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ABSTRACT

We provide a purely dynamical global map of the non-axisymmetric structure of the Milky Way disk. For this, we exploit the infor-
mation contained within the in-plane motions of disk stars from Gaia DR3 to adjust a model of the Galactic potential, including a
detailed parametric form for the bar and spiral arms. We explore the parameter space of the non-axisymmetric components with the
backward integration method, first adjusting the bar model to selected peaks of the stellar velocity distribution in the Solar neigh-
bourhood, and then adjusting the amplitude, phase, pitch angle and pattern speed of spiral arms to the median radial velocity as a
function of position within the disk. We check a posteriori that our solution also qualitatively reproduces various other features of
the global non-axisymmetric phase-space distribution, including most of the moving groups and phase-space ridges despite those not
being primarily used in the adjustment. This fiducial model has a bar with pattern speed 37 km s−1 kpc−1 and two spiral modes that are
two-armed and three-armed respectively. The two-armed spiral mode has a ∼ 25 % local contrast surface density, a low pattern speed
of 13.1 kms−1kpc−1, and matches the location of the Crux-Scutum, Local and Outer arm segments. The three-armed spiral mode has
a ∼ 9 % local contrast density, a slightly higher pattern speed of 16.4 kms−1kpc−1, and matches the location of the Carina-Sagittarius
and Perseus arm segments. The Galactic bar, with a higher pattern speed than both spiral modes, has recently disconnected from those
two arms. The fiducial non-axisymmetric potential presented in this paper, reproducing most non-axisymmetric signatures detected
in the stellar kinematics of the Milky Way disk, can henceforth be used to confidently integrate orbits within the Galactic plane.
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1. Introduction

The Gaia mission now provides full six-dimensional phase-
space information on the Milky Way (MW) disk for a larger
number of stars, and over a larger volume, than ever before.
The second (Gaia Collaboration et al. 2018a), early-third (Gaia
Collaboration et al. 2021), and third (DR3, Gaia Collaboration
et al. 2023a) data releases of Gaia have represented important
milestones in this regard. Whilst stellar vertical motions have re-
vealed in recent years a disequilibrium of the Galactic disk (An-
toja et al. 2018), possibly related to a subtle interplay between
external perturbations and internal non-axisymmetries (e.g., Bin-
ney & Schönrich 2018; Laporte et al. 2019; Li et al. 2023;
Tremaine et al. 2023; Frankel et al. 2024), the rich information
contained solely within the in-plane motions of stars (e.g., Gaia
Collaboration et al. 2018b, 2023b) has not been fully exploited
yet. Indeed, these in-plane motions should – in principle – allow
us to get a detailed dynamical mapping of the most important

⋆ e-mail: yassin.khalil@unistra.fr

non-axisymmetric structures of the MW disk, namely the Galac-
tic bar and the spiral arms (Lynden-Bell & Kalnajs 1972). How-
ever, such a detailed mapping is still lacking. This is the focus of
the present study.

The existence of the MW bar was originally hypothesized
from the observations of gas kinematics (de Vaucouleurs 1964;
Peters 1975; Gerhard & Vietri 1986; Binney et al. 1991) and
confirmed from near-infrared observations (e.g., Sellwood 1993;
Weiland et al. 1994; Binney et al. 1997) as well as bulge stellar
kinematics (e.g., Zhao et al. 1994). It is nowadays clear that a
large fraction of stars in the bulge region indeed follow a rotat-
ing, barred, boxy/peanut-shaped structure connected to an edge-
on bar, whose pattern speed, Ωb, is nevertheless still subject
to debate. Less than three decades ago, a consensus emerged
for a pattern speed in the range Ωb ∼ 50 km s−1 kpc−1 −

60 km s−1 kpc−1 from various lines of evidence, such as hy-
drodynamical simulations comparing the modeled gas flow to
observed Galactic CO and HI longitude-velocity diagrams (Fux
1999; Englmaier & Gerhard 1999; Bissantz et al. 2003), the
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Tremaine & Weinberg (1984) method applied to stars in the in-
ner Galaxy (Debattista et al. 2002), or local stellar kinematics
(Dehnen 1999b, 2000; Fux 2001) positioning the Sun marginally
beyond the 2:1 Outer Lindblad Resonance (OLR) of the bar.
The latter argument has been supported by numerous subse-
quent analyses (e.g. Minchev et al. 2007; Quillen et al. 2011;
Antoja et al. 2012, 2014; Fragkoudi et al. 2019), while on the
contrary, parallel research on the density of red clump stars
in the disk (Wegg et al. 2015), gas kinematics (Sormani et al.
2015; Li et al. 2016), dynamical modeling of stellar kinemat-
ics in the inner Galaxy (Portail et al. 2017), and proper mo-
tion data from the VVV survey (e.g., Clarke et al. 2019), in-
cluding with the Tremaine-Weinberg method (Sanders et al.
2019), have collectively pointed to a revised pattern speed of
Ωb ∼ 35 km s−1 kpc−1 − 40 km s−1 kpc−1. Pérez-Villegas et al.
(2017) and Monari et al. (2019b) subsequently demonstrated that
the Galactic model adjusted to bulge stellar kinematics by Portail
et al. (2017) could effectively replicate several observed features
in local velocity space (see also Monari et al. 2019a; Binney
2020; D’Onghia & Aguerri 2020; Lucchini et al. 2024). Such
a lower bar pattern speed is also consistent with observed over-
densities in the stellar halo phase-space (Dillamore et al. 2024)
and with the chemistry of the disk (Haywood et al. 2024). Other
intermediate pattern speeds have also been proposed (Hunt &
Bovy 2018), and even much lower ones (Horta et al. 2024),
while several studies have concluded that stellar kinematics of
the disk alone were not sufficient to break the degeneracy (Trick
et al. 2021; Trick 2022; Bernet et al. 2024). However, kinemat-
ics of stars in the bar region itself seem to have converged to
Ωb ∼ 35 km s−1 kpc−1 − 40 km s−1 kpc−1, although possible
sudden variations of the pattern speed are also possible (Hilmi
et al. 2020). Finally, a steady decrease of the pattern speed of the
bar with time has been tentatively detected (Chiba et al. 2021;
Chiba & Schönrich 2021), and could explain some aspects of
the vertical disequilibrium of the Galactic disk (Li et al. 2023),
and can partially contribute in explaining the presence of metal-
poor stars with prograde planar orbits in the Solar vicinity (Li
et al. 2024; Yuan et al. 2024).

Concerning the location and dynamics of spiral arms of the
MW, the present observational situation is even less clear than
for the bar. The suggestion that the MW could host spiral arms
is certainly as old as the realisation that it belongs to the realm
of disk galaxies, but due to extinction, it was not before the work
of Morgan et al. (1952) that these arms were identified based on
the distribution of HII regions, soon followed by the kinematic
analysis of the HI 21-cm line by Oort et al. (1958). Based on
the distances to OB associations and HII regions, Georgelin &
Georgelin (1976) mapped a four-armed spiral pattern, which has
been repeatedly confirmed with young or gaseous tracers (e.g.
Urquhart et al. 2014), but not with older/redder ones that should
better trace the perturbations in the Galactic potential. Indeed,
Drimmel (2000), Drimmel & Spergel (2001), Benjamin et al.
(2005) and Churchwell et al. (2009) found with near-infrared
and mid-infrared tracers that the MW seemingly hosts two main
spiral arms. Collecting data on HII regions and giant molecular
clouds, Hou et al. (2009) showed that models of three-armed and
four-armed logarithmic spirals could connect those different spi-
ral tracers, as reviewed in Shen & Zheng (2020). In summary,
it is no exaggeration to say that different tracers and observa-
tions are far from converging on parameters describing the posi-
tions of each spiral arm segment in the MW disk. The so-called
Local arm, for example, has been found by Gaia Collaboration
et al. (2023b) and Poggio et al. (2021), tracing young stars, to
be more extended – and to have an intermediary pitch angle –

compared to Vázquez et al. (2008) where this arm rather heads
outwards to the Perseus arm, or to Xu et al. (2021) where the
Local arm heads inwards to the Carina–Sagittarius arm. Similar
debates exist regarding the Perseus arm and Outer arm with re-
spect to their position in the disk and pitch angle. Perhaps most
strikingly, the pitch angle of the Perseus arm has been found to
be ∼ 24◦ in Levine et al. (2006), compatible with results of Pog-
gio et al. (2021), and ∼ 9◦ in Reid et al. (2019), meaning that
the name does not actually always refer to the same observed
overdensities in the Galactic plane. The situation regarding the
pattern speed of spiral arms is even more confused, as its sig-
nature can also depend on their dynamical nature and origin
(see Sellwood & Masters 2022, for a review). Indeed, numeri-
cal simulations of galactic disks offer multiple perspectives on
this topic, from transient corotating structures winding up and
disappearing quickly (e.g., Baba et al. 2013; Hunt et al. 2018,
2019), to multiple modes persisting over a few (or even many)
galactic rotations, falsely appearing as very short-lived due to
superposition of modes (e.g., Sellwood & Carlberg 2014). In the
following, we will remain relatively agnostic on the exact origin
and nature of spiral arms, but two important points will guide
our modelling procedure. The first point is the current consen-
sus that, when spirals appear as modes in simulations, these are
not strictly static as in the classical density wave picture (Lin
& Shu 1964), but are rather made of a recurrent cycle of groove
modes (seeded by a depletion of circular orbits in a narrow range
of angular momenta, see, e.g. De Rijcke & Voulis 2016; De Ri-
jcke et al. 2019) that live between their inner Lindblad resonance
(ILR) and OLR, where they can create new grooves which set
up the recurrent cycle (Sellwood & Carlberg 2014, 2019). They
can also be edge modes (Fiteni et al. 2024). The amplitudes of
the individual modes grow and decay, but they are nevertheless
genuine standing wave oscillations with fixed shape and pattern
speed, detectable over a period of at least one rotation. The sec-
ond point is that spectrograms of N-body simulations displaying
joint bar and spiral perturbations tend to display spiral arms ro-
tating more slowly than the bar; moreover spiral arms are never
present within the corotation radius of the bar. These spirals live
between their own ILR and OLR but are usually strongest be-
tween their ILR and corotation (Quillen et al. 2011).

Keeping all the aforementioned caveats in mind, several ten-
tative measurements of the amplitude and pattern speed of spiral
arms have been made over time. Originally, Lin et al. (1969) pro-
posed a 2-armed model with pitch angle of 6◦ and pattern speed
of Ωs,2 ∼ 13 km s−1 kpc−1 based on the systematic motion of gas
and the displacement of moderately young stars in their classical
density wave model. A more recent estimate based on the classi-
cal Lin & Shu (1964) density wave formalism has been made by
Siebert et al. (2012) fitting the mean radial velocity map from the
RAVE survey and finding a best-fit 2-armed spiral model with a
contrast surface density of 14%, a pitch angle of 10◦ and a pat-
tern speed of Ωs,2 ∼ 18.6 km s−1 kpc−1. This model however
neglected the effect of the bar (see, e.g. Monari et al. 2014).
On the other hand, Amaral & Lepine (1997) argued for a su-
perposition of a 2-armed and 4-armed spiral, both with a pattern
speed of ∼ 20 km s−1 kpc−1 based on tracing back open clusters
to their birth place. Such a procedure was recently carried out
by Castro-Ginard et al. (2021), finding a declining pattern speed
with radius from ∼ 50 km s−1 kpc−1 for the Scutum arm segment
to ∼ 17 km s−1 kpc−1 for the Perseus arm segment. Modeling the
gas flow in the inner Galaxy, Bissantz et al. (2003) obtained a
joint measurement of the bar and 4-armed spiral pattern speeds,
with a very high pattern speed for the bar,Ωb ∼ 60 km s−1 kpc−1,
and a 4-armed spiral pattern speed of Ωs,4 ∼ 20 km s−1 kpc−1.
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More recently Eilers et al. (2020) applied a toy model of a log-
arithmic spiral to Gaia DR2 mean Galactocenric radial velocity
field to suggest a contrast surface density of ∼ 10%, a pitch an-
gle of 12◦ and a fixed pattern speed of Ωs,2 = 12 km s−1 kpc−1

for a 2-armed spiral corresponding to the Local and Outer arms.
Regarding the amplitude, the most recent determination, based
on the vertical Jeans equation, has found the Local arm to be the
strongest local overdensity, with a contrast density of roughly
20% (Widmark & Naik 2024).

Here, we attempt at fully exploiting the rich information en-
coded within the in-plane stellar motions in Gaia DR3 (Gaia
Collaboration et al. 2023b) to constrain dynamically the non-
axisymmetries of the Galaxy. The only previous similar attempt
is that from Vislosky et al. (2024), comparing three hydrody-
namical simulations of galaxies to the velocity maps from Gaia
in order to get insights on the bar-spiral orientation. Our ap-
proach hereafter is complementary since, instead of qualitatively
comparing a self-consistent hydrodynamical simulation to the
data, we attempt a more quantitative fit to the stellar phase-space
data from Gaia. For this, we will resort to backward integra-
tions to model the velocity field with a parametric form of the
gravitational potential. Our preferred solution could then serve
as new fiducial non-axisymmetric parametric potential for the
Milky Way disk.

In Section 2, we briefly present the data extracted from the
RVS sample of Gaia DR3 that we are using to constrain the po-
tential from the MW disk kinematics. The modelling method and
the parametrization of the potential are introduced in Section 3,
whilst results are presented in Section 4. A posteriori compar-
isons with observables to which the model was not fit, as well as
some examples of applications of our fiducial potential are given
in Section 5, before concluding in Section 6.

2. The Gaia RVS disk sample

Since we are planning to use the in-plane motions of disk stars
to constrain the non-axisymmetries of the MW, we select a sam-
ple of stars with six-dimensional phase-space information from
the Gaia RVS close to the Galactic plane. We use data from
Gaia DR3 (Gaia Collaboration et al. 2023a) combined with the
StarHorse (Anders et al. 2022) distances, and select 17 414 667
stars within a height of 300 pc from the Galactic plane.

We adopt, for the Sun’s position x⊙ and veloc-
ity V⊙ in Galactocentric Cartesian coordinates, x⊙ =
(x⊙, y⊙, z⊙) = (8275, 0, 15.29) pc and V⊙ = (Vx⊙ ,Vy⊙ ,Vz⊙ ) =
(−9.3, 251.5, 8.59) km s−1 (Gaia Collaboration et al. 2023b;
Portail et al. 2017; Widmark & Monari 2019), respectively.
We then transform the data from equatorial coordinates to
Galactocentric coordinates with the Astropy library (Astropy
Collaboration et al. 2022) to compute the stars’ positions in
Galactocentric Cartesian coordinates, x = (x, y, z) and their
in-plane velocities in Galactocentric Cylindrical coordinates,
V = (VR,Vφ), with the Galactocentric radius R =

√
x2 + y2 and

azimuth φ = arctan(y/x), defined to be zero at the azimuth of
the Sun. The stars are selected within 4 kpc < x < 12 kpc and
−4 kpc < y < 4 kpc.

On Fig. 1, left panel, we display the local stellar veloc-
ity distribution for a bit more than 2 million stars within
|R − R0| < 300 pc in our sample, where R0 = 8.275 kpc
is the Galactocentric radius of the Sun. On this figure sev-
eral of the well-known moving groups of the Solar neighbour-
hood (e.g., Dehnen 1998; Famaey et al. 2005; Antoja et al.
2008; Ramos et al. 2018; Bernet et al. 2022) are immedi-

ately visible. The “Hat” can be seen as the downward concave
arch at high Vφ, from (VR,Vφ) ≈ (−100 kms−1, 270 kms−1)
to (VR,Vφ) ≈ (120 kms−1, 260 kms−1); The Sirius moving
group (e.g., Famaey et al. 2008) is approximately straight at
Vφ ≈ 255 kms−1, located between VR ≈ −50 kms−1 and
VR ≈ 0 kms−1, with a peak at VR ≈ −15 kms−1; Coma
is right below Sirius in azimuthal velocity, around (VR,Vφ) ≈
(0 kms−1, 245 kms−1); The Hyades moving group (e.g., Famaey
et al. 2007; Pompéia et al. 2011) can be seen as a slightly
curved downward arch from the over-density at (VR,Vφ) ≈
(20 kms−1, 230 kms−1); The Horn is right next to the Hyades,
on the other side in VR: it appears as an arch going through
(VR,Vφ) ≈ (−80 kms−1, 200 kms−1); finally, the major Her-
cules moving group is perceived as a bimodality of the whole
velocity-plane, with an under-density, just below the Hyades in
azimuthal velocity, separating it from the rest of the distribution.
Its bimodality appears clearly, with a second overdensity appear-
ing at low Vφ.

Another way to visualize these arches, which however vi-
sually erases the asymmetries in radial velocity, is to plot the
distribution of stars in the local axisymmetric action space (e.g.
Trick et al. 2019, 2021). Indeed, the Galaxy is to first order an
axisymmetric quasi-integrable system, and the action-angle vari-
ables (J, θ) are the canonical phase-space variables appropriate
for studying and perturbing integrable systems. In these coordi-
nates, the Hamiltonian only depends on the actions J, which are
integrals of the motion. Each triplet of actions then fully char-
acterizes an integrable orbit, while the angles indicate where a
given star is on that particular orbit. The azimuthal action is sim-
ply Jφ = R Vφ, whilst the radial action JR encodes the (Galacto-
centric) radial excursions of a given orbit. On the middle panel
of Fig. 1, the arches in local velocity space are now seen as
ridges in local action space, characteristic of resonant features
(e.g., Monari et al. 2017; Binney 2020).

These features of local velocity and action space, traced with
exquisite precision, have however been known for a long time.
The most interesting added value of Gaia data releases has been
to expand the volume around the Sun where such dynamical
features can be studied (e.g., Ramos et al. 2018; Bernet et al.
2022). In order to adjust the non-axisymmetric components of
the Galactic potential in the present work, we will however re-
frain from using the full phase-space distribution of disk stars,
and will rather fit the measure of a central tendency as a function
of position in the disk, namely the median Galactocentric radial
velocity (Gaia Collaboration et al. 2023b). This map of median
radial velocity is displayed on the right panel of Fig. 1 and will
be the main observable adjusted in the present work. We will
check only a posteriori the qualitative agreement with the full
phase-space distribution of stars.

3. Modelling

To build our non-axisymmetric potential we start from an ax-
isymmetric one, and subsequently add a bar and spiral arms, de-
fined by several parameters as described in the following subsec-
tions. Within the axisymmetric potential, we use a phase-space
distribution function (DF), f (x,V), to describe our tracer popu-
lation. This 1-particle DF is the probability density function of
finding one star at the phase-space point (x,V) and, for a colli-
sionless system, it obeys the collisionless Boltzmann (or Vlasov)
equation. Such a DF, for any steady-state integrable stellar sys-
tem, should solely be a function of isolating integrals of the mo-
tion according to the Jeans theorem (Binney & Tremaine 2008).
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Fig. 1. Left panel: 2-dimensional histogram of the number density of stars from the Gaia RVS disk sample within 300 pc from the Sun on the
(VR,Vφ) plane defined on a [−200, 200] kms−1

× [0, 400] kms−1 grid, binned with (1 kms−1)2 bins. Middle panel: Same distribution on the
(Jφ, JR) plane (computed with AGAMA in the potential of Table 1) defined on a [0, 600] kms−1 kpc−1

× [200, 3000] kms−1 kpc−1 grid, binned with
(3 × 2 km2 s−2 kpc−2) bins. Right panel: the median radial velocity ṼR (x, y) as a function of the position in the Galactic plane for the full sample
of 17 414 667 stars with |z| < 300 pc. The grid is defined as [4, 12] kpc × [−4, 4] kpc, binned with (125 pc)2 bins. The Galactic center is located at
(x, y) = (0 kpc, 0 kpc), the Sun at (x, y) = (8.275 kpc, 0 kpc) is represented with a cross, and the sense of rotation of the Galaxy is anti-clockwise.

Fig. 2. The axisymmetric background. Left panel: the circular velocity curve of the background axisymmetric potential described in Sec. 3.1. Right
panel: The number density ρN of stars in velocity space at the Sun’s position from the equilibrium DF described in Sec. 3.2, for a normalization
factor such that the total number in the model at the Sun is the same as found in the data within 300 pc from the Sun.

We take these integrals to be the actions J. In order to trans-
form stellar positions and velocities into actions, one can use an
approximation based on Stäckel potentials (see, e.g., Famaey &
Dejonghe 2003). Axisymmetric Stäckel potentials are expressed
in a spheroidal coordinate system, defined by a focal distance,
which is always related to the first and second derivatives of the
potential at any given position. Thus, by using the actual Galac-
tic potential at any given position, one can compute an equiv-
alent focal distance as if the potential were locally of Stäckel
form, allowing for the calculation of the (quasi-)integrals of the
motion and corresponding actions. This “Stäckel fudge" (Binney
2012; Sanders & Binney 2016) is fully implemented within the
the Action-based Galaxy Modelling Architecture code (Vasiliev
2018, 2019, AGAMA) that we use in the present study.

We are starting from an equilibrium DF, f (J), for the tracer
population defined within an axisymmetric potential. The first
route to include the effect of non-axisymmetric components is to

treat them through perturbation theory (e.g. Monari et al. 2016a;
Al Kazwini et al. 2022) which, in order to be truly quantita-
tive, needs a special treatment for the resonant zones for a con-
stant pattern speed perturbation (e.g. Monari et al. 2017; Laporte
et al. 2020; Binney 2020; Hamilton et al. 2023). This becomes
however practically very complicated in the presence of multi-
ple perturbers with different pattern speeds, whose resonances
will overlap. To circumvent this issue, one can fortunately rely
on the property encoded in the collisionless Boltzmann equation,
that the DF value in an infinitesimal Lagrangian volume is con-
served. This allows us to use the classical method of backward
integration (Vauterin & Dejonghe 1997), used in, e.g., Dehnen
(2000); Hunt & Bovy (2018); Hunt et al. (2018, 2019); Monari
et al. (2019b); Bernet et al. (2024), in order to explore the shape
of the DF.

In order to compute the f (x,V, t), at current time t = 0, at
the phase-space point (x,V), in the presence of the bar and spiral
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arms, we backward integrate the orbit for a fixed integration time
to its phase-space position (x′,V′) at time t′ < 0, before the ac-
tual appearance of the non-axisymmetric perturbers. Assuming
that the tracer population is represented by the equilibrium DF,
f (J), in the axisymmetric background potential at time t′, we
transform (x′,V′) to action-angle variables using AGAMA, com-
pute the value of the DF1, and since this value in an infinitesimal
Lagrangian volume is conserved, we attribute the same value of
the DF to the phase-space position (x,V) at present time t = 0
in the presence of the bar and spirals. In practice, the orbits are
integrated within the plane only, by solving the initial value prob-
lem with the Runge-Kutta of order 5 method odeint solver from
the very efficient torchdiffeq library (Chen 2018) in PyTorch
(Paszke et al. 2019). Doing this at numerous phase-space loca-
tions allows us to compute the median radial velocity as a func-
tion of position in the disk, and to adjust the parameters of the
non-axisymmetric components in order to fit the observed val-
ues. In practice the median radial velocity at each grid position
(sampled every 50 pc in x and y) on the disk is computed after
locally integrating the values of the DF in Vφ for a grid of ve-
locities on which the backward integration is performed at each
position. This grid ranges from −79 kms−1 to 79 kms−1 wit a
step of 2 kms−1 in VR, and from 110 kms−1 to 330 kms−1 with
a step of 4 kms−1 in Vφ. The potential is evaluated on a grid of
radii that is subsequently interpolated with a cubic spline in the
torchcubicspline library in Pytorch to improve computa-
tional time. Similarly, we also interpolate, with Scipy (Virtanen
et al. 2020), a cubic spline to the actions computed with AGAMA.

There are three caveats with the method, which are worth
mentioning even though addressing them in detail is far beyond
the scope of this first quantitative approach to the problem. First,
we are using the full disk sample described in the previous sec-
tion without taking into account a detailed selection function,
assuming that the high number of stars that we use allows for
a good estimate of the true median velocity. The second caveat
is that, in practice, the observed stellar DF is always measured
over finite phase-space volumes whilst the backward integration
method operates under the assumption that the mean value of the
DF within a given phase-space volume is equivalent to its value
at the central point, irrespective of how the volume deforms dur-
ing the system’s orbital evolution. In other words, the backward
integration method yields the fine-grained DF, which will typi-
cally remain unsmoothed at small scales, whilst the measurable
DF within observations is the coarse-grained one, which does
not obey the collisionless Boltzmann equation (as this coarse-
grained DF is smoothed by phase-mixing within finite volumes).
In practice, this means that, if the integration is carried out for
too long, the fine-grained DF tracked by the backward integra-
tion method will lead to sharp and unsmoothed features in veloc-
ity space, where chaotic features will also appear as sharper than
in the real world. To circumvent this problem, the integration
must be carried out only for a relatively limited time, adjusted
so that the sharpness of resonant features in velocity space re-
sembles what is observed. Luckily, N-body simulations indicat-
ing the existence of recurrent cycles of groove modes in galactic
disks (Sellwood & Carlberg 2014, 2019) allow us to consider
that current spiral arm modes of the Milky Way are rather re-
cent. This assumption is, of course, not ideal for the bar, but it is
1 Let J be the Jacobian of the transformation between (J, θ) and
(x,V). Since detJ = 1 for canonical variables (Binney & Tremaine
2008), the transformation between a DF in (J, θ), f (J, θ), and the one
in (x,V), f ′(x,V), is given by f ′(x,V) = f (J(x,V), θ(x,V)) detJ =
f (J(x,V), θ(x,V)), i.e. f ′ is just f with J and θ written as functions of
x and V.

reasonable to assume that the location of the resonant features in
local velocity space will not evolve with time, whilst their sharp-
ness will. Hence, we will only deal with the location of resonant
features in local velocity space to constrain the pattern speed of
the bar, and rely on a parametric form of its potential adjusted
to the dynamics of the bulge region (Portail et al. 2017; Thomas
et al. 2023) for its amplitude. It would be too costly to resort to a
forward integration method within the fitting scheme that we set
out to apply in the present paper, given the size of the parameter
space to explore, and given that each combination of parameters
requires a full backward integration of the whole Galactic plane.
However, the results obtained hereafter could serve as a basis
for forward-in-time test-particle simulations, also expanded to
three-dimensions, that we plan to present in a follow-up paper.
Finally, a third and last caveat is that our simulations are, by
design, not self-consistent. This simplification is much more ef-
ficient to explore a vast parameter space. However, future im-
provements of our method might rely on an adaptation of the
made-to-measure method (Syer & Tremaine 1996; Portail et al.
2017) to account for self-consistency, using the results presented
hereafter as a basis.

3.1. Background axisymmetric potential

As outlined hereabove, the method uses an axisymmetric back-
ground potential. In practice, we assume a 3D axisymmetric den-
sity profile and the potential is computed by solving Poisson’s
equation with AGAMA. The density profile is the summed density
of each of the following components: stellar disk, gas disk, bulge
and dark matter halo.

The stellar and gas disk density profiles are parametrized in
Galactocentric cylindrical coordinates (R, z) as:

ρdisky(R, z) =
Σ0

2hz
exp

(
−

∣∣∣∣ z
hz

∣∣∣∣) exp
(
−

R
hR

)
, (1)

with the central surface density Σ0, scale height hz (and hence
central density Σ0/2hz), and scale length hR. The spherical den-
sity profile for the bulge and dark matter halo is given by:

ρspheroidal(R, z) = ρ0

( r̃
a

)−γ (
1 +

r̃
a

)γ−β
exp

[
−

(
r̃
rs

)α]
, (2)

with a density normalization ρ0, a scale radius a, an outer scale
radius rs, and exponents α, β, γ. The ellipsoidal radius is defined

as r̃ =
√

R2 +
(

z
q

)2
, with q the vertical axis ratio. All param-

eters are given in Table 1. The baryonic mass of the model is
6 × 1010M⊙ and the dark matter halo is relatively light, with a
mass of 3.1 × 1011M⊙, in between the typical values obtained
from circular velocity curve analyses (e.g., Jiao et al. 2023; Ou
et al. 2024) and those obtained from escaped speed curves, satel-
lite dynamics or stream fitting (e.g., Monari et al. 2018; Calling-
ham et al. 2019; Roche et al. 2024; Ibata et al. 2024). Only the
mass in the inner Galaxy however matters for our present mod-
elling: the total enclosed mass (baryons and dark matter) within
20 kpc is 2.2 × 1011M⊙, roughly in agreement with the Malhan
& Ibata (2019) constraint. The local dark matter density at the
Sun’s position is 1.3 × 10−2M⊙ pc−3, consistent with most es-
timates (de Salas & Widmark 2021, and references therein). In
the center, the dark matter halo displays a constant density core
(with a central power-law slope of 0) as well as a shallow power-
law decline close to the center with a slope of -0.6 at R = 1 kpc
and of -1 at R = 3 kpc. All these background potential param-
eters could in principle be let free in our fitting procedure here-
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after, but to simplify the problem they have all been fixed to re-
semble closely the axisymmetric part of the model by Portail
et al. (2017). The circular velocity curve corresponding to this
axisymmetric model is plotted on the left panel of Fig. 2. The
non-axisymmetric modes that will be added on top of this ax-
isymmetric background will all have zero total mass, meaning
that the total mass of the final non-axisymmetric model will be
the same as that of the axisymmetric one. Since our orbits will
be computed strictly within the plane, we only need hereafter the
background potential within the plane, Φ0(R).

3.2. Axisymmetric equilibrium distribution function

The second step of our procedure consists in choosing an equi-
librium DF for the tracer stellar population within the plane.
Since we are confined to the plane, we do not attempt here
to be fully self-consistent (see, e.g. Binney & Vasiliev 2023),
in order to allow for a simple and tractable form of the DF,
namely a simple linear combination of two quasi-isothermal
DFs f (JR, Jφ) = Fthin + ζFthick with ζ = 0.05, that are two-
dimensional and both with the following form (Binney 2010;
Binney & McMillan 2011),

F = η
Ω(Jφ)

κ(Jφ)σ̃2
R(Jφ)

exp
(
−

Rg(Jφ)
hR

)
exp

− JRκ(Jφ)

σ̃2
R(Jφ)

 , (3)

with Rg the guiding radius, Ω, κ the circular and epicyclic fre-
quencies, all three depending on the azimuthal action Jφ, hR the
disk scale length, η the normalization factor (in units of inverse
length square) of the tracer population, and finally the radial ve-
locity dispersion σ̃R depending on the guiding radius as:

σ̃R(Rg(Jφ)) = σ̃R(R0)exp
(
−

Rg(Jϕ) − R0

hσ,R

)
, (4)

where hσ,R is the kinematic scale-length of the tracer popula-
tion. For Fthin, we set the scale length to hR = 2.4 kpc in accor-
dance with the potential, the velocity dispersion at the Sun’s po-
sition to σ̃R,thin(R0) = 30 kms−1, and the kinematic scale length
to hσR = 10 kpc. For Fthick, the only difference is that we set
σ̃R,thick(R0) = 55 kms−1. The local velocity distribution at R = R0
corresponding to this axisymmetric DF is displayed on the right
panel of Fig. 2. In practice, the normalization factor is adjusted
such that the number of stars in the model at the Sun is the same
as found in the data within 300 pc from the Sun.

3.3. Non-axisymmetric potential

The third step of our procedure is to add non-axisymmetric
modes on top of the axisymmetric background potential Φ0. The
total potential is obtained by adding to Φ0(R) the real part of the
following:

Φtot(R, φ, t) = Φ0(R) +
∑

m

ϕb,m(R, t) exp[i m(φ − φb,0 −Ωbt]

+
∑

m

ϕs,m(R, t) exp[i m(φ − φs,m,0 −Ωs,mt], (5)

where the current phase and the pattern speed of the bar are re-
spectively φb,0 and Ωb, and those of the spiral arms mode m re-
spectively φs,m,0 (the present-day spiral phase at the Solar posi-
tion) and Ωs,m. The amplitude of each mode is given by ϕb,m and
ϕs,m for the bar and spirals, respectively. The time t is such that
currently t = 0.

As outlined hereabove, the amplitude of the modes of the
bar potential are fixed to values that fit well the dynamics of the
bulge region. Namely, the bar potential is a superposition of three
Fourier modes, with the same parametric form as in Thomas
et al. (2023), closely resembling the three first even modes of
the bar potential derived in Portail et al. (2017). From this same
potential, the bar angle phase is fixed to be φb,0 = 28◦. The am-
plitude of each bar mode m is given by:

ϕb,m(R, t) = Gb(t) Ab,m(R)Φ0(R), (6)

where Gb(t) is the growth function for the bar, and Ab,m is the
relative amplitude of the bar mode given by

Ab,m(R) = Kb,m (R/Rb,max)am−1(1 − R/Rb,max)bm−1, (7)

with Kb,m a global amplitude factor and Rb,max the radius at which
the mode’s amplitude goes to zero. Importantly, we consider that
the amplitude has reached a plateau at the present time Gb(t =
0) = 1. The values of Kb,m, am, and bm for each of the bar modes
are presented in Table 2. Only the pattern speed of the bar is
adjusted to the location of resonant ridges in local velocity space
within our procedure (see next Section).

The spiral arms potential that we propose is an adaption
of the analytical model of Cox & Gomez (2002) described in
Monari et al. (2016b), whose amplitude is given by

ϕs,m(R, t) = Gs,m(t) As,m(R) exp
[
i m

ln(R/R0)
tanps,m

]
Φ0(R), (8)

where Gs,m(t) is the growth function for the spiral arms mode m,
set to Gs,m(t = 0) = 1, ps,m is the pitch angle, and As,m is given
by

As,m(R) = ξs,m(R) Hm(R)
Φ0(R0)
Φ0(R)

, (9)

where ξs,m is the amplitude factor of the mode, normalized to its
value Ks,m at R = R0 with a radial dependence as follows:

ξs,m(R) = Ks,m
mR2

0 sin2 ps,m + m2hs,mR0 sin ps,m + 0.3m3h2
s,m

mR2 sin2 ps,m + m2hs,mR sin ps,m + 0.3m3h2
s,m

×
R3 sin3 ps,m + 0.3mhs,mR2 sin2 ps,m

R3
0 sin3 ps,m + 0.3mhs,mR2

0 sin2 ps,m
.

(10)

This adaptation of the Cox & Gomez (2002) potential has the ad-
vantage to be easily generalizable to 3D. Here, hs,m corresponds
the scale-height of the spiral potential, which we fix to 130 pc.
Finally, Hm is a radial cutoff function, parametrized by an inner
and an outer cutoff, respectively, Rs,m,min and Rs,m,max. The func-
tion is simply:

Hm(R) =
{

1 if Rs,m,min ≤ R ≤ Rs,m,max,

0 otherwise.
(11)

These cutoffs will be determined from the pattern speeds of the
bar and spiral modes in the next Section. The parameters of the
spiral arms (for each mode: amplitude Ks,m, pitch angle ps,m,
present-day phase at the Solar position φs,m,0, and pattern speed
Ωs,m) will be adjusted to the data in the next Section, together
with the bar pattern speed Ωb.
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Table 1. Parameters of the axisymmetric background density used to compute the background potential, following the definitions in Eq. 1 and
Eq. 2.

Disky density profiles
Component Σ0 (103M⊙ pc−2) hR (kpc) hz (kpc)
Stellar disk 1.19 2.4 0.30
Gas disk 0.07 4.8 0.13

Spheroidal density profiles
Component ρ0 (10−1M⊙ pc−3) a (kpc) rs (kpc) α β γ q
Bulge 1.08 8.16 0.83 2.0 2.9 1.3 1.0
DM halo 4.56 − 0.65 0.50 0.0 0.0 0.8

Table 2. Parameters of the planar fiducial non-axisymmetric potential fitted in Sect. 4.2, with parameters as defined in Eqs 7 and 9.

Bar
Ωb φb,0 Rb,max Kb,2 Kb,4 Kb,6 a2 a4 a6 b2 b4 b6

37 kms−1kpc−1 28◦ 12 kpc 0.25 8.4 210.41 1.8 4.08 5.96 5.08 10.7 16.06

m=2 spiral
Ωs,2 Ks,2 φs,2 ps,2 Rs,2,min Rs,2,max hs,2 Σs,2 ILR CR

13.1 kms−1kpc−1 0.15 % 47.8 ◦ 8.1 ◦ 6.6 kpc 26.4 kpc 0.13 kpc 24.9 % 4.1 kpc 17.6 kpc

m=3 spiral
Ωs,3 Ks,3 φs,3 ps,3 Rs,3,min Rs,3,max hs,3 Σs,3 ILR CR

16.4 kms−1kpc−1 0.06 % 81.7 ◦ 13.7 ◦ 8.0 kpc 19.6 kpc 0.13 kpc 9.3 % 8.0 kpc 14.4 kpc

4. Fitting procedure and results

4.1. Bar-only model

With all the parametric components of the potential defined
above, we are now in a position to launch our backward inte-
grations to adjust the parameters to the data. As outlined here-
above, the amplitude of the modes and the phase of the bar po-
tential are fixed to values that fit well the dynamics of the bulge
region. Only the pattern speed of the bar will now be adjusted to
the location of resonant ridges in local velocity space, excluding
the spiral arms from the model.

Another hyper-parameter to fix is the (dummy) integration
time, Tint, within the backward integration context. This will not
affect the location of ridges in local velocity space but will affect
their apparent “sharpness”. As in Dehnen (2000), we separate
the total integration time into two equal-time phases of growth
of the bar and plateau of its amplitude, with the following growth
function:

Gb(t) =
{

1 if − Tint
2 ≤ t ≤ 0,

3
16T

5 − 5
8T

3 + 15
16T +

1
2 if − Tint < t < − Tint

2 ,
(12)

where T ≡ (4t + 3Tint)/Tint. We choose to adjust those two pa-
rameters (pattern speed and dummy integration time) to the 1-D
distribution of stars in the Solar neighborhood for azimuthal ve-
locities within 90 kms−1 < Vφ < 330 kms−1 at VR = 100 kms−1.
This distribution is shown in Fig. 3. The choice of analyzing the
ridges at high VR prevents them from being “contaminated” by
the additional effect of spiral arms since, as we shall see in the
next subsection, these distort local velocity space mostly in the
central regions of the velocity ellipsoid. This adjustment of the
bar pattern speed is made in the Solar neighborhood, which is the
most complete volume, so that peaks and valleys are not missing.

Quantitatively, we compare the sum of the squares of the dif-
ferences of the 1-D distribution of azimuthal velocities on each

bin of 2 kms−1 between the Gaia RVS disk sample and the bar-
only model. Only the location of the peaks matters here, so the
DF renormalization is applied only in the small VR range con-
sidered on Fig.3, instead of the DF normalization applied within
the whole local velocity space in all other instances. We find the
best match at Ωb = 37 kms−1kpc−1 for a total (dummy) inte-
gration time of 543 Myr corresponding to 3.2 rotations of the
bar. Note however that the velocity peak that can be attributed to
Bobylev moving group, or lower part of the Hercules bimodality
(at Vφ ∼ 160 kms−1 on Fig. 3), is not recovered, and is never so
by a bar-only model that also reproduces the hat at large Vφ. Our
best value of the pattern speed places the corotation radius of the
bar at R = 6.6 kpc and its OLR radius at R = 11 kpc.

On the first column of Fig. 4, we display the distribution of
(VR,Vφ) velocities in the Solar neighbourhood (setting the value
to zero in pixels with no stars in the data), of the local (Jφ, JR) ac-
tion distribution, as well as the median Galactocentric radial ve-
locity ṼR as a function of position within the Galactic plane. Re-
markably, the local kinematic distribution corresponding to this
bar-only model is already very similar to the observed one, with-
out any additional contribution from spiral arms (see also Monari
et al. 2019b, for a less quantitative but similar conclusion). The
success of this bar model at producing so many features resem-
bling the observed local kinematic distribution comes from the
signatures of the Lindblad resonances of its multiple modes. We
confirm this in the Appendix, where we provide a simple formula
based on constant energy lines within the improved epicyclic for-
malism of Dehnen (1999a) in order to evaluate the approximate
location of the signature of each bar resonance in local velocity
space. At VR = 100 kms−1, these approximate locations of the
bar resonances are also indicated as small dashes on top of Fig. 3.
However, as it also appears clearly in the third row of Fig. 4, the
bar-only model produces a dipolar structure of median radial ve-
locities within the plane, far from the observed one. This implies
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Fig. 3. 1-D distribution of the azimuthal velocity of stars in the So-
lar neighborhood within 99 kms−1 < VR < 101 kms−1, a region of
velocity space where the bar impact dominates the distribution (over
potential spiral arms signatures). In grey, the stellar distribution from
the Gaia RVS disk sample in the Solar neighbourhood, smoothed with
the Savitzky-Golay filter from the SciPy library. Red line: the renor-
malized best bar-only model at VR = 100 kms−1, with pattern speed
Ωb = 37 kms−1kpc−1. For reference, we are providing the results for
Ωb = 55 kms−1kpc−1 (green line), where only the 1:1 resonance leaves a
small signature at higher Vφ than the strong OLR peak. The approximate
locations of the different resonances evaluated from Eq. A.5 are repre-
sented as red (Ωb = 37 kms−1kpc−1) and green (Ωb = 55 kms−1kpc−1)
dashes on top of the plot.

that other dynamical ingredients are required to reproduce this
median velocity field, which will be the topic of the following
subsection. Another clear defect of the bar-only model, locally,
is that the Sirius moving group does not stand out in local ve-
locity space. Quantitatively, if one considers the density of stars
within a strip of Vφ between 250 kms−1 and 260 kms−1 in local
velocity space, and compares the value at VR = −12 kms−1 to
that at VR = 0 kms−1, one gets an increase of ∼25% in the data at
VR = −12 kms−1 (the Sirius peak), while one gets a decrease of
11% in the bar-only model (almost identical to the axisymmetric
case). This indicates that Sirius is likely caused by spiral arms.

4.2. Adding spiral arms

Given the failure of the bar-only model to reproduce the median
radial velocity field, the next step is to add non-axisymmetric
modes corresponding to spiral arms. We start by adding a single
mode on top of the bar-only model (i.e., with now fixed Ωb =
37 kms−1kpc−1), with multiplicity m ∈ [1, 2, 3, 4]. We fix the
scale height to be the same as that of the gas component of the
background potential, hs,m = 130 pc, the outer cut-off to be the
OLR of the spiral, and the inner cut-off to be the larger between
the corotation radius of the bar and the ILR of the spiral (so that
the spiral lives between its ILR and OLR but does not penetrate
within the corotation of the bar). The growth function Gs,m(t)

has the same form as the bar, and we fix the integration time to
exactly one full rotation of the spiral arm mode. In many other
attempts, even allowing more than one rotation and a different
growth time, the best candidates in the method that follows tend
to converge close to the preferred values we found.

The exploration of the whole parameter space with the back-
ward integration method over a large portion of phase-space
is computationally very costly, which led us to select the fol-
lowing strategy to fit the Galaxy model to the Gaia data. The
fit is realized with the differential evolution method of Storn
& Price (1997), a global genetic optimization method imple-
mented in the Python SciPy library. This algorithm minimizes
an objective function, set to be a weighted error function L =∑

i(Ṽmodel
R,i − Ṽdata

R,i )2/σ2
i , comparing median radial velocities from

model and data on a small selection of points (xi, yi) with weights
1/σi. The observed median radial velocities Ṽdata

R,i are calculated
within bins of size 250 pc around the selected point (xi, yi),
whilst the model median radial velocities are the median of the
VR distribution at the selected point, i.e. the model DF values
in the (VR,Vφ) plane integrated over Vφ. The choice of the se-
lected points and their respective weights is a delicate one. The
number of points must be limited, in order to limit the com-
putation time, but this also means that they must be chosen at
‘strategic’ positions and not simply on a uniform grid. More-
over, simply weighting them by the number of stars in the data
would give too much weight to the Solar vicinity over the en-
tire area of the fit. The first point to which we nevertheless still
give the highest weight, 1/σ0 is the Solar position (x0, y0). We
then need to choose points which are representative of the vari-
ations of the (positive and negative) values of the median ra-
dial velocity all over the plane. Adding spiral arms invariably
runs the risk of not preserving the roughly correct radial ve-
locity gradient from the bar in the region around (x1, y1) =
(7.0 kpc, 3.5 kpc) and (x2, y2) = (7.0 kpc, 1.0 kpc), but it is
needed to change the sign of ṼR at (x3, y3) = (9.0 kpc, 0.0 kpc).
These are our three second-most important points, all with
σi = 2σ0. We then choose two pairs of points along con-
stant y axes that encapsulate the positive-negative variations of
the median radial velocity field, (x4, y4) = (6.5 kpc, 0.0 kpc),
(x5, y5) = (10.0 kpc, 0.0 kpc), (x6, y6) = (7.0 kpc,−3.0 kpc),
and (x7, y7) = (10.0 kpc,−3.0 kpc), with σi = 3σ0. In or-
der to capture the clear spiral feature at the bottom-left of the
plane, we also add two points, (x8, y8) = (6.0 kpc,−2.5 kpc) and
(x9, y9) = (7.5 kpc,−2.5 kpc), with σi = 5σ0. We finally impose
a constraint in the outer disk, (x10, y10) = (11.5 kpc, 1.0 kpc) and
(x11, y11) = (12.0 kpc, 0.0 kpc), also with σi = 5σ0. These are
the essential points of our fit. We add on top of this a set of low-
weight points that will merely help guiding the fit, (x12, y12) =
(9.0 kpc,−3.0 kpc), (x13, y13) = (9.0 kpc, 3.5 kpc), (x14, y14) =
(10.0 kpc, 3.5 kpc), and (x15, y15) = (12.0 kpc, 3.5 kpc), all with
σi = 100σ0. All the selected points are indicated as squares on
the bottom-middle panel of Fig. 4. This selection of points and
their weights hereafter plays the role of a prior on what the most
important regions of configuration space are.

For our genetic algorithm, let us now define our population
of candidate solutions in parameter space as ai,g, with 1 ≤ i ≤ n
and 1 ≤ g ≤ N. This means we will consider n candidates at
each generation, for N generations. In practice, a first generation
of candidate solutions is created by picking stochastically many
candidate parameters across parameter space, all while trying to
cover most of the parameter space. This population is then mu-
tated, candidate by candidate, iteratively, thereby establishing a
new generation at each iteration. At each generation g, the muta-
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Fig. 4. From left to right, the columns correspond to the bar-only model, the Gaia RVS disk sample and our fiducial non-axisymmetric
model, respectively. Top row: the 2-dimensional histogram of stars on the local (VR,Vφ) plane defined on [−200, 200] kms−1

× [0, 400] kms−1,
binned with bins of size (1 kms−1)2. Middle row: the 2-dimensional histogram of the number density of stars on the (JR, Jφ) plane defined on
[0, 400] kms−1kpc−1

× [800, 2600] kms−1kpc−1, binned with bins of size (3 × 2 km2 s−2kpc−2). For this, the velocities (VR,Vφ) have been trans-
formed to actions (JR, Jφ) with AGAMA. Bottom row: the median ṼR (x, y) is shown in the (x, y) plane defined on [4, 12] kpc×[−4, 4] kpc, and binned
with bins of size (125 pc)2 for the data and (50 pc)2 for the models. The cross locates the Sun and squares on the middle panel (data) indicate the
selected points where the fit has been performed. All panels were smoothed with a bi-linear interpolation.

tion of each candidate ai,g is applied according to the “best1bin"
strategy with the following steps:

– Select the best parameters candidate (the one minimizing the
weighted error function at current generation), abest,g.

– To mutate each candidate ai,g, randomly select two other pa-
rameters vector candidates, a j,g and ak,g.

– Take a fixed multiplication factor (mutation factor M) of
their difference in parameters, M (a j,g − ak,g) to get a vec-
tor vi = abest,g +M (a j,g − ak,g)

– The new trial vector ai,g+1 is then built component by com-
ponent by assigning the value of each parameter either from
vi or from ai,g according to if a realization of the binomial
function between 0 and 1 is smaller or greater than a chosen
recombination value C, respectively.
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Fig. 5. Left panel: Median radial velocity ṼR for the fiducial non-axisymmetric model on the disk plane (x, y) defined on [−13, 13] kpc ×
[−13, 13] kpc binned with (250 pc)2 bins. Right panel: Adaptation of panel B in figure 1 of Poggio et al. (2021) with over-densities of
young upper main sequence stars in red tracing the position of the arms segments. Both panels display the bar position of our fiducial model
with dashed black lines, the major m = 2 (black) and minor m = 3 (grey) spiral locations of our fiducial model as continuous and dot-
ted black and gray lines, respectively (the dotted line indicates that the maximum overdensity of the model spiral has reached inside the in-
ner cut-off, but that there is still an overdensity in the model, indicated by the dotted line and reaching zero where the dotted line stops). In
both panels, the cross represents the Sun’s position. The overdensity maps of young stars following Poggio et al. (2021) are generated from
https://github.com/epoggio/Spiral_arms_EDR3.git.

Fig. 6. The median JR as a function of position in the data of the extended Solar neighbourhood (left panel) and in the model (right panel). The
lines indicate the location of spiral arm segments in the model and the red cross indicates the Sun’s position.

– Compute the weighted error function for the trial vector
ai,g+1: if it performs better in terms of the objective func-
tion, it replaces the original candidate in the next generation,
otherwise the initial candidate ai,g remains the same at gen-
eration g + 1.

– The convergence criteria are met when the standard devia-
tion of the population objective function values at a given
generation is smaller than 1% of the mean objective function
value of all candidates in the population in that generation.
The final abest,g=N candidate is kept.
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Fig. 7. Left panel: difference of the median azimuthal velocity compared to its average value at fixed R in the Gaia RVS data, ∆Ṽφ ≡ Ṽφ(x, y) −
Ṽφ(R), on the (x, y) plane defined on [4, 12] kpc × [−4, 4] kpc, binned with (125 pc)2 bins. Right panel: difference between the median azimuthal
velocity of the fiducial model and that of the background axisymmetric DF. In both panels, the black cross indicates the Sun’s position.

We kept the standard values of the algorithm hyper-parameters,
notably population size n (15 times the number of parameters),
the recombination value C, and the mutation factor M. This
method was chosen since it is extremely efficient at converging
efficiently over a large parameter space. the selection of points
and their weights plays the role of a prior on what the most im-
portant regions of configuration space are. However, contrary to
a classical Bayesian method no posterior or well-defined error
bars can be given. Therefore, we are not in a position to provide
error bars, and we cannot exclude that our best candidate models
found hereafter may be local minima in parameter space. Further
improvements of the present work should address this question
together with taking into account a Gaia selection function (e.g.,
Castro-Ginard et al. 2023).

From attempts to fit only one spiral arms mode, the mode
m = 2 performed the best in terms of the objective function
among m ∈ [1, 2, 3, 4], with a pattern speed of 13 kms−1kpc−1.
This is the main result of our search, which we will now seek
to refine. Indeed, this preferred single mode model clearly pro-
duces a distorted local velocity space, especially a very distorted
Sirius-like moving group compared to observations. This is not
entirely surprising, as local velocity space has not been used to
constrain the fit. We then modify the objective function L with a
local constraint, as follows: L′ = L +

∑i=2
i=1(∆model

i − ∆data
i )2/σ2

∆
,

where ∆0 is the location of the 1-D VR distribution peak at
Vφ = 250 kms−1 (i = 1) and at Vφ = 260 kms−1 (i = 2) at
the Sun, and σ∆ = 3σ0 in both cases. Using L′ however still
leads to a best candidate with a distorted Sirius moving group in
local velocity space when considering a single m = 2 mode.

Then, in order to possibly improve over this model, we at-
tempt a new fit that adds a second spiral mode with multiplic-
ity m = 3 or m = 4, together with the the first one and the
bar. We assume the m = 2 spiral to have a range of pattern
speeds 10 kms−1kpc−1 < Ωs,2 < 14 kms−1kpc−1, close to the

value found for the single mode fit which we aim to improve
upon. To reduce the parameter space, the amplitude of the sec-
ond higher mode, whose pattern speed and pitch angle are al-
lowed to vary, is fixed with the equation proposed by Hamilton
(2024), relating the respective amplitude of both modes to their
pattern speed and pitch angle, namely as being inversely pro-
portional to the product of their pattern speed squared with the
tangent of their pitch angle (hence a higher amplitude for lower
pattern speed and lower pitch angle). To further reduce parame-
ter space, we impose that the sum of the local density contrasts
for both spiral modes is smaller than 35%, checking a poste-
riori that this limit will not be reached by our best candidate.
To compute the surface density contrast of each mode, we take
the ratio between the integrated surface density at the Sun of
the axisymmetric baryonic component and the spiral arms sur-
face density corresponding to the Cox & Gomez (2002) poten-
tial (see also Monari et al. 2016b). In our analysis we found that
the secondary m = 3 spiral mode does complement the stronger
mode better than the m = 4 one in terms of the objective func-
tion. Adding this second m = 3 mode allowed us to taper and
regularize the signature of the Sirius moving group in local ve-
locity space while improving slightly the median radial veloc-
ity map. To further polish the parameters of this best candidate
found with our global optimization method, we then perform
a fine search with a gradient descent in a narrow range of pa-
rameter space (1 kms−1kpc−1 wide in pattern speed, 6◦ wide in
phase, 2◦ wide in pitch angle and 0.04% wide in potential ampli-
tude Ks,2) around our best candidate solution, with the Limited-
memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS-B) al-
gorithm implemented in Scipy. The solution thus found con-
stitutes our fiducial model.

The final parameters of this fiducial model are presented in
Table 2, while its local velocity and action space distribution,
and median radial velocity map, are presented in the third col-
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Fig. 8. Median radial velocity on the (φ, Jφ) plane defined on [−0.78, 0.78] rad × [1000, 3000] kms−1kpc−1, binned with bins of size (0.005 ×
2.5 rad× kms−1kpc−1). Left panel: the Gaia RVS disk sample. Right: the fiducial non-axisymmetric model. Points outside 5 kpc < x < 12 kpc and
−4 kpc < y < 4 kpc are excluded in both the data and model.

umn of Fig. 4. The improvement of the median radial velocity
map compared to the bar-only model is striking, but there are
also subtle improvements in local velocity space, in particular
a better representation of moving groups close to the center of
the velocity ellipsoid. For Sirius, if one reconsiders the density
of stars within a strip of Vφ between 250 kms−1 and 260 kms−1,
one now gets an increase of 5% at VR = −12 kms−1 compared to
VR = 0 kms−1 in the model. This is still a significantly smaller
peak than in the data (∼25%), which will require further investi-
gations, but it is a significant improvement upon the decrease of
11% in the bar-only model. We will now qualitatively compare
the predictions of this fiducial model to other observables in the
next Section.

5. Predictions and applications of the model

The fiducial model presented in Table 2 has been adjusted to
data with zero prior on the spiral arms locations. One can now
check how well the model performs in recovering the position
of known spiral arms of the Galaxy, as well as how it fares in
reproducing other observables, such as the azimuthal velocity
field or the detailed locations of moving groups across the disk.

5.1. Locations of spiral arms

On Fig. 5, we present the global radial velocity map predicted
by our fiducial model, together with the location of the bar and
of the maximum density of the two dynamically-fitted spiral arm
modes. We also compare the location of those arms to the over-
densities of young upper main sequence stars identified in Pog-
gio et al. (2021). As it appears clearly on this figure, the strongest
m = 2 mode nicely matches the location of the Crux-Scutum arm
close to the Galactic bar, of the Local arm close to the Sun, and of

the Outer arm. This is also in line with the findings of Widmark
& Naik (2024) who found the Local arm to be a strong local
over-density, with a contrast density of roughly 20%, close to the
local over-density of 24.9% within our model. Since the pattern
speed of the m = 2 spiral is smaller than that of the bar, this could
be interpreted as a recent disconnection (52.5 Myr ago) from the
bar in the Crux-Scutum region, in accordance with the findings
of Vislosky et al. (2024). On the other hand, the weaker m = 3
spiral nicely matches the location of the Carina-Sagittarius and
Perseus arms. It is remarkable that a purely dynamical fit mostly
recovers the location of known spiral arm over-densities within
the disk.

Another interesting quantity to compare our model predic-
tions with is the median JR as a function of position in the disk.
Indeed, Palicio et al. (2023) identified spiral arm structures in
the disk from the median J̃R values as a function of position.
We reproduce such a map from the Gaia RVS data within the
extended Solar neighbourhood, in Fig. 6, and overlay the loca-
tion of the spiral arms from our fiducial model. We also com-
pute the median axisymmetric J̃R values from our model, start-
ing from the same grid of velocities as before at each location
in the plane, then computing the corresponding radial actions
with AGAMA, and summing up the DF values to compute the
median. Again, the a posteriori qualitative agreement with the
data is remarkable. Note that the increase in median axisymmet-
ric J̃R is positively associated to the presence of spiral arms in
our model, in accordance with the findings of Debattista et al.
(2024) when considering instantaneous axisymmetric actions. In
N-body simulations, one typically needs to average actions over
a long-enough timescale to even better track the spirals for low
values (Debattista et al. 2024) of the median time-averaged ra-
dial action. In our case, the important takeaway is the a poste-
riori qualitative agreement between the data and model for the
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Fig. 9. At fixed VR for each row (VR = 56 kms−1, VR = 0 kms−1 and VR = −56 kms−1, the white (and green) lines display the main ridges identified
in Gaia DR3 data with the method developed in Bernet et al. (2022, 2024). Below these lines, we underlay the 2-D histogram distribution of the
normalized fiducial model. Left: at fixed azimuth φ = 0◦. Right: at fixed radius R = R0. The Hercules ridge is denoted by a thicker green line.

instantaneous J̃R, without having used this quantity in the fitting
procedure.

5.2. Azimuthal velocity field

An interesting quantity to look at in principle is the variation of
the median azimuthal velocity at fixed Galactocentric radius, as
this is also a clear signature of the non-axisymmetry of the po-
tential. To avoid being dominated by the background DF and
axisymmetric potential, one can plot from the data the value
∆Ṽφ ≡ Ṽφ(x, y) − Ṽφ(R), on the (x, y) plane. This is shown on
the left panel of Fig. 7. One drawback of showing this quantity
is that the azimuthal concatenation at fixed R can only be done in
the region where data are available, which is why it was not obvi-
ous how to implement such a quantity as a target for the fit itself.
From our fiducial model, on the other hand, one can directly sub-
tract from the median radial velocity at each position the median
radial velocity obtained from the background DF at the same lo-
cation. Similar trends to the data can be seen, although the two
quantities are not straightforward to compare quantitatively.

5.3. Median radial velocity in the azimuth-angular
momentum plane

An interesting projection of Gaia data (see, e.g., Friske & Schön-
rich 2019; Monari et al. 2019a; Trick et al. 2021; Chiba et al.
2021) is the structure of median (or mean) radial velocity in the
azimuth-angular momentum plane. In Fig. 8, we display the me-
dian radial velocity on the (Jφ, φ) plane for stars within a box
[1300, 3000] kms−1 kpc × [−0.67, 0.67] rad, within 5 kpc < x <
12 kpc and within −4 kpc < y < 4 kpc. To compute the median
values in the model, we first fix an azimuth φi every 0.01 rad,
then consider radii R j spaced 10 pc from one another. Next, for
each point we compute the DF with the backward integration
method for different velocities VR and Vφ,n =

Jφ,n
R j

. We then fix
Jφ,n and sum the values of the DF for all radii R j, and we com-
pute the median radial velocity for each (φi, Jφ,n). The qualitative
agreement with the data is acceptable, although one can note that
the signatures become weak at low Jφ in the model. This can be
related to the fact that our non self-consistent procedure is not
particularly reliable in the very inner disk close to the bar re-
gion. It could also reveal that our constant pattern speed bar is
not enough to explain the richness of the data within this plane
(Chiba et al. 2021), that we are missing the effect of vertical per-
turbations (e.g. Laporte et al. 2019, 2020), as well as accreted
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Fig. 10. 2-D histogram distribution of the Gaia RVS disk sample on the (VR,Vφ) plane for stars within |φ| < 2.4◦ and |R−Ri| < 300 pc at different
radii Ri ∈ [7.3, 8.3, 9.3, 11.3] kpc (top row), and for stars within |R − R0| < 300 pc and |φ − φ j| < arctan

(
300 pc
8275 pc

)
at different azimuthal angles

φ j ∈ [−10◦, 0◦, 5◦, 10◦] (bottom row). The colored lines show the peaks identified in our model with the method of Bernet et al. (2022, 2024).

prograde structures, although all this would require further in-
vestigations.

5.4. Moving groups across the disk

In Bernet et al. (2022, 2024), a methodology was developed to
perform a blind search for moving groups in Gaia data across
the whole disk, based on the execution of a Wavelet Transform
in independent small volumes of the disk followed by a group-
ing into global structures with the Breadth-first search algorithm
from Graph Theory. Fixing a given VR, one can then for instance
look at the evolution of the location of moving groups in the
(R,Vφ) plane at the azimuth of the Sun, or in the (φ,Vφ) plane
at the radius of the Sun. In Fig. 9, we overlay the structures
found in Gaia DR3 on top of the density from our model. The
azimuthal distribution of moving groups (right panels of Fig. 9)
is well in line with the slopes from our model at the Solar radius,
while the radial distribution at the Solar azimuth (left panels of
Fig. 9) also appears globally in line with the data apart from
the low Vφ ≤ 200 kms−1 region for small R ≤ 6.5 kpc (the
ridges of the model having a much too high slope in that region
of phase-space), where the bar self-gravity is probably having a
non-negligible effect on the data.

Interestingly, in the model, the Hercules moving group at the
Solar radius appears to result from the merging of two ridges at
smaller radii, seen as dark regions on Fig. 9 in the underlying
density of the model, one with a slope compatible with the ob-
served radial gradient of the Hercules moving group, essentially
caused by the bar, and another one with a larger slope, mostly
due to spiral arms. This is especially clear at positive VR, where
the two ridges are clearly separated at R < 7 kpc in the model,
while this separation appears to leave a similar signature within

the data too. At VR = 0, the split can also be seen, although it
also merges with the inner continuation of the Hyades moving
group. At negative VR, the agreement is less good, though in the
region where Hercules is expected to dominate less: the second
ridge of Hercules overlaps with the Hyades ridge at R ∼ 7 kpc
in the model, whilst in the data this is only seen as a small up-
ward bend in the Hyades ridge, corresponding to the merging of
the ridges in the model. This second Hercules ridge is clearly an
effect of spiral arms, while the major Hercules one is produced
by the bar alone. The joint effect of the multiple bar modes in
the present model, together with the axisymmetric background
potential used, might explain the differences with Bernet et al.
(2024).

Conversely, we apply the method of Bernet et al. (2022,
2024) on the model and overlay on Fig. 10 the detected groups
on top of Gaia data at different radii at the azimuth of the Sun,
and at different azimuths at the Solar radius. Visually, some fea-
tures are stikingly similar in the model and data. An interest-
ing point to note is that, even though not clearly visible by eye,
the model does seem to recover an overdensity at the Sun’s
position (bottom-right feature in the second panels from the
left on Fig. 10) that can be identified with the location of the
Bobylev/Hercules-2 bimodality of Hercules, although much less
strongly than in the data.

5.5. Orbit of the Sun

As an example of application of our model, we propose to com-
pare the orbit of the Sun in the background axisymmetric model
to that in our fiducial non-axisymmetric one. The result is dis-
played on Fig. 11. In the axisymmetric case, the radial period
is 161.5 Myr, and the Sun is now close to reaching its peri-
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center. The time between the last pericentric passage and the
one that we are about to reach is a bit smaller in the non-
axisymmetric model, namely 154.5 Myr. The previous pericen-
tric passage, which happened a bit later in the non-axisymmetric
model, was also closer to the Galactic center than in the axisym-
metric case. The last apocenter was very similar in both models,
but the next-to last one was further away in the outer Galaxy in
the non-axisymmetric case, for which radial amplitudes are typ-
ically larger. If we look at the evolution of the surface density
at the Sun’s position with time, the picture becomes more com-
plicated. The time between the last surface density maximum
and the one that we are about to reach (i.e., still 161.5 Myr in
the axisymmetric case) is a bit larger in the non-axisymmetric
case, namely 185 Myr, because we will be temporarily follow-
ing the Local arm overdensity on our journey back to the outer
disk. Also, when looking back at t ∼ −250 Myr, the apocen-
ter that corresponds to a minimum in the surface density of the
axisymmetric model does actually correspond to a local maxi-
mum in the non-axisymmetric case, because the Sun was also
following a spiral arm at that time. This could have interesting
consequences in studying cyclic sedimentation on Earth on long
timescales (e.g., Boulila et al. 2018). Since spiral arms are gen-
erally expected to arise from a recurrent cycle of groove or edge
modes, it is however impossible to trace back the Sun’s orbit on
longer timescales than a few 100 Myr, at least without resorting
to detailed chemodynamical modelling of the evolution of the
whole Galactic disk.

Fig. 11. Top panel: Galactocentric radius of the Sun as a function
of time in the background axisymmetric (orange) and fiducial non-
axisymmetric (blue) models. Bottom panel: Evolution of the surface
density at the Sun’s position with time.

5.6. Orbits of young associations

Young (∼ 50 Myr) stellar associations can typically be traced
back to their original position by integrating their orbits back-
ward in a given Galactic potential. To illustrate the importance

of taking into account the non-axisymmetries of the potential
for such a procedure, we integrate forward in time for 50 Myr
four archetypical young stellar associations at different posi-
tions in the Galactic disk within our fiducial non-axisymmetric
model. Each association is represented by 20 stars that are dis-
persed in velocity and space with Gaussians of standard de-
viation of 1 kms−1 in VR and Vφ around the circular velocity,
and of 2 pc around the positions (x, y) = (10.6 kpc,−2.4 kpc),
(8.7 kpc,−0.3 kpc), (7.1 kpc, 0.4 kpc), (6.0 kpc,−0.5 kpc).
We then integrate them backward in time both in the fiducial
non-axisymmetric model and in the background axisymmetric
model. The associations typically go back to a position that can
be erroneous by more than 150 pc in the axisymmetric case, with
an elongated shape very different from the true orginal configu-
ration.

Fig. 12. The implication of the non-axisymmetries on the orbits of
young associations is illustrated by integrating four young associations
for 50 Myr forward in the fiducial potential and then backward in time
with both the erroneous axisymmetric model (red) and the fiducial one
(black). The insets show zoom-ins around the regions of the associa-
tions.

6. Discussion and conclusions

We used the in-plane velocities of a sample of disk stars with
six-dimensional phase-space information from Gaia-StarHorse
in order to fit a Galactic potential model that includes a de-
tailed parametric shape for the bar and spiral arms, using the
backward integration method. The adjusted observable quanti-
ties were the median Galactocentric radial velocity, for a selec-
tion of points within the Galactic plane, complemented by addi-
tional constraints from local velocity space at the Sun’s position.
All the parameters of the fiducial non-axisymmetric potential are
summarized in Table 2, within the background axisymmetric po-
tential fixed in Table 1. It is remarkable that such a purely dy-
namical fit recovers many of the known locations of spiral arm
over-densities detected from photometry within the disk (Fig. 5).
These spiral arms can be interpreted as groove or edge modes
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such as those found in N-body simulations. In the Solar vicin-
ity, we identify the Local arm as a strong gravitational pertur-
bation, in accordance with independent probes of the local non-
axisymmetric potential by Widmark & Naik (2024). We also re-
cover the observed map of median radial actions in the extended
Solar vicinity (Fig. 6), as well as a good qualitative agreement
with the detailed variation with radius and azimuth of moving
groups identified in Gaia data (Fig. 9). The latter is truly remark-
able since the model was not directly fit to these phase-space
features. The only (locally) fitted moving group was Sirius, en-
tirely absent from the bar-only model: we note that it is never-
theless still characterized by a weaker peak in the fiducial model
than in the data. While our best candidate model may well be a
local minimum in parameter space, the latter being particularly
vast, especially if letting the parameters of the background ax-
isymmetric density and DF vary too, we nevertheless argue that
it can, for the time being, be used as a fiducial non-axisymmetric
potential for the Galaxy, for instance in order to confidently in-
tegrate in-plane orbits. The code to generate local velocity space
distributions as well as radial velocity maps is made public.

This paper represents only a first quantitative step in the
direction of establishing a detailed three-dimensional non-
axisymmetric potential for the Milky Way. Future improve-
ments of our present investigations will be to explore its three-
dimensional consequences, first in forward test-particle integra-
tions (see, e.g., Faure et al. 2014; Monari et al. 2016b), as both
the bar (Thomas et al. 2023) and spiral (Cox & Gomez 2002)
potentials can readily be generalized to three dimensions. Let
us also note that we have made the assumption that the spi-
ral arms cannot live inside the corotation resonance of the bar
(R = 6.6 kpc in our fiducial model), an assumption that could
potentially be partially lifted: we already checked that it does
not affect much our best candidate model. However, a proper fit
of these inner regions of the Galactic disk would require us to
make the model self-consistent. The absence of self-consistency
can become a serious issue in the innermost parts of the Galaxy,
where the bar perturbation is itself the tracer. Some deficiencies
of our model at low radii and low angular momenta have in-
deed already been identified in Fig. 8 and Fig. 9. Although be-
yond the scope of the present work, future improvements of our
model might rely on an adaptation of the self-consistent made-
to-measure method in order to account for self-consistency. One
should also point out that the background model (axisymmet-
ric potential and DF) have not themselves been fitted here, and
could in principle also be adjusted to the data. This would in-
crease the parameter space and might require us to use machine
learning methods to efficiently explore the full parameter space.
A parallel improvement will be to incorporate a detailed selec-
tion function in the fitting procedure (e.g., Castro-Ginard et al.
2023; Khanna et al. 2024), compute a proper posterior (and er-
ror bars) on the best-fit parameters, while perhaps attempting to
separate the stellar populations into distinct DFs. Finally, when
moving to three dimensions, it is obvious that vertical perturba-
tions of the disk, e.g. from the Sagittarius dwarf, will have to be
included too, together with a possible time-variation of the bar
pattern speed.

In summary, the fiducial model presented here, reproduc-
ing a larger amount of observables than ever before, does rep-
resent a significant advance in our understanding of the non-
axisymmetric structure of the Milky Way disk. However, it is
important to recognize its limitations and to continue improving
it in order to obtain an even more accurate representation of our
Galaxy.

Code availability

The “Spiral and Bar Backward Integration" (SPIBACK)
PyTorch-based code to generate local velocity space distribu-
tions as well as median radial velocity maps is publicly available
at: https://github.com/yrkhalil/SPIBACK
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Appendix A: A simple formula for approximately
locating bar resonances in velocity space

In order to evaluate analytically the location of the phase-space
resonant zones due to a constant pattern speed bar perturbation,
one should define those zones in terms of librating versus circu-
lating orbits after canonically transforming to slow and fast ac-
tion and angle variables (e.g. Monari et al. 2017; Binney 2020).
This is a relatively arduous task, and we propose here a less
precise but much faster way to roughly estimate the location
of resonant ridges in local velocity space, or more accurately
the surfaces of phase-space where the resonant condition is ful-
filled. This simple formula will be, by construction, axisymmet-
ric, which means that one cannot use it to model the changes
in the morphology of the resonant surfaces with azimuth. The
formula relies on locally drawing constant energy lines in the
VR-Vφ plane within the improved epicyclic formalism presented
in Dehnen (1999a). For convenience, we reproduce here their
equations 28 and 29 for the radial evolution of an orbit:

R(η) = RE
[
1 − e cos(η)

] γ
2 , (A.1)

e =

√√
1 −

 Jφ
Jcirc
φ

2

, (A.2)

where Jcirc
φ and RE are, respectively, the angular momentum and

radius of a circular orbit of the same energy, γ = γ(RE) =
2Ω(RE)/κ(RE) is the ratio of the circular frequency Ω over the
radial epicyclic frequency κ as usual, and e is the eccentricity of
the orbit. The phase in radius evolving with time t, namely η(t),
is the parameter that represents the position along the path of
the orbit, and is defined as a function of the eccentricity and the
radial epicyclic frequency (see Eq. 28d of Dehnen 1999a). For
simplicity, we consider that η ∼ κt, which in turn means that the
radial velocity can be calculated as:

VR =
dR
dη

dη
dt
∼ κ
γ

2
R(η)

e sin(η)
1 − e cos(η)

= Vc(RE)
R

RE

e sin(η)
1 − e cos(η)

.

(A.3)

The azimuthal velocity, on the other hand, can be written as a
function of R simply by the conservation of angular momentum:
Vφ = Jφ/R(η). Using Eq. A.1 and Eq. A.2 , one then gets a closed
form equation that relates the changes of VR along the orbit to
those of R, Vφ and the circular velocity curve:

VR = Vc(RE)
(

R
RE

) γ−2
γ

√√
2
(

R
RE

) 2
γ

−

(
R

RE

) 4
γ

−

RVφ
Jcirc
φ

2

. (A.4)

All that is left is to impose the constraint that stars be on a sur-
face where the resonant condition is met. Under the assumption
that frequencies are functions solely of the energy, the resonant
condition is preserved as long as stars share the same Jcirc

φ and
RE , and as longs as these are equal to the radius and angular mo-
mentum where the circular orbit is l : m resonant. We refer to
these as Rres, such that l κ(Rres) + m [Ω(Rres) − Ωb] = 0, and as
Jres
φ ≡ RresVc(Rres), respectively. The final equation for the sur-

faces of resonant condition is then:

V res
φ (R, VR) =

Jres
φ

R

√√
2
(

R
Rres

) 2
γ

−

(
R

Rres

) 4
γ

1 + (
Rres

R
VR

Vc(Rres)

)2.
(A.5)

where we reordered the terms to express Vφ as a function of the
other phase-space variables.

The application of Eq. A.5 to the VR-Vφ velocity plane pro-
duces for each resonance a curve that is almost identical to Eq. 9
from Dehnen (2000), and is equivalent to drawing lines of con-
stant energy at a given configuration space point, because it is
written under the assumption that the orbital frequencies are pure
functions of the orbital energy. As can be seen on Fig. A.1, in our
best bar model, this formula identifies extremely well the peak
of the overdensities produced at R = R0 by the 6 : 1, 4 : 1 and
2 : 1 outer resonances of the bar. For the (l,m) = (0, 2) coro-
tation resonance, the formula fails, probably because the eccen-
tricty becomes too large, and it rather approximately identifies
the lower bound of the resonant zone.

Fig. A.1. Resonant lines V res
φ as a function of VR from Eq. A.5 at R =

R0, computed with the potential of Table 1, for a bar pattern speed of
37 km s−1 kpc−1. The lines are overlaid on top of the local velocity space
density produced by our preferred bar-only model at the Sun’s position.
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