
ar
X

iv
:2

41
1.

12
97

1v
1 

 [
m

at
h.

G
T

] 
 2

0 
N

ov
 2

02
4

AVERAGES OF DETERMINANTS OF LAPLACIANS OVER

MODULI SPACES FOR LARGE GENUS

YUXIN HE AND YUNHUI WU

Abstract. Let Mg be the moduli space of hyperbolic surfaces of genus
g endowed with the Weil-Petersson metric. We view the regularized
determinant log det(∆X) of Laplacian as a function on Mg and show
that there exists a universal constant E > 0 such that as g → ∞,

(1) the expected value of
∣

∣

∣

log det(∆X)
4π(g−1)

− E

∣

∣

∣
over Mg has rate of decay

g−δ for some uniform constant δ ∈ (0, 1);

(2) the expected value of
∣

∣

∣

log det(∆X )
4π(g−1)

∣

∣

∣

β

over Mg approaches to Eβ

whenever β ∈ [1, 2).

1. Introduction

Let X be a closed hyperbolic surface of genus g (g > 1). The spectrum
of the Laplacian ∆X of X on L2(X) is a discrete closed subset in R

≥0 and
consists of eigenvalues. We enumerate them, counted with multiplicity, in
the following increasing order:

0 = λ0(X) < λ1(X) ≤ λ2(X) ≤ · · · → +∞.

For z ∈ C, the spectral zeta function of X is given as

ζX(z) =

∞∑

i=1

1

λz
i (X)

.

From Weyl’s Law, the function ζX(z) is well-defined and holomorphic when
ℜz > 1. The regularized determinant is usually defined by

log det(∆X)
def
= −ζ ′X(0),

provided that ζX(·) has an analytic extension to z = 0. It is known from
e.g. Hoker-Phong [5] and Sarnak [25] that

(1) det(∆X) = Z ′
0(1)e

E·4π(g−1),

where

E =
−1 + 2 log 2π + 8ξ′(−1)

8π
≈ 0.0538,

and Z0(s) is the Selberg zeta function

Z0(s) = ΠγΠ
∞
k=0

(

1− e(k+s)ℓγ(X)
)
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2 YUXIN HE AND YUNHUI WU

where γ runs over all primitive closed geodesics on X and ℓγ(X) is the length
of γ on X. It is known by Wolpert [29] that the magnitudes |log det(∆X)|
and |logZ ′

0(1)| are proper functions on moduli spaceMg of Riemann surfaces
of genus g, that is, they will be divergent when the surface X goes to the
boundary of Mg.

In this work, we view log det(∆X) and logZ ′
0(1) as random variables

with respect to the probability measure ProbgWP on Mg given by the Weil-
Petersson metric. Naud is the first one to study their asymptotic behaviors
for large genus and shows in [21] that

Theorem (Naud). For any ǫ > 0,

(2) lim
g→∞

ProbgWP

(

X ∈ Mg;
|logZ ′

0(1)|
4π(g − 1)

< ǫ

)

= 1.

Actually it is shown in [21] that the property in (2) also holds for the
other two models of random hyperbolic surfaces: random cover [14, 15] and
Brooks-Makover [3]. In the proof, Naud essentially only requires uniform
spectral gaps and suitable countings of closed geodesics for large genus. In
this paper, we focus on the Weil-Petersson model and use the techniques
developed in [22, 32] to show that

Theorem 1. There exists a uniform constant 0 < δ < 1 such that as g → ∞,

1

VolWP(Mg)

∫

Mg

|logZ ′
0(1)|

4π(g − 1)
dX = O

(
1

gδ

)

,

where the implied constant is universal and VolWP(Mg) is the Weil-Petersson

volume of Mg.

It would be interesting to study the optimal choice of δ in Theorem 1. By
using Markov’s inequality, Theorem 1 clearly implies the result of Naud
above. Moreover, combining with (1) it also implies that

lim
g→∞

1

VolWP(Mg)

∫

Mg

|log det(∆X)|
4π(g − 1)

dX = E.

Indeed, our second result is as follows.

Theorem 2. For any β ∈ (0, 2),

lim
g→∞

1

VolWP(Mg)

∫

Mg

∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β

dX = Eβ .

For any β ≥ 2,
∫

Mg

|log det(∆X)|β dX = ∞.

For any β ∈ (0, 1), this is due to Naud [21].
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Notations. We say two positive functions

f1(g) ≺ f2(g) or f2(g) ≻ f1(g) or f1(g) = O(f2(g))

if there exists a universal constant C > 0, independent of g, such that
f1(g) ≤ C · f2(g); and we say

f1(g) ≍ f2(g)

if f1(g) ≺ f2(g) and f2(g) ≺ f1(g).

Plan of the paper. In Section 2 we will provide a review of relevant back-

ground materials and show that for β > 0, Eg
WP

[(
1

sys(X)

)β
]

≍ 1 if and only

if β ∈ (0, 2) which will be applied in the proof of Theorem 2. Then by as-
suming (2) and closely following [21], in Section 3 we will complete the proof
of Theorem 2. In the last Section, we will use the techniques developed in
[22, 32] to finish the proof of Theorem 1.

Acknowledgement. We would like to thank all the participants in our
seminar on Teichmüller theory for helpful discussions and comments on this
project. We also would like to thank Frédéric Naud for his interests on this
work. The second named author is partially supported by the NSFC grant
No. 12171263, 12361141813 and 12425107.
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2. Preliminary

In this section, we set up notations and basic propositions on the regular-
ized determinant of the Laplacian and the Weil-Petersson model of random
surfaces.

2.1. Determinants of Laplacians. Let Xg,n with 2g − 2 + n ≥ 1 be a
complete hyperbolic surface of genus g with n geodesic boundaries. By the
Gauss-Bonnet formula, its hyperbolic area satisfies Area(Xg,n) = 2π(2g −
2 + n). For a closed geodesic γ on Xg,n, we use ℓ(γ) or ℓγ(Xg,n) to denote
its length.

Now let X = Xg be a closed hyperbolic surface of genus g (g > 1) and
∆X be its Laplacian. Recall that as in the introduction, the regularized
determinant log det(∆X) = −ζ ′X(0). Indeed, it is known from e.g. [5, 25, 21]
that it also satisfies the following identity

(3) log det∆X = 4π(g − 1)E + γ0 −
∫ 1

0

SX(t)

t
dt−

∫ ∞

1

SX(t)− 1

t
dt,

where γ0 is the Euler constant, E ≈ 0.0538 is the constant given in (1), and

SX(t) =
e−t/4

(4πt)
1
2

∑

k≥1

∑

γ∈P

ℓ(γ)

2 sinh(kℓ(γ)/2)
e−(kℓ(γ))2/4t.

Here P is the set of oriented primitive closed geodesics on X. One may see
[21] and references therein for more details. Selberg’s trace formula gives
the following identity:

(4)

∞∑

j=0

e−tλj = SX(t) +
4π(g − 1)e−

t
4

4π

∫ ∞

−∞
re−tr2 tanh(πr)dr.

See [4, Theorem 9.5.3] or [2, Theorem 5.6] for a general form of Selberg’s
trace formula. One may also see e.g. [26] and [8].

2.2. Counting geodesics. We will apply the following two countings on
closed geodesics. The first one is for general closed geodesics. One may see
e.g. [4, Lemma 6.6.4].

Lemma 3. Let S be a hyperbolic surface of genus g ≥ 2 and let L > 0.
There are at most (g − 1)eL+6 oriented closed geodesics on S of length ≤ L
which are not iterates of closed geodesics of length ≤ 2 arcsinh 1.

Recall that a closed geodesic γ is called filling in a hyperbolic surface
Y with geodesic boundaries if each component of Y \ γ is homotopic to a
single point or some boundary component of Y . The second counting is the
following bound for filling closed geodesics that is essential in the proof of
Theorem 1. One may see [32, Theorem 4] or [31, Theorem 18] for more
details.
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Theorem 4 (Wu-Xue). For any 0 < ǫ < 1
2 and m = 2g − 2 + n ≥ 1, there

exists a constant c(ǫ,m) > 0 only depending on ǫ and m such that for all

L > 0 and any compact hyperbolic surface Y of genus g with n boundary

simple closed geodesics, the following inequality holds:

#f (Y,L) ≤ c(ǫ,m) · eL− 1−ǫ
2

ℓ(∂Y ),

where #f (Y,L) is the number of filling closed geodesics in Y of length ≤ L,
and ℓ(∂Y ) is the total length of the boundary closed geodesics of Y .

2.3. The Weil-Petersson model of random surfaces. For 2g−2+n ≥
1, let Tg,n be the Teichmüller space of Riemann surfaces with g genus
and n punctures. The mapping class group Modg,n acts on Tg,n keeping
the Weil-Petersson symplectic form ωWP invariant. The quotient space
Mg,n = Tg,n/Modg,n is the moduli space of Riemann surfaces. Set Tg = Tg,0
and Mg = Mg,0. For L = (L1, · · · , Ln) ∈ R

n
≥0, let Tg,n(L) be the Te-

ichmüller space of bordered hyperbolic surfaces with n geodesic boundaries
of length L1, · · · , Ln, and Mg,n(L) = Tg,n(L)/Modg,n. In particularly,
Tg,n(0, · · · , 0) = Tg,n.

The Fenchel-Nielsen coordinates corresponding to a pants decomposition
{αi}3g−3+n

i=1 of Xg,n on the Teichmüller space Tg,n(L) are of the form X 7→
(ℓαi

(X), ταi
(X))3g−3+n

i=1 . Here ταi
(X) is the measured twist length along αi.

Wolpert [28] shows that ωWP under the Fenchel-Nielsen coordinates is given
by the following theorem:

Theorem 5 (Wolpert). The Weil-Petersson symplectic form ωWP on Tg,n(L)
is given by

ωWP =

3g−3+n
∑

i=1

dℓαi
∧ dταi

.

The Weil-Petersson volume form is given by

dVolWP = 1
(3g−3+n)! ωWP ∧ · · · ∧ ωWP

︸ ︷︷ ︸

3g−3+n copies

.

This is a measure on Tg,n(L) and invariant under Modg,n. Then it is also
a measure on Mg,n(L), which is still denoted by dVolWP or dX for short.
Denote Vg,n(L) to be the total volume of Mg,n(L) under the Weil-Petersson
metric. Vg,n(L) is a polynomial on L by [16]. Set Vg,n = Vg,n(0) for short.
Now we consider the closed case Mg. The Weil-Petersson metric induces
the Weil-Petersson probability measure ProbgWP on Mg by:

ProbgWP(A) :=
1

Vg

∫

Mg

1AdX

where A ⊂ Mg is a Borel subset and 1A is its characteristic function. The
expectation of a random variable f is given by

E
g
WP [f ] :=

1

Vg

∫

Mg

fdX.
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The following integration formula is given by Mirzakhani in [17] which is
very useful in the study of Weil-Petersson random hyperbolic surfaces.

Theorem 6 (Mirzakhani). For any multi-curve γ = ∪k
i=1γi, there exists a

constant Cγ ∈ (0, 1] such that for any F : Rk → R+,
∫

Mg

∑

α=(α1,··· ,αk)∈Modg ·γ
F
(

ℓα1(X), · · · , ℓαk
(X)

)

dX

=Cγ

∫

x∈Rk
+

F (x)Vol(M(Sg(γ)), ℓγi = xi)x · dx.

Here γi, i = 1, · · · , k are mutually disjoint simple closed geodesics, x · dx
represents x1 · · · xkdx1 · · · dxk and Vol(M(Sg(γ)), ℓγi = xi) is the Weil-

Petersson volume of the moduli space of Riemann surfaces homotopic to

Sg \ γ with given boundary lengths.

In this paper we study the asymptotic behaviors of the regularized determi-
nants of Laplacians on Weil-Petersson random surfaces. Indeed, recently the
study of spectral theory of Weil-Petersson random surfaces is quite active.
One may see [17, 12, 6, 19, 32, 13, 1, 9, 23, 24, 31, 27, 10, 21, 7, 20] and
references therein for recent developments on related topics.

2.4. Bounds on Weil-Petersson volumes. In this subsection we recall
several well-known bounds on Weil-Petersson volumes which will be applied
later. It is known by [22, Lemma 22] or [18, Proposition 3.1] that

(5)

(

1− c(n)
t2

g

)

·
(
sinh(t/2)

t/2

)n

≤ Vg,n(t, · · · , t)
Vg,n

≤
(
sinh(t/2)

t/2

)n

≤ e
nt
2 ,

where c(n) > 0 is a constant only depending on n. It is also known by [17,
Part (3) of Theorem 3.5] that

Vg−1,2

Vg
= 1 +O

(
1

g

)

.

And by [17, Lemma 3.3] we know that

[ g2 ]∑

i=1
Vi,1 · Vg−i,1

Vg
≍ 1

g
.

These two equations above give that

(6)

Vg−1,2 +
[ g2 ]∑

i=1
Vi,1 · Vg−i,1

Vg
≍ 1.
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2.5. Expectation of E
g
WP

[(
1

sys(X)

)β
]

. Denote by sys(X) the length of a

shortest closed geodesic on X which is always simple. Similar to the proof
of [17, Corollary 4.3], we prove the following result which will be used in the
proof of Theorem 2.

Proposition 7. For any β > 0, we have

E
g
WP

[(
1

sys(X)

)β
]

≍
{

1, if 0 < β < 2;

+∞, if 2 ≤ β.

Proof. For β > 0, we set f : Mg → R≥0 as

f(X) =
∑

ℓγ(X)≤1

1

ℓγ(X)β
.

We firstly consider the case 0 < β < 2. For the lower bound, it follows from
[17, Theorem 4.2] that

(7)
E
g
WP

[(
1

sys(X)

)β
]

≥
VolWP(M<1

g )

Vg

≍ 1,

where M<1
g = {X ∈ Mg; sys(X) < 1}. For the upper bound, we cut X

along a systolic geodesic γ. Then X \ γ is homotopic to either Xg−1,2 or
Xi,1∪Xg−i,1 for 1 ≤ i ≤

[ g
2

]
. Thus, it follows from Mirzakhani’s integration

formula, i.e., Theorem 6 that

E
g
WP

[(
1

sys(X)

)β
]

≤ 1 +
1

Vg

∫

Mg

f(X)dX

≺ 1 +
1

Vg

∫ 1

0




Vg−1,2(t, t) +

[ g2 ]∑

i=1

Vi,1(t) · Vg−i,1(t)




 · t1−βdt.

This together with (5) and (6) implies that for 0 < β < 2,

(8)
E
g
WP

[(
1

sys(X)

)β
]

≺ 1 +
Vg−1,2 +

∑[ g2 ]
i=1 Vi,1 · Vg−i,1

Vg

∫ 1

0
ett1−βdt

≍ 1.

Now we consider the case β ≥ 2. By the standard Collar Lemma (see e.g.

[11] or [4]), there exist at most 3g − 3 different simple closed geodesics on
X ∈ Mg of length ≤ 1. Thus, it follows from Mirzakhani’s integration
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formula, i.e., Theorem 6 that

∫

Mg

(
1

sys(X)

)β

dX ≥ 1

3g − 3

∫

Mg

f(X)dX

≥ 1

3g − 3

∫ 1

0
t1−βVg−1,2(t, t)dt.

This together with the lower bound of (5) implies that for ǫ0 > 0 small
enough,

(9)

∫

Mg

(
1

sys(X)

)β

dX ≥ Vg−1,2

3g − 3

∫ ǫ0

0

(
sinh(t/2)

t

)2

· t1−βdt

= +∞.

The proof is complete. �

3. Proof of Theorem 2

In this section we prove Theorem 2, assuming (2) of Naud.
Firstly we need the following lemma which is proved in [21] for 0 < β < 1.

Lemma 8. For any 0 < β < 2, there exists a constant Cβ > 0 only depend-

ing on β such that for any g ≥ 2,

E
g
WP

[∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β
]

< Cβ.

Proof. We closely follow the proof of [21, Theorem 5.1]. First recall that the
following inequality is proved in the proof of [21, Theorem 5.1] (see Page
284 of [21]):

| log det(∆X)|
4π(g − 1)

≺ 1 + | log(λ∗(X))|+ 1

sys(X)
+

(
log+ sys−1(X)

sys(X)

N0
X(1)

4π(g − 1)

)

,

where λ∗(X) = min{λ1(X), 14}, log+(x) = max{log(x), 0} and N0
X(1) is the

number of primitive closed geodesics on X of length ≤ 1. For β > 0, by
using the elementary inequality that (a + b)β ≤ 2β · (aβ + bβ) for a, b ≥ 0,
we have

(10)

| log det(∆X)|β
(4π(g − 1))β

≺ 1 + | log(λ∗(X))|β

+

(
1

sys(X)

)β

+

(
log+ sys−1(X)

sys(X)

N0
X(1)

4π(g − 1)

)β

.

It is shown in the proof of [21, Theorem 5.1] (see Page 286 of [21]) that for
all β > 0,

(11) E
g
WP[| log(λ∗(X))|β ] ≺ 1.
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It is known by Proposition 7 that for 0 < β < 2,

(12) E
g
WP

[(
1

sys(X)

)β
]

≍ 1.

By the standard Collar Lemma (see e.g. [11] or [4]) we know that

N0
X(1) ≤ 3g − 3.

Thus, we have

(13)

E
g
WP

[(
log+ sys−1(X)

sys(X)

N0
X(1)

4π(g − 1)

)β
]

≺ E
g
WP

[(
log+ sys−1(X)

sys(X)

)β
]

≺ E
g
WP

[(
1

sys(X)

)β+2
2

]

≍ 1,

where we apply Proposition 7 in the last equation. Then the conclusion
follows from all the equations above. �

Recall that

(14) log det∆X = 4πE(g − 1) + γ0 −
∫ 1

0

SX(t)

t
dt−

∫ ∞

1

SX(t)− 1

t
dt,

where γ0 is the Euler constant, and

SX(t) =
e−

t
4

(4πt)
1
2

∑

k≥1

∑

γ∈P

ℓ(γ)

2 sinh
(
kℓ(γ)
2

)e−
(kℓ(γ))2

4t .

Here P is the set of all oriented primitive closed geodesics on X. The
following lemma gives a lower bound of |log det(∆X)| when X goes to the
boundary of Mg. One may see [30] for an asymptotic form.

Lemma 9. There exist two uniform constants D1,D2 > 0 such that

− log det(∆X) ≥ D1 ·




∑

ℓ(γ)≤1

1

ℓ(γ)



− 4π(D2 + E)(g − 1)− γ0.

Proof. Define

G̃(u) =

∫ 1

0
t−

3
2 e−

1
4
t−u2

4t dt.

Then we have
∫ 1

0

SX(t)

t
dt =

∑

m,γ

ℓ(γ)

4
√
π sinh(mℓ(γ)

2 )
G̃(mℓ(γ)).
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Since

e
1
4 G̃(u) ≥

∫ 1

0
t−

3
2 e−

u2

4t dt =
4

u

∫ ∞

u
2

e−x2
dx ≥ 4

u

∫ u+2
2

u
2

e−x2
dx ≥ 4

u
e−

(u+2)2

4 ,

we have

(15)

∫ 1

0

SX(t)

t
dt ≥ D1 ·




∑

ℓ(γ)≤1

1

ℓ(γ)





for some uniform constant D1 > 0. By (4), we have

SX(t)− 1

t
≥ −(g − 1) · e

− t
4

t
·
∫ ∞

−∞
re−tr2 tanh(πr)dr.

This implies

(16)

∫ ∞

1

SX(t)− 1

t
dt ≥ −D2 · (g − 1)

for some uniform constant D2 > 0. Then the conclusion follows from (14),
(15) and (16). �

Proof of Theorem 2. For β ≥ 2, by Proposition 7 and Lemma 9 we have that

the integral of |log det(∆X)|β diverges. Now we assume that 0 < β < 2. For
any ǫ > 0, we define

Ag(ǫ) :=

{

X ∈ Mg;
log det(∆X)

4π(g − 1)
∈ (E − ǫ, E + ǫ)

}

.

By the result (2) of Naud,

lim
g→∞

ProbgWP(Ag(ǫ)) = 1.

Since ǫ > 0 is arbitrary, we clearly have

(17) lim inf
g→∞

E
g
WP

[∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β
]

≥ Eβ .

Next we prove the other side bound. Set χAc
g(ǫ)

to be the characteristic

function of the complement Ac
g(ǫ) of Ag(ǫ) ⊂ Mg. By Hölder’s inequality

and Lemma 8 we have that as g → ∞,

(18)

1

Vg

∫

Ac
g(ǫ)

∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β

dX = E
g
WP

[

χAc
g(ǫ)

·
∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β
]

≤ E
g
WP

[

χp
Ac

g(ǫ)

] 1
p · Eg

WP

[∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

qβ
] 1

q

≺
(
ProbgWP(Ac

g(ǫ))
) 1

p

= o(1),
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where 1
p + 1

q = 1 and q · β < 2. Then it follows from (18) that

E
g
WP

[∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β
]

=
1

Vg

∫

Ag(ǫ)

∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β

dX

+
1

Vg

∫

Ac
g(ǫ)

∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β

dX

≤ (E + ǫ)β + o(1).

By letting g → ∞ and ǫ → 0, we get

(19) lim sup
g→∞

E
g
WP

[∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

β
]

≤ Eβ .

The proof is complete. �

4. Proof of Theorem 1

In this section we prove Theorem 1.
By (1) and (14), we have

(20) logZ ′
0(1) = γ0 −

∫ 1

0

SX(t)

t
dt−

∫ ∞

1

SX(t)− 1

t
dt.

Let C > 0 and L = 2arcsinh 1. For any η ∈ (0, 3
16 ) and α ∈ (0, 1), following

[21], we define

(21) A(g) :=

{

X ∈ Mg;
λ1(X) ≥ η

#{(γ,m) ∈ P × N, mℓγ(X) ≤ L} ≤ C · gα

}

.

Now we recall two results in [32] an [21] to bound the size of A(g). First, it
is shown by Wu-Xue (see [32, Subsection 7.3] or [31, Theorem 29]) that for
any δ > 0,

(22) ProbgWP (X ∈ Mg;λ1(X) < η) = Oδ,η

(

g
1+δ−4

√

1
4
−η
)

,

where the implied constant only depends on δ and η. Second, it is shown
by Naud in [21, Section 4.3] that for any ǫ > 0,

ProbgWP

(
#{(γ,m) ∈ P ×N, mℓγ(X) ≤ L} < 2LArea(X)2ǫ

)

= 1−O

(
1

Area(X)ǫ

)

,

where Area(X) = 4π(g− 1). Then it follows that for any ǫ < α
2 , if g is large

enough,

(23) ProbgWP (#{(γ,m) ∈ P × N, mℓγ(X) ≤ L} ≥ C · gα) = O

(
1

gǫ

)

.
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Combine (22) and (23), we have that there exists a constant ǫ0=ǫ0(η, α)>0
depending only on η and α such that

(24) ProbgWP (A(g)) = 1−O

(
1

gǫ0

)

.

By (20), we have the following natural upper bound for Eg
WP

[∣
∣
∣
logZ′

0(1)
4π(g−1)

∣
∣
∣

]

:

(25)

E
g
WP

[∣
∣
∣
∣

logZ ′
0(1)

4π(g − 1)

∣
∣
∣
∣

]

=
1

Vg

∫

Mg

∣
∣
∣
∣

logZ ′
0(1)

4π(g − 1)

∣
∣
∣
∣
dX

≤ 1

Vg

∫

A(g)c

∣
∣
∣
∣

logZ ′
0(1)

4π(g − 1)

∣
∣
∣
∣
dX

︸ ︷︷ ︸

I

+
Vol(A(g))

Vg
· γ0
4π(g − 1)

+
1

Vg

1

4π(g − 1)

∫

A(g)

∫ ∞

R(g)

∣
∣
∣
∣

SX(t)− 1

t

∣
∣
∣
∣
dtdX

︸ ︷︷ ︸

II

+
logR(g)

4π(g − 1)

Vol(A(g))

Vg

+
1

Vg

1

4π(g − 1)

∫

A(g)

∫ R(g)

0

SX(t)

t
dtdX

︸ ︷︷ ︸

III

,

for some R(g) > 1 that is to be determined later.

4.1. Estimate of (I). Recall that by (1) we have

logZ ′
0(1)

4π(g − 1)
=

log det(∆X)

4π(g − 1)
− E.

Then it follows from Holder’s inequality, Lemma 8 and (24) that given any
fixed q ∈ (2,∞), p ∈ (1, 2) with 1

q +
1
p = 1, for large enough g,

(26)

1

Vg

∫

A(g)c

∣
∣
∣
∣

logZ ′
0(1)

4π(g − 1)

∣
∣
∣
∣
dX

≤
(
ProbgWP (A(g)c)

) 1
q ·
(

1

Vg

∫

Mg

∣
∣
∣
∣

log det(∆X)

4π(g − 1)
− E

∣
∣
∣
∣

p

dX

) 1
p

≤
(
ProbgWP (A(g)c)

) 1
q ·
(

1

Vg

∫

Mg

2p ·
(∣
∣
∣
∣

log det(∆X)

4π(g − 1)

∣
∣
∣
∣

p

+ Ep

)

dX

) 1
p

≺ 1

g
ǫ0
q

.

4.2. Estimate of (II). First by [21, Lemma 3.3] we know that forX ∈ A(g),

|SX(t)− 1| ≺ 4π(g − 1)e−ηt.
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It follows that for R(g) > 1,
∫ ∞

R(g)

∣
∣
∣
∣

SX(t)− 1

t

∣
∣
∣
∣
dt ≺ 4π(g − 1)

∫ ∞

ηR(g)

e−s

s
ds

≺ 4π(g − 1)
e−ηR(g)

ηR(g)
.

Therefore we have

(27)
1

Vg

1

4π(g − 1)

∫

A(g)

∫ ∞

R(g)

∣
∣
∣
∣

SX(t)− 1

t

∣
∣
∣
∣
dtdX ≺ e−ηR(g)

ηR(g)
.

4.3. Estimate of (III). Recall that

SX(t) =
e−

t
4

(4πt)
1
2

∑

k≥1

∑

γ∈P

ℓ(γ)

2 sinh
(
kℓ(γ)
2

)e−
(kℓ(γ))2

4t .

Set

Lg = [4R(g) + 2]

where [·] is the largest integer part. Now we separate SX(t) into three parts:

S
Lg+
X (t) :=

e−
t
4

(4πt)
1
2

∑

mℓ(γ)>Lg

ℓ(γ)

2 sinh
(
mℓ(γ)

2

)e−
(mℓ(γ))2

4t ,(28)

S
s,Lg−
X (t) :=

e−
t
4

(4πt)
1
2

∑

simple γ, mℓ(γ)≤Lg

ℓ(γ)

2 sinh
(
mℓ(γ)

2

)e−
(mℓ(γ))2

4t ,(29)

S
ns,Lg−
X (t) :=

e−
t
4

(4πt)
1
2

∑

non-simple γ, mℓ(γ)≤Lg

ℓ(γ)

2 sinh
(
mℓ(γ)

2

)e−
(mℓ(γ))2

4t .(30)

Clearly we have

(31) SX(t) = S
Lg+
X (t) + S

s,Lg−
X (t) + S

ns,Lg−
X (t).

The following inequality will be applied several times in this subsection: for
any (m,γ) ∈ N× P, we have

(32)

∫ R(g)

0

e−
(mℓ(γ))2

4t

t
3
2

dt

=
4

mℓ(γ)

∫ ∞

mℓ(γ)

2
√

R(g)

e−x2
dx

≺ 1

mℓ(γ)
e
− (mℓ(γ))2

4R(g) .

Here we take a substitution of x = mℓ(γ)

2
√
t

in the first equation.
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4.3.1. Long closed geodesics. First, by (32) we have

(33)

1

4π(g − 1)

∫ R(g)

0

S
Lg+
X (t)

t
dt

=
1

4π(g − 1)

∑

mℓ(γ)≥Lg

∫ R(g)

0

e−
t
4

t(4πt)
1
2

ℓ(γ)

2 sinh mℓ(γ)
2

e−
(mℓ(γ))2

4t dt

≺ 1

4π(g − 1)

∑

mℓ(γ)≥Lg

ℓ(γ)

2 sinh mℓ(γ)
2

∫ R(g)

0

e−
(mℓ(γ))2

4t

t
3
2

dt

≺ 1

4π(g − 1)

∑

mℓ(γ)≥Lg

1

2 sinh mℓ(γ)
2

e
− (mℓ(γ))2

4R(g) .

Since X ∈ A(g), it follows from [21, Lemma 3.2] that for all k ≥ Lg,

#{(m,γ) ∈ N× P : k ≤ mℓ(γ) ≤ k + 1} ≺ 4π(g − 1)ek.

Then we have
(34)

1

4π(g − 1)

∑

mℓ(γ)≥Lg

1

2 sinh mℓ(γ)
2

e
− (mℓ(γ))2

4R(g)

≤ 1

4π(g − 1)

∞∑

k=Lg

1

2 sinh k
2

· e−
k2

4R(g) ·#{(m,γ) ∈ N× P : k ≤ mℓ(γ) ≤ k + 1}

≺
∞∑

k=Lg

e
− k2

4R(g) · e 1
2
k

≺
∫ ∞

Lg−1
e
− t2

4R(g)
+ t

2 dt

≺
∫ ∞

Lg−R(g)−1
e
− s2

4R(g)
+

R(g)
4 ds

≺
√

R(g)e
R(g)
4

− (Lg−R(g)−1)2

4R(g)

Since Lg > 4R(g) + 1, by (33) and (34) we have

(35)

∣
∣
∣
∣
∣

1

Vg

1

4π(g − 1)

∫

A(g)

∫ R(g)

0

S
Lg+
X (t)

t
dtdX

∣
∣
∣
∣
∣
≺
√

R(g)e−2R(g).

4.3.2. Simple closed geodesics. Recall that for a simple closed geodesic γ,
X\γ is homotopic to either Sg−1,2 or Xi,1 ∪Xg−i,1 for 1 ≤ i ≤

[ g
2

]
. Then it

follows from Mirzakhani’s integration formula, i.e., Theorem 6 that for any
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t > 0,

1

Vg

∫

A(g)
S
s,Lg−
X (t)dX

≤ 1

Vg

∫

Mg

S
s,Lg−
X (t)dX

≤
∑

k

e−
t
4

(4πt)
1
2

∫ ∞

0

x

2 sinh kx
2

e−
(kx)2

4t

× Vg−1,2(x, x) +
∑[ g2 ]

i=1 Vi,1(x)Vg−i,1(x)

Vg
xdx.

For any k > 0 and x > 0, it is clear that
sinh(x

2 )
sinh(kx

2 )
≤ 1

k . Thus, the above

inequality together with (5) and (6) implies that

1

Vg

∫

A(g)
S
s,Lg−
X (t)dX

≺
∑

k

e−
t
4

t
1
2

∫ ∞

0

1

sinh kx
2

e−
(kx)2

4t sinh2
(x

2

)

dx

≺
∑

k

e−
t
4

t
1
2 k

∫ ∞

0

(

e
−
(

kx

2
√

t
−

√
t

2k

)2
+ t

4k2 − e
−
(

kx

2
√

t
+

√
t

2k

)2
+ t

4k2

)

dx

=
∑

k

e−
t
4
+ t

4k2

t
1
2 k

2
√
t

k

∫
√

t
2k

−
√

t
2k

e−s2ds

≺
∑

k

e−
t
4
+ t

4k2
√
t

k3

≺
√
t.

Therefore, it follows that

(36)

1

4π(g − 1)

1

Vg

∫

A(g)

∫ R(g)

0

S
s,Lg−
X (t)

t
dtdX

≺ 1

4π(g − 1)

∑

k

1

k3

∫ R(g)

0

√
t

t
dt

≍
√

R(g)

g
.
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4.3.3. Non-simple closed geodesics. For any non-simple closed primitive ge-
odesic γ on X, ℓ(γ) ≥ 4 arcsinh 1 (see e.g. [4]). Then we have

S
ns,Lg−
X (t) ≺e−

t
4

t
1
2

∑

mℓ(γ)≤Lg

ℓ(γ)e−
(mℓ(γ))2

4t

e
mℓ(γ)

2

≺e−
t
4

t
1
2

∑

ℓ(γ)≤Lg

∑

m≥1

ℓ(γ)e−
ℓ2(γ)
4t

e
mℓ(γ)

2

≍e−
t
4

t
1
2

∑

ℓ(γ)≤Lg

ℓ(γ)e−
ℓ2(γ)
4t

− ℓ(γ)
2 ,

where all the γ′s are taken over all non-simple primitive closed geodesics on
X. By (32) we have

(37)

∫ R(g)

0

S
ns,Lg−
X

t
dt ≺

∑

ℓ(γ)≤Lg

ℓ(γ)e−
ℓ(γ)
2

∫ R(g)

0

e−
ℓ2(γ)
4t

t
3
2

dt

≺
∑

ℓ(γ)≤Lg

e
− ℓ(γ)

2
− ℓ2(γ)

4R(g)

=
∑

ℓ(γ)≤Lg

e
− (ℓ(γ)−R(g))2

4R(g)
+

R(g)
4

−ℓ(γ)

≤
∑

ℓ(γ)≤Lg

e
R(g)
4

−ℓ(γ).

As in [18, 22, 32], for each non-simple closed geodesic γ ⊂ X, one may let
Y ⊂ X be a subsurface of geodesic boundary such that γ is filling in Y . Then
for each non-simple closed geodesic γ with ℓ(γ) ≤ Lg, by using elementary
isoperimetric inequality, it is shown in e.g. [32, Proposition 7] that

ℓ(∂Y ) ≤ 2Lg and Area(Y ) ≤ 4Lg.

Now we count γ according to the topology type of Y . Fix ǫ1 ∈ (0, 1), for
Y ≃ Sg0,k with 1 ≤ |χ(Sg0,k)| ≤ 16, by Theorem 4 we know that the number
of filling geodesics in Y with length ≤ T satisfies

#f (Y, T ) ≤ c(ǫ1)e
T− 1−ǫ1

2
ℓ(∂Y )
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where c(ǫ1) > 0 only depends on ǫ1. Then we have
(38)

∑

ℓ(γ)≤Lg

e
R(g)
4

−ℓ(γ) =
∑

Y≃Sg0,k

∑

γ fills Y

e
R(g)
4

−ℓ(γ)1[0,Lg ](ℓ(γ))

≤
∑

Y≃Sg0,k

[Lg]∑

m=0

∑

m≤ℓ(γ)<m+1

e
R(g)
4

−ℓ(γ)1[0,Lg ](ℓ(γ))

≺
∑

Y≃Sg0,k

[Lg]∑

m=0

e
R(g)
4

−m · em+1− 1−ǫ1
2

ℓ(∂Y )1[0,2Lg](ℓ(∂Y ))

≺Lg ·
∑

Y≃Sg0,k

e
R(g)
4

− 1−ǫ1
2

ℓ(∂Y )1[0,2Lg](ℓ(∂Y )).

It is known from [32, Proposition 35] that for any 1 ≤ |2g0 − 2 + k| ≤ 16
and 0 < ǫ1 < 1, we have

(39)
1

Vg

∫

Mg

∑

Y≃Sg0,k

e−
1−ǫ1

2
ℓ(∂Y )1[0,2Lg ](ℓ(∂Y ))dX ≺

L66
g e

Lg
2
+ǫ1Lg

g
.

Combine (37), (38) and (39) we have
(40)

1

Vg

∫

Mg

∑

1≤|χ(Y )|≤16

∑

γ fills Y

e
R(g)
4

−ℓ(γ)1[0,Lg](ℓ(γ))dX ≺
L67
g e

R(g)
4

+( 1
2
+ǫ1)Lg

g
.

For 17 ≤ |χ(Sg0,k)| ≤ [
4Lg

2π ], it follows from Lemma 3 that the number of
filling closed geodesics on Y with length ≤ T satisfies

#f (Y, T ) ≤ (g − 1)eT+6.

Then

(41)

∑

Y≃Sg0,k

∑

γ fills Y

e
R(g)
4

−ℓ(γ)1[0,Lg ](ℓ(γ))

≺
∑

Y≃Sg0,k

[Lg]∑

m=0

∑

m≤ℓ(γ)<m+1

e
R(g)
4

−ℓ(γ)1[0,2Lg](ℓ(∂Y ))

≺g
∑

Y≃Sg0,k

[Lg]∑

m=0

e
R(g)
4

−m · em1[0,2Lg ](ℓ(∂Y ))

≺g
∑

Y≃Sg0,k

Lge
R(g)
4 1[0,2Lg](ℓ(∂Y ))

≺ge
Lg
2 Lg

∑

Y≃Sg0,k

e
R(g)
4

− ℓ(∂Y )
4 1[0,2Lg ](ℓ(∂Y )).
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By [32, Proposition 33] we have

(42)
1

Vg

∫

Mg

∑

17≤|χ(Y )|≤
[

4Lg
2π

]

e−
ℓ(∂Y )

4 1[0,2Lg](ℓ(∂Y ))dX ≺ Lge
7
2
Lg

g17
.

Combine (41) and (42) we have

(43)

1

Vg

∫

Mg

∑

17≤|χ(Y )|≤
[

4Lg
2π

]

∑

γ fills Y

e
R(g)
4

−ℓ(γ)1[0,Lg ](ℓ(γ))dX

≺
L2
ge

R(g)
4

+4Lg

g16
.

Finally, combine (37), (40) and (43) we have that for any 0 < ǫ1 < 1,

(44)

1

Vg

1

4π(g − 1)

∫

A(g)

∫ R(g)

0

S
ns,Lg−
X (t)

t
dtdX

≺
L67
g e

R(g)
4

+( 1
2
+ǫ1)Lg

g2
+

L2
ge

R(g)
4

+4Lg

g17
.

4.3.4. Upper bound of (III). Since SX(t) = S
Lg+
X (t)+S

s,Lg−
X (t)+S

ns,Lg−
X (t),

if we take Lg = [4R(g) + 2], by (35), (36) and (44) we have that for any
ǫ1 > 0,

(45)

∣
∣
∣
∣
∣

1

Vg

∫

A(g)

1

4π(g − 1)

∫ R(g)

0

SX(t)

t
dtdX

∣
∣
∣
∣
∣

≺
√

R(g)e−2R(g) +

√

R(g)

g
+

R(g)67e(
9
4
+ǫ1)R(g)

g2
+

R(g)2e
65
4
R(g)

g17
.

Remark. Actually if we take Lg = [kR(g)+2] for k > 2, the argument above
also works.

4.4. The Endgame. Now we finish the proof of Theorem 1.

Proof of Theorem 1. We fix η ∈ (0, 3
16 ), α ∈ (0, 1) and R(g) = a log g for

some a > 0. Now we bound each term in (25). By (26) we have

(46) (I) ≺ g
− ǫ0

q ,

where ǫ0 = ǫ(η, α) > 0 and q > 2. By (27) we have

(47) (II) ≺ g−aη .

By (45), for any ǫ1 > 0 we have

(48) (III) ≺ g−2a+ǫ1 + g−1+ǫ1 + g−2+ 9
4
a+ǫ1 + g−17+ 65

4
a+ǫ1 .
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Now (25) together with (46), (47) and (48) implies that if we take 0 < a < 8
9 ,

then for any

0 < δ < min

{

1,
ǫ0
q
, aη, 2 − 9

4
a

}

,

we obtain

E
g
WP

[ |logZ ′
0(1)|

4π(g − 1)

]

≺ g−δ

as desired. �
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