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Abstract. Nonlinear optics has long been a cornerstone of modern photonic technology, enabling
a wide array of applications, from frequency conversion to the generation of ultrafast light pulses.
Recent breakthroughs in two-dimensional (2D) materials have opened a frontier in this field,
offering new opportunities for both classical and quantum nonlinear optics. These atomically thin
materials exhibit strong light-matter interactions and large nonlinear responses, thanks to their
tunable lattice symmetries, strong resonance effects, and highly engineerable band structures. In
this paper, we explore the potential that 2D materials bring to nonlinear optics, covering topics
from classical nonlinear optics to nonlinearities at the few-photon level. We delve into how these
materials enable possibilities, such as symmetry control, phase matching, and integration into
photonic circuits. The fusion of 2D materials with nonlinear optics provides insights into the
fundamental behaviors of elementary excitations—such as electrons, excitons, and photons—in
low-dimensional systems and has the potential to transform the landscape of next-generation
photonic and quantum technologies.
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1. Overview

The field of nonlinear optics examines the behaviors of light in media where the polarization
density is not directly proportional to the electric field of the light. Light entering such a nonlinear
medium can alter the refractive index, generate new frequencies, or modify its own path through
effects like self-focusing.!? In addition, such nonlinearities can mediate interactions among
photons, which become strong at high light intensities—typically requiring lasers to generate.

The study of nonlinear optics has significantly advanced our fundamental understanding of light-
matter interactions under a strong optical field, enabling breakthroughs in nonlinear spectroscopy?,
frequency conversion*, and the creation of non-equilibrium states in materials®”’. It has also
propelled fields such as attosecond science®, allowing scientists to probe the dynamics of atoms,
molecules, and solids on ultrafast timescales shorter than one femtosecond. Meanwhile, nonlinear
optics has also greatly expanded our capabilities to generate, manipulate, and detect light, forming
the cornerstone of many modern optical technologies, such as ultrafast lasers®!°, supercontinuum
generation!!"13, and optical modulators!*!¢, with broad applications in industries including
telecommunications!”2°, spectroscopy®?!?2, and bio-medical imaging?3-*,

Meanwhile, an emerging frontier in nonlinear optics explores the intersection with quantum optics,
where both fields converge to enable groundbreaking quantum technologies®® (Fig. 1). On the one
hand, nonlinear optics plays a critical role in quantum optics by facilitating the development of
key technologies, such as the generation of entangled photon pairs through spontaneous parametric
down-conversion (SPDC)?$, which forms the foundation of quantum communication systems and
quantum networks?”-?%, On the other hand, remarkable progress in quantum optics has significantly
reduced the power requirements for nonlinear optical processes, reaching the single-photon level
in meticulously engineered quantum systems®>?°. Achieving such strong nonlinearity at the
individual photon level allows for quantum control of light fields, opening avenues for unique
applications such as single-photon switches, all-optical deterministic quantum logic, and highly
efficient optical transistors®-32,

Central to the science and technology of classical and quantum nonlinear optics is the challenge in
developing materials with strong optical nonlinearity, higher efficiency, improved scalability,
integration compatibility, and stability. In particular, materials with high nonlinear coefficients
would enable more efficient photon interactions, naturally reducing the power required to achieve
nonlinear effects and making these processes more accessible and scalable for applications.
Another major challenge is the integration of nonlinear optical materials and devices with linear
optics platforms, such as photonic integrated circuits and metasurfaces®*-**. This difficulty lies in
achieving compatible growth and fabrication processes for nonlinear materials, such as lithium
niobate (LiNbOs), on substrates with distinct physical and chemical properties**>>7.

In this context, recent studies of two-dimensional (2D) materials, such as transition metal
dichalcogenides (TMDs)?®, graphene®, and black phosphorus*’, present promising opportunities
for overcoming many challenges faced by traditional materials*'**2, These atomically thin materials
exhibit extraordinary properties, including readily controllable lattice symmetry, large exciton
binding energies, sizable interactions among quasiparticles, and tunable band gaps—all of which
contribute to stronger light-matter interactions*** and enhanced optical nonlinearity*6->°,
Additionally, 2D materials offer unprecedented flexibility in designing lattice and electronic
structures by forming van der Waals heterostructures*!>!. Moreover, the heterostructures can be
readily integrated onto various photonic platforms, including photonic integrated circuits and



metasurfaces!®323%, As such, the study of nonlinear optical processes in 2D materials not only
provides physical insights into electron, exciton, and phonon dynamics but also opens new avenues
for creating more efficient and compact optical devices for applications in classical and quantum
optical technologies.

In this paper, we review the fundamental principles of nonlinear optics in 2D materials and explore
their potential applications in both classical and quantum regimes. We begin by providing a brief
overview of the mechanisms behind nonlinear optics, emphasizing the key properties of 2D
materials that make them particularly intriguing for nonlinear optics. Next, we delve into various
nonlinear optical processes in 2D materials, starting with second-order and third-order
nonlinearities and concluding with higher-order effects. We then focus on nonlinear optical
phenomena at low photon levels, approaching the quantum regime. Finally, we offer an outlook
on the field, discussing both the prospects and challenges in advancing the science and technology
of nonlinear and quantum optics with 2D materials.

2. Introduction
2.2 Nonlinear optics mechanisms

The nonlinear optical effect occurs when the volume polarization P(t) of a material does not
linearly depend on the applied optical field E(t). In particular, the optical response can be
described by the following equation in the time domain:

P(t) = eoxVE() + €oxPE2(t) + gy PE3(t) + -+ -+

where €, is the permittivity in free space, (! is the materials linear susceptibility, and y ™@refers
to the nth order (n>1) nonlinear susceptibility. As seen from Equation (1), the strength of nonlinear
optical processes substantially increases with stronger optical fields, and it is precisely these
higher-order processes that enable the generation of different frequencies. More generally,
equation (1) shall be expressed in the frequency domain and the y ™ (w) characterize the nth order
(n>1) nonlinear susceptibility at frequency w. Typically, materials with large nonlinear
susceptibility are favorable due to their stronger nonlinear response.

Notably, ™ (w) can be complex, allowing for the classification of nonlinear processes as either
parametric or non-parametric. In parametric processes, only the real part of the susceptibility is
relevant, meaning energy exchange occurs solely among interacting photons, with total photon
energy conserved. The initial and final quantum states of the material remain the same, without
any photon absorption, or any exchange of momentum or angular momentum between the optical
field. Since the material’s quantum state remains unchanged, parametric processes can occur on
extremely short timescales by the uncertainty principle (At = #/2AE). Examples of such include
frequency conversion, such as second harmonic generation (SHG), via a virtual state.

The nonparametric process occurs when the material has a complex susceptibility with a nonzero
imaginary component. In such nonlinear processes, energy exchange occurs not only between the
photons but also between light and the material itself. As a result, nonparametric processes involve
energy transfer between the ground state and excited state, typically exhibiting longer lifetimes.
Examples of nonparametric processes include saturable absorption (SA), two-photon absorption
(TPA), and stimulated Raman scattering (SRS).



Phase matching is important in all nonlinear optical processes and is required to achieve efficient
nonlinear frequency conversion. For nonparametric processes, phase matching is automatically
satisfied, which is not true for parametric processes. For example, in the case of frequency
doubling, two photons, each with a wavevector k;, creates another photon with a wavevector k,
at the harmonic frequency. Although the total momentum is conserved, there could be a finite
difference in their wavevectors:

Ak == k2 _2k1

This is due to the chromatic dispersion of materials. Ideally, the phase-matching conditions Ak =
0 needs to be satisfied to achieve efficient frequency conversion. This means that all the electric
dipoles in the system are in phase, and the field emitted by each dipole can add up constructively
in a forward direction. In this case, the harmonic field would grow linearly with the propagation
length and with a quadratic increase in the harmonic intensity.

Achieving the exact phase matching can be difficult due to the material’s dispersion. With a
nonzero Ak, the harmonic field oscillates sinusoidally along the propagation length, with a
periodicity of %. The coherence length [, ~ ﬁ, represents the maximum distance over which the
harmonic field generated in a medium can add constructively to the harmonic generated earlier in
the medium. A finite coherence length limits the efficiency of frequency conversion. Various
techniques have been developed to minimize the phase mismatch, including birefringent phase
matching, critical phase matching, and quasi-phase matching®.

2.3 2D materials and opportunities for nonlinear optics

Over the past decade, two-dimensional (2D) materials have emerged as an exciting
platform for photonic and optoelectronic applications®®. The family of 2D materials encompasses
diverse materials with distinct structural, electronic, and optical properties. These materials can
crystallize in structures with various symmetries, and exhibit all sorts of electronic properties,
including those of metals, semimetals, semiconductors, insulators, and superconductors®’->8,
Importantly, individual layers can be stacked into van der Waals heterostructures in an almost
arbitrary fashion, offering unprecedented flexibility in engineering their electronic and optical
responses*!*!. Given these features, it is no surprise that great efforts are ongoing in exploring the
physics and application of 2D materials in linear optics.

Alongside their impact on linear optics, 2D materials possess several attributes that make
them intriguing for nonlinear optics®~®!. For instance, crystal symmetry plays a key role in even-
order nonlinear processes, which can be controlled in 2D heterostructures®?. In particular, the
family of group VI transition metal dichalcogenides (TMDs) (MX2, M = Mo, W; X =S, Se, Te)
are semiconductors that exhibit strong optical response with their bandgap in the visible and near-
infrared regime® %>, These materials can exist in multiple crystal structures, such as hexagonal 2H,
rhombohedral 3R, or trigonal 1T' phases, each with distinct symmetries and corresponding
nonlinear optical responses®®®’ (Fig. 2b). Furthermore, they can be stacked with varying twist
angles and material compositions to engineer different types of symmetry-breaking and nonlinear
responses®® (Fig. 2b).

In addition, 2D materials often exhibit large nonlinear susceptibilities due to their reduced
dimensionality and electronic structures, which enhance their light-matter interactions. The
reduced dimensionality leads to the weak screening of Coulomb interactions, resulting in a strong



response of various quasiparticles to external light fields**. This is also true of strong interactions
between optical excitations, which can mediate photon-photon interactions. In fact, several types
of resonances, including surface plasmon polaritons®-"!, phonon polaritons’’’?, and excitons
polariton’>75, have been shown to exhibit strong linear and nonlinear optical responses in 2D
material families”®"7.

In TMDs, for instance, weak screening and the relatively heavy carrier effective mass result
in tightly bound excitons with large oscillator strengths’®", This not only leads to a strong linear
optical response— excitonic reflectance or absorption stronger than the band edge—but also
enhances nonlinear effects, resonantly enhanced by excitons®®®!(Fig. 2¢). Exciton resonances in
2D materials can be tuned via methods such as electrostatic gating®>%3 and strain4*>, potentially
enabling rapid in-situ control of nonlinear susceptibilities®®’. Additionally, these 2D
semiconductors exhibit valley-dependent optical selection rules, where circularly polarized light
couples to a specific valley®®°. Such valley degeneracy can be broken by external magnetic fields
or polarized optical pumping, leading to chiral light-matter coupling and potentially even chiral
nonlinearity®!-2,

In terms of phase matching, the atomic thickness of 2D materials—significantly thinner
than the wavelength of light—results in negligible dispersive dephasing during light propagation
(Fig. 2d). As a result, 2D materials automatically satisfy phase-matching conditions®®?*4, making
them desirable for nonlinear optical applications®. Finally, the van der Waals heterostructures of
2D materials can be integrated onto virtually any substrate without requiring lattice matching,
making them promising for integration with photonic circuits and metasurfaces’>® (Fig. 2e).
Techniques are being developed to create such structures with atomic precision, at the back end-
of-line processing stage.

Overall, the ability to control symmetry, leverage quantum confinement®’, harness strong
resonance effects, and exploit ultrafast carrier dynamics and tunability®®, combined with ease of
integration, makes 2D materials exceptionally well-suited for applications in nonlinear optics,
including frequency conversion, optical modulation'**°, and the development of compact, high-
performance photonic devices'? as well as quantum technology!?!-102,

3. Second Order Nonlinearity

Second-order nonlinearity is when the induced polarization is proportional to the square of the
electric field. This nonlinearity is described by the second-order susceptibility tensor y®, and it
gives rise to several important processes in nonlinear optics, including second harmonic generation
(SHG), sum-frequency generation (SFG), and difference-frequency generation (DFG). The
symmetry of the materials plays a crucial role in these second-order processes. In particular, they
only occur in materials with non-centrosymmetric geometry!®, since the inversion symmetry
dictates that y®must vanish in centrosymmetric materials.

SHG, SFG, and DFG all involve frequency conversion via the 2" order nonlinearity. In the
SHG process, when a wave with frequency w is incident on a medium with a finite y®, the
nonlinear polarization generates two terms, one at zero frequency and another at the second
harmonic frequency 2w. The conversion into the second harmonic can be highly efficient, allowing
for the almost entire conversion from w into the second harmonic under optimal conditions. In



contrast, the SFG and DFG process occurs when two waves with different frequencies (wq, w,)
interact to generate a third wave at a frequency ws, where w; = w; + w, in SFG and w; = w; —
w, in DFG, respectively. The DFG process is a particularly useful nonlinear process for generating
tunable light sources and entangled photon pairs, which will be discussed in more detail later.
Crucially, the phase matching and energy conservation have to be satisfied in all these nonlinear
optical processes. Due to the dispersion of conventional nonlinear media materials, there is often
a trade-off between the phase-matching bandwidth and conversion efficiency.

3.1 Second Order Nonlinear effects in 2D materials

3.1.1 Symmetry control. Since second-order nonlinearity requires broken inversion
symmetry, only specific types and stacking configurations of 2D materials can produce this
nonlinear effect. Notably, monolayer transition metal dichalcogenides (TMDs) without any
inversion symmetry have been explored extensively for these effects®”-!%4, Intriguingly as the
number of layers increases, different stacking configurations lead to different nonlinear behaviors.
For example, in the 2H phase of TMDs, inversion symmetry is broken in materials with an odd
number of layers but is restored when there is an even number of layers. This results in finite
second-harmonic generation (SHG) in odd layers and zero SHG in even layers'%(Fig. 4a).. In
contrast, in the 3R phase (rhombohedral stacking), each monolayer is stacked in the same
orientation, maintaining a non-centrosymmetric structure regardless of the number of layers.
Consequently, in 3R stacking, the SHG intensity increases quadratically with the number of layers
when the layer thickness is smaller than the coherence length, as the contributions from each layer
add up constructively®¢:19:197(Fig, 4c). This observation points to the possibility of controlling the
second-order nonlinear response by artificially stacking such layers rather than using naturally
formed layers, which favors 2H stacking due to its thermodynamic stability.

3.1.2 Resonant enhancement. In 2D materials, the strong resonance effect, such as
excitons, can substantially affect their nonlinear response. In particular, the value of y? and SHG
efficiency can be greatly enhanced when the SHG energy is close to any exciton resonance, due to
the dramatically enhanced light-matter interaction®!%, As expected, the strongest SHG intensity
occurs at the 1s exciton state, which can be explained by the proximity of the 1s exciton energy to
intermediate virtual transition levels. In one study®® (Fig. 3a), an enhanced SHG efficiency by a
factor of 3 was observed in monolayer WSe2 when scanning the two-photon laser energy across
the excitonic spectrum. Since both the oscillator strength and energies of excitons can be tuned by
doping!?, the resonantly enhanced SHG efficiency can be also modulated by gating. For instance,
a four-fold reduction in the SHG intensity can be observed when electrostatically doping
monolayer WSe,''?,

3.1.3 Electrical control of symmetry breaking. Interestingly an electric field can be used
to break the inversion symmetry and induce a finite y(® in materials without structural inversion
symmetry breaking. For instance, when a 2H-stacked bilayer MoS: with inversion symmetry is
under an electric field, the SHG intensity can reach a value comparable to that in monolayer!!!.
This is attributed to the interlayer exciton transition, where the Coulomb-bound electrons and holes
are spatially separated across two layers. With sa stronger electric field, the electronic layer
polarization becomes more prominent, which leads to an increase in the value of y ®. Importantly,

interlayer excitons exhibit a static out-of-plane electric dipole such that their energies can be tuned



by applied electric field via the Stark effect®®!!? (Fig. 3b,c) . This means Stark effect can also tune
the resonant energies at which exciton enhancement of y ¥ is the most prominent. In fact, the SHG
intensity increases quadratically with the applied electric field, reaching a maximum enhancement
by a factor of 25 at the interlayer exciton resonant energy of 0.17 MV/cm compared to the SHG
intensity at zero electric field (Fig. 3d) !'!. Similar interlayer exciton-enhancement of SHG has
also been observed in 2H bilayer WSe>!'!* and 3R Mo0S>%. In addition to forming dipolar interlayer
excitons, an electric field can also break symmetry by polarizing doped carriers in structurally
symmetric 2D materials, thereby inducing a finite SHG signal. For example, in a doped 2H-WSe:
bilayer under an electric field, free carriers, such as electrons or holes, can become layer-polarized,
which results in a 40-fold enhancement in net SHG!'* (Fig. 3e-f).

3.1.4 Nonlinear coefficient and conversion efficiency.

Interestingly it has been noted that monolayer and few-layer TMDs exhibit rather large
nonlinear optical susceptibilities comparable with conventional nonlinear materials. For instance,
in monolayers of MoSz, WSz, WSez, and MoSez, y® can reach the order of ~nm/V, even
significantly higher than conventional nonlinear crystals, where y is typically around pm/V''5.
However, the reported susceptibility in TMDCs varies widely, ranging from several pm/V to even
hundreds of nm/V®. Several factors contribute to the variation in the reported values of
susceptibilities, such as the materials quality, sample fabrication methods (e.g., exfoliated versus
chemical vapor deposition (CVD) grown flakes)!''¢, local strain!!”-!'® and doping'!°Furthermore,
the nonlinear susceptibilities are highly wavelength-dependent and can be enhanced near optical
resonances of materials, such as exciton energies, when nonparametric processes can become
important. Therefore, it is crucial to consider these details when examining the nonlinear properties
of TMDs.

Despite the relatively large nonlinear coefficient, the SHG efficiency is usually low, due to
the atomically thin nature of 2D materials. Classically the intensity of SHG can be expressed as:

o Ak . . . : . .
I, < I31?sinc? (%)l , where / is propagation length. For instance, in MoS: !, the efficiency is

~107 at the second harmonic wavelength of 810 nm with Ti: Sapphire pump peak intensity of 10
GW cm™2. In WSe; % at 1470 nm excitation with a pump peak intensity of 24 GW cm?, the
estimated conversion efficiency for the on-resonance SHG (A exciton) is ~107'°, This is in
comparison with conventional NLO materials, such as thin film (600 nm) LiNbO3, where the SHG
conversion can reach a few percentages under similar pump peak intensity!'?!. Such low efficiency
is because SHG only occurs within the atomically thin layer in 2D materials, while in conventional
materials, all the signals within the coherence length can constructively interfere to produce much
stronger signal, even when the susceptibility is smaller'?>!123, To achieve optimal efficiency, one
may stack multiple layers together but needs to consider the chromatic dispersion, and the TMD
thickness shall match the coherence length, ensuring constructive interference®>.

3.1.5 SHG as a probe. Because the y(® tensor reflects the crystally symmetry and the
wavelength at which y® is enhanced is highly dependent on the materials, SHG is an effective
method for identifying the crystallographic orientation of materials, with material selectivity even
in heterostructures. In these measurements, a linearly polarized laser is incident on the sample, and
the SHG signal intensity is detected with the same linear polarization. By rotating the in-plane
polarization, one can map out the SHG intensity and determine the crystallographic orientation.
For instance, since in monolayer TMDs with D3, symmetry, the second-order nonlinear



susceptibility follows yZ,x = —XZyy = —Xpyx = —Xyxy- Where X, y corresponds to the armchair
and zigzag direction!®. When the input laser polarization is parallel to the analyzer (the SHG
signal polarization), the SHG intensity collected can be expressed as I = I, cos?(3¢). For the

perpendicular case, the SHG intensity is: I, = I, sin?(3¢), where ¢ is the angle between the
input laser polarization and the armchair x direction®®. As a result, the in-plane SHG intensity
exhibits a six-fold symmetric pattern as the polarization is rotated in-plane (Fig. 4b).

3.1.6 OPA and OPO

The DFG process is widely used for generating coherent tunable light sources in processes
such as optical parametric amplification (OPA) and optical parametric oscillation (OPO). During
this process, the energy of the higher energy pump photon hw, transfer into the two lower energy
states, creating an additional lower-energy photon, referred to as the signal, at w,, and generating
a third photon, called the idler, at w;. With a strong pump, this process amplifies the intensity of
the signal light in an OPA process. OPO, on the other hand, occurs when such a nonlinear system
is placed inside an optical cavity, which is resonant with at least one of the signal and idler waves.
This cavity feedback creates a continuous generation of signal and idler photons, turning the OPO
into a coherent light source with high photon conversion efficiency.

Since OPA and OPO allow the amplification of light at frequencies within the transparency
range of the nonlinear medium, provided that phase-matching conditions are met, they are of great
technological impact creating tunable coherent light sources that can span a broad spectral range
and are widely used in quantum optics to generate squeezed coherent states of light is to extend
their operation bandwidth!?#!25, Currently, the bandwidth of OPO and OPA is largely constrained
by the phase-matching requirements, such as the reliance on birefringence phase-matching!2%!27,
2D materials with atomic thickness could offer interesting opportunities for relaxing and
engineering the phase-matching conditions if they can have large susceptibilities’*. Early results
demonstrate that in monolayer MoSe», the seed photon energy can be tuned over a broad range
from 0.83 eV to 1.21 eV with a fixed pump energy (3.11 eV) while the idler photon energy changes
from 2.28 eV to 1.90 eV'?® (Fig. 4d). This tuning range reported is limited by the tuning laser
range, while it is still large compared to certain nonlinear materials, such as submicrometric
periodically poled KTiOPO4 (PPKTP) with a ~1.073 to 1.11 €V tuning range'?’, but smaller than
Ti: Sapphire waveguide amplifier with a tuning range of ~1.13 to 1.91 eV'?’. In addition, by
inserting a monolayer of 1T’-MoTez or 2H-MoTe; film into the cavity of a femtosecond OPO,
effective modulation of the pulse spectral width as well as a compression of pulse duration by a
factor of 20 is observed!.

Similar to SHG, the OPA and OPO efficiency can be also enhanced by increasing the number of
layers in R-stacked multilayers, pointing to the new possibility of symmetry control!?’. These early
results demonstrate the promise of 2D materials for OPA applications, for instance, by selecting
materials with different bandgaps, one may be able to achieve a larger transparency window and
tuning range'3!.

3.1.7 Spontaneous Parametric Down Conversion (SPDC)

Another important DFG process is the spontaneous parametric down-conversion (SPDC),
where a pump photon spontaneously decays into two lower-energy photons: the signal and the
idler. This process obeys both energy conservation as w; = w, + w3 and momentum conservation
ky = k, + k3 but occurs without external control. The signal and idler photons, produced as a pair,



can be entangled in various fashions, such as polarization, energy-time, and position-momentum
entanglement. For instance, in a so-called type-II SCPD process, the signal and idler photons have
orthogonal polarizations whose wavefunction can be described as a polarization-entangled Bell
state!32134 As such, the SPDC process is critical for creating entangled photon pairs and single
photons for experiments in quantum optics and quantum information science!.

As phase matching is relaxed in ultrathin materials, it could enable SPDC over a wide spectral
range. For instance, the generation of correlated photons through the SPDC process has been
recently reported in a 2D material, niobium oxide dichloride (NbOCl,)!*¢. The photon statistics is
characterized by the second-order correlation function g (7) as a function of delay time 7, which

) @) _ _<Ns(ONi(t+D)>
is defined as g'*'(7) <Ns(D)><N;(t+1)>’

registered at the detectors. When pumping thin NbOCI, flakes with a 3mW 404nm CW laser, a
two-photon correlation peak g® (0) of ~25 is observed, indicating a temporal correlation between
the generated photons. Due to the low crystal symmetry in NbOCly, the efficiency of this process
is highly dependent on the input polarization, and it is difficult to define a polarization-entangled
state that is favorable for certain quantum communication schemes.

N;; refers to the signal or idler photon numbers

In contrast, a well-defined polarization entanglement can be generated using 2D materials with a
three-fold in-plane rotational symmetry, such as TMDs!'?’. As shown in Fig. 5, when pumping with
linear polarization direction along x or y (here x is along zigzag and y is along armchair direction),
one can create two maximally entangled Bell states which can be expressed as ¢~ =

%(|HH >S,i—|VV >S,l-) for x-polarization pump and yY* = %(|HV >S,l-+|VH >S'i) for the y-

polarization pump (Figs. 5a-c). By varying the pumping polarization angle, the generated state can
be a superposition of the above two Bell states. Thanks to the symmetry in TMD, varying the pump
polarization does not change the photon generation efficiency!*”-!%8, which is a highly desirable
feature for applications.

In addition, entangled photon pairs in the telecom regime (~1550nm) can be generated using
multilayer MoS,!37. Experiments show a coincidence-to-accidental ratio (CAR) of 8.9+5.5 (where
CAR = g (0) — 1), with low PL background noise under 5.6 mW of 788 nm excitation'>? .
However, compared with conventional nonlinear crystals such as BBO or PPLN(Periodically
Poled LiNbO3 waveguide) and nanoscale metasurface!#*-1#? | the SPDC efficiency is still low due
to the ultra-short propagation length!#4*!44, For any practical applications, further improvement in
overall efficiency needs to be investigated. In addition, integrating 2D materials with metasurfaces
may also be an intriguing aspect for developing other forms of entanglement.

4. Third Order Nonlinearity

4.1 Parametric process

The third-order nonlinear process deals with y®nonlinearity term and is more common than
second-order nonlinearity since it doesn’t require broken inversion symmetry. Two important
nonlinear optical processes can occur when the applied optical field is monochromatic: third-
harmonic generation (THG) and the Kerr effect. In particular, with an input field of E(t) =
E coswt, the 3rd-order nonlinear dipole moment is given by:



1 3
PO(t) = ex®PE3(t) = Zeo)((3)E3 cos 3wt + ZEOX(S)E3 cos wt

The first term describes the THG process where three photons of frequency w interact to generate
one photon with a frequency of 3w. The second term, proportional to E (t), represents a change in
the refractive index of the medium, experienced by the w photons. This intensity-dependent
refractive index change is also known as Kerr effect, and its effect on the refractive index can be
described as:

n= ny+ n,l
where n is the linear refractive index, I is the intensity of the incident beam (~E?), and n,, is the

Kerr constant related to the real part of y(®:

3

2
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Real(x®).

n2:

The Kerr effect results in the modification of light propagation. For instance, when light with non-
uniform intensity propagates in a material with a positive Kerr constant n,, the regions of higher
intensity experience a larger change in the refractive index. This causes the beam to bend toward
the higher-intensity regions, making it self-focus.

4.1.2 Kerr and THG

The third-order nonlinear process exhibits ultrafast response in the femtosecond regime, and this
has motivated the exploration of ultrafast all-optical switching and signal generation. Since the
change of the refractive index can induce the phase change, 2D materials with large Kerr
nonlinearity can be applied to novel optical phase modulation. For instance, the Kerr constant
reported in 2D materials exhibits a large value at the scale of ~107!! m?/W!'¥! (for monolayer
transition metal dichalcogenides). Particularly, graphene also owns a large range of the Kerr
constant from ~10"'!- 10> m?*/W in telecommunication banda'#>. These are all several orders
higher than that in bulk materials in silicon!'**(10-'® m?/W) or silicon nitride!*’(10-'* m*/W). In 2D
semiconductors such as TMDs, optical pumping can induce significant changes in the resonance
energies of optical excitations, such as excitons. Such resonance-enhanced Kerr effects will be
discussed in more detail in the later part of this review.

In addition to the Kerr effect, frequency conversion is a crucial basement for application in short
wavelength laser generation, spectroscopy? as well as imaging?. High-order harmonic conversion
is less efficient than lower-order nonlinear frequency conversion, thus, requiring higher pump
power. It is reported that in monolayer MoS; the THG efficiency is ~ 107!° at the wavelength of
520nm'8, This value scales with the number of layers in MoS»(2H).

4.1.3 FWM

More generally, when the input field is polychromatic, the 3rd order nonlinear response
can also produce frequency conversion, often called four waves mixing (FWM). For instance, in
non-degenerate four wave mixing (NDFWM) where w; # w, # w3, three waves interact in the
media to generate a fourth frequency wave, at relationships such as w, = w; + W, + W3, Wy =
W]+ Wy — w3, W= W +w3— Wy, W= Wy, +w3—wy; and. In degenerate four-wave
mixing (DFWM), there are three input field at the same frequency w; = w, = w3, but with two
strong beams coming from opposite directions and a weaker signal wave. A fourth wave is created



at the same frequency (w, = 2w — w ) but with a phase conjugate to the signal wave. Overall,
similar to 2nd order linear processes, FWM is also highly useful for developing OPA and for
wavelength conversion applications.

Four-wave mixing has been utilized as a spectroscopic technique to study exciton
dynamics!®. Specifically, in an optical two-dimensional Fourier-transform spectroscopy!>%!3!,
three ultrafast pulses €7, €, €., usually in the femtosecond regime, incident onto the sample to
create a fourth FWM signal with different time delayers (Fig. 6a). The generated FWM and the
excited three beams satisfy the phase-matching relationship as kpyy = —k, + kp + k. . By
measuring the FWM intensity as a function of the time delay (z,, 7,), one can quantify the
dephasing and relaxation dynamics of optical excitations, which is typically challenging to do from
linear spectroscopy. Specifically, the first pulse creates a coherent superposition of the ground
state and excited state, which evolves freely within the first-time delay 7,, subject to the
inhomogeneous broadening. The second and third reverse the state and phase accumulation during
7., which cancels out the dephasing due to inhomogeneous broadening and produces a photon
echo.

The 2D Fourier transform spectra are often presented by Fourier transforming the measured
spectrum S(7,, T, T.) into S(hwy, Ty, hwe), from which one can not only measure the absorption
and emission, but also the homogeneous vs. inhomogeneous broadening!'*?(Fig.6b). This has been
proved helpful for studying various optical excitations in 2D materials, such as excitons in TMDs
with large homogeneous broadening. Furthermore, one can probe the role of exciton-exciton!3>!33,
exciton-phonon'>!>* and charge-exciton interactions!>, all of which contribute to linewidth
broadening. Moreover, by using different circularly polarized light in the pulse sequence, one can
access the wvalley dynamics, for example, measuring valley decoherence, from such
measurements'>® (Fig. 6¢-d).

4.2 Nonparametric process

In addition to the parametric process, there are nonparametric third-order nonlinear effects such as
saturable absorption (SA) and two-photon absorption (TPA). SA occurs when a high-intensity
laser reduces the absorption coefficient and increases the transmission of the material. SA effect
is mainly caused by the finite number of available states that can be excited in a material, such as
the number of electronic states across the bandgap in a semiconductor. In the realm of single
emitters such as single atoms or a single defect in a solid, a single photon can saturate the absorber,
switching on and off the system’s transmission. The relationship of the absorption coefficient a
and the intensity / can often be expressed as:

Qo

|

1+

a =

where a is the low-intensity absorption coefficient and /s is the saturation intensity.

SA enables optical modulation of light intensities and can be used as an important building block
in photonics and optoelectronics applications. The ultrafast relaxation dynamics of carriers and
excitons in 2D materials are favorable for such applications, enabling fast response and tuning,
which has been used for passive mode-locking in a cavity for ultrashort laser pulse generation!>’~
159 In addition, the operation wavelength window is highly dependent on the material’s bandgap,



covering a wide spectral range (Fig. 2a). Graphene-based SAs are notable for their wide
wavelength operation range, although it is often desirable to achieve higher modulation depth,
which requires strong absorption. Nevertheless, the combination of ultrafast speed and high
bandwidth makes these materials promising for high-performance interconnection in optical
communication'®’.

Another third-order nonlinear absorption process is two-photon absorption (TPA). In TPA, two
photons of the same frequency are absorbed simultaneously, promoting an electron from the
ground state, such as the valence band, to an excited state, such as the conduction band, with a
total energy increase equal to the combined photon energy. TPA occurs only when the energy of
a single photon is greater than half the bandgap of the nonlinear material. Unlike saturable
absorption, the absorption coefficient in TPA is proportional to the input optical intensity, meaning
that the absorption increases with higher intensity.

Two-photon absorption allows for the detection of dark exciton states as it can excite optical
species with different selection rules than linear spectroscopy. For instance, excitonic states with
nonzero angular momentum, such as 2p and 3p excitons, are usually inaccessible with linear
optical detection, can be detected by two-photon excitation spectroscopy!®’. In monolayer WS,,
this enables the measurement of 2p and 3p exciton states'®!. Photoluminescence upconversion has
also been reported in monolayer WSe»!%2. However, when real states such as excitons rather than
virtual states are excited, other nonlinear processes such as Auger recombination!®3, phonon
absorption!®* may start to play a role in addition to two-photon processes'®.

5. High Harmonic Generation

Beyond second and third-order nonlinearity, higher-order nonlinearity can occur under an intense
laser field. Specifically, the high harmonic generation (HHG), which occurs under conditions
where the optical field is approaching the ionization threshold of materials, has been extensively
studied in atomic and molecular gas over the past decades!®¢, and more recently in solids as well'®7,
Different from other lower order nonlinearity, HHG is a nonperturbative process, in the sense that
the harmonic yield does not scale as |E|? as in perturbative nonlinear optics, where q is the order
of the harmonics'®. Instead, a spectral plateau is often observed, over which the efficiency does
not significantly vary with harmonic order. In addition, there is often a cut-off frequency, beyond
which the harmonic intensity shows a steep drop!®. The cutoff frequency can be roughly described
by a semiclassical model where an electron, after escaping the ion under the influence of the
oscillating laser field, recollides with the parent ion, resulting in the emission of high-energy
photons!®®. HHG can be used generate ultrafast attosecond pulses, which opens up new avenues
for studying various dynamics in solids at the attosecond timescale 3179172,

In 2D materials such as a monolayer MoS,'7?, multiple HHG peaks up to 13" order at an integer
number of the pump energy is observed. The generated harmonic intensity varies as ~I33 for a
range of harmonics, demonstrating that HHG is in the non-perturbative regime. Similarly, in
artificially stacked R-type multilayer WS,, the HHG up to the 19™ order is observed!”In this case,
both the even- and odd-order harmonic intensity increase quadratically with the number of layers.
Similar to other nonlinear processes, phase matching plays an important role in high-harmonic
generation and the formation of attosecond laser pulses!'’®. The effect of phase matching and
potential relaxation thereof in 2D materials remains to be systematically explored.



6. Nonlinear optics in the few-photon regime

While traditional nonlinear optics relies on strong optical fields!’¢, the emerging field of quantum
nonlinear optics seeks to achieve strong nonlinearity with lower power and ultimately even at the
few-photon level. This has been a significant goal in both classical and nonclassical optics, as it
enables energy-efficient devices such as optical switches, single-photon transistors and gates!””
180 However, photons, as the fundamental units of light, generally do not interact with each other
unless under very specific conditions. One approach to facilitate strong photon-photon interactions
is by integrating materials with strong nonlinearities. For example, systems such as single
atoms?>!3! molecules'®?, and atomic defects in solids'®3, where the reflectance and absorption of
the particle can be modified by a single photon with inherently strong nonlinearities. Such
nonlinearity can be considered as, for instance, third-order nonlinearities such as saturable
absorption with a saturation intensity corresponding to one photon per lifetime!®*. However, a
major challenge to demonstrate single-photon nonlinearity lies in the deterministic coupling of
light to these emitters, such as embedding them in optical resonators?®-!80-181.185,

An alternative approach involves using extended optical excitations, such as excitons in
semiconductors. Excitons have larger oscillator strengths, which lead to stronger coupling to light,
making them a promising candidate for achieving the desired nonlinear interactions**. The exciton
density dependent resonance leads to third-order nonlinearity, which can be both dispersive and
dissipative. The challenge, however, lies in the relatively weak nonlinearities due to the weak
interactions among excitons that are charge neutral. For instance, in 2D semiconductors such as
monolayer MoSe; '8¢, the excitonic nonlinearity induced by the exciton-exciton interaction can be
observed as a exciton blueshift under pulsed laser excitation (Fig.7a). The interaction strength,
Jexc, 18 defined as the energy shift induced per unit area density of excitons. Rather generally, the
exciton-exciton interaction g,,., dominated by exchange interactions is on the order of ~EgRZ,
where E} is the exciton binding energy and R, is the exciton Bohr radius. Notably, a smaller Bohr
radius leads to tighter binding of excitons, which makes g,,. more or less agnostic of materials,
on the order of ~ueV - um?, whether in TMDs or GaAs quantum wells'®’.

One way to enhance exciton nonlinearity is by spatially separating electrons and holes to form
interlayer excitons (Fig. 7b). These interlayer excitons experience dipolar interactions, which can
be stronger than those of intralayer excitons due to dipolar repulsion. In systems such as bilayer
WSe:*, bilayer MoS2*’,WSe2/hBN/MoSe2!® and MoSe./hBN/MoSe:!?’, interlayer excitons
exhibit a significant energy blueshift in photoluminescence (PL) or absorption as excitation power
increases. The interaction strength increases with the electric dipole moment, following the
parallel-plate capacitor model to the first order'®, making this nonlinear shift especially
pronounced in interlayer excitons with a larger dipole moment, such as those separated by an
additional hBN spacer.

It is also reported that the Coulomb interactions between excitons and free carriers can be much
stronger than the exciton-exciton interactions and be used to facilitate large optical nonlinearity.
For example (Fig.7d,e), in homo-trilayer WSe»*, attractive Fermi polaron resonance also shows
dramatic nonlinearity under both CW above band laser excitation and pulsed resonance
excitations. The nonlinear interaction strength g reaches as large as ~ 2 meV - um?, significantly
larger than exciton-exciton interactions. Interestingly , the nonlinearity only occurs when the



trilayer is doped with holes, but not when it is intrinsic or electron-doped This strong nonlinearity
on the hole side was attributed to the valley polarization created by the exciton-carrier scattering,
related to the near degenerate K and T valleys in such materials!®!. Such enhancement of
interactions between optical excitations was also observed for the attractive polaron in MoSe»
whose interaction strength is measured to be more than an order of magnitude stronger than those
between bare excitons!'®2. Crucially, this experiment characterizes the nonlinearity by exciting the
material below its bandgap, which induces virtual populations and AC Stark shift (Fig.7c). This
helps to eliminate the complexity of measuring the population and interaction strength of excitons,
such as dark excitons. In general, the gate-dependent response provides freedom for electrical
tuning of the nonlinearity.

6.1 Engineering nonlinearity through cavity enhancement

Given the intrinsically weak exciton-exciton interactions, various strategies are being pursued to
enhance nonlinearity to the few-photon regime. A prominent approach involves integrating optical
materials with cavities or waveguides?>*. For example, embedding TMDs into optical cavities
leads to the formation of exciton-polaritons—a state that is half-light and half-matter—when the
energy exchange between photons and excitons occurs faster than their respective decay rates
(Fig.8a). This strong light-matter coupling is typically characterized by the emergence of two
polariton states with distinct energies, known as the lower and upper polaritons'®3. The coupling
strength, also known as vacuum Rabi splitting, can be determined by observing the anti-crossing
behavior between excitons and photons (Fig.8b).

Crucially, polaritons often exhibit different nonlinear responses compared to bare excitons. In
particular, the nonlinearity of polariton can be expressed as the susceptibility: ¥ (r) =
16ggxc—ph iu(r)
|[F|2r  r+iv()
the interaction strength between two excitons with a distance of r and I' as the linewidth.
Meanwhile, the cavity modifies the linewidth of the excitons, often reducing the number of
photons required to shift the resonance by a linewidth. Last but not least, with increasing pumping
intensity, the vacuum Rabi splitting between the two polaritons also decreases, leading to the
energy shift of polaritons!®*!%>. The reduction in the splitting is due to the phase-space filling*,
where more exciton population leads to fewer excitons left to couple to the cavity photon, similar
to saturable absorption. In fact, the Rabi splitting strength (2 depends on the polariton density: 2 =

2
nnRy

29 (1 i ),leading to phase-space filling induced nonlinearity g,o;-po; ¢ aph2'%.

where gexc—pn 18 the coupling strength between exciton and photon, U(r) as

TMDs offer several appealing features for exploring the nonlinear interaction of polaritons in the
strong light-matter coupling regime. With excitons in TMDs possessing large binding energies
ranging from 200 to 500 meV and large oscillator strengths, strong coupling can persist even at
room temperature with possibly enhanced exciton-mediated nonlinearity'®’. The nonlinearity of
polaritons generated in TMDs varies significantly depending on the specific species coupled to the
cavity photon. For instance (Fig.8f), in monolayer WSe, the 2s exciton-polaritons exhibit a larger
nonlinearity of approximately 46.4 + 13.9 pueV - um? , which is about four times larger than that
of the 1s state*®. This difference is expected, given the larger Bohr radius of 2s exciton. Leveraging
this, biexciton polariton also exhibits nonlinear interaction boost'®®. Phase space filling was
thought to play an important role in the measured nonlinear response in TMD polaritons.
Similarly, trion-polariton in monolayer MoSe, microcavity exhibits enhancement on the



nonlinearity strength of ~37 + 3 ueV - um? at a low electron density and pump fluence'*® driven
by the strong band-filling effect. However, the increased nonlinearity observed in 2s exciton- and
trion-polaritons comes at the cost of reduced coupling strength between the optical excitation and
the photons due to their weaker oscillator strength.

Another approach uses interlayer excitons with stronger dipolar repulsion, such as those in bilayer
MoS,, interlayer excitons*’(Fig.8¢c). Such interlayer excitons in fact can have sufficient oscillator
strength to enable strong coupling when the carrier tunneling is the materials is large enough to
produce enough hybridization between interlayer and intralayer!'!2. Combining this IX exciton with
cavity photons forms the dipolar interlayer polariton, which has a ten-fold enhancement of this
nonlinearity strength (g;x~ 100+2 ueV um?) compared with the conventional intralayer exciton
(A) (g4~ 10£0.2 peV um?)) embedded in microcavity*72%,

Similar to excitons in a cavity, it has been proposed®®!' that one can significantly reduce the
linewidth of the excitons by placing the monolayer MoSe; close to a partially reflecting mirror
with a half-integer multiple of the exciton resonance wavelength. This could be understood as the
destructive interference between the reflected light from the mirror and the emitted light from
TMD substantially suppressing the radiative linewidth, leading to the formation of long-lived
polariton, a hybrid of photon and exciton. Such reduction in linewidth reduces the number of
photons required for shifting the exciton energy by a linewidth.

An intriguing set of recent experiments uses the moiré superlattice in 2D materials to demonstrate
strong nonlinearity in exciton-polariton systems?*?(Fig.8d,e). With the moiré excitons are confined
within each site, they experience strong on-site interaction?>2%, which suggests that the exciton
blockade can occur when average exciton-exciton density is close to the size of the moiré cell, on
the order of a few to tens of nanometers, much larger than the blockade radius of bare excitons.
Meanwhile, the exciton and photon can still couple collectively among all the cells, which
maintains the system in a strong coupling regime.

With their recent development, it has become more feasible for this system to finally enter the
quantum nonlinear optics regime when the polariton nonlinear interaction strength surpasses the
linewidth. In such cases, the optical response of the system is significantly altered by the presence
of a single photon, leading to unprecedented phenomena and technologies in solids. One of such
examples is the so-called photon blockade?*®2%7, where a single polariton can inhibit the
transmission of additional photons. Such photon blockade effect can be observed through photon
antibunching and could open exciting avenues for realizing nonclassical light sources in quantum
nonlinear optics!02-208-210,

7. Outlook

We have reviewed the various opportunities that 2D materials present in nonlinear optics, spanning
both classical and quantum regimes. Critically, 2D materials offer significant advantages by
enabling the fabrication of novel heterostructures with well-controlled symmetry and band
structures, leading to nonlinear optical responses often unattainable in bulk crystals. Moreover, the
properties of these materials can be highly tunable under different perturbations, unlocking new
functionalities for tuning and transducing nonlinear optical signals. Their atomically thin nature
also introduces novel mechanisms for nonlinear processes, such as relaxing phase-matching



conditions. The potential to integrate these heterostructures into various technological platforms,
such as photonic integrated circuits, is particularly appealing for the development of nonlinear
optical circuits?!!-214,

Despite their highly desirable features and significant recent progress, key challenges remain in
developing nonlinear optical technologies using 2D materials. Many fundamental questions still
exist regarding the basic understanding of optical nonlinearity in these materials. The physical
mechanisms of interactions, radiative vs. non-radiative decay, dephasing of optical excitations,
and the roles of dark states—crucial parameters for optical nonlinearity—are not well understood
for many 2D materials?!'>. For example, how can one determine the population of dark excitons
versus bright excitons to measure their interaction strength accurately? Additionally, while lattice
relaxation at the interface of 2D heterostructures is well known, its influence on lattice dynamics
and optical nonlinearity remains unclear?'®. Addressing these questions requires both the
development of new theoretical models and novel instrumentation and methods capable of probing
such phenomena at ultrafast timescales or ultrasmall length scales below the diffraction limit,
which would, in turn, open a new frontier in the nonlinear optical science.

Beyond these challenges in our fundamental understanding of optical nonlinearity, there are
technical obstacles to building efficient nonlinear optical devices with 2D materials. While their
atomically thin nature gives rise to unique nonlinear properties, it also significantly limits the
overall efficiency of processes like frequency conversion due to the much shorter interaction
distance?!”. Reassembling these monolayers into thicker layers could help address this limitation,
but precise control over the material’s symmetry and band structure is required to maintain a strong
nonlinear response. Furthermore, as the thickness increases, phase-matching conditions become
critical once again®®. A potential solution involves fabricating multi-layer structures where active
nonlinear materials are sandwiched between passive linear materials to compensate for phase
mismatch. To create viable technologies, however, these complex structures must be scalable,
potentially through direct growth methods.

For quantum nonlinear optics applications, enhancing the interaction strength among optical
excitations and reducing their linewidth is particularly desirable. Spatial confinement of excitons
can significantly lower the number of photons required to achieve blockade, which may be achieve
via moiré superlattice?*?218-220 gtrain engineering®®?2!, and electrostatic gating???. Additionally,
engineering the resonance linewidth through cavity quantum electrodynamics, as well as
improving material quality, can further reduce such photon threshold. The short radiative lifetime
of excitons, stemming from their intrinsically large oscillator strength??, is advantageous for
creating single-photon sources with high repetition rates and optical switches with ultrafast
operation. However, these fast dynamics pose challenges in measuring photon statistics and
exciton behavior, which calls for the development of innovative optical measurement
techniques?24225,

From the materials perspective, the application of 2D materials in optical devices requires the
growth of wafer-scale high quality 2D materials, which remains challenging due to difficulties in
controlling crystallinity, defects, and stoichiometry in these atomically thin films?262?7. The direct
growth of phase-pure films on non-lattice-matched substrates, such as silicon and oxides, in a
CMOS-compatible process is an area that demands significant effort>?®. In the realm of creating
moiré or twisted heterostructures, while current methods of stacking 2D materials into
heterostructures offers remarkable flexibility by relaxing lattice-matching requirements and



introducing the twist degree of freedom, they also often result in large variations in interfacial
structure, leading to device variability?**23°. Ultimately, more scalable methods to fabricate van
der Waals heterostructures with nanometric precision, either via transfer or growth, are needed for
optical technologies?*!. Realizing novel nonlinear optical technologies based on 2D materials will
thus require multidisciplinary collaborative efforts between physicists, materials scientists, optical
engineers, and device designers.
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Figure 1. Nonlinear optical phenomena in different regimes. We can classify the many
emerging optical phenomena in terms of the interaction strength among photons and the photon
number (light intensity). The lower left vertical panel represents the classical linear optics regime,
with a low number of optical excitations that are weakly interacting. Examples include excitons,
plasmons, and nanophotonic devices. With an increasing number of photons, the nonlinear optical
response becomes strong, leading to classical nonlinear optical phenomena, such as frequency
conversion. Exciton-polaritons form when embedding excitons inside a cavity, which enhances
their interactions and features intriguing properties such as condensates at high photon numbers.
An interesting regime emerges in the upper left corner, where the interaction strength is so large
that nonlinear effects become obvious at the few-photon regime. Examples of such include photon
blockade, topological quantum systems, and entangled photon pair generation via spontaneous
parametric down-conversion (SPDC). Finally, for strong interactions and large photon numbers,
the system behaves as quantum many-body systems with emergent properties, including correlated
Bosonic lattices and quantum fluids, which remain largely unexplored.
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Figure 2. a, Electromagnetic spectrum from UV to MIR with the common light source. 2D
materials offer distinct electronic and optical properties, covering a wide range of the spectrum.
They also feature various optical excitations, such as excitons and magnons, which can be used to
enhance nonlinear response resonantly. b, Control of lattice symmetry in 2D heterostructures by
controlling the stacking between different layers. ¢, Enhancement of nonlinear optical response
via resonance effect such as excitons. d, Relaxed phase matching conditions due to small
propagation length. e, Integrating 2D materials onto photonic structures such as waveguides. e,
Reproduced with permission from™. Copyright 2021 American Chemical Society.
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Figure 3. Exciton resonance enhancement of the SHG intensity with electrical tunability. a,
Monolayer WSe> SHG spectroscopy at T = 4 K. SHG signal exhibits significant enhancement
when the 2Aw is resonant at the exciton frequency. b-d, Tuning SHG signal of interlayer exciton
(IE) in MoS> bilayer via applied electric field. b, The SHG amplitude (IE) shows a quadratic
increase as the electric field, which breaks the inversion symmetry in natural 2H bilayer. c,
schematic of the interlayer excitons in bilayer MoSz. d, SHG spectra of A and IE exciton resonance
at F, = 0 MV/cm and F;, = 0.17 MV/cm. The SHG signal at F, = 0.17 MV/cm increases by a
factor of 25 compared to that at zero electric field. This enhancement is due to the stark shift of
the IE with the static field. At F, = 0.17 MV/cm, IE splits into two energy IE; and IE>, which
both contribute to the SHG signal. e, Schematic of the broken symmetry in bilayer WSe2 under
certain doping with electric field induce SHG signal enhancement. f, SHG enhancement 2D map
with changes of electric field and doping level. Under certain electric filed and doping, the SHG
enhancement reach the maximum factor of 40. a, Reproduced with permission®®. Copyright 2015,
American Physical Society. b-d, Reproduced with permission!!'!. Copyright 2021 Springer Nature
Ltd. e-f, Reproduced with permission''*. Copyright 2024 CC BY 4.0.
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Figure 4. Second Order Nonlinearity in 2D materials. a, left panel: optical image of multilayer
2H MoS2 on quartz substrate. Right panel: SHG image for the same flake under pumping
wavelength of 860nm. Due to the inversion symmetry, odd and even layer exhibits different SHG
intensity contrast. b. left panel: Monolayer MoS: polar plot of the second-harmonic intensity as a
function of the sample angle. Right panel: top view of the MoS: crystallographic orientation. Red
arrow refers to the excitation laser polarization. ¢, Measured SHG enhancement of the 3R-MoS2
compared to the monolayer MoS: with the change of the thickness. Under the pump photon energy
of 0.815 eV, the coherence length L. is around 530nm, with the transmittance period of 182 nm.
d, Monolayer TMD as broadband tunable OPA: the normalized tunable idler spectra measured on
monolayer MoSe2 in a broad photon energy range from 1.90 eV to 2.28 eV. The spectral window
is limited by the tunability of the signal beam used in the paper. a, b, Reproduced with permission
from!'% . Copyright 2013, American Physical Society. ¢, Reproduced with permission from®3.
Copyright 2022 Springer Nature Ltd. d, Reproduced with permission from'?. Copyright 2021
Springer Nature Ltd.
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Figure 5. Generation of entangled photon pairs through SPDC. a, Schematic of generation
pairs of polarization-entangled signal and idler photons via SPDC process in a 3R-stacked MoSo.
Different maximally entangled Bell states are generated by changing the excitation polarization.
b, Top view of the 3R MoS; stack crystalline structure. The x and y direction (also refers to |[H>
and |V> polarization direction) are aligned with zigzag (ZZ) and armchair (AC) direction in the
crystal structure. The blue arrow defines the pump polarization with the angle ¢,,. ¢, Measured
density matrix p of polarization quantum state for x and y pump direction. For both x and y linear
polarizations, different maximally entangled states can be generated. d, Coincidence
characterization of the generated photon pairs. From this one can extract the parameter, the

coincidence-to-accidental ratio (CAR), which is defined as CAR = %, with Rgppc refers to
(o}

SPDC rate and is corrected as Rsppe = R — Ryce- Race 18 accidental coincidence counting. As
photons generated by different SPDC process happen to arrive at the detector at the same time can
contribute to the g2(0) counts, but this cannot be attributed to correlated photon. CAR in this frame
is 5.5 at P= 17 mW. a-d, Reproduced with permission!*’. Copyright 2024 Springer Nature Ltd.
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Figure 6. Examples of Two-dimensional coherent spectroscopy utilizing four-wave mixing.
a, Schematic of the 2D coherent spectroscopy technique. Three phase-stabilized pulses radiate on
the sample and then emit the FWM signal with the sequence shown in the figure. Scanning 7, with
T fixed explore the coherent nature (y) for excitons in TMD, while scan 7z with 7, fixed explore
the population relaxation I'.b, 2D Fourier-transform spectra of the echo signal reveling the
linewidth broadening mechanism. The intrinsic homogeneous linewidth of the exciton resonance
corresponds to the cross-diagonal line (dashed line), while the total linewidth includes
inhomogeneous broadening. The exciton dephasing rate y can be extrapolated from the linewidth.
c-d, Detection of valley coherence in monolayer TMD. ¢, As the first and third pulses are co-
polarized (¢*) and the second and detected polarization are co-polarized but with opposite helicity
(0-), the first pulse (o *)creates exciton population in K valley with a decay rate of I},. The second
pulse (0-) creates a coherent superposition between K and K’ valleys with a coherent decay rate
of y,,. The third pulse then converts the non-radiative valley coherence to optical coherence in K’
valley between the exciton and ground state. d, 2D spectrum using alternative helicity of the
excitation and collection pulses. As the delay t; is fixed and t is swept, the zero-quantum energy
hw, is given during t2 by Fourier transform. The width of the line shape along Aw; demonstrate
the measured valley coherence decay rate of y, = 6.9+ 0.2meV. a,b, Reproduced with
permission!®?, Copyright 2015 Springer Nature Ltd. ¢,d, Reproduced with permission!®.
Copyright 2016 Springer Nature Ltd.



W_O__+——%———O 1
oy i N o
- | / :
o= o
el 3 Oor
—— A 8
— IE L it
400 800 1200
752 756 760 162 1.63
Wave|ength (nm) Exciton density ([sz) Energy (eV)
2.5
d p=7x10"2cm? e 1.80 AR/R
—FP=0uw 05 05
P=10 uW S 2 0.
2 — P =30 yW o 1759
< 5
:
1.5 W4 70
1 1.65 L— : :
1.68 1.72 1.76 -2 0 2
Energy (eV) Voltage (V)

Figure 7. Exciton and polaron optical nonlinearity in TMD. a, Reflectance of monolayer
MoSe, as a function of the peak laser power at different excitation wavelength at 4K. b,
Intralayer(A) and interlayer (IE) Exciton reflection relative energy blueshift with increasing
exciton density in homobilayer MoS:. ¢, AC stark shift of the attractive polaron in monolayer
MoSe: as a function of the pump-probe delay time under pump laser peak power of 2 GW/cm?. d,
Trilayer WSe> Fermi-polaron reflectance contrast as a function of the CW (635nm) laser excitation
power. e, Relative change in the reflectance induced by CW laser pumping under different doping.
The nonlinearity of Fermi polaron only shows up at the hole-doped regime (negative voltage) due
to the valley polarization in trilayer WSe». a, Reproduced with permission'®6. Copyright 2018
American Physical Society. b, Reproduced with permission*’. Copyright 2022 Springer Nature

Ltd. ¢, Reproduced with permission'”>. Copyright 2024 American Physical Society. d,e,
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Reproduced with permission*. Copyright 2024 Springer Nature Ltd.
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Figure 8. Nonlinearity enhancement via exciton polariton formation in cavity. a, Schematic
of polariton blockade spectrum happened in cavity. Due to the strong interaction strength U
between polaritons (U is larger than the polariton linewidth), two polariton states blueshift, the
photon which excite the system from ground to the one-polariton state cannot excite the 2
polariton anymore due to the addition energy requirement. b, Differential reflection at T =7K
showing the polariton branches formed by intralayer (A, A 2S, B) and interlayer (IE) exciton
coupled to the cavity mode in bilayer MoS, embedded into microcavity. Strong coupling between
the exciton state and cavity mode can be demonstrated by the anti-crossing behavior between each
branch. ¢, Nonlinear interaction strength of A and Interlayer exciton as a function of the polariton
density. At low polariton density, dipolar polariton owns larger interaction strength due to dipole-
dipole repulsion. d-e, Moiré polariton system: d, Excitons confined in Moiré superlattice and then
coupled with cavity photon forms Moiré polariton, which exhibit large nonlinearity due to the
exciton blockade. e, Nonlinear interaction strength of moiré lower polariton (orange) and intralayer
exciton polariton(blue) as a function of polariton density. f, Nonlinearity for 2S polariton. The
coupling strength reduces with increasing excitation power density due to the phase space filling.
b, ¢, Reproduced with permission*’. Copyright 2022 Springer Nature Ltd. d,e, Reproduced with
permission®??, Copyright 2022 Springer Nature Ltd. f, Reproduced with permission*®. Copyright
2021 Springer Nature Ltd.



