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AVERAGES OF DETERMINANTS OF LAPLACIANS OVER
MODULI SPACES FOR LARGE GENUS

YUXIN HE AND YUNHUI WU

ABSTRACT. Let Mg be the moduli space of hyperbolic surfaces of genus
g endowed with the Weil-Petersson metric. We view the regularized
determinant logdet(Ax) of Laplacian as a function on M, and show

that there exists a universal constant £ > 0 such that as g — oo,
logdet(Ax)

(1) the expected value of | =355

- E’ over M, has rate of decay

g~ % for some uniform constant § € (0,1);

log det(Ax) B

prapm—y over M, approaches to E?

(2) the expected value of
whenever 3 € [1,2).

1. INTRODUCTION

Let X be a closed hyperbolic surface of genus g (g > 1). The spectrum
of the Laplacian Ax of X on L?(X) is a discrete closed subset in RZ? and
consists of eigenvalues. We enumerate them, counted with multiplicity, in
the following increasing order:

0 :)\o(X) < )\1(X) < )\Q(X) <-..- = 4o00.

For z € C, the spectral zeta function of X is given as

=1
Cx(2) =D X(X)
=1 "1

From Weyl’s Law, the function (x(z) is well-defined and holomorphic when
Rz > 1. The regqularized determinant is usually defined by

log det(Ay) ¥ —¢4 (0),

provided that (x(-) has an analytic extension to z = 0. It is known from
e.g. Hoker-Phong [5] and Sarnak [25] that

(1) det(Ax) = Zg(1)e ™™D,

where

—1+2log2m + 8¢'(—1)
8w
and Zy(s) is the Selberg zeta function

Zo(s) = LTI (1 = e(6(9)

E = ~ 0.0538,
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where  runs over all primitive closed geodesics on X and ¢, (X) is the length
of v on X. It is known by Wolpert [29] that the magnitudes |logdet(Ax)]
and |log Z;(1)| are proper functions on moduli space M, of Riemann surfaces
of genus g, that is, they will be divergent when the surface X goes to the
boundary of M,.

In this work, we view logdet(Ax) and log Z)(1) as random variables
with respect to the probability measure Prob%vp on M, given by the Weil-
Petersson metric. Naud is the first one to study their asymptotic behaviors
for large genus and shows in [21] that

Theorem (Naud). For any € > 0,

: g . [og Z5(1)] _

(2) glgloloProbWP <X € My; Ing—1) < e> =1

Actually it is shown in [21] that the property in (2) also holds for the
other two models of random hyperbolic surfaces: random cover [14, 15] and
Brooks-Makover [3]. In the proof, Naud essentially only requires uniform
spectral gaps and suitable countings of closed geodesics for large genus. In
this paper, we focus on the Weil-Petersson model and use the techniques
developed in [22, 32] to show that

Theorem 1. There exists a uniform constant 0 < § < 1 such that as g — oo,

1 [log Zp(1)] <1>
dX=0(—=),
Volwp (My) /Mg 4m(g — 1) 'l
where the implied constant is universal and Volwp (M) is the Weil-Petersson
volume of M.

It would be interesting to study the optimal choice of § in Theorem 1. By
using Markov’s inequality, Theorem 1 clearly implies the result of Naud
above. Moreover, combining with (1) it also implies that

lim ! (/ log det(Ax)l ;v _ .
g—oo Volwp(My) Sy, 4m(g—1)

Indeed, our second result is as follows.

Theorem 2. For any § € (0,2),

dX = EP.

log det(Ax) '5
dm(g—1)

1
lim /
For any B8 > 2,
/ llog det(Ax )| dX = co.

My

For any 8 € (0, 1), this is due to Naud [21].
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Notations. We say two positive functions

filg) < fa(g) or falg) = fi(g) or fi(g) = O(f2(9))

if there exists a universal constant C' > 0, independent of g, such that
fi(g) < C- fa(g); and we say

f1(g) < f2(9)
if f1(g) < f2(g) and fa(g) < fi(9)-

Plan of the paper. In Section 2 we will provide a review of relevant back-

sys(X)
if § € (0,2) which will be applied in the proof of Theorem 2. Then by as-
suming (2) and closely following [21], in Section 3 we will complete the proof

of Theorem 2. In the last Section, we will use the techniques developed in
[22, 32] to finish the proof of Theorem 1.

B
ground materials and show that for g > 0, E%VP [<#) ] = 1 if and only
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2. PRELIMINARY

In this section, we set up notations and basic propositions on the regular-
ized determinant of the Laplacian and the Weil-Petersson model of random
surfaces.

2.1. Determinants of Laplacians. Let X,, with 29 —2+n > 1 be a
complete hyperbolic surface of genus g with n geodesic boundaries. By the
Gauss-Bonnet formula, its hyperbolic area satisfies Area(X,,) = 27(2g —
2+ n). For a closed geodesic v on X, ,,, we use £(7y) or ¢ (X g.n) to denote
its length.

Now let X = X, be a closed hyperbolic surface of genus g (¢ > 1) and
Ax be its Laplacian. Recall that as in the introduction, the regularized
determinant log det(Ax) = —(%(0). Indeed, it is known from e.g. [5, 25, 21]
that it also satisfies the following identity

>0 —1
(3)  logdet Ax =dm(g — E + 70 —/ S)i( ) —/ L(tt) dt,
0 1

where g is the Euler constant, F ~ 0.0538 is the constant given in (1), and

Z Z o~ (kL(1)? /4t
2smh /<;€ /2)

(4mt)z 177

o t/4

Here P is the set of oriented primitive closed geodesics on X. One may see
[21] and references therein for more details. Selberg’s trace formula gives
the following identity:

o0 t
4 —De71 [
(4) Z e”N = Sx(t) + dmlg — Vet / re i tanh(7r)dr.
J=0

a7 —so

See [4, Theorem 9.5.3] or [2, Theorem 5.6] for a general form of Selberg’s
trace formula. One may also see e.g. [26] and [8].

2.2. Counting geodesics. We will apply the following two countings on

closed geodesics. The first one is for general closed geodesics. One may see
e.g. [4, Lemma 6.6.4].

Lemma 3. Let S be a hyperbolic surface of genus g > 2 and let L > 0.
There are at most (g — 1)eX*5 oriented closed geodesics on S of length < L
which are not iterates of closed geodesics of length < 2arcsinh 1.

Recall that a closed geodesic « is called filling in a hyperbolic surface
Y with geodesic boundaries if each component of Y \ « is homotopic to a
single point or some boundary component of Y. The second counting is the
following bound for filling closed geodesics that is essential in the proof of
Theorem 1. One may see [32, Theorem 4] or [31, Theorem 18] for more
details.
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Theorem 4 (Wu-Xue). For any 0 < e < § and m =29 —2+n > 1, there
exists a constant c(e,m) > 0 only depending on € and m such that for all
L > 0 and any compact hyperbolic surface Y of genus g with n boundary
simple closed geodesics, the following inequality holds:

#7(Y,L) < c(e,m) - eF= 21OV,

where #¢(Y, L) is the number of filling closed geodesics in'Y" of length < L,
and £(0Y') is the total length of the boundary closed geodesics of Y.

2.3. The Weil-Petersson model of random surfaces. For 2g—2+n >
1, let 74, be the Teichmiiller space of Riemann surfaces with g genus
and n punctures. The mapping class group Mod, , acts on 7, keeping
the Weil-Petersson symplectic form wwp invariant. The quotient space
Mg n = Tgn/Modg,y is the moduli space of Riemann surfaces. Set T, = Ty0
and My = Mggo. For L = (L1, --,L,) € RY,, let Tg,(L) be the Te-
ichmiiller space of bordered hyperbolic surfaces with n geodesic boundaries
of length Li,---,L,, and Mg ,(L) = Tyn(L)/Mody,. In particularly,
E,n(oa 0, 0) = Tgn-

The Fenchel-Nielsen coordinates corresponding to a pants decomposition
{a; 297%™ of X,,, on the Teichmiiller space T, (L) are of the form X
(Covs (X), T, (X))297%7 . Here 7,,(X) is the measured twist length along a.
Wolpert [28] shows that wwp under the Fenchel-Nielsen coordinates is given
by the following theorem:

Theorem 5 (Wolpert). The Weil-Petersson symplectic form wwp on Ty n(L)

s given by
39—3+n

wwp = Y dlo; Adra,.
=1

The Weil-Petersson volume form is given by

dVOlwp:mep/\“-/\pr.

39—3+n copies
This is a measure on 7Ty, (L) and invariant under Modg,. Then it is also
a measure on M, (L), which is still denoted by d Volwp or dX for short.
Denote V(L) to be the total volume of M, (L) under the Weil-Petersson
metric. Vj (L) is a polynomial on L by [16]. Set Vj,, = V, ,(0) for short.
Now we consider the closed case M,. The Weil-Petersson metric induces
the Weil-Petersson probability measure Pro‘b%vP on M, by:

1

Vo Jam,
where A C M, is a Borel subset and 14 is its characteristic function. The
expectation of a random variable f is given by

1
Edyp [f] == Vg//\/tg fdX.

Prob{yp(A) : 14dX
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The following integration formula is given by Mirzakhani in [17] which is
very useful in the study of Weil-Petersson random hyperbolic surfaces.

Theorem 6 (Mirzakhani). For any multi-curve v = Ulefy,-, there exists a
constant C-, € (0,1] such that for any F : R¥ — Ry,

/M Z F<£°‘1(X)"" ’éak(X))dX

9 a=(a1,,ar)EMody -y

=C, F(x) Vol(M(S4(7)), 4y, = z;)z - da.

k
T€RY

Here ~;,i = 1,--- k are mutually disjoint simple closed geodesics, x - dx
represents xq---xpdry ---dxy and Vol(M(Sy(7)), by, = x;) is the Weil-
Petersson volume of the moduli space of Riemann surfaces homotopic to
Sg \ v with given boundary lengths.

In this paper we study the asymptotic behaviors of the regularized determi-
nants of Laplacians on Weil-Petersson random surfaces. Indeed, recently the
study of spectral theory of Weil-Petersson random surfaces is quite active.
One may see [17, 12, 6, 19, 32, 13, 1, 9, 23, 24, 31, 27, 10, 21, 7, 20] and
references therein for recent developments on related topics.

2.4. Bounds on Weil-Petersson volumes. In this subsection we recall
several well-known bounds on Weil-Petersson volumes which will be applied
later. It is known by [22, Lemma 22] or [18, Proposition 3.1] that

5) <1 _c(n)§> _ <sin?/(;/2)>" < ‘@,n(‘t/,g;;. ) _ <sinlt1/(;/2)>" cot

where ¢(n) > 0 is a constant only depending on n. It is also known by [17,
Part (3) of Theorem 3.5] that

Vi, 1
9—1’2:1+O<—>.
Vy g

And by [17, Lemma 3.3] we know that

—

9
2
Vit Vy—in
i=1
Vy g
These two equations above give that

(%]
Vo—i2+ > Vin-Vy—in

(6) =1 = 1.
VQ
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B
2.5. Expectation of E%VP [(ﬁ) ] Denote by sys(X) the length of a

shortest closed geodesic on X which is always simple. Similar to the proof
of [17, Corollary 4.3], we prove the following result which will be used in the
proof of Theorem 2.

Proposition 7. For any § > 0, we have

R 1\, if0<f<2;
WP sys(X) T 4o, if2<p

Proof. For 8 >0, we set f: My — Rx¢ as

1
fX) = Z K(X)B.

ty(x)<1 7

We firstly consider the case 0 < 8 < 2. For the lower bound, it follows from
[17, Theorem 4.2] that

m Five [(ﬁ)ﬁ

where M5! = {X € M,; sys(X) < 1}. For the upper bound, we cut X
along a systolic geodesic 7. Then X \ v is homotopic to either X, 1 or
Xi1UXg_j1forl <i< [%] Thus, it follows from Mirzakhani’s integration
formula, i.e., Theorem 6 that

(o)’

(4]
1 1
14+ — Vo _19(t,t EVZ £ Vo_i1(t) | -1 Pat.
=< +Vg/0 91,2(7)+i:1 a1(t) - Vy—in(t)

1
> VOIWP (Mg< )
N Va

=1,

g

1
Evp <1+ — f(X)dX

- |2V

This together with (5) and (6) implies that for 0 < 8 < 2,

® Fwe [(ﬁ)ﬁ

Now we consider the case § > 2. By the standard Collar Lemma (see e.g.
[11] or [4]), there exist at most 3g — 3 different simple closed geodesics on
X € M, of length < 1. Thus, it follows from Mirzakhani’s integration

(5] 1
0

Vy

= 1.
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formula, i.e., Theorem 6 that

[, (ho) or = s, v

1 1
/ PV, 1 a(t, t)dt.
0

39 —3
This together with the lower bound of (5) implies that for ¢y > 0 small
enough,

= 400.

>

The proof is complete. O

3. PROOF OF THEOREM 2

In this section we prove Theorem 2, assuming (2) of Naud.
Firstly we need the following lemma which is proved in [21] for 0 < 8 < 1.

Lemma 8. For any 0 < 3 < 2, there exists a constant Cg > 0 only depend-
ing on B such that for any g > 2,

< Cg.

9 log det(Ax) |?
Eve ||

dm(g — 1)

Proof. We closely follow the proof of [21, Theorem 5.1]. First recall that the

following inequality is proved in the proof of [21, Theorem 5.1] (see Page
284 of [21]):

|log det(Ax)| <10gJr sysTHX) N%(1) >
(g — 1) sys(X) sys(X) 4dm(g—1))°

where A, (X) = min{\(X), 1}, log*(z) = max{log(z),0} and N%(1) is the
number of primitive closed geodesics on X of length < 1. For g > 0, by
using the elementary inequality that (a + b)? < 2% . (a® + b?) for a,b > 0,
we have

<1+ |log(A(X))| +

| log det(Ax)|?
(4m(g —1))P
1 A logtsys71(X) N%(1) g
<sys<X>> +< sys(X) 4«(9—1>>'

It is shown in the proof of [21, Theorem 5.1] (see Page 286 of [21]) that for
all 8> 0,

(11) Efyplllog(A«(X))7] < 1.

<1+ [log(A«(X))”
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It is known by Proposition 7 that for 0 < 8 < 2,

(12) By p [(@)B] = 1.

By the standard Collar Lemma (see e.g. [11] or [4]) we know that
N%(1) < 3g - 3.

Thus, we have

<10g+sys_1(X) N$(1) >B
sys(X)  dm(g—1)

(13)

<& (o) |

=1,

where we apply Proposition 7 in the last equation. Then the conclusion
follows from all the equations above. O

Recall that

1 00
Sx(t Sx(t)—1
(14) logdetAx =4mE(g— 1)+ — / %dt - / %dt,
0 1
where 7 is the Euler constant, and
t
e 1 (%) _ (et()?
Sx) =7 somn (E)
(47Tt) 2 k>1~eP 2 sinh <T)

Here P is the set of all oriented primitive closed geodesics on X. The
following lemma gives a lower bound of |logdet(Ax)| when X goes to the
boundary of M,. One may see [30] for an asymptotic form.

Lemma 9. There exist two uniform constants D1, Do > 0 such that

1
—logdet(Ax) > Dy - Z o) —4m(Dy+ E)(g — 1) — .
O

Proof. Define

Then we have

' Sx(t) _ 0(7) -
f, = 3 L Gt
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Since
- ! 24 [ 4 [ 4 oo
e%G(u) 2/ t‘%e‘ﬂdt: —/ e % dx > —/ ’ e dx > —e_( = ,
0 u Ju uJu u
we have
1
Sx(t 1
(15) /—%Qﬁsz z:?—
0 o<t (")
for some uniform constant D; > 0. By (4), we have
Sx(t) —1 T
— >—(g—1)- T re” " tanh(mr)dr.
This implies
©Sx(t)—1
(16) (/ ;ﬂ%——ﬁz—Ibmg—n
1
for some uniform constant Dy > 0. Then the conclusion follows from (14),
(15) and (16). O

Proof of Theorem 2. For g > 2, by Proposition 7 and Lemma 9 we have that
the integral of |log det(AX)]B diverges. Now we assume that 0 < 8 < 2. For
any € > 0, we define

log det(Ax)

Agle) := {X € My; drlg — 1)

6(E—e,E+e)}.

By the result (2) of Naud,
lim Probdyp(Ag(e)) = 1.

g—o0

Since € > 0 is arbitrary, we clearly have

log det(Ax) ‘B

> EP.
dm(g — 1) -

(17) lim inf E{yp

g—o0

Next we prove the other side bound. Set x As(e) to be the characteristic

function of the complement AZ(e) of Ag(e) C M,. By Hélder’s inequality
and Lemma 8 we have that as g — o0,

1

Vg Jace)

log det(Ax) B g
(g 1) | T B X0

1
Qﬁ] q

log det(Ax) |?
dm(g —1)

logdet(Ax)
Am(g —1)

1
(18) < Ejvp [Xilg(e)] " Efyp [

B =

< (Prob%vp (.A;(e)))
= o(1),
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where 1—1) + % =1 and ¢- 5 < 2. Then it follows from (18) that

R logdet(Ax)r B i/ logdet(AX)‘BdX
WP 4r(g —1) Vo Ja,| 4m(g—1)
—|—i logdet(AX)‘ﬁdX
Vo Jace | 4m(g—1)

< (E+¢)° +0(1).

By letting ¢ — oo and € — 0, we get

, logdet(Ax)‘B
19 lim sup &Y _— < EP.
( ) g—>oop wp [ 47T(g — 1) -
The proof is complete. O

4. PROOF OF THEOREM 1

In this section we prove Theorem 1.
By (1) and (14), we have

1 o0 _
(20) logZé(l):fyo—/O SXT(t)dt—/1 %dt.

Let C > 0 and L = 2arcsinh 1. For any 1 € (0, %) and « € (0, 1), following

[21], we define 716
(21)  Ag) = {X € My; A(X) =z a} |
#{(y,m) e Px N, ml,(X)< L} <C-g

Now we recall two results in [32] an [21] to bound the size of A(g). First, it
is shown by Wu-Xue (see [32, Subsection 7.3] or [31, Theorem 29]) that for
any 6 > 0,

1
(22) Prob{yp (X € Mg; \i(X) <n) = Oy, <gl+6—4 4—n> 7

where the implied constant only depends on § and 7. Second, it is shown
by Naud in [21, Section 4.3] that for any € > 0,

Prob{yp (#{(v,m) € P x N, ml,(X) < L} < 2L Area(X)*)

=1 sy )

where Area(X) = 4m(g —1). Then it follows that for any e < §, if g is large
enough,

(23)  Probfyp (#{(v,m) € P x N, ml,(X) <L} > C-¢%) = O (gi> .
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Combine (22) and (23), we have that there exists a constant ey =¢€g(n, a) >0
depending only on 1 and « such that

1
(24) Probiyp (A(g) = 1 -0 <g—> .
By (20) have the following natural upper bound for E, {1ogz(g(1)u_
y , we have the following PP e || oot
log Zj(1) 1 log Z4(1)
EY,p ||-28200) :._:/ log () | 1%
‘W[M@—D Vy Jam, 14m(g — 1)
S w‘dmvom(g» o
A(g)e 14m(g = 1) 7 4m(g — 1)
(25) / / SX ‘ drax o Jog Flg) Vol(A(g)
Anlg = 1) Jaw) Jr in(g—1)  V,
R(g SX
/ / dth
V 47T Ag)

for some R(g) > 1 that is to be determined later.

4.1. Estimate of (I). Recall that by (1) we have

log Z|(1) _ log det(Ax)
dm(g—1)  Am(g—1)

Then it follows from Holder’s inequality, Lemma 8 and (24) that given any
fixed g € (2,00), p € (1,2) with % + % =1, for large enough g,

_/ logZO ‘dX
< (Probyp (A(g)c))% ' (% /M % - dX) p
(26) g ;
< (Probfyp (A(9)7) - (VL L (s +#) dX)
<
g?

4.2. Estimate of (II). First by [21, Lemma 3.3] we know that for X € A(g),
|Sx (t) — 1| < 4n(g — 1)e” ™.
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It follows that for R(g) > 1

/ m‘dt < Adm(g — 1)/ € _ds
R(9) t nR(g)
4 ( 1)6_77R(g)
< 4m(g — .
97 TIR()
Therefore we have
(27) / / SX ‘ddX e )
tdX <
V Am(g —1) Jagy) nk(g)
4.3. Estimate of (III). Recall that
et () _ (et()?

Sx(t) = S
x () (4wt)5,§,;>2sinh<@)e 4

Set
Ly, =[4R(g) + 2]
where [-] is the largest integer part. Now we separate Sx (t) into three parts:

t
a 2
(28) Skt(t) =S —e(i e
(4mt)2 o= L, 2smh( >
t
_t e
(29) S;{,Lg—(t) — e 4 Z f( ( Ziz’)) ’

1
(A7) impie +, me(r)<L, 28inh (

(30) SyT(t) = — : 3 () - emeon®

: £y
(47Tt) % non- simple v, ml(y)<Lg 2sinh (m >

Clearly we have
(31) Sx(t) = S¢F() + YT () + ST (1),

The following inequality will be applied several times in this subsection: for
any (m,7y) € N x P, we have

2
R(g) o=
/ —_— dt
0 t2

4 [
(32) _mﬁ(’y) /mf(’Y) ¢ dr

2y/R(9)
1 (mey)?

e 4R(g)
me(y)

<

Here we take a substitution of x = ”;li(/%’) in the first equation.
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4.3.1. Long closed geodesics. First, by (32) we have

1 /R(g) Sf(“(t) 0

477(9—1)
ey X [ ety

t(4mt) 3 2sinh mz(v)

mf(’y )>Lyg
33 m
e () R
g - 1) 2 sinh 740) / ta
me(y)>Lg S 2
1 1 _ (ﬁg(w))?
< — g
dn(g—1) &) 2sinh 200

Since X € A(g), it follows from [21, Lemma 3.2] that for all £ > L,,
#{(m,y) eNXP:k<ml(y) <k+1} <4dn(g—1)e*

Then we have

(34)
1 1 _ (me(y))?
oD pe=y oo L
4r(g — 1) mZ(’y)ZLg2SIHhT
L i L 5 {(m,7) EN X Pk < ml(y) < k+1}
-e AR(9) . m,Yy) ENXP:k<m < k+
“4n(g—1) Py 2sinh§ 7 7
—~g
00 2 )
< Z ¢ IR . o2k
k=L,
o t
</ e @ T2t
Lg—1

R(g) (Lg—R(g9)-1)?

<+/R 4 4R(9)

Since Ly > 4R(g) + 1, by (33) and (34) we have

tdX
V47T —1/ / d

4.3.2. Simple closed geodesics. Recall that for a simple closed geodesic 7,
Xy is homotopic to either Sy_19 or X;1 U Xy ;1 for 1 <i < [%] Then it
follows from Mirzakhani’s integration formula, i.e., Theorem 6 that for any

=< / —2R(g

(35)
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1 L
— [ b ()ax
Vo Ja)

1

Vo Jm,

t
e 1 0 x _ (k)2
E T e~ 4t
v ( 2.J0

4rt) 2sinh k—zx

IN

SuFT(1)dX

IN

o Vo—12(z,7) + Zz[i]l Vii(@)Vy_ii(z)

Vo

. inh(Z
For any £k > 0 and =z > 0, it is clear that sinh(5) <

sinh(%v) -

inequality together with (5) and (6) implies that

(36)

t2k
_§+4If: 2\/z/§/z —82
T — e % ds
t2k k _21;S
_ﬁ+ig\/%
k3

1 1 [t
Am(g —1) Zk: k3 /0 T
R(g)

15

<. Thus, the above
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4.3.3. Non-simple closed geodesics. For any non-simple closed primitive ge-
odesic v on X, /() > 4arcsinh 1 (see e.g. [4]). Then we have

¢ (me(7))*
ns,Ly— e 4 U(y)e”
S ! (t) = 1 me(v)
tz ml(y)<Lg e 2
e%)

ot
: Z Z mf(w)

V<Lgm>1 €

where all the 7's are taken over all non-simple primitive closed geodesics on
X. By (32) we have

2
R(g) gnsila~ i [RO) o~
/ X —dt< Y 6(7)6_77/ —dt
t 0 t2
0 ¢(7)<Lg
Uy _ Py
< Z e~ 2 T iR(g)
(37) L(y)<Ly
-~ 2
_ Z e_(f(ViRg()g)) +¥_g(,\/)

<L
< ¥ e
L(v)<Lg

As in [18, 22, 32], for each non-simple closed geodesic v C X, one may let
Y C X be a subsurface of geodesic boundary such that + is filling in Y. Then
for each non-simple closed geodesic v with £(y) < Ly, by using elementary
isoperimetric inequality, it is shown in e.g. [32, Proposition 7] that

(0Y)<2L, and Area(Y) <A4L,.

Now we count 7 according to the topology type of Y. Fix ¢ € (0,1), for
Y ~ 8y, with 1 <|x(Sg,x)| < 16, by Theorem 4 we know that the number
of filling geodesics in Y with length < T satisfies

#:(Y,T) < cleg)eT——700Y)
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where ¢(e1) > 0 only depends on €;. Then we have
(38)
— R(g) _
dooen =N N e g (0)
Ly)<Lg Y~Sg kv fillsY
[Lg)

<> > > e D 1,1,1(6(7))

Y850k m=0 m<L(y)<m+1
L]

<> Zeﬁﬁg) moe

YeSgo 5 m=0

<Ly - Z ey_%z(ay)l[o,ug}(5(85/))-
Y:Sgo,k

HHOY)Y 0,22, (£(0Y))

It is known from [32, Proposition 35| that for any 1 < [2g9 — 2 + k| < 16

and 0 < €1 < 1, we have

o L66 —+61Lg

(39) — = 2 50,1 (€(OY))dX <
My Y~S g

Combine (37), (38) and ( 9) we have
(

A SN SO ()X <

Mg 1<y (V) |<16 7 fills Y 9

LG? )y (Lyer)L,

For 17 < |x(Sgo.k)| < [%], it follows from Lemma 3 that the number of
filling closed geodesics on Y with length < T satisfies

#r(Y,T) < (g —1)e" 0.

Then
SN 1, 0)
Y:Sgo,k v fills'Y
(L]
R(g) _
= Z Z Z et g5 (0(0Y))
Y:Sgo,k m=0m<l(y)<m+1
[Lg]
(41) <g S0 Y e (00Y)
Yﬁsgo’km:(]
R(g)
=g Z Lge S Lj0,22,](£(0Y))
Y:Sgok

Lg R(g) _ £(8Y)
<ge Ly Y e i o lgar (L(0Y).
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By [32, Proposition 33] we have
7
1 (o) Lgezts

(42) - > e T 1921, (£(0Y))dX <
TN

Combine (41) and (42) we have

)
1 E(g)
D SRS SR I T

9 4L
Tr< () <[] 1 s Y

(43)
L2 ) 1ar,
416
Finally, combine (37), (40) and (43) we have that for any 0 < ¢; < 1,
R(g ns Lg
dth
V 471' /A(g /
(44) R(g) R(g)
6T 2+ (F+e1) Ly L2 +4L,
<-4 +

g2 gl7

4.3.4. Upper bound of (III). Since Sx(t) = SLg (t)+S% P (t )+S§L<S’Lg_(t),
if we take Ly, = [4R(g) + 2], by (35), (36) and (44) we have that for any

€1 >0,
R(g)
iﬂ/ __;L__:/ XU 4y
Vg A(g) 471'(9 — 1) 0 t

<Rige2Ro) 4 VE) R(g)%e(i+e0BO)  R(g)2eTEO)

(g)e™? “ \/9— g? gl7 .
Remark. Actually if we take L, = [kR(g)+2] for k > 2, the argument above
also works. .

(45)

4.4. The Endgame. Now we finish the proof of Theorem 1.

Proof of Theorem 1. We fix n € (0, 136) € (0,1) and R(g) = alogg for

some a > 0. Now we bound each term in (25). By (26) we have

(46) =g 7,
where €y = €(n,a) > 0 and ¢ > 2. By (27) we have
(47) (I) < g~

By (45), for any €; > 0 we have

(48) (III) =< g—2a+61 +g—1+61 +g—2+%a+61 +g_17+%a+61-
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Now (25) together with (46), (47) and (48) implies that if we take 0 < a < §,
then for any

9
0<5<min{1,6—0,an,2——a},
q 4

we obtain
log Z{(1)] _
EQ ‘ 0 4
wr [47T(g —n] Y
as desired. O

REFERENCES

[1] Nalini Anantharaman and Laura Monk. Friedman-Ramanujan functions in ran-
dom hyperbolic geometry and application to spectral gaps. arXiv e-prints, page
arXiv:2304.02678, April 2023.

[2] Nicolas Bergeron. The spectrum of hyperbolic surfaces. Springer, 2016.

[3] Robert Brooks and Eran Makover. Random construction of Riemann surfaces. J.
Differential Geom., 68(1):121-157, 2004.

[4] Peter Buser. Geometry and spectra of compact Riemann surfaces. Springer Science &
Business Media, 2010.

[5] Eric D’Hoker and D. H. Phong. On determinants of Laplacians on Riemann surfaces.
Comm. Math. Phys., 104(4):537-545, 1986.

[6] Clifford Gilmore, Etienne Le Masson, Tuomas Sahlsten, and Joe Thomas. Short ge-
odesic loops and LP norms of eigenfunctions on large genus random surfaces. Geom.
Funct. Anal., 31(1):62-110, 2021.

[7] Yulin Gong. Spectral distribution of twisted Laplacian on typical hyperbolic surfaces
of high genus. Comm. Math. Phys., 405(7):Paper No. 158, 41, 2024.

[8] Dennis A Hejhal. The Selberg Trace Formula for PSL(2,R): Volume 2, volume 1001.
Springer, 2006.

[9] Will Hide. Spectral gap for weil-petersson random surfaces with cusps. Int. Math.
Res. Not. IMRN, 2023(20):17411-17460, 2023.

[10] Will Hide and Joe Thomas. Short geodesics and small eigenvalues on random hyper-
bolic punctured spheres. Comment. Math. Helv., page to appear, 2022.

[11] Linda Keen. Collars on riemann surfaces. In Discontinuous groups and Riemann sur-
faces (Proc. Conf., Univ. Maryland, College Park, Md., 1973), pages 263-268, 1974.

[12] Etienne Le Masson and Tuomas Sahlsten. Quantum ergodicity for eisenstein series
on hyperbolic surfaces of large genus. Math. Ann., 389(1):845-898, 2024.

[13] Michael Lipnowski and Alex Wright. Towards optimal spectral gaps in large genus.
Ann. Probab., 52(2):545-575, 2024.

[14] Michael Magee and Frédéric Naud. Explicit spectral gaps for random covers of Rie-
mann surfaces. Publ. Math. Inst. Hautes Etudes Sci., 132:137-179, 2020.

[15] Michael Magee, Frédéric Naud, and Doron Puder. A random cover of a compact
hyperbolic surface has relative spectral gap % —¢e. Geom. Funct. Anal., 32(3):595—
661, 2022.

[16] Maryam Mirzakhani. Simple geodesics and Weil-Petersson volumes of moduli spaces
of bordered Riemann surfaces. Invent. Math., 167(1):179-222, 2007.

[17] Maryam Mirzakhani. Growth of weil-petersson volumes and random hyperbolic sur-
face of large genus. Journal of Differential Geometry, 94(2):267-300, 2013.

[18] Maryam Mirzakhani and Bram Petri. Lengths of closed geodesics on random surfaces
of large genus. Comment. Math. Helv., 94(4):869-889, 2019.

[19] Laura Monk. Benjamini-Schramm convergence and spectra of random hyperbolic
surfaces of high genus. Anal. PDE, 15(3):727-752, 2022.



20
20]
(21]
(22]
(23]
24]
(25]
(26]
27]
28]
29]

(30]

(31]

(32]

YUXIN HE AND YUNHUI WU

Laura Monk and Rares Stan. Spectral convergence of the Dirac operator on typical
hyperbolic surfaces of high genus. Annales Henri Poincare, to appear, July 2023.
Frédéric Naud. Determinants of laplacians on random hyperbolic surfaces. Journal
d’Analyse Mathématique, 151:265-291, 2023.

Xin Nie, Yunhui Wu, and Yuhao Xue. Large genus asymptotics for lengths of separat-
ing closed geodesics on random surfaces. Journal of Topology, 16(1):106-175, 2023.
Zeév Rudnick. GOE statistics on the moduli space of surfaces of large genus. Geom.
Funct. Anal., 33(6):1581-1607, 2023.

Zeév Rudnick and Igor Wigman. On the central limit theorem for linear eigenvalue
statistics on random surfaces of large genus. J. Anal. Math., 151(1):293-302, 2023.
Peter Sarnak. Determinants of laplacians. Communications in mathematical physics,
110(1):113-120, 1987.

Atle Selberg. Harmonic analysis and discontinuous groups in weakly symmetric spaces
with applications to dirichlet series. J. Indian Math. Soc., 20:47-87, 1956.

Yang Shen and Yunhui Wu. Arbitrarily small spectral gaps for random hyperbolic
surfaces with many cusps. arXiv e-prints, page arXiv:2203.15681, March 2022.

Scott Wolpert. The Fenchel-Nielsen deformation. Ann. of Math. (2), 115(3):501-528,
1982.

Scott A. Wolpert. Asymptotics of the spectrum and the Selberg zeta function on the
space of Riemann surfaces. Comm. Math. Phys., 112(2):283-315, 1987.

Scott A Wolpert. Asymptotics of the spectrum and the selberg zeta function on the
space of riemann surfaces. Communications in mathematical physics, 112(2):283-315,
1987.

Yunhui Wu and Yuhao Xue. Prime geodesic theorem and closed geodesics for large
genus. J. Fur. Math. Soc. (JEMS), to appear, 2022.

Yunhui Wu and Yuhao Xue. Random hyperbolic surfaces of large genus have first
eigenvalues greater than % — €. Geometric and Functional Analysis, 32(2):340-410,
2022.

YAU MATHEMATICAL SCIENCES CENTER AND DEPARTMENT OF MATHEMATICAL SCI-
ENCES, TSINGHUA UNIVERSITY, BEIJING, CHINA

Email address, (Y. H.): hyx21@mails.tsinghua.edu.cn

Email address, (Y. W.): yunhui_wu@tsinghua.edu.cn



	1. Introduction
	Notations.
	Plan of the paper.
	Acknowledgement

	2. Preliminary
	2.1. Determinants of Laplacians
	2.2. Counting geodesics
	2.3. The Weil-Petersson model of random surfaces
	2.4. Bounds on Weil-Petersson volumes
	2.5. Expectation of EWPg[ ( 1sys(X) )] 

	3. Proof of Theorem 2
	4. Proof of Theorem 1
	4.1. Estimate of (I)
	4.2. Estimate of (II)
	4.3. Estimate of (III)
	4.4. The Endgame

	References

