some arrangements, we obtain
2
7 (L a\ ,n 2
fo_ 1 x az[(2+“') ! +4x] (116)
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We have therefore six independent equations, i. e., (I1Q), (IT3), (I16)-(I19), for eight parameters, i. €., a1, a2, fo, T, Ry, Iz,
Xz, and x5. We can thus, by choosing the values of two parameters, deduce those of the six remaining ones. As an example,
fixing a; and a; allows us to obtain a given value of the strength of the pulse, fj, the location of the boundary in the exterior
spacetime, given by 7y and Ry, its location in the interior spacetime, given by #y, Xz, and Xy, the last two allowing us, in principle,
to derive ry.

Finally, in the case where T — R < 0, an analogous and straightforward reasoning leads to the conclusion that a proper matching
of a class I interior to an Einstein-Rosen exterior vacuum is impossible in this spacetime region. This implies that the boundary
between both solutions must be located in the region where T — R > 0.

D. Class Il

Class Il is defined by
A=0 = A=uar), (120)
which we insert into (G) and obtain
A=B=C=0, (121)
which we substitute into the Bianchi identity (2I)) which becomes
p=0. (122)

The solution is therefore stationary and cannot represent a collapse.
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E. Class Il
Class Il is defined by
A= _ (123)
Ca(t)Falr)
The second Bianchi identity (19), becomes
ﬁl a/
F____* 124
B h(a+a)’ (124)
from which we derive
" o o' 1+h axz
B =— + + ( ) . (125)

B ha+o) h(a+a) h (a+a)?

Moreover, (124) can be written as

H
h=— ﬂ, (126)
at+o
where we define H(r), function of r only, by
a/
H ﬁ? . 127)
Now, we consider the field equations which we arrange so as to obtain
H(l—, - “—’,’) +H —d
A= "%, ¢ , (128)
a//
0 (L - %) 120
The right hand side of (I128) is an expression depending only on r. We can therefore write
A=0, (129)

which is the defining equation of class II. We have therefore shown that classes II and III are equivalent, i. e., stationary, and
cannot, therefore, represent a collapse.

IV. AZIMUTHAL PRESSURE
A. Equations describing the problem

The gravitational source is still a cylindrically symmetric anisotropic fluid in collapsing motion. It is still non rotating,
dissipative and bounded by a cylindrical hypersurface X. The difference with the fluid studied in SeclIl is that its principal
stresses Py, P; and Py satisfy the equation of state P, = P, = 0, which means that its pressure is azimuthally directed. Its stress-

energy tensor, issued from the general expression which has been given by (1) of Célérier and Santos®, can therefore be written
under the form

Top = pVaVg + PyKaKp, (130)
where p still denotes the energy density of the fluid, V4, its timelike 4-velocity, and K, is a spacelike 4-vector satisfying
V&% =—-1, K%Ky=1, V%4 =0. (131)

In geometric units ¢ = G = 1, the time dependent diagonal line element is still given by (L), and the coordinates conform to the
ranges given by ().
Collapse still allows the choice of a frame comoving with the fluid®. Thus, its 4-velocity can be written as

Vo = —A8D. (132)
The spacelike 4-vector is

Koy =C8. (133)
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1. Field equations

Using (132) and (I33) into (I30), the components of the stress-energy tensor matching the five nonvanishing components
of the Einstein tensor are obtained, and the five corresponding field equations can be specialized, from their general form as
displayed by Di Prisco et al4, to

A1) AL T () HE
et AL ) (518) 0
e L A(8E) LA (5,) 80
Gzzzf;—i(—g—gﬁi—zjt%jt%ﬁ—i—?):o, (137)

which can be written as

A C AZ A// C// A/2
A ctetate a0 (13%)

CZ A B AZ A" B A/Z )
Gun=— (-S4 22 472 7 )= xpC 139
33 A2 < A~ B + A2 + A + B A2 ) Krpl™, ( )

which can be written as
A B A'2 A// B// A/2

_ 2
AT Btat At A KR (140

2. Conservation of the stress-energy tensor

The conservation of the stress-energy tensor is implemented by the Bianchi identity, whose two non trivial components have
been given as (18) and (19) by Di Prisco et al4. Specialized to the present equation of state, they become

. A B C
p+p(Z+E)+(p+P¢)E—O, (141)
AI C/
Py —Poe=0 (142)

B. Solving the field equations

We still assume shearfree motion.

It is therefore easy to remark that all the equations defining the azimuthal pressure configuration can be strictly derived from
those occurring in the axial pressure case by switching B and C and P, and Py. Therefore, the solutions can be directly derived
from the results obtained in this axial pressure case.

We have still three classes issuing from the same Gy, field equation which we name here:

- class A corresponding to

A'=0 = A=a(1),
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with a being a function of the time coordinate ¢ only.

- class B corresponding to
A=0 = A=a(r),
with o being a function of the radial coordinate  only.

- class C corresponding to

1. Class A

The final form of the solutions, as derived from that of the axial pressure case, reads, for the metric

dszz _AZ (dtz_drz_ﬁzdzz_d¢2)7 (143)
with
a [t as 2
A)="L(z+=) . 144
() s (2 + al) (144)
The energy density and the pressure are
B ﬁ” 3a2
pltr)=——3 5 e (145)
1 ﬁ/l
Py(t,r) = ——. 146
o (1,7) < B (146)

Radiation condition

In this case, the energy density given by has the same form as (36) belonging to the axial pressure class I, where x has
been replaced by 3. Therefore, a sufficient condition for a decreasing energy density, thus for radiation emitted from the interior
towards the exterior vacuum, is analogous to (83), with H>(r) = ”/8.

Junction conditions

Since the equation of state for a fluid with an azimuthally directed pressure implies P, = 0 everywhere, the main junction

condition established by Di Prisco et ald i e, P z 0, is trivially satisfied here also.

Then, the matching can be completed by imposing the different relations between the parameters of both solutions, the interior
class A, and the Einstein-Rosen vacuum exterior.

These other junction conditions have been considered in Sec[IIIC6 for the case of an axially directed pressure. We have
shown that the whole set of conditions can be satisfied on any boundary defined by a non vanishing and non diverging radial
coordinate and with a positive time coordinate, for class I solutions describing the interior spacetimes. These results can be
applied here by switching B and C and P; and Py. Thus we obtain similar results and a genuine matching of class A solutions to
the Einstein-Rosen vacuum exterior.

C. Class B

Class B is defined by
A=0 = A=a(r), (147)
which, by symmetry between the B and C metric functions gives
p=0. (148)

As for the axial pressure case, the solution is therefore stationary and cannot represent a collapse.
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D. Class C

Class C is defined by

1
A= v (14

which becomes, as shown in SeclIll with 3(r) replacing (r) in the reasoning,
A=0. (150)

As for the axial pressure case, the solution is therefore stationary and cannot represent a collapse.

V. RADIAL PRESSURE
A. Equations describing the problem

The gravitational system is still a cylindrically symmetric anisotropic fluid in collapsing motion. It is non rotating, dissipative
and bounded by a cylindrical hypersurface X. Its principal stresses Py, P; and Py satisfy, now, the equation of state P, = Py =0,
which means that its pressure is radially directed. Its stress-energy tensor can therefore be written under the form

Top = PVaVp + Pr(gap +VaVg — SaSp — KaKg, (151)
where p still denotes the energy density of the fluid, V4, its timelike 4-velocity, and Sq and Ky, spacelike 4-vectors satisfying
Ve =—1, K%*%q=58%Sa=1, V%Ky=V%Sq=K*Sq=0. (152)
In geometric units ¢ = G = 1, the time dependent diagonal line element still reads as (), and the cylindrical symmetry still
forces the coordinates to conform to the ranges given by (@)).
Collapse allows the choice of a frame comoving with the fluid?. Thus, in the case of radial pressure, its 4-velocity and the

spacelike 4-vectors can be written as

Vo =—A8), Sq=BS2, Kyu=C8. (153)

1. Shearfree assumption

We still assume that the motion of the collapsing fluid is shearfree. Therefore, the identities obtained from this assumption
are the same as in Sec[Ill

2. Conservation of the stress-energy tensor

The conservation of the stress-energy tensor is implemented by the Bianchi identity. Specialized to the present equation of
state, they read

| i (B ¢

p+(p+Pr)Z+P<E+E)—07 (154)
A’ B

Pt (p+P) e, (E+E) 0. (155)

Now, we define the ratio & by

P,
h="", (156)
p
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which we insert into (I34) and (I33)) so as to obtain, with (6)-(8) implemented,

) A
§+(3+h)2=0, (157)

Pr/ (1+3h)A/ ﬁ/ x' B
Fr 7 X"FF-F;—O. (158)

Notice that, here, we have kept the same notation for the ratio & while it has a different meaning from that of the /4 ratio used in
the axial pressure case where it plays however an analogous role.

3. Field equations

Using (I53) into (T3], the components of the stress-energy tensor matching the five nonvanishing components of the Einstein
tensor are obtained, and the five corresponding field equations can be specialized to

A(B ¢\ BC B'" ¢ A(B C\ BC 5
Go=2(24+2) 4222 (22 ) 2 —kpa 159
00 A<B+C) BC B C+A<B+C) BC P (159)
B ¢ A/B (C B C\A
Go=———+2 (22 )+ (242) 2 =0 160
o= C+A<B+C>+<B+C)A ’ (160)
B C A(B C\ BC A (B (C\ BC )
Gi=—>—=4 2 (242 ) 22 2 (22 ) 25 —kpa 161
"7 7B C+A<B+C) BC+A<B+C)+BC T (161)
BZ A C AZ A C/I A/Z
22 2< A C+ 2+A + C A2> ) ( )
C2 A B A2 A// B// A/2
33 A2<A B AT a8 A2> (163)
B. Identifying three classes of solutions
We divide (I62) by B*/A?, and (I63) by C?/A? and subtract the results which gives
B/I C/I
- - 164
B ol (164)
where we insert (7)) and (8)) so as to obtain
ﬁ// xll
A BF%
g 165
1 2(%_’_&) (165)
x B
Since the left hand side of (I63) is a function of r only, we can write
AT\
— ] =0 166
() o "

which can be written as

AA' —AA = 0. (167)
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It is easy to see that (I67) possesses three solutions, each defining a given class of spacetimes:
- class 1 corresponds to
A'=0 = A=a(r),
with a being a function of the time coordinate ¢ only.
- class 2 corresponds to
A=0 = A=a(r),
with o being a function of the radial coordinate  only.

- class 3 corresponds to
_ 9 obit+b
A= Qe
where A, by, and b, are integration constant. We are therefore going to consider each class of solutions in turn. For an easy

reading, the functions a, &, 3, and ¥, which are different functions in each class, keep the same notations.

C. Class1

We have seen that class 1 is defined by
A=0 = A=a), (168)

which we insert into the Bianchi identities so as to obtain

p a

—+@B+h)-=0 169

5B =0. (169)
and

FoB X

L4+ 5 12—, 170

poB o (o
which implies, since % + XYI is a function of r only

P.(t,r) =P (r)P:(2), 171)

where Pj is a function of r only and P, a function of  only. By substituting (I71) into (IZ0), we obtain the first order ordinary
differential equation

P{ B/ xl
S ) (172)
B x
which can be integrated by
c
p =t (173)
Bx
with ¢,, an integration constant. Then, (I73) substituted into (I'71) yields
Py(1)
P.(t,r) = , (174)
' B(r)x(r)

where ¢, has been absorbed into P (7).



Now, the above relations are substituted into the field equations. The Gog equation thus reads

3_6’12 ﬁ// x// ﬁ/xl

_ 2
A T
The Gy; equation is identically verified.
The Gy equation becomes
2a & By 2
e = kPa“.
a a? * Bx rd
From G, we obtain
2 -2 "
_4 “_2 X _o.
a a X
Finally, G33 becomes
2% a2 ﬁ//
R e
a + a? + B
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(175)

(176)

(177)

(178)

Now, since we have, in (I77) and in (IZ8), the sum of one part depending only on ¢ and one part depending only on r, we can

write respectively

" "
B x"
L Y-
B x
2% a2
<Y .
a 612 1

where ¢y is a constant, squared for further purpose. Then, (I79) can be integrated by

c1r cr

B =c3e +cqe

c1r cr

X =cs¢€ +cee 1,

where c3, ¢4, s, and cg are integration constants. Finally, (I80) can be integrated by
c
a = ay cosh? {?l(al —i—t)} ,
where a; and a; are new integration constants.
Then, the field equations allow us to obtain

2
Cl 2 Cl
- 3tanh? [
P ka3 cosh® [&(ar +1)] { tan [2 (@ +t)}

(C3eclr _ 64676”) (Cseclr _ c6efclr)
(C3etlr + C4e*Clr) (Cseclr + C(,efclr) ’

" kaicosh* (% (a) +1)]

(C3etlr + C4e*01r) (Cseclr + C(,efclr)

1. Final form of the class 1 solutions

The metric reads

ds? = —A? {dt2 —drr— (C3e01’ + C4e701’)2 dz? — (C5eclr + c6e701’)2 dq)z} ,

with
A(t) = ay cosh? [%(al —l—t)} .

The energy density and the pressure are given by (I84) and (I83), respectively.

C% |: (C3eclr — 64670”) (C5eclr — C6eiclr) ]

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)
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2. Junction condition

We have already seen that the junction conditions of a collapsing cylindrically symmetric source to a vacuum Einstein-Rosen
spacetime have been worked out by Di Prisco et al. The main junction condition setting constraints on the parameters of the
interior spacetimes, independently from the exterior parameters, has been established as

z

P.-=0. (188)

Examining P, as given by (I83), it appears that this condition is indeed realized by solutions belonging to class 1 provided
that

c3c6+cqc5 =0. (189)
However, imposing this constraint on the parameters implies that P, vanishes not only on the boundary, but also everywhere in

the interior spacetime. Therefore, the gravitational fluid is a pressureless dust. This case has already been studied in”.

D. Class 2
Class 2 is defined by
A=0 = A=a(r), (190)
which we insert into () and obtain
A=B=C=0, (191)
which we substitute into the Bianchi identity which becomes
p=0. (192)

The solution is therefore stationary and cannot represent a collapse.

E. Class 3

Class 3 is defined by

A = pehitthar (193)
from which we obtain, by inserting it in (I63)),
!/ ! " "
(555
A solution of (194) is
B=be " y=ce (195)

where b and ¢ are integration constants. Then, from the field equation (I61)), we obtain an expression for the pressure as

(b7 +b3)

Pr=- A 2e2(biibar)

(196)

This expression cannot vanish for any finite value of ¢ and r, since, if ever b; = by = 0, this would imply a stationary solution,
hence no collapse. The matching condition P, = 0 on the boundary ¥ cannot be satisfied. Therefore, this class 3 is ruled out as a
possible solution for our purpose.
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VI. CONCLUSION

The cylindrical collapse of shearfree anisotropic fluids matched to an exterior ER vacuum has been analyzed here through the
use of new exact analytic interior solutions displayed for the first time. This work is a follow up of a previous study by Di Prisco
et al4 where the Robertson-Walker dust solution had been considered, but had failed to exhibit any radiation transfer to or from

the interior.

Here, we have taken anisotropy into account by dividing the problem into three different configurations, each with the pressure
along one of the principal directions, i. e., axial, azimuthal and radial. The three classes of exact solutions found for each pressure
configuration have been matched to the ER vacuum exterior. Thus, we have shown that the Darmois matching conditions cannot
be satisfied by the fluid with radial pressure, while the axial and azimuthal cases with a lapse function depending only on the
time coordinate do satisfy this constraint.

Then, we have established for both these axial and azimuthal subcases a sufficient condition for an emission of radiation
from the interior towards the exterior, This shows that, while an isolated spherically symmetric collapsing object cannot emit
gravitational waves, cylindrical ones with axial or azimuthal pressure can, under the conditions displayed in this paper. Indeed,
in the realm of GR, spherical gravitational waves are forbidden by Birkhoff’s theorem, while this theorem does not apply to the

case of cylindrical symmetry.

Of course, the shearfree assumption retained here is only valid for a slowly collapsing object. It might break down at the end
of the collapse when the pressure fails to counteract sufficiently gravitation.

However, should this simplifying assumption be given up, analytic solutions such as the ones used here could no more arise.
Anyhow, the results displayed here can increase our understanding of gravitational radiation, by showing that, even in the
simplified picture of an infinite cylinder of anisotropic shearfree matter, gravitational waves can be emitted during collapsing
motion.
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