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CONNECTIVITY OF THE ADJACENCY GRAPH OF
COMPLEMENTARY COMPONENTS OF THE SLE FAN

CILLIAN DOHERTY, KONSTANTINOS KAVVADIAS, AND JASON MILLER

ABSTRACT. Suppose that h is an instance of the Gaussian free field (GFF) on a simply connected
domain D C C and z,y € 9D are distinct. Fix k € (0,4) and for each 6 € R let ng be the flow
line of h from x to y. Recall that for 61 < 02 the fan F(61,02) of flow lines of h from z to y is the
closure of the union of 7g as 6 varies in any fixed countable dense subset of [01,602]. We show that
the adjacency graph of components of D \ F(61,602) is a.s. connected, meaning it a.s. holds that for
every pair U,V of components there exist components Ui, ...,U, so that Uy = U, U, =V, and
OU; NOU;41 # 0 for each 1 < i < n — 1. We further show that F(61,602) a.s. determines the flow
lines used in its construction. That is, for each 6 € [0, 62] we prove that 7y is a.s. determined by
F(61,02) as a set.
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1. INTRODUCTION

The Schramm-Loewner evolution (SLE,, £ > 0) is a one parameter family of curves which connect
two boundary points of a simply connected domain. It was introduced by Schramm in [36] as a
candidate to describe the scaling limit of the interfaces of various two-dimensional discrete models
from statistical mechanics at criticality. A number of such convergence results have been proved
in the case of planar lattices [21, 44, 45, 37] and random planar maps [43, 18, 22, 10, 12, 11]. The
parameter xk > 0 determines the roughness of an SLE, curve. An SLEg is a smooth curve and SLE,
curves become more fractal as x increases. There are three regimes of x values which exhibit rather
different behavior: for k € [0,4] an SLE, is a.s. simple, for x > 8 it is a.s. space-filling, and for
k € (4,8) it is a.s. self-intersecting but not space-filling [35]. Furthermore, the a.s. dimension of the
range of an SLE, curve is given by min(1 + x/8,2) [35, 2].

Schramm’s original definition of SLE, is in terms of the chordal Loewner equation driven by /kB
where B is a standard Brownian motion and in the intervening years since its introduction several
other representations of SLE, have been discovered. In this work, its coupling with the Gaussian free
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field (GFF) will be particularly important. Recall that the GFF h on a simply connected domain
D C C is the Gaussian field with covariance given by the Green’s function G for A on D. Since
G(z,y) ~ —log|z — y| as  — y, the GFF has infinite variance at points and so takes values in the
space of distributions on D rather than a space of functions. Nevertheless, it is very close to being
a function in the sense that h takes values in the Sobolev space H¢(D) for every ¢ > 0 but not L2.
Consequently, it exhibits many of the features of a function (but with an extra complication to
reflect that it is only distribution valued). For example, it was shown in [42] (building on [38]) that
it is possible to make sense of the flow lines of the formal vector field e!(*(11)/x+9) i ¢ solutions to
the ODE

2 Wk

0 (t) = POE/XH0) for >0 where y=-———Y" for ke (0,4)

Jr 2

and they are SLE, type curves. The theory of how the GFF flow lines behave and interact with
each other was developed in [6, 25, 27].

FIGURE 1. Simulation of F for a GFF h on [~1,1]? from —i to i and x = 1. The
boundary conditions for h are chosen so that the 0-angle flow line is an SLE; and
the values of h are shown in grayscale. Left: Flow lines with different angles are
shown with different colors. Right: All of the flow lines are shown in white. In
Theorem 1.2, we prove that one can recover the flow lines which make up F from F
(as a closed set). That is, the colors in the left picture are determined by the right
picture.

Using the GFF, one can consider families of SLE.-type curves in order to build various types of
random fractals. The main focus of the present work is on the so-called fan considered in [25]. More
precisely, fix k € (0,4) and let A = 7/+/k. Let h be a GFF on H with boundary values given by —a
(resp. b) on R_ (resp. Ry) where a, b satisty

a+\N 7 A+b 0w
>— and —— >

X 2 X

(1.1)
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For 68 € R, we let g be the flow line of h of angle € from 0 to co. The boundary conditions of h
ensure that 7y is a.s. well-defined for —7/2 < 6 < 7/2. Let © be any countable dense subset of
[-7/2,7/2]. The fan F of h is defined to be the closure of Ugcgmny; the definition turns out not to
depend on the choice of © (see Proposition 3.1). It was shown in [25] that the Lebesgue measure of
F is a.s. equal to 0 and in [23] that the a.s. Hausdorff dimension of F is 1 + x/8, the same as that of
ordinary SLE,. More generally, if we fix #; < 63 and assume that

A A+b
A 54 and 20> g
X X
then we define F (61, 62) to be the closure of Upcgny where © is any fixed countable dense subset of
[01,62] (or of (01, 62) if we have equality in (1.2), see Section 2.5). As in the case of F, we have that

F(01,62) does not depend on the choice of © and has a.s. Hausdorff dimension 1 + /8.

(1.2)

The main focus of this work is on the so-called adjacency graph of complementary components
of F(61,02). That is, we consider the graph whose vertices are the components of H\ F(6;,62) and
we say that components U,V are connected by an edge if U N OV # (). We say that the adjacency
graph of such components is connected if every pair of such components can be connected by a
finite length path. Our main result is the following theorem.

Theorem 1.1. Fiz k € (0,4) and assume that we have the setup described above. Then a.s. we
have that the adjacency graph of components of H\ F(01,602) is connected.

Let us give some further context and background to motivate Theorem 1.1. First, the corresponding
result with an SLE,, process for ' € (4,8) in place of F(6,62) was posed in [7, Question 11.2] and
partially solved in [13]. Namely, in [13] it was shown that there exists x{ € (4,8) such that for all
k' € (4, k() the graph of components of H\ i’ for  ~ SLE,/ is connected. Determining whether
the adjacency graph of complementary components of an SLE,s is connected for all ' € (4,8)
remains an open question. This is in contrast with Theorem 1.1, which gives the connectivity of the
adjacency graph of complementary components of F (61, 62) for all k € (0,4). Another long-standing
open problem is to determine whether the adjacency graph of complementary components (in C) of

the range of a planar Brownian motion run for one unit of time is a.s. connected (see [31, Open
Problem 4] or [4, Problem 2]).

The connectivity of the adjacency graph of complementary components is a useful topological
property which has many other applications in the study of such random fractals. Let us describe
one such motivation, which comes from the relationship between SLE-type curves and Liouville
quantum gravity (LQG) surfaces. Recall that an LQG surface is a random two-dimensional
Riemannian manifold which is formally described by the metric tensor

(1.3) ez (d:v2 + dy2) for z=x+1y

where dz? + dy? is the Euclidean metric on a domain D C C, h is (some form of) the GFF on D,
and v € (0,2] is a parameter. Since the GFF h and its variants are random variables which live
in the space of distributions rather than the space of functions, some care is required in order to
make sense of (1.3) [8]. It was shown in [42] that for v € (0,2) if certain types of LQG surfaces
are conformally welded according to quantum boundary length (i.e., the boundary length measure
associated with (1.3)) then the conformal welding is well-defined and the welding interface is an
SLE, curve for x =42 € (0,4). The result of [42] was extended to the case v = 2 and x = 4 in [14]
and analogous welding results for k¥’ > 4 were established in [7].
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In general, it is non-trivial to determine whether a given conformal welding is unique. The uniqueness
is known to hold if the welding interface is conformally removable. Recall that a set K C C is said
to be conformally removable if every homeomorphism ¢: C — C which is conformal on C\ K is
conformal on C. It is also known that the range of an SLE,; curve for x € (0,4) is a.s. conformally
removable (see [15, 35]). The conformal removability of SLE; was proved in [16] and for SLE,/ with
k' € (4,8) when the adjacency graph of complementary components is connected in [17]. We believe
that it is possible to combine Theorem 1.1 with the methods used in [17] to show that the range of
F is a.s. conformally removable.

It is clear that F(61, 62) determines ng, and 7y, since the latter (resp. former) is simply the left (resp.
right) boundary of F(61,65). Is is therefore interesting to ask whether F (61, 02) determines ny for
0 € (61,62) or if additional information is required in order to recover 7y from F(6y,6s). Concretely,
the question is whether the colors in the left hand side of Figure 1 can be recovered from only
observing the right hand side of Figure 1. We note that the analog of this question has been analyzed
in the case of a SLE,/ process with " € (4,8) in [28], in which it is shown that is not possible to
recover the curve by only observing its range. The following theorem gives that, in contrast to [28],
it is possible to recover the flow lines which make up F(61,62) when only observing F(6;,65).

Theorem 1.2. Fiz k € (0,4) and assume that we have the setup described above. For each
0 € [01,62] we have that F(01,02) a.s. determines ng.

Outline. The remainder of this article is structured as follows. In Section 2 we give brief intro-
ductions to SLE, the GFF, and the flow line coupling. In Section 3 we will study the continuity
properties of SLE,(p) processes as p varies and these results will be important for the proof of
Theorem 1.1, which we will complete in Section 4. We prove Theorem 1.2 in Section 5.

Acknowledgements. C.D. was supported by EPSRC grant EP/W524633/1 and a studentship
from Peterhouse, Cambridge. K.K. and J.M. were supported by ERC starting grant 804116 (SPRS).

2. PRELIMINARIES

We will first review the basics of Bessel processes in Section 2.1. We will next review the SLE,
and SLE,(p) processes in Section 2.2. The purpose of Section 2.3 is to review the GFF and in
Section 2.4 the theory of the flow lines of the GFF. Finally, in Section 2.5 we will recall some basic
facts about the fan.

2.1. Bessel processes. We are now going to review some basic facts about Bessel processes. We
refer the reader to [34] for more details. Fix 6 € R. The starting point for the construction of the
law of a Bessel process of dimension § (BES?) is the construction of the law of the so-called square
Bessel process of dimension § (BESQ5). The law of a BESQ? is described by the SDE

(2.1) dY; = 8dt + 27/Y:dBy, Yy =y >0,

where B is a standard Brownian motion. Standard results for SDEs imply that there is a unique
strong solution to (2.1), at least up until the first time that the process hits 0. In the case that
d > 0, there is a unique strong solution to (2.1) for all £ > 0 and the solution remains non-negative
for all times a.s.
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A process X has the law of a BES® process if it can be expressed as X = VY where Y is a BESQ°.
By applying [t6’s formula, we obtain that X solves the SDE

o—1

27

at least up until it hits 0. If § € (0,2), then X; will a.s. hit and be instantaneously reflected
at 0; if § = 2, then X; will a.s. not hit 0 but will get arbitrarily close to 0; and if § > 2, then a.s.
limy_,00 X; = 00. An important property of BES? processes is that they satisfy Brownian scaling,
i.e., if X is a BES? then so is the process t — 1 X2, for each r > 0 fixed.

(2.2) dX, = Xidt +dB,, Xo=z>0 where a=
t

When § € (1,2), the process solves (2.2) in integrated form for all ¢ > 0 hence is a semimartingale.
When 6 = 1, the process is equal in distribution to |B| where B is a standard Brownian motion and
solves (2.2) with an extra correction coming from the local time of X at 0 so is also a semimartingale.
When § € (0,1), the process does not solve (2.2) when hitting 0 in integrated form and is not a
semimartingale. In order to make sense of it as a solution to (2.2), we need to make a so-called
principal value correction (see [41] for more details). Let

yzé—l

2

and let I, be the Bessel function of parameter v. Then the transition kernel of a BES? process is
given by

pe(z,y) =t! (%)l/yexp(—(:zg2 +92)/20)1, (%) and

pt(0,y) = 2_”t_(”+1)F(V + 1)Ly exp(—y?/2t) for each x,y,t > 0.

Fix § € (0,2) and suppose that X is a BES? starting from 0. Then we recall from the It6 excursion
decomposition of X that we can sample from the law of X in the following way:

e Pick a Poisson point process A from the measure csdu ® t%/2-2dt where both du and dt
denote Lebesgue measure on R and ¢5 = §/2.

e For each (u,t) € A, we sample a Bessel excursion e, ; of length ¢ from 0 to 0.

e We concatenate together the e, ; ordered according to the associated u value.

In this construction, we have that w gives the local time for X at 0 at which e occurs. Also,
we recall that a BES® excursion with § € (0,2) and length ¢ from 0 to 0 can be sampled as
follows. First, we start with a BES*™® process Y starting from 0 and then we weight it locally by
Js = exp(=Y2/(2(t — s))). Itd’s formula implies that if Y satisfies

1-— 6—1
Ysads—FdBS with a:T,

dYs =

then

which shows that
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Then, Girsanov’s theorem implies that if we weight by the local martingale M, we obtain that Y
solves the SDE

1—a Y
2. Ys=(—~— dWs,
(2.3) d ( Y t—s>d5+ 1%

where W is a standard Brownian motion under the new measure. Altogether, if we consider the

paths up to time t — €, then the Radon-Nikodym derivative of the excursion with respect to a
BES*~ process is proportional to exp(—Y32 _/(2(t — €))).

2.2. Schramm—Loewner Evolution. SLE, is a one-parameter family of random curves indexed
by k > 0 and introduced by Schramm in [36] as a candidate to describe the scaling limit of the
interfaces in discrete models in two dimensions at criticality. SLE, is defined using the so-called
Loewner equation. More precisely, let W: Ry — R be a continuous function and for each z € H
we let g.(z) be the unique solution to the ODE
2

(24) 8tgt(z) gt(z) — Wta
up to time 7, = sup{t > 0: Im(g:(z)) > 0} and K; = {z € H: 7, < t}. We let H, = H\ K;. The
map ¢; is then the unique conformal transformation H; — H satisfying ¢:(z) — 2z — 0 as z — oo.
To define SLE, we fix £ > 0 and then take W = \/kB where B is a standard Brownian motion.
It was proved in [35, 21] (see also [1]) that there a.s. exists a random curve n in H from 0 to co
such that for each ¢t > 0 we have that H; is the unbounded component of H \ 1([0,¢]). Then we say
that 7 has the law of an SLE, curve.

go(z) =z

Almost surely, n is a simple curve for x € [0,4], is self-intersecting but not space-filling when
k € (4,8), and is space-filling when x > 8 [35]. Given a simply connected domain D and two distinct
prime ends z,y € dD let ¢: D — H be a conformal map sending = to 0 and y to co. SLE, in D
started at  and targeted at y is the random curve ¢ ~!(n) where 7 is an SLE, in H (started at 0
and targeted at oo) as defined above.

We will also need to consider the SLE,(p) processes, which are a variant of SLE where the driving

function W in (2.4) can be more general than a multiple of Brownian motion. In that case, we
need to keep track of extra marked points called force points. More precisely, we define vectors

of force points x& = (zf,... z}) and 2 = (2f',...,2) in OH where —00 < z} < --- <2l <0
and 0 < 2 < ... < 2F < oo and associated real-valued vectors of weights BL = (pF,... ,pé:) and

p® = (pft, ..., pf) in R. In this case, we let W be the solution to the SDE

(25) AWy =mdBi+ > > &

q , .
Lﬁth, d‘/;/’q = Tdt7 ‘/(;7(] = l',?

ety 1 VeV Vet =W

As shown in [25], there exists a unique solution to (2.5) up until the continuation threshold is hit;

this is the first time that either

Z pi’L < -2 or Z pi’R < —2.

1L . iR
Vi =Wy VTt =Wy

Note that Vf’q encodes the evolution of the force points under the Loewner flow. Similarly to the
previous case, the hulls K; up until the continuation threshold is hit are generated by a continuous
random curve 7 starting at 0 [25]. We say that a random curve 7 generated in this way has the
law of an SLE.(p). We refer to [25] for a more detailed description of SLE,(p) processes. SLE,(p)
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processes can also be defined in domains other than H as in the case of standard SLE,;. In this case
force points are located at prime ends of 9D and are mapped to R by a conformal map D — H.

In the special case where we have a single force point located at 0" (resp. 07) of weight p > —2,
the process can be defined continuously for all times a.s. Also, if p € (=2,x/2 — 2) then it hits
(0,00) (resp. (—00,0)) a.s. while if p > k/2 — 2, then the process intersects OH only at the origin
a.s. Moreover we have the following absolute continuity results for SLE.(p) processes. Suppose that
24 ..., 2" € OH and p1, ..., pn € R. We also let zg = a;i + z'y{ = g,(2)) where (g;) is the Loewner
flow associated with an SLE,, process. We recall from [39, Theorem 6] that the process

n ok ) ) o . 2 ,‘{ . e . . T ./ o P
(2.6) My =TT (Igh(z)| S22y 58w, — jeal) - T (1 = & 12 = 2 Jypoesr/ @)
Jj=1 1<j<y’<n

is a continuous local martingale for an SLE, process and that if we weight the law of an SLE,
process by M, stopped at the first time that it disconnects (or hits) from oo one of the points
2!, ..., 2" then we get an SLE,(p1,...,pn) process with force points at z!,..., 2" and stopped at

the corresponding time.

2.3. The Gaussian free field. LLet D C C be a simply connected domain with harmonically
non-trivial boundary (that is, a Brownian motion started at any point in D a.s. exits D). Let
C3°(D) be the space of smooth functions on D with compact support and let Ho(D) be the closure
of this space with respect to the Dirichlet inner product

(f,9)v = % /DVf(a:) -Vg(x)dx.

Let (fn)n>1 be an orthonormal basis for Hyp(D) with respect to this norm and let (o,)n>1 be a
sequence of i.i.d. standard normal random variables. We define the zero-boundary GFF on D to be

the formal sum
h=>"onf
n=1

This sum a.s. does not converge in Hy(D) but does converge a.s. in the space of distributions on D.
More precisely, it converges a.s. in the space H~1(D) (at least when D is bounded) which is the
dual space of Hyp(D) when the latter is endowed with the norm induced by the Dirichlet inner
product. The law of h does not depend on the choice of orthonormal basis. The GFF with non-zero
boundary conditions is defined to be the sum of a zero-boundary GFF and a harmonic function with
these boundary conditions. For a more detailed introduction to the GFF we refer the reader to [40].

We can also define the whole-plane GFF on C. To do so, let Hs(C) be the set of functions f € C§°(C)
where [ f(z)dz = 0. We let H(C) be the Hilbert space closure of H,(C) with respect to the
Dirichlet inner product, let (f,)n>1 be an orthonormal basis for this space, and let (a;,)n>1 be
defined as before. As above, we define the whole-plane GFF as

h = i an fn,
n=1

which is a.s. a well-defined distribution on C but is defined only up to an additive constant. We
can fix this constant by requiring, for instance, that (h, go) = 0 for some fixed function gy € C§°(C)
with [ g(x)dx = 1. See [27] for more details.
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2.4. Imaginary geometry. Now we focus on the coupling between SLE and the GFF [25, 27]. We
fix k € (0,4) and let

7r 2k 16

A= —, =-—— -2~ and K =—.
Je XT R 2 K
We fix weights p”, pf and force points z”, z® in OH such that |p”| = |z¥| = ¢, [pf| = |z
the 2% (vesp. ) are to the left (resp. right) of 0 and given in decreasing (resp. increasing) order.
We also set x(]} = 0_,1‘(1)% = O‘*‘,xeL+1 = —oo,xﬁ_l = o0, and pOL = p(l)% = 0. Let h be a GFF on H
with boundary conditions given by

Rl = r and

J
- (1 + pr) in (:c]LH,a:jL] foreach 0<j</¢ and
i=1

J
A (1 + ZPZR> in (Hff,xfﬂ] foreach 0<j<r.
i=1

Then it is shown in [25, Theorem 1.1] that there exists a coupling between h and an SLE,(p”; pft)
process 1 in H from 0 to oo so that the following is true. Let (K3) be the increasing family of hulls
associated with 7 and let f; = go — W} be its centered Loewner flow. Then for each stopping time 7
that a.s. occurs before the continuation threshold is hit, K is a local set of h in the sense of [38]
and conditionally on K, the field h o f=! — yarg(f~!)" has the law of a GFF on H with boundary
conditions given by

~X in (fr(«f),07] and A in (0%, fr (2]

J
-\ (1 + ZpiL) in (fr(zf), fr(af)] foreach 0<j<¢ and
=1

J
A (1 + sz!%) in (fT(xﬁ)7fT(x§+1)] for each 0<j <.
i=1

Moreover, under this coupling, 7 is a.s. determined by h and is referred to as a flow line of the field.

For a given angle # € R, we define the flow line of angle 6 of h to be the flow line (as defined above)
of the GFF h + 0. Thus the original definition of a flow line corresponds to a flow line of angle 0.
Flow lines of the GFF defined on domains other than H can be defined via conformal mapping,
although we refer to [25] for further details.

The results of [25] were extended in [27] to the case of a whole-plane GFF h. More precisely, it
is shown in [27, Theorem 1.1] that we can generate flow lines of h starting from different points
and with different angles and that adding 27y to the field does not change its flow lines. Also, the
marginal law of such a flow line is that of a whole-plane SLE,(2 — k) process from 0 to oo (see
[27, Section 2] for the whole-plane version of SLE) and [27, Theorem 1.2] implies that these flow
lines are a.s. determined by the field. Moreover, if h is a GFF on a domain D C C viewed as a
distribution modulo 27y, then the law of h is locally absolutely continuous with respect to the law
of a whole-plane GFF modulo 27y. Therefore, we can make sense of the flow lines of h starting
from interior points of D and stopped at the first time that they hit 0D. The interaction between
flow lines started from different points and with different angles is characterized in [25, Theorem
1.5, Proposition 7.4] and [27, Theorems 1.7, 1.11].
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We note that we can view the collection of flow lines in the whole-plane case as a type of a planar
space filling tree in the following sense. We fix a countable dense subset (z,) of C. Then it is shown
in [27] that the collection of flow lines starting at these points with the same angle has the property
that a.s. each pair of the above flow lines eventually merges and no two flow lines ever cross each
other. Moreover, it is shown in [27] that there exists a space-filling path that traces through the
above tree of flow lines which is the so-called space-filling SLE,,. Furthermore, the path traces the
tree in a natural order in the sense that z, is hit before z,, for n # m when the flow line with angle
/2 starting from z, merges into the right side of the flow line with angle 7/2 starting from z,.

2.5. The SLE fan. Fix « € (0,4) and let h be a GFF on H with boundary conditions given by
—a on R_ and b on R satisfying (1.1). This hypothesis on the boundary conditions of h ensures
that for every 0 € [—7/2,7/2], if we start the f-angle flow line 7y of h from 0 to oo, then the values
of the weights of the force points associated with 7y exceed —2. The SLE fan F was introduced
in [25] and defined to be the closure of Upceng where © is any countable dense subset of [—7, F].
Proposition 3.1 shows that the resulting object does not depend on the choice of ©. It is also shown
in [25] that F has Lebesgue measure 0 a.s. and in [23] that its dimension is 1 + /8. The same
results hold if we fix 0; < 09, a,b satisfy (1.2) and we take F(61,602) to be the closure of Upcgng
where O is any fixed countable dense subset of [01,62]. If 02 = (a + X)/x (resp. 01 = —(b+ \)/x)
note that the flow line of angle 05 (resp. 61) hits the continuation threshold immediately, since this
case corresponds to pft = —2 (resp. p¥ = —2). We solve this issue either by defining 7y, = R (resp.
ng, = R_) or simply by choosing © C (61, 603). Proposition 3.1 ensures these two approaches are
equivalent. We remark that choosing 61,602 so that we have equality in (1.2) corresponds to the
largest fan F(6;,62) we can define for a field h with these boundary conditions.

3. CONTINUITY OF SLE(p) IN p IN THE HAUSDORFF TOPOLOGY

3.1. Main statements. The purpose of this section is to prove Propositions 3.1 and 3.3, which
are formally stated just below. The former gives that a flow line of a GFF on H with boundary
conditions given by —a (resp. b) on R_ (resp. R4) from 0 to oo whose angle is sufficiently close to
—(A+b)/x is likely to be very close to Ry and the latter gives that two flow lines of a whole-plane
GFF from 0 to oo whose angles are close are likely to be close to each other. On a first reading, the
proofs in this section can be skipped when reading the rest of this paper.

Let ¢: H — D be the conformal map given by z + (z —i)/(z +14). The bounded metric on H is
defined by d(z,w) = |¢(z) — ¢(w)|. The bounded Hausdorff metric is the Hausdorff metric on the
compact subsets of H with respect to the bounded metric.

Proposition 3.1. Fiz k € (0,4) and a,b € R with a +b > —2\. Suppose that h is a GFF on
H with boundary conditions given by —a on R_ and b on Ry. For each 8 € R we let ng be the
flow line of h from 0 to co with angle 8. Then ng converges to Ry in probability in the bounded
Hausdorff metric as 6 | —(\ + b)/x. Furthermore, for any dp,p € (0,1) and R > 0, there exists
0o > —(A+b)/x (depending only on k, R, &, p, a, and b) such that for any 0 € (—(\+b)/x,0o)
the following holds with probability at least 1 —p: for each x € [0, R], there exists y € ng N[0, R] such
that |x — y| < dp.

We note that the condition a + b > —2\ in the statement of Proposition 3.1 is so that there exists
6 € R so that ny is non-trivial, meaning that 19 ~ SLE,(p1; p2) with p1, p2 > —2. In the limit
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0] —(A+0)/x, we have that pa | —2. The second statement in the proposition arises naturally in
the proof of the first, and we will make use of both to prove the main results of the paper. To state
our result for flow lines of a whole-plane GFF we first introduce a definition.

Definition 3.2. Fiz k € (0,4) and let h be a whole-plane GFF with values modulo a global multiple
of 2mx. Let D be a bounded open set containing 0, let 6 > 0 and define D5 = {z € C: d(z, D) < d}.
For 6 € R let ng be the flow line of h starting from 0 with angle 0 and for any set A let T9(A) =
inf{t > 0: ny(t) ¢ A}. For § #£0, ng and ng are said to be d-close until ng exits D if the following
conditions hold. For all t € (0,79(D)] there exist t1,to,t),th where 0 < t; <t <ty < 10(Ds) and
0 <t) <ty < 719(Ds) such that for each j = 1,2, no(t;) = ne(t;) and at this point ng hits no on the
left side of no (if @ > 0) with angle gap 0 (as defined in [27]). Furthermore, for any s € [t1,ta] and
s € [t,th], we have |no(s) —ne(s")] < 6. If 0 < 0, we replace ‘left side’ by ‘right side’ above.

Proposition 3.3. Fiz r € (0,4), let h be a whole-plane GFF with values modulo a global multiple
of 2wy and let D be a bounded open set containing 0. Fiz §,p € (0,1). Then, there exists 6y € (0,1),
depending only on k,d,p and D, such that the following holds with probability at least 1 — p. For
any fized 6 € (0,6p), no and ng are d-close until ny exits D.

We remark that Definition 3.2 makes sense in the setting when I is instead a GFF on a domain
Dy C C, Ds C Dy, and where the flow lines are started from any point z € D and have angles 6,
and 65. Proposition 3.3 also holds in this case since the laws of A and E, both restricted to Dy are
mutually absolutely continuous by [24, Lemma 4.1] and conformal invariance. We will in particular
often apply this proposition in the case that h is a GFF on the unit disk.

In order to prove Proposition 3.1, we will first work in the setting of a single force point SLE(p)
process in Section 3.2 and then extend to the setting of Proposition 3.1 in Section 3.3 using an
absolute continuity argument. In Section 3.4 we will use Proposition 3.1 to prove Proposition 3.3.

3.2. The case of a single force point.

Proposition 3.4. Fiz p > —2, k € (0,4), and suppose that 1 is an SLE.(p) process in H from 0
to oo with the force point located at 0T. Then n converges to R in probability as p | —2 in the
bounded Hausdorff metric.

Fix k € (0,4), p > —2, and suppose that n is an SLE(p) process in H from 0 to oo with the force
point located at 0. Then we recall that we can sample from the law of the driving pair (W, V) for
7 in the following way. Let X be a BES? process with

2 2
(3.1) 5:1+("t)
and then set
(3.2) V—2/t1d and W, = Vi — VEX
. t_\/E . XS S 11 t — Vit RA¢.

We are going to prove Proposition 3.4 by first showing in Lemmas 3.5 and 3.6 that Vi, Wy — oo
and info<s<; W5 — 0 in probability for each fixed ¢ > 0 as p | —2. We will then deduce from this in
Lemma 3.7 that this implies that 7 is very likely to exit a thin rectangle on its right side which will
imply that at least part of 7 is likely to be close to a segment of R;. We will complete the proof of
Proposition 3.4 using a time-reversal argument to get that the remainder of 7 must be close to R
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(since this corresponds to an initial part of the time-reversal). Lemma 3.8, which deals with points
where the flow line intersects the boundary, arises naturally in the proof of this result. Throughout,
we let

po=— —2
so that the value of § from (3.1) is equal to 3/2
(1,2) would suffice for what follows).

the value 3/2 is not special; any fixed value in

Lemma 3.5. For each t > 0 we have that Vi — oo in probability as p | —2.

Proof. Fix €,t, R > 0. Let ¢ be the local time process for X at 0 and let 7. = inf{s > 0: {5 = €}.
Then it suffices to show that we have both

(3.3) Plre>t]—-0 as e—0 and
(3.4) PV, >R]|—1 as pl —2.

The rate of convergence in (3.3) will be uniform in p € (-2, pg]. We first note that the probability
that X has an excursion from 0 of length at least 1 before time 7, is O(e), where the implicit constant
is universal. Indeed, the Poissonian structure of the excursions that X makes from 0 (Section 2.1)
implies that the above probability is equal to

2—96§
Moreover the expected sum of the lengths of excursions that X makes from 0 of length at most 1 by
time 7. is equal to

N
(3.6) E oot :26/0t-t2 dt = e.

(u,t)ENu<et<1

(3.5) 1 —exp (—ge/ thdt> < i e <2 foreach §e€(1,3/2).
1

Combining (3.5) with (3.6) and applying Markov’s inequality we thus have that
Plr. > t] < 2e+ % = O(e),
which proves (3.3).

We now turn to the second assertion. For each k > 0 we let N be the number of excursions that X
makes from 0 of length in [27%~1,27%) and with maximum in [0,27%/?] by time 7.. Then we have
that
2 [T 1 2 — 1 &
Vi = / —ds>——=Y Nf.27F 1. ok/2 = —_ N Tok/2Ne
Ve o X, NG kzzo K N K

Let p be the transition kernel for a BES*~° process starting from 0. We claim that the density for
the law of a Bessel excursion of dimension § from 0 to 0 of length 1 at time 1/2 is given by

. 1/2(0,2)p1ja(z,€)
Indeed, [34, Chapter XI, Exercise 3.6] implies that the law of a Bessel bridge of dimension 4 — §
from 0 to 0 of length 1 is given by Z, = (1 — u)Y,/1—y) for 0 < u < 1, where Y is a BES*?
process starting from 0. Then it is easy to see that (Z,)o<u<1 is a solution to (2.3) for t =1 by e.g.,
applying Ito’s formula. Moreover, [34, Chapter XI] also implies that the density of Z;, is given
by (3.7) from which the claim follows. Combining with the explicit form of the transition kernel
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of a BES*™9 process (Section 2.1), it follows that there exists a universal constant py € (0,1) so
that for all § € (1,3/2) the probability that a BES? excursion from 0 to 0 of length 1 exceeds 2 is
at least pg. By Brownian scaling, it follows that for all § € (1,3/2) the probability that a BES?
excursion from 0 to 0 of length ¢ € 2751 27¥] exceeds 27%/2 is also at least po. Note that if Z is a
Poisson random variable with mean A, we have that

(3.8) P[Z > a)] < exp(A(a —aloga —1)] forall a>1 and
(3.9) P[Z < a) <exp(AM(a — aloga—1)] forall «€(0,1).
Note also that IV is a Poisson random variable with mean A, which is at least
5 "
Pove / 324t
2 2—k—-1

It follows that there exists a universal constant ¢y > 0 so that A\ > cge2(1=9/2F for each k € N and
d € (1,3/2). By (3.9), this implies that there exist universal constants c1,ca > 0 such that

(3.10) P[Nf < ¢2079/2F] < P[Nf < A./2] < 2exp(—cpe2170/2)k)

for each k € N and § € (1,3/2). Let K§ be the first K so that Nf > c1e2079/2F for every k > K.
By applying a union bound to (3.10), we have that

(3.11) PKi>k]—0 as k— o0

faster than any negative power of k and at a rate which is uniform in § € (1,3/2). Since we have
that

1N o102
Vz 7€) 2 ,
k=K§

it follows from (3.11) that for fixed ¢ € (0,1), there exists K € N uniformly in § € (1,3/2) such
that with probability at least 1 — ¢ we have

o 1—6)m/2
Vi > —=e€ Z 2 .
\/E m=K

Also, there exists p; € (—2, /2 — 2) such that

\C/%emz_;(Q(l‘s)m/Q >R foreach pe(—2,p1)
(where 0 and p are related as in (3.1)) and so (3.4) follows. This completes the proof of the
lemma. 0

Lemma 3.6. We have for each fixed t > 0 that

Wy — 00 and inf Wy—0
0<s<t

in probability as p | —2.

Proof. First, we recall from (3.2) that Wy = V; — \/kX;. We start by proving the first assertion
of the lemma. Fix ¢, M > 0 and ¢ € (0,1). By [34, Chapter XI, Theorem 1.2], we can couple X
in the same probability space with an independent BES*™9 process X’ starting from 0 so that
Y = /X2 + (X)? has the law of a BES? starting from 0. Fix R > 0 large (to be chosen). Then,

under the above coupling, we have that P[\/kX; > R] < P[\/kY; > R] and so we pick R > 0
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sufficiently large and independent of ¢ such that P[\/kY; > R] < ¢/2. Then Lemma 3.5 implies that
there exists p1 € (—2,k/2 — 2) such that P[V; > M + R] > 1 — ¢/2 for every p € (-2, p1) and so

P[W, > M] > P[V; > M + iX,] > 1—gq
for every p € (=2, p1). This proves the first assertion of the lemma.

As for the second assertion of the lemma, we fix a,¢ > 0 and ¢ € (0,1). Fix also s € (0,t) (its exact
value will be chosen later). Then it holds that

inf W, = min ( inf (V,, — \/EXU)’oinf; (Vi — \/EXu)>

0<u<t <u<t
(3.12) > min (VS — kK sup Xy, —+Vk sup Xu> .
s<u<t 0<u<s
We pick s € (0,t) small enough that
(3.13) PlVk sup X, <a]>P[Vk sup Y, <a] >1-— q
0<u<s 0<u<s 3

for each 6 € (1,3/2). Also, there exists R > a sufficiently large such that

(3.14) P[Vk sup Xy < R|>P[Vk sup YV, <R >1- 2

s<u<t s<u<t 3
for each 6 € (1,3/2). Moreover Lemma 3.5 implies that there exists p; € (=2, %/2 — 2) such that
(3.15) P[V, > 2R] > 1 —q/3

for each p € (=2, p1). Combining (3.13)—(3.15) with (3.12), we obtain that P[info<,<; Wy > —a] >
1 — g for each p € (—=2,p1). This proves the second assertion and completes the proof of the
lemma. O

For each € > 0 we let R, = [—€/2,1/¢] x [0,€]. Let o, = inf{t > 0: n(t) € R \ R}. We note
that n(o.) can either be in the left, right, or top sides of dR.. We are now going to show that the
probability that n(o¢) is in the right side of OR, tends to 1 as p | —2.

Lemma 3.7. For each € > 0, the probability that n(o.) is in the right side of ORe tends to 1 as
pl—2.

Proof. Let (. = inf{t > 0 : Im(n(t)) = €}. First we note that [19, Lemma 1] implies that
heap(n([0,¢])) > €2/2. Tt therefore follows that if 7 exits R, through the top of R, then o = (. >
€2/4 (recall that heap(n([0,t])) = 2t for all t > 0).

Fix t > 0 and let H; be the unbounded component of H\ n([0,¢]). Let us first write down a formula
for W;. Suppose that we are on the event that W; > 0. Let B be a Brownian motion in C which is
independent of 1 and let 7 = inf{t > 0: B, ¢ H;} and 7y = inf{t > 0: B; ¢ H}. Then we have
that

_ Wi /y 1 ) 1
(3.16) Wy = yli}rgo 7Ty/0 mds = ylgrolo Y <2 — Pyy[Bry € (W4, oo)]> .

Let A; be the part of 9H; which is to the right of n(t). Let (g:) be the Loewner flow associated
with n and write g; = uy + év;. Using the conformal invariance of Brownian motion, we have that

(3.17) Piy[Br € Ayl = Py, i) [Bry € [Wi,00)] = Py, (i) [Bry € [We — wi(iy), 00)].
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As y — oo, we have both
(3.18) v(iy) ~y and yuy(iy) — 0.

Combining (3.16) and (3.17) with (3.18) proves that

1
Wy = lim 7y (2 — Piy[BT S At]> .

Yy—00

A similar formula holds if W; < 0.

Now we fix ae, be > 0 depending only on € (to be chosen) and let (. be the first time that W hits
{—ae,b.}. We claim that for an appropriate choice of a. and b, we have that n exits R, in the right
side of OR, if . < €?/4 and W¢, = be. Note that

(3.19) P(We =be,( < €2/4] =1 as pl -2
by Lemma 3.6 and so proving the claim would complete the proof of the lemma.

To prove the claim, suppose that (. < €2/4 and W, = b.. Suppose first that 1([0,¢]) C Re. Let
gr.: H\ R. — H be the unique conformal map with gr_(z) —z — 0 as z — oco. Then for each y > 0
sufficiently large we have that

Piy[Br € Ac] > Py[B; € [, 00)] = Py, (5)[Bry € [gr (1), 00)]
(3.20) > Py, (iy)[Bry € [2¢71,00)] (by [20, Corollary 3.44]).

Moreover, by (3.18) applied to gr, we have that vg, (iy) ~ y and ug, (iy) — 0 as y — oo where
gr. = upR, + ivg,. It follows that
i <7ry ‘PgRe(iy) [Bry € 2671, 00)] - Piy[Br, € [26_1700)]‘) =0

Y—00

and hence (using (3.16) with W, and later 2¢~! in place of W; as well as (3.20))

1
We, = be < limsup (ﬂy (2 — Pyy[Bry, € [2¢71, oo)])) =21

Y—00
This leads to a contradiction if we choose b, so that b, > 2~ 1.

Therefore, we must have that 7([0, (]) € R, which implies that o, < (.. Since (. < €2/4, it follows
that n(o¢) lies either on the left or the right side of R, \ R. If it lies on the right side, then the
claim of the lemma holds. Suppose that it lies on the left side. Note that there exists a universal
constant ¢; > 0 such that for all y > 0 sufficiently large, with probability at least 1 — ci€¢/y, a
Brownian motion in C starting from iy exits H without hitting B(—e'/2, 2¢). It follows that

Piy[BT S AU€] Z —% + sz[B‘rH S [_61/2700)]

and so
) 1 . 1 1/2
W,, = yli)rgo (Wy <2 - Py[Br € AUJ)) < cyme + ylggo <7ry <2 —Pyy[Bry € [—€ / 7oo)]>>
< cime — 61/2.

Therefore, we obtain a contradiction if a. < —cime + €/2 since —a, < W,.. Thus n(o.) lies to the
right side of R, \ R and so this completes the proof of the lemma. O
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Lemma 3.8. For each 6,p € (0,1) and R > 0, there exists p1 > —2 (depending only on K, R, §
and p) such that for any p € (=2, p1) the following holds with probability at least 1 — p: for each
x € [0, R], there exists y € n N[0, R] with |x —y| < 0 and n hits y before hitting the vertical line
Lr+1 = {Re(z) = R+ 1}.

Proof. Fix §,p € (0,1) and R > 0. For any p € (—2,k/2 — 2), the process 1 can be viewed the flow
line of angle § = pA/x of a GFF h on H with boundary conditions given by —A(1+ p) on R_ and A
on Ry. Set £ =§/2 and let k = R/€. By decreasing the value of § if necessary, we may assume that
kEeN. Foreach j=1,...,k,setz; =j6 andforp c Rand 1 <j <k —1, let n;-ﬁ be the flow line
of h starting from z; with angle ¢. First, we note that the law of 77?’ is that of an SLE,(p%, p¥; pf)
process in H from z; to oo where

X R _ ¢7X

py=p+2 pr=-2--= and pi=-

and the force points are located at 0, =, and a:;r respectively. Fix ¢ > —2)/x small enough that
pl > k/2 —2 and pf € (=2,k/2 — 2) and for brevity write n; for each 77?. This implies that n; can
be drawn up until reaching oo, that it intersects (z;,00) a.s. and that it does not intersect (0, x;)
a.s. We choose ¢ in a way which does not depend on p so that p! and pf do not depend on p. Note
that ¢ > 6 = pA/x for p sufficiently close to —2.

Now fix p € (=2,£/2—2) and g € (0,1). For r >0 and 1 < j < k—1let E;(r) be the event that 7;
hits the horizontal line H, := {z: Im(z) = r} and subsequently hits R4 N (z;,z;+1) before exiting
B(x;,&/4). Let E(r) be the event that E;(r) holds for every 1 < j < k — 1. We first show that it is
possible to choose r > 0 small enough that E(r) occurs with probability at least 1 — q.

Up until the first time 7; gets within some fixed positive distance of R_, its law is absolutely
continuous with respect to that of an SLE(p¥; plt) process started at x; and targeted at co. In
particular, by our choice of ¢, n; a.s. intersects (x, x; + dg) for any dp > 0 and does so before exiting
B(z;,260). Since n; is a.s. a continuous curve which does not trace R, there must exist some r; > 0
such that 7; hits H,; and then hits (x;,x;1), all before it exits B(z;,£/4). By the a.s. existence of
these 7, it follows that there exists some r > 0 such that P[E(r)] > 1 —gq.

Notice that E(r) depends only on h restricted to A = [£/4, R] x [0,1]. As we vary p € (—2,k/2 —2),
the boundary values of h on R, remain fixed and the boundary values of h on R_ remain in
some bounded interval. Therefore, by [25, Remark 3.5], it follows that the laws of h|4 as p varies
in (—2,k/2 — 2) are mutually absolutely continuous with a uniformly controlled Radon—-Nikodym
derivative. Hence, we can choose 7 > 0 (not depending on p) in such a way that P[E(r)] > 1 —¢/2
for all p € (—2,k/2 —2).

Now we complete the proof. Choose € > 0 such that e ! > R and € < r, which can be done
independently of any choice of p. Using Lemma 3.7, choose p; such that for all p € (=2, p1), the
probability that n exits R, on the right side is at least 1 — ¢/2. Also, ensure p; is small enough that
0 < ¢ for all p € (=2, p1). In this case, with probability at least 1 — ¢, E(r) occurs and n exits R,
on its right boundary, and hence exits the rectangle [—e'/2, R] x [0,7] on its right boundary. In
particular, this ensures that since Fj(r) occurs, n must intersect n; before the latter hits H,. By
the flow line interaction rules [25], n crosses n; (from left to right) the first time they meet and
subsequently does not cross it again. By the definition of E;(r), n; then hits (z;,z;11), meaning
that 7 must also hit this interval.
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It follows that with probability at least 1 — g, n hits every interval (x;,2;41) for 1 <j <k —1 and
does so before hitting Lr41. In this case, for any x € [£, R], there exists y € n N [0, R] such that
|z — y| < &, from which we can conclude that for every = € [0, R] there exists y € n N [0, R] such
that |x —y < § and where 7 hits y before L. O

Proof of Proposition 3.4. Fix ¢ € (0,1) and let 1 be the image of n under the conformal map
H — H, z — —1/z. Then by the time-reversal symmetry of SLE,(p1; p2) processes for x € (0,4)
and p1, p2 > —2 established in [26, Theorem 1.1], we have that 77 has the law of an SLE,(p) process
in H from 0 to oo with the force point located at 0~. Set R, = [—e 1, ¢'/2] x [0, €] for each € € (0, 1).
Then, Lemmas 3.7 and 3.8 together imply that we can choose €y, R, and § in such a way as to
show that there exists ¢y € (0, 1) such that the following holds. For each € € (0, ¢), there exists
p1 € (—2,K/2 — 2) with the property that for each p € (=2, p1), with probability at least 1 — ¢ we
have that 7 (resp. 7j) intersects [1,00) (resp. (—oo, —1]) before exiting R, (resp. R.) for the first
time and exits R, (resp. R.) for the first time on the right (resp. left) side of R, (resp. OR,).

Fix € and p as above and suppose that the above events occur. Note that 7 (resp. 77) does not
hit 1 (resp. —1) a.s. Let U (resp. U) be the component of H \  (resp. H \ 77) such that 1 € U
(resp. —1 € OU). Let 7 (resp. 7) be the last (resp. first) time that 7 (resp. 7) hits OU (resp. OU).
Equivalently, 7 (resp. 77) is the first time that n (resp. 17) disconnects 1 (resp. —1) from oco. Fix
z = x + iy € n. Suppose that n hits z before time 7. Then z € R, and so d(z, z) < 2y < 2¢ where
we recall that d is the bounded metric on H. Suppose that n hits z after time 7. Then since 77([0, 7])
is given by the image of ([, 00)) under w — —1/w, we have that Z = —1/z € R,. Also,

~ T + Yy .
z=— i
x2+y2 $2+y2

and hence d(w, z) = d(w, 2) < 2¢ where w = —z/(2? + y?) and w = —1/w. Therefore, each point
on 7 is within distance 2e¢ of R, with respect to the bounded metric. The same can be shown with
the roles of n and R4 exchanged, ensuring that the Hausdorff distance between 1 and R with
respect to d is at most 2e. This completes the proof of the proposition. ]

3.3. The case two force points. We now want to extract Proposition 3.1 from Proposition 3.4.

We are going to make use of the absolute continuity results for SLE,(p) processes. Fix z1 < 0.

By taking ratios of processes of the form (2.6), it follows that if we weight the law of an SLE,(p2)

process with a single force point at 0" (note that such a process does not disconnect x; from oo for
€ (0,4)) by

(3.21) M; = |gy(1)| 723200 B W, — gy (1) P17 gy (1) — af |[P1#2/ )

where x? the location of the force point corresponding to 07 then we get an SLE,(p1; p2) process
with force points at x; and 0.

Let us make the following observation using (3.21).

Lemma 3.9. Fiz dy > d; > 0 and € € (0,62/2). Fiz R > 0 and suppose that p1, pa € [-R, R]. There
exists a constant C' > 0 depending only on k, 1,02, €, and R so that the following is true. Suppose
that n is an SLE(p1; p2) process in H from 0 to oo with force points located at x1 = —§ € (—d2, —d1)
and xo = 07. Let R., o. be as in Section 3.2. Then the law of 17][0706} s absolutely continuous
with respect to that of an SLE(p2) process stopped at the corresponding time with Radon-Nikodym
derivative which is at most C.
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Proof. Let 7 be an SLE(p2) process in H from 0 to oo with the force point located at 0. We also
set 0 = inf{t > 0:7(t) € OR: \ R} and let (g;), M, and (z7) be as above. Then the law of 7| z,]
weighted by M5, is that of an SLE,(p1; p2) process in H from 0 to oo with the force points located
at —& and 0T respectively, and stopped at the first time that it hits R, \ R.

To prove the claim of the lemma, it suffices to give upper and lower bounds depending only on 41, do,
and € on |g5 (=0)|, [W5, — g5.(—0)], and |gz, (—9) — x%€| First, we note that rad(7([0,5])) < 21
and so [20, Corollary 3.44] implies that |gs, (z) — 2| < 6e~! for all 2z in the unbounded connected
component of H\ 77([0,c.]). It follows that there exists a constant ¢; depending only on i, d2, and
e such that |gz. (—9)|, |W5.|, \x%e\ and gz, (—0) — W5_|, |95, (—9) — w%J are all bounded by c¢;.

It remains to bound [g5 (—0)[. If 7 is the first time that a Brownian motion in C exits H '\ 7([0, &]),
we have that

Piy[B'r S [_5, _61/2]] 2 PgRE('L'y)[BTH c [gRe(_(s))gRe(_el/Q)H

for all y > 0 sufficiently large. Also [20, Lemma 3.52] implies that there exists a universal constant
¢ > 0 such that for all € € (0,1), we have |gp, () — 2| < ce/* for each z € H \ R, which implies that
[—6 + ce/*, —€l/2 — ce3/4] C [gr.(—0), gr,.(—€'/?)] and hence

Ws, = 95.(=0) 2 g5, (~¢"?) = g5.(=0) = lim (wyPi[B; € [~5,~'/”]))

> lim (WyPgRE(iy) [B’TH € [gRe(_é)nge(_Elﬂ)”) 20— e'/? = 2¢%* > 0

y—00
for € € (0,1) sufficiently small. Moreover we have that :13%6 — g5.(—0) > W5, — g5.(—0) and Koebe’s
%—theorem implies that
|95. (=) — g5.(—=€'/?)] 4095, (—6) — W5,|

46 §— el/2

where the implicit constants depend only on d1, do and €. Combining everything, we obtain that

|95 (—0)| > 21 and |g5 (—0)| <

S

there exists a constant C' < oo depending only on &, d1, d2, €, and R such that Mz < C a.s. This
completes the proof. O

Proof of Proposition 3.1. Fix €, d0,q € (0,1) and R > 0. We will show that there exists 6y >
—(A 4 b)/x such that for all 8 € (—(A+b)/x,0p), with probability at least 1 — ¢, the Hausdorff
distance between n and R4 with respect to the bounded metric is at most ¢y, and that for all
x € [0, R] there exists y € n N [0, R] such that |z — y| < do.

Let 79 be the flow line of h from 0 to oo with angle . Then 7y has the law of an SLE,(p1; p2)
process in H from 0 to co where

-0 b+ 6
p1:—1+a X and p2=—1+ +)\X
and where the force points are located at 0~ and 07. Fix ¢ € R such that
A+Db .<A+aA—b )
——— < ¢ < min ,—— — T
X X X

and let 74 be the flow line of h from 0 to oo with angle ¢ so that in this case p; > —2 and
p2 € (—2,5 —2). We note that the flow lines interaction rules [27, Theorem 1.7] imply that 1y lies
to the right of 7, if 6 < ¢.
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Fix €1, > 0 small enough (depending only on both ¢g, dy and satisfying conditions we will mention
later) and suppose that —(A +0b)/x < 6 < ¢. For 6 € (0,1) we set x5 = inf{[d,00) N1y} and
ys = inf{[0,00) N np}, and 75 = inf{t > 0 : ne(t) = ys}. We note that § < ys < x5. We can
choose 6 € (0,1) such that with probability at least 1 — ¢/2, we have that the hull of 14 stopped
at the first time it hits s is contained in [—e€1,€1] x [0,€1]. Hence, for each 6 as above we have
that with probability at least 1 — ¢/2, the hull of 7y stopped at the time it hits ys is contained in
[—€1,€1] X [0,€1]. From now on, we assume that the latter event, which we call E;, occurs.

In this case, define 7y = g-;(19) — Wy, which has the law of an SLE(p1; p2) process in H from 0 to
oo with the same values of pi, p2 as 19, and with force points located at 1 < 0 and at 0*. Let 7
be the first time that a Brownian motion in C exits the complement in H of the hull of ng([0, 75]).
Then

yli_)rgo (myPy[ B lies on the left side of 14([0, 75])) > yli_)n(f)lo (myPiy[Bry € [0,6]]) = 6.
Therefore we can conclude that x; < —d. Note that rad(ng([0,75])) < 2¢; so [20, Corollary 3.44] and
arguing as in the proof of Lemma 3.9 implies that |f;,(z) — 2| < 13¢; for all z in the unbounded
component of H \ ny([0, 75]) where f,(2) = gr,(2) — Wr,. Hence, |f(2)] < 15¢ for all z €
[—€1,€1] % [0, €1] such that z lies in the unbounded connected component of H \ 7y([0, 75]) and, in
particular, the force point of 7y with weight p; lies in [—15€1, —4].

Let M be the Radon-Nikodym derivative of the law of 7y stopped at the first time that it exits R,
(as defined in Section 3.2) with respect to the law of an SLE,(p2) process in H from 0 to oo with the
force point located at 0" and stopped at the first time that it exits Rge s2- Then Lemma 3.9 implies
that there exists a constant C' < oo depending only on &, ¢, d, €g, €1, a, and b such that M < C a.s.
Therefore, combining with Lemmas 3.7 and 3.8 we obtain that there exists 6y € (—(A +b)/x, ¢)
such that for every 6 € (—(\+b)/x, 6), with probability at least 1 — ¢/2, the following event F,
occurs. Firstly, 7y exits R, through its right side, and secondly, for every = € [0, R — 20¢1], there
exists y € 1y N [0, R] such that | — y| < § and 7y hits y before hitting the vertical line Lr_20¢;+1-

Therefore, for each 6 € (—(\+b)/x,00), with probability at least 1 — ¢, both E; and E occur. We
can choose €1,d > 0 small enough, both depending only on both ¢y and dy such that the following
all hold. First, that 7 exiting Rs2 /o on its right side guarantees that 7y exits Re, on its right side.
Also, if €1, are small enough then we can conclude from F; and Ey that for every x € [0, R] there
exists y € 7y N [0, R] such that |x — y| < dp and that ny hits y before Lry;.

It follows that for each 6 € (—(A+b)/x, 0p), with probability at least 1 — g, ng exits R, on its right
side and for all z € [0, R], there exists y € 1y N [0, R] such that |z —y| < dp, where 7y hits each
such y before Lriq. It follows for the correct choice of R,dg and ¢y that we can show that with
probability at least 1 — g, ng exits R, on its right side and hits [1, c0) before doing so.

Finally, to complete the proof, we let 7y be the image of 7y under the conformal map H — H,
z+ —1/z and set R, = (€5t 6(1)/2] x [0, €g]. Then possibly by taking 6 > —(A+b)/x to be smaller,
we can assume that with probability at least 1 — ¢, the curve 7y exits ]i for the first time on its left
side and intersects [—e !, —1] before doing so. This follows by combining the results of the previous
paragraph with the fact that 7y has the law of an SLE,(p2; p1) process in H from 0 to oo with the
force points located at 0~ and 0T respectively by [26, Theorem 1.1]. We then conclude the proof by
arguing as at the end of the proof of Proposition 3.4. O
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3.4. The case of the whole-plane GFF. In this section we will prove Proposition 3.3. The first
step is proving the following weaker version of the proposition. We remark that the conclusions of
following lemma, and of Proposition 3.3, are also valid when the roles of 7y and 7y are exchanged,
or when we instead work with 7y, and ng, provided |6; — 02| < 6y. We will now use Proposition 3.1
to prove the following weaker version of lemma of Proposition 3.3.

Lemma 3.10. Fiz k € (0,4) and let h be a whole-plane GFF with values modulo a global multiple
of 2mx. Fix 0,p € (0,1). Then, there exists Oy € (0,1) depending only on k,0 an p such that
the following holds with probability at least 1 — p for any fixed 6 € (0,6p). For all t € (0,79(D)]
there exist t1,ta,t],th such that 0 < t; <t < to < 79(Ds) and 0 <t} < t, and for each j = 1,2,
no(t;) = ne(t;) and at this point ng hits 1o on the left side of o with angle gap 0. Furthermore, for
any s € [t1,t2] we have |no(s) —no(t)| < 9.

The reason this is weaker than Proposition 3.3 is that this lemma does not show that t}, < 79(Dy)
or tell us anything about the flow line 79 on the intervals [t],¢}]. To obtain this information and to
prove Proposition 3.3, we will apply this lemma twice, once as above, and the second time with the
roles of 7y and 7y exchanged.

Proof. Case 1. k € (0,8/3]. In this case, 7 is a.s. simple and transient. Let ¢: C\ 79 — H be
a conformal map fixing 0 and oo which is o(1np)-measurable. Then we can choose (deterministic)
constants R € (0,00) large enough and dy € (0, 1) small enough such that with probability at least
1—p/2 we have ¢(no(79(D))) < R and |¢p~(z) — ¢~ (y)| < § for all x,y € [0, R+ 1] with |z —y| < do.
We assume that these events hold.

By [27], conditional on 7, the curve 7y has the law of an SLE(p”(6); p®*(#)) in C \ 1o started from 0
and targeted at co, where

CrOX ) = 24 2

Then 7y := ¢(ng) has the law of a flow line of angle 6 of a GFF h on H with A — 27y boundary
conditions on R_ and —\ boundary conditions on R;. By Proposition 3.1 there exists 6y > 0 such
that if 6 € (0,6)) is fixed, then with probability at least 1 — p/2, for each = € [0, R + 1] there exists

y € g N[0, R + 1] such that |z — y| < d2/8. Suppose this event also holds.

(3.22) pl() = -2+

In this case, fix t € (0,79(D)], set z = ¢(no(t)) (when viewed as a prime end on the left side of
1) and note that = € (0, R]. It can then be shown that we can find yi,y2 € 79 N (0, R + 1) with
y1 < x < yz and |y2 — y1| < d2 (for = close to 0 we use the fact that 7y a.s. intersects Ry arbitrarily
close to 0, for other x we use the conclusion on Proposition 3.1). Define 0 < ¢; < t2 and 0 <t} < t},
by no(t;) = ne(t;) = y; for j = 1,2. Note that by our assumption on the behavior of ¢! at the
boundary, we have that s € [t1,t2] implies |n9(s) — no(t)| < § and similarly that t2 < n9(Ds). By
construction the angle gap at these intersection points is 6 and 1y hits ng on the left side of 1. We
must have ) < t}, since if z1, zo are two intersections with such an angle gap, and ng hits z; before
z2, then 1y must also hit z; before zs.

Case 2. k € (8/3,4). By [27], no a.s. divides C \ 79 into countably many connected components
P, which we refer to as pockets, each of which has an opening point z and a closing point w. By
[27, Theorem 1.11, Proposition 3.28], 1y visits each of these pockets in order, and in each pocket P
has the law of an SLE(p”(6); pf*(#)) process in P started from z and targeted at w, where p ()
and p’t(0) are given as in the previous case by (3.22). In particular, a.s. in each pocket P, ng will
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intersect the counterclockwise boundary arc of P from the opening to the closing point, which we
denote by T P, arbitrarily close to both w and z, and will necessary do so by hitting 79 on the left
side of ng with angle gap 6.

Set 61 = 0/8. By the almost sure continuity and transience of 79, there a.s. exists a random integer
N € N such that there are at most N components P, ..., Py of C\ 1y that intersect D and have
diameter at least 01, so if diam(P) > d; then P must be one of these P;. For every 1 < j < N, we
let z; (resp. wj) be the opening (resp. closing) point of P; and let ¢; be a conformal transformation
mapping P; onto H such that ¢;(z;) = 0, ¢;(w;) = oo and such that ¢; is o(1no)-measurable. Let
8Pj+ denote the right-hand boundary of P;, by which we mean that part of 0F; with ¢j(8Pj+) =R,.
Almost surely, there also exists R € (0, 00) such that gbj_l([R, 00)) € B(wj,d1) for every 1 < j < N.
Moreover, there exists do > 0 sufficiently small such that ]gb;l(x) —¢;1(y)| < 01 for every z,y € [0, R]
such that |z —y| < d2, and every 1 < j < N. Let E(N, R, d2) be the event that the above statements
hold for a fixed choice of constants NV, R and d5. We can conclude that there exist some deterministic
choice of these constants such that E; := E(N, R, d2) holds with probability at least 1 — p/2. We
assume from now on that this event holds.

Fix t € (0, 79(D)]. There are now three cases. First, suppose 1o(t) is part of T P where diam(P) < d;.
Then by the above there will exist intersection points of 79 and 7y arbitrarily close to the opening
and closing points of this pocket meaning we can define t1, ta, ¢}, ¢}, satisfying the conditions of the
lemma. A second possibility is that 79(t) is not part of T P for any pocket P. In this case, since 7
does not trace itself when it intersects itself (by [27] this a.s. does not happen simultaneously for all
parts of the curve) there will exist times ¢t~ < ¢ < t* arbitrarily close to ¢ such that times n(t™)
(resp. no(t™)) is the closing (resp. opening) point of some pocket P~ (resp. P*). We can again find
intersection times ¢y, to, t/, t, satisfying the conditions of the lemma.

The final possibility is that 7 (t) is part of the clockwise boundary arc of one of the pockets P; where
diam(Pj) > 01. Fix # > 0 and work conditional on E; so that if diam(P) > ¢; above then P must
be one of the components P;. Within each component P;, g has the law of an SLE(p%(6); p%(9))
in P; started from z; and targeted at w;, where pl(#) and p®() again by (3.22). Equivalently,
77? := ¢;(ny) has the law of a flow line of angle § of a GFF h on H with A — 27y boundary
conditions on R_ and —A boundary conditions on R. By Proposition 3.1 there exists 6y such that
if 0 € (0,6p) is fixed, then with probability at least 1 — p/2N, for each x € [0, R 4 1] there exists
Y€ 77]9» N[0, R + 1] such that |z — y| < d2/8. We assume these events also hold for each component
P; (of which we have assumed there are at most N). Set x = ¢;(no(t)) € (0,00). We can then argue
as in Step 1 to show that there exist t1,tq,t],t5 as in the lemma statement (if x > R we use that
¢~ Y([R,0)) C B(w;,d1) and that 7y will intersect 91 P; arbitrarily close to the closing point a.s.).
We can check that t1,to, ], t satisfy the properties of the lemma as before. O

Proof of Proposition 3.3. Since D is bounded, by the scale invariance of the GFF and by possibly
replacing § with a smaller value it suffices to prove the lemma in the case that D, Ds are contained
in B(0,1/2). Fix 6; = §/8. By two applications of Lemma 3.10 for this value of §;, where in the
second application we exchange the roles of 79 and 7y, there must exist y > 0 such that if § € (0, 6p)
then with probability at least 1 — p, the event described in the lemma statement holds (with d; in
place of ¢), and similarly the same event holds with the roles of 1y and 7y exchanged. We assume
now that these two events hold and show in this case that 19 and 7y are d-close until ng exits D.

Fix ¢t € (0,79(D)]. Note that 70(Ds) < 179(D) so by our application of Lemma 3.10 there exist
times t1, ta, t], th such that ng,ny intersect at these times and where 0 < t; < t < t2 < 79(Dy,) and



CONNECTIVITY OF THE ADJACENCY GRAPH OF THE SLE FAN 21

0 <ty < th, and for any ¢, € [t1,t2] we have |no(t) — no(t«)| < d1. The final condition ensures that
to < 170(Ds,) < 10(Ds). We will show ¢}, < 79(Djs) and for any s' € [t],t5] that |na(t') — ne(t))] < 9.
In the following we will repeatedly use the fact that if no(r1) = ng(r}), no(r2) = ne(rh) and r1 < ro,
then 7} < 7.

We will first prove that ¢, < 79(Ds). Suppose this is not the case. By the continuity of 7y and
since D5 C B(0,1/2) there exists some s € (0, )] such that ny(s’) ¢ Ds and s’ < 79(D). Since
the conclusions of Lemma 3.10 hold with the roles of 79 and 7y exchanged, there must exist times
s}, sh, s1, s2 with intersections at ng(s]), ng(sh) such that 0 < s§ < s’ < 5 < 79(Dy,) and 0 < 51 < s2,
and for all s, € [s], s5] we have |ng(s’') — ne(t')| < §1. In particular, since s§ < s’ < t, we must
have s; < ta < 79(Ds,). Therefore ny(sy) = no(s1) € Ds, which implies that ny(s’) € Das, C Ds, a
contradiction.

Now fix §' € [t},t}]. Again there must exist times s}, s, s1, so with intersections at ny(s}), ns(s5) such
that 0 < s] < ¢’ < s, < 79(Ds,) and 0 < 51 < s9, and for all s € [s], sh] we have |ng(s") —ng(t')| < 1.
Then s] < s < t, meaning that s; < tg, and similarly ¢} < s’ < s} meaning ¢; < s3. There are
now two possibilities. Firstly, we could have t| < ] < ¢'. In this case, we would have t; < 51 < to
meaning that |no(t) — ne(s})| < d1. Otherwise, s§ <t} < s§) and we have |no(t1) — no(s})| < 01. In
either case we can apply the triangle inequality using the other relations we have to conclude that
Ing(s’) — no(ts)| < 0 for all t, € [t1,t2], from which we can show that 79 and 7y are d-close until 7
leaves D. O

4. THE ADJACENCY GRAPH IS CONNECTED

4.1. Overview. In this section, we prove Theorem 1.1. Our goal is to show that any two
connected components U,V of H \ F(6/,6),) can be connected by a finite chain of components
U="UyU,...,U, =V such that 0U; N 90U, # & for each j. We will first give an informal
overview which should motivate the more detailed arguments of Sections 4.2 and 4.3. First note
that the interval [0/, 05] can be partitioned using 65 = 6y > 61 > --- > 0,, = ] in such a way that
|0j+1 — 0] < e for all j, for some small ¢y > 0 to be chosen later. We then define the finite fan,
F;= U;L:(mgn, which is depicted in Figure 6.

The strategy of the proof of Theorem 1.1 is to first show that such a finite chain of components exist
in the case that U and V are in the same connected component G of H\ F;. Suppose that G lies
between 6; and ;1. Then the only flow lines in F that enter G will have angle 6 € (0;41,6;), so in
particular can be represented as flow lines of angle —e where € € (0, ¢) of a GFF with boundary
conditions changed by a constant. The focus of Section 4.2 is to use the results of Section 3 to
understand the behavior of these flow lines. After we have completed the proof in the case that
U,V are in G, we then prove that the adjacency graph of the finite fan is itself connected, and
finally that a finite chain of components as described above exists also in the case that U and V
are in different connected components of H\ F¢. The proof of Theorem 1.1 using the results of
Section 4.2 is carried out in Section 4.3.

4.2. Annulus events. Let h be a zero boundary GFF on D and fix x € (0,4). The following
setup is depicted in Figure 2. Fix annuli A3 C A4 C D\ B(0,1/2) centered at 0. Fix three annuli
Ay C A9 € AY € Aj. Finally fix annuli Ag C A% lying between 0™ A3 (the inner boundary of As)
and 9™ A4, and annuli Ay C A% lying between 9°"* A} (the outer boundary of A%) and 9°"* A3, as
shown in Figure 2. All of the above annuli are centered at 0.
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As| 9B(0,1)

L Ao L A2 |

| Ag L 14 A

FIGURE 2. This figure summarizes the setup of Lemmas 4.1, 4.3 and 4.4. The
outermost annuli shown are A3 C A4 € D\ B(0,1/2). The central annuli are A, AJ
and AY. The components V; and path v as described in (i) are contained in A;. The
existence of these components and path is discussed in Lemma 4.4. In purple are the
flow lines of angle 0 started from the countable dense subset (s;) of JA{, which are
stopped when they first exit A%. The flow lines of angle —¢ are omitted. Inside Ag
is the grid of points aZ? N A§. From each point we start flow lines of angle 0 (red)
and —7 (blue). In Lemma 4.3 we show they form a chain of pockets in Ay which
disconnect Ap from 9™ Az. The situation in A4 is analogous to that in A¢. The flow
lines ngfc started from 0A3 are not shown.

For every € R,z € D, we let 772 be the flow line of h starting from = with angle §. Let S = (s;)
(resp. (a;)) be a fixed, countable and dense subset of 0A{ (resp. 0A3). Fix € > 0 and let (¢;) be a
fixed, countable and dense subset of [—¢,0]. Let W™¢ be the closure of the union of the ngj Ung,s
when the flow lines are stopped at the first time that they exit A%. Let E"(e) be the event that the
following hold.

(i) There exist connected components Vi, Va, ..., Vi of A; \ W~¢ and a point z € 9V; N 9V}, such
that there exist simple paths 71,...,7; parameterized by [0, 1] such that ~;((0,1)) C V; for
every 1 <i <k, vi—1(1) = 7(0) € 0V;_1 NIV, for every 2 < i < k and 71(0) = (1) = =.
Furthermore, if v is the concatenation of the 7;’s, we have that v disconnects 9™ A; from
aoutAl'

(ii) For every ¢,m € N, we have that 77?3;” does not enter U;?ZIV} before exiting Ay.

Note that E"(¢) is determined by h|4,. The main result of this section is the following lemma.

Lemma 4.1. Fiz p € (0,1). Then, there exists ¢y € (0,1) depending only on k and p such that
P[E"(¢)] > 1 — p for every e € (0, ¢p).



CONNECTIVITY OF THE ADJACENCY GRAPH OF THE SLE FAN 23

Remark 4.2. For z € C,r > 0,e € (0,1) and a field h on B(z,r), we let Ei‘yr(e) be the event defined
in the same way as E"(e) except that in conditions (i)-(ii) we replace the annulus A; by ¢, ,(4;) for
every 1 <14 <4, and the sequences of points (s;) and (a;) by (¢.,(s;)) and (¢ r(a;)) respectively,
where ¢, : w > z + rw. Then, the conformal invariance of the GFF implies that P[E! (e)] does
not depend on z or r if h has the law of a zero boundary GFF on B(z,r).

In a moment we will give a summary of the proof of this lemma, which will make use of Lemmas 4.3
and 4.4, but first let us outline how the event E"(¢) will be used in the proof of Theorem 1.1. Let
h1 be a GFF on H, fix z € H and suppose that E".(e) holds. That is, the event described in (i)
and (ii) above (suitably translated and rescaled) holds, but where now all flow lines we consider are
flow lines of the field h; rather than being flow lines of a zero boundary GFF on B(z,r). Suppose
¢; € [—¢,0] is one of the countable dense set of angles described earlier. If 7, is a flow line of hy
started from 0, upon entering ¢, ,(As) for the first time, it will a.s. merge with one of the flow lines
of angle ¢; started from some point ¢, ,(a). Therefore, it cannot enter the components V; which
form a chain around z which will allow us to deduce information about the connectivity of H\ F.
This is only a vague motivation, and the details of exactly how Lemma 4.1 is used to prove the
theorem are shown in Lemma 4.5 and Section 4.3.

Next, we give an outline of the proof of Lemma 4.1. In Lemma 4.4, we will show that for a fixed
p € (0,1), we can choose € > 0 small enough that (i) holds with probability at least 1 — p. We want
to then show, conditional on this event, that any flow line nfj’? cannot enter any of the components
V; defined in (i) and thus can intersect the loop « at at most finitely many points. This is not
necessarily true however without some additional information, which leads us to define the pairs
of annuli Ag, A§ and Ay, A5. We fix a small parameter a > 0 and start flow lines of angle 0 and
—7 from each point z € aZ? N (A U A%). In Lemma 4.3 we show that when a is small then with
high probability these flow lines create a “chain of pockets” which cover Ag and are contained in A§
(similarly for Ao and A§). This is explained in more detail below and depicted in Figure 2. If this
event occurs, every flow line ng’ * started from 9°"* A3 must pass through one of the pockets in Aj.
Then, we show that it must be trapped between flow lines of angles 0 and —e started from a single
point z € aZ? N A% until it exits A4 (an analogous result holds for 9™ A3 and A%). We can use the
results of Section 3 to ensure these flow lines stay close together, which finally allows us to show

that nfj’? does not enter any of the V; defined in (i).

Next, we set up the event we want to consider in Lemma 4.3. For every point z in (aZ)? N Ag, we
say that the pocket with opening point x exists if there exists a distinct point z € (aZ)? N A§ such
that 12 merges with 12 on the left side of 7, and if n;™ merges with ;™ on the right side of 1, ™,
and if this occurs in both cases before any of these flow lines leave Af. We define A, . to be the
closure of the union of the connected components of C \ (12 Un, ™) which are traced entirely by
nY Un; ™ before nY (resp. n, ™) merges with n? (resp. n; ™) together with the connected components
of C\ (nY Un,™) which are traced entirely by n Un_™ before n? (resp. n;™) merges with n2 (resp.
n;™), and with the connected component of C \ (n2Un? Un;™ Un, ™) formed at the time that the
flow lines merge. If the above event occurs for some point z € (aZ)? N A%, then a.s. we can find such
a point z such that furthermore, A, , contains no other points in (aZ)? N A% in its interior (this
follows from an inductive argument and the flow line interaction rules in [27]). If there exists such a
point z, the pocket with opening point z is A; .. The pocket with opening point x in (aZ)? N A% is
defined analogously, if it exists.
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(f)inAll; (f)inAzlz ain.A1 aoliltAl (f)outAzlz aoutAl{
\ . . \

FicURE 3. The components V; and the path . Flow lines of angle —e are shown in
orange. We omit the additional annulus Af§.

Let A} be an annulus slightly bigger than A4 so that A4 C A§ C D. In this section, all parameters
d,0; will be chosen to be much smaller than the distance between the boundaries of any two of the
distinct annuli.

Lemma 4.3. For any p,6 € (0,1) there exists a > 0,¢e9 € (0,1) (depending only on k,6 and p) such
that for every e € (0,€y) the following events hold with probability at least 1 — p.

(i) There exist xy,...,z, € aZ> N Ag and y1,...,ym € aZ* N A such that Ay C Ui F; C Af
where F} is the pocket with opening point x; for every 1 < j < mn, and Ay C UX,L; C A3,
where L; is the pocket with opening point y; for every 1 < i < m, and where all such pockets
exist.

(ii) For each z € (aZ* N A%) U (aZ? N A3), the flow lines nY and n; € are §-close until n0 exits AS,

T and n; "¢ are §-close until n; ™ exits A.

and the flow lines 0 .

Proof. To prove the this result, we will consider the analogous setup where I is instead a whole-plane
GFF with values modulo a global multiple of 27x. In this case, two flow lines of the same angle
started from two distinct points x, z € (aZ)?N A§ merge a.s. This allows us to to redefine the pocket
A, , as above, but we now remove the requirement that the flow lines merge before leaving A§ (the
reason we included this condition above was to avoid complications when these flow lines hit 9D,
but such issues are avoided in this case).

Let X, be the union of all the flow lines 72,7, ™ (of h) for x € (aZ)? N Ag. Then, every connected
component of Ay \ X, whose boundary is contained in X, has to be contained in a pocket with
opening point z for some z € (aZ)? N A%. By [27, Proposition 4.14], we obtain that we can choose
a € (0,1) sufficiently small such that with probability at least 1 — p/4, the following holds. For
every x € (aZ)? N Ag, if the pocket with opening point z intersects Ay, then it is contained in Ag.

In this case, there exist 1, ..., x, € (aZ)?N A& such that Ay C Ui Fj C Af, where F} is the pocket
with opening point z; for every 1 < j < n. Similarly, by possibly taking a > 0 to be smaller and
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arguing as above, we obtain that with probability at least 1—p/4, there exist y1, ..., ym € (aZ)?NAS
such that Ay C UL L; A§, where L; is the pocket with opening point y; for every 1 < j < m.
Therefore, we obtam that we can choose a € (0, 1) sufficiently small such that with probability at
least 1 — p/2, we have that the first part of the statement holds.

For this a, there are a finite number of points in aZ?NAg and aZ>N A%, so we can apply Proposition 3.3
to conclude the proof of this result for h. To convert this result to the zero-boundary GFF h,
we note that the event described in the lemma depends only on h| Az, 80 by the mutual absolute

continuity of the laws of h[4a2 and h) Ag (see [24, Lemma 4.1]), it follows that the statement holds
for as written for h. (Note that on the event that F; C A§, then the flow lines which determine it
cannot leave A§ without merging. This means that this is the pocket with opening pomt xj for
both h and h and the possible discrepancy in our definition of the pockets for h and h does not
cause any issues.) O

In the next lemma, we deal with the construction of the components V; and the path 7 as described
in (i). For technical reasons we introduce a new annulus A{ slightly larger than A’{ but which does
not intersect A§ or A§. Our strategy to prove the lemma will be as follows. Let Z be the closure
of the union of the nsj’s when they are stopped at the first time that they exit Af{ and let Z7¢ be
the union of Z and the closure of the union of the N5, when these flow lines are stopped at A}.
Notice that the 0-angle and —e-angle flow lines are stopped at different points; this is merely to fix
a technicality and is not important to the core idea of the argument. Note that W—¢ C Z~¢ and
that the flow lines of angle zero in W™¢ are stopped slightly earlier. In the following and during the
proof of the lemma, whenever we refer to a flow line of angle 0 (resp. —¢), it will be understood to
be stopped upon hitting A (resp. Al{) unless stated otherwise.

We will show that with high probability there exist connected components Uy, ..., Uy of A} \ Z
such that k > 2,U; = Uy and OU; N QU;11 # ( for every 1 < i < k — 1. Furthermore, OU; N OU; 41
contains a segment (greater than a single point) of some flow line n2j7 and U?:1Uj disconnects 0™ Ay
from 9°"*A;. We will then show that (with large probability) each U; contains a unique “largest”
(in a sense we will describe shortly) connected component V; of A; \ Z7¢. We will show that these
Vj fulfill the requirements of (i) and furthermore that their diameters are large, which will be used
to verify (i) when we complete the proof of Lemma 4.1.

Lemma 4.4. Fiz p € (0,1). There exist §,e9 > 0 such that for any € € (0, ), with probability at
least 1 — p, there exist components Vi,...,Vj and a path v as in (i) and such that diam(V;) > & for
each 1 <j5<k.

Proof. Step 1. Existence of the U;. We set AT = A; NH and AP = A; N (C\ H) and let z (resp.
y) be the midpoint of R_ N JAT (resp. Ry N JAT). Note that a.s. there exists N € N such that
for every k € N, the curve ngk merges with 772j before exiting Al{ for some 1 < j < N. It follows
that {x,y} N Z = 0 a.s. (since flow lines do not hit fixed points a.s.) and let U* (resp. UY) be the
connected component of A; \ Z containing = (resp. y). Let also U*? (resp. U¥?) be the connected
component of A\ Z such that x € QU™ (resp. y € OUYM) for q € {T, B}. Note that U"? C U®
and UY? C UY for q € {T, B}. Let V7 be the union of the connected components of A\ Z which
can be reached using a finite chain of connected components of A \ Z starting from U*? where
each boundary between consecutive components in the chain contains a segment of one of the flow
lines ngj.
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We claim that V7 = A\ Z a.s. Indeed, suppose that V? # A\ Z. Then, there exists a connected
component U of A\ Z such that U N V9 = () which implies that there exists a point w € AY N ov.
By combining [24, Lemma 4.1] with [7], we obtain that it is a.s. the case that finitely many flow lines
can intersect at w and there exist a leftmost and a rightmost flow line of the above flow lines. Let
Uy (resp. U),) be the connected component of A\ Z lying to the left (resp. right) of the leftmost
(resp. rightmost) flow line intersecting w. Fix ¢ > 0 and suppose that dist(w,dA]) > 2¢. Then,
[24, Lemma 4.1] combined with [17, Lemma A.3] imply that a.s. there exists N € N such that
(Uj-vzlr]gy_) N B(w,() = ZN B(w,(). Let I,..., I, be the arcs of B(w, ()N 172]_ for 1 < j < N which
contain w. We assume that the arcs are ordered from left to right. Note that [24, Lemma 4.1]
combined with the tail decomposition of the flow lines of the whole-plane GFF [27, Proposition 3.6]
imply that it is a.s. the case that the following holds. For every j € N, every time that ngj
hits w, it has to make a simple loop around s; and by doing so it exits A; and hence Af. It
follows that I, ..., I, are simple curves a.s. By decreasing ¢ > 0 if necessary, we can assume that
ZNB(w,() = U;”Zlfj. Since the arcs I, ..., I, are simple curves, the connected component (jw of
B(w, ) \ I; which is to the left of I; has w on its boundary and likewise the connected component
ﬁ{v of B(w,() \ I, which is to the right of I,,, also has w on its boundary. This setup is depicted in
Figure 4.

Now, every connected component of B(w, () \ (UL, ;) which is between I; and I3 is adjacent to
U, and the intersection of the boundaries of each component with U, all contain a segment of
I;. More generally, every connected component of B(w, () \ (UjL; ;) which is between I; and I;+1
is adjacent to a connected component which is between I; 1 and I; (with each pair of adjacent
components again containing a segment of I; in the intersection of their boundaries). So we obtain
that all of the connected components of B(w, () \ (UfL;1;) are connected to U, in this way and
likewise with U/, in place of U,. Thus, the graph of connected components of B(w, () \ (UJL ;) is
connected and the closure of its union is equal to B(w, (). Note that Up C Uy (resp. l?{u cu,)
and B(w, () N U, = B(w, () N dU, (resp. B(w,¢) NdU., = B(w, () NAUL) for ¢ > 0 sufficiently
small. Note also that U, (resp. U},) can be connected to U7 through a finite chain of connected
components of A?\ Z. Tt follows that B(w,¢) € V? but that is a contradiction since w € 9V,
Therefore, we obtain that V4 = A\ Z a.s. for ¢ € {T, B}. In particular, for every q € {T, B}, there
exists ng € N and connected components UY, ..., Ui, of Al \ Z such that U™ = U{,U%? = Uy,
and 8U;-] N ou ;-1 1 contains a segment of some flow line ngk for every 1 < j <ng—1.

Step 2. Ezistence of the V; and path v. We will first describe a collection of “good” events that
depend on the realization of the flow lines, each of which happen with high probability. Then, we
will assume that these events all occur, and show in this case that the V; and path v exist.

Step 2.1. Setup. First, we fix € € (0, 1) sufficiently small (to be chosen later). Note that if (n;)
were flow lines of angle —e of the whole-plane GFF, then their joint law would be independent of e.
Hence, it follows from the proof of [17, Lemma A.3] and [24, Lemma 4.1] that there exists M € N
independent of € such that with probability at least 1—p/10, we have that A;\ Z~¢ = A;\ (U]]Vi 115,

where Z ¢ is the closure of the union of the 178_7_6’8 when the latter are stopped at the first time
that they exit AI{. Applying the same argument also to the flow lines (ngj) s;€8, we conclude that
there exists a possibly larger value of M such that with probability at least 1 — p/10, we have
A\ Z7 = A\ UL (0, U ).

For each ¢ € {T, B} and every 1 < j < ng — 1, U] N U}, contains a segment I of some flow

line ngk, and there must exist a:g € []‘,1 (that can be chosen in a measurable way) and (5? > 0 such
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FIGURE 4. Left: A point w € A as described in Step 1 of the proof of Lemma 4.4.
Ii,..., I, are the segments of those flow lines which intersect w, ordered from left to
right. Every connected component of B(w, () \ (UjL,I;) can be connected to both

U, and (71’1, via a finite chain of components. Right: Part of the flow-line segment

I which is contained in U] N AU, . We assume without loss of generality that U;

lies to the left of I]‘-I and that UJ‘-IJr1 lies to the right. Here, IJ‘-] is part of the flow line

15,- Not shown are the sets W and WY, ,,

and 2f € WY, ;. We also show the simple curve 7.

but y¥,z] are chosen such that yi € W/

that B(x},0) N Z C I{. In particular, there exists d; > 0 such that with probability at least
1 —p/10 each 5? can be chosen to be greater than §;. Furthermore, there exists §o > 0 such that
with probability 1 — p/10 there exist y? € B(x?, 01/2) N U;-] and z? € B(ZL‘?, 01/2) N UJQH such that
dist(yj, Z),dist(z], Z) > 02 for all j,q. By possibly making d smaller we can assume that with
probability at least 1 — p/10 each U ]‘-1 contains a ball of radius 2d5. We assume from now on that all
of these events also occur. The segment I and points %, y7, 2] are shown in Figure 4.

For each ¢ € {T, B} and 1 < j < ng, we can choose a set qu - UJ[-Z such that {z € U](-]: dist(z, OU;I) >
d2} € WY and dist(9W},0U) > 0. One method of doing so in a measurable way is to pick a
conformal transformation ¢;4 : U/ — D which is measurable with respect to U/ and then let
Wi = gb;; (B(0,7)) where r € (0,1) is the infimum over all s such that {z € U: dist(z,9U]) >
da} C gb;;(B(O, s)). We can now choose d3 > 0 such that with probability at least 1 — p/10 we
have dist(W}, 0UY) > d5 for all j, ¢ (this is because for any given configuration of sets U, this will
hold for some random 5 > 0, so we can choose a deterministic value d3 such that 5 > d3 with
high probability). Perhaps by making ds, 03 smaller, we can similarly assume that with probability
1 — p/10 that dist(z, Z) > 2 (recall that x is the midpoint of R_ N JAT), that there exist a set
W?* C U” such that {z € U*: dist(z,(‘)U;.]) > 02} € W¥ and that dist(W?*,0U*) > d3. We do the
same for y (the midpoint of Ry N AT) and we assume further that these events hold.

Finally, let 04 < min(dy, d2,03)/100 and using Proposition 3.3 and [24, Lemma 4.1] choose ¢ > 0
small enough that for any fixed € € (0, ¢g) the following holds with probability at least 1 — p/10.
For all 1 < j < M, n;€ and 7Y are d4-close until ;€ exits A}. Note that at each intersection point,
n; € hits n? on the right side of n? since —e < 0. We emphasize that 7, ¢ plays the role of 19, and is
considered until it hits A}, whereas 72 may leave A%, but not (A%); and hence will not leave A§
either until after the d4-close condition loses validity.
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Step 2.2. Conclusion. Let us now discuss what happens when these events all occur, which with the
correct choice of parameters happens with probability at least 1 — p. Suppose that for 1 < ¢ < M a
flow line 7, enters W]‘-I, so that there exists w € 7, N W]‘-I. By our application of Proposition 3.3
there must exist a point z € 772[ (which is hit before ng[ exits A§) such that z € B(w,d4). But
then, dist(z,0UY) > dist(W}, 0U}) — dist(w, 2) > 3 — d4 > 0 meaning that z € U}, a contradiction.
Therefore, none of the flow lines of angle —e can enter qu so we can identify a unique connected
component qu of A\ Z~¢ such that {z € U;-I: dist(z,@U]q) > 09} C VV;] - qu - U]q. Note that
since U J{J contains a ball of radius 249, it follows that diam(qu) > §.

Fix j, g such that 1 < j < n,—1 and consider the segment IJ‘-I of a flow line contained in 8qu ﬂan 1

and assume without loss of generality that U (resp. U7, ;) is on the left (resp. right) side of I}
when it is viewed as a flow line (the other scenario occurring will not change the argument). Let

a .4 .4
Ty Y507
1 < ¢ < M entering B(x?-, 61/2) must at all times stay within distance &4 of n, by our previous

be points as described above and shown in Figure 4. Note that any flow line 7, with

application of Proposition 3.3. Since B(xf,d1) N Z C I, the only possibility is that n9, is a flow
line of which ]]9 is a segment. Furthermore, since 7, must intersect nge on the right side of the
latter, —e-angle flow lines can only enter B(x,41/2) N U/ ,, not B(xf,01/2) NU;. Note that it
could be the case that Ij‘-l is a segment of multiple flow lines ngk for 1 < k < M, where these flow
lines have merged before they trace I;], so in particular it is possible that multiple —e-angle flow
lines enter B (x'jz-, 91/2). However, by Proposition 3.3, each of these flow lines must intersect I]‘-l at
many points in B (l’?, 91/2), and since they cannot cross each other, they are forced to merge. After
this possible merging point, there again must be an intersection point where 7, intersects Ijq; call
this point w?. Since the flow lines, when restricted to B (x?, 01/2), are all simple curves, we can
draw a curve 7/ from w? to z? which intersects these flow lines only at w?. As we have previously
observed that no flow lines of angle —e enter B(xf,4d1/2) NU;, we can draw 7" connecting yj to
w{. By concatenating these two curves, we obtain a curve 77 from y? to 2, which intersects Z~¢ at
exactly one point, w?. The point w? and curve ’yjq are shown in Figure 4. Finally, we notice that
since dist(y], OUY), dist(z], OU) > 3 we must in fact have that yj € Vi!, 27 € Vi, | from which we
conclude that 8qu N 81/;7“ # @&, and that *y;? is a path starting in V}q, ending in qu+1 and passing
through the intersection of their boundaries exactly once.

It remains to go from the above components qu and paths ’y;] to the components V; and path «y
as described in (i), which is slightly technical but not difficult. First we deal with the situation in
U?, the connected component of A; \ Z. We have assumed that z,y{ , yP are all distance at least
03 from QOU®, meaning we can argue as above to show that they lie in the same component V¥ of
Ay \ W™ (recall that W=¢ C Z=¢ and in W~¢ the flow lines of angle 0 are stopped slightly earlier).
It follows that we can draw paths 7’ from x to y! such that v/((0,1]) is in V* N AT and 4" from 3
to x such that 7”([0,1)) is in V¥ N AP. Note that V* must contain V', V;® meaning in particular
that diam(V,) > d2. We perform an analogous procedure in UY. We set V; = V¥ and V,r = VY.

Consider now VJ-T where 2 < j < np — 1. We can choose (in an arbitrary measurable way) a simple
curve :?;[ from ij_l to y;; in VjT. let V; be the connected component of A; \ W™¢ containing VjT
(this may be VJ-T itself or some larger set). By concatenating these curves with the curves ’y;fp we end
up with a curve 47 in AT which starts at y! and ends at Zngl‘ If we have V; = V) for k > 0,
we can modify the path 7 accordingly to skip those components Vit1,-- o, Vigr—1. We can also
modify 47 to be simple, if necessary. We perform a similar procedure in AP, and for np+1<j <k
we let V; be the component of A; \ W™¢ containing Vj]inT_H, where k = nr + np.
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FIGURE 5. L; is the pocket with opening point x; and closing point z;, where x;
comes before z; in our ordering. If n? enters Lj, it can only do so by crossing ngj to
enter () or P, or by crossing nz_j” to enter P. It cannot enter a pocket of the form P’.

In any case, n° is trapped between ngj and .-

In conclusion, we will have Vi = Vj, 0V; N Vj41 # @ for all j, and we can form the path v by
concatenating 77, v® and the paths +/,~" as described above. As before, we can modify v if
necessary to ensure it is simple. Therefore, the V; and + satisfy the conditions described in (i). Note
finally that diam(V;) > d5 for all j by construction, so to conclude the proof we simply identify
0 = ds. O

Proof of Lemma 4.1. By Lemma 4.4, there exist d, ¢y > 0 such that for € € (0, ¢g), with probability
at least 1 — p/2 there exist components Uy,..., U and Vi,..., V) and a path v satisfying the
properties in (i) with diam(V}) > 6 for all 1 < j < k. By Lemma 4.3, there exist (a possibly smaller)
€0 > 0 and a > 0 such that with probability at least 1 — p/2 the conclusions of this lemma hold
with §/100 in place of §. Therefore, for a certain choice of the parameters €y, a and 0, we have that
the above events all hold with probability at least 1 — p. We will show that in the case that these
events hold, any flow line started from 0As with angle in [—¢, 0] a.s. does not enter u;?:lvj when it
is stopped at the first time that it exits A4. This will be shown into two main steps. In the first
step, we will show that if n? enters either Ul Fj or USL, Lj, then it has to stay in the connected
components lying between a flow line of angle 0 and a flow line of angle —e up until the first time
that it exits A4 after it has entered the above family of pockets. Note that ) has to enter one of
the above pockets in order to enter Ug?:le. Hence, in the second step, we will show that the choice

of the Vj’ s implies that n’ cannot enter U;‘?:le and so this will complete the proof of (ii).

Step 1. 772} gets trapped between a flow line with angle 0 and a flow line with angle —e. We can assume
that w € 9°"* A3 since a similar argument works when w € 0™ A3z. Suppose that 1 intersects U;?:le
before exiting A4. Then, there exists 1 < j7 < m such that 773) enters the interior of L;. Let x; (resp.
z;j) be the opening (resp. closing) point of L;. Let also @); be the connected component formed when
ngj (resp. 77;]_”) merges with 772]_ (resp. 77]__”). The flow line interaction rules [27, Theorem 1.7] imply
that nfu cannot enter the interior of @Q); by crossing the arc of 0Q); corresponding to ngj or the arc
corresponding to 77;],”. Also, in order to enter the interior of @); by crossing the arc corresponding to
nz_j”, it has to cross nz_j”_e from right to left but this does not occur due to the flow line interaction
rules. Hence, it can only enter the interior of (); by crossing from left to right the arc corresponding
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to ngj. By taking § > 0 sufficiently small, we can assume that there are intersection points between
ngj and n;je in the interior of ;. Thus, the flow line interaction rules imply that after 772, enters the
interior of @);, it has to lie in the connected components whose boundaries consist of an arc of the
right side of 7727_ and the left side of 17;; up until exiting A4. Suppose that 772] enters the interior
of L; by entering a connected component P lying between ngj and 77:?; or between 77% and 77;]_”,
and which is traced entirely before ngj merges with ngj and 77;J,7r merges with n;j”. Without loss of
generality, we can assume that P lies between ngj and nz_j”. Then, P has two marked points and
OP consists of either one arc of the right side of 77%_ and one arc of the left side of 72, or one arc of
the right side of n" and one arc of the left side of ngj. We note that the flow line interaction rules
imply that the second case cannot hold and so necessarily we are in the first case. If nfu enters P by
crossing the arc contained in ngj, then the flow line interaction rules imply that after entering P,
the curve n, has to lie in the connected components whose boundaries consist of an arc of the right
side of ngj and an arc of the left side of 7., up until it exits A4. If 0¥, enters P by crossing the arc
contained in 77;]_“, then it has to exit P by crossing n;je since it cannot cross n;j” again. Similarly, it
cannot cross 17;; for a second time and so combining with the flow line interaction rules, we obtain
that after it crosses 0 the curve n? has to lie in the connected components whose boundaries
consist of an arc of the right side of 772]_ and an arc of the left side of 17;]_€ up until it exits Ay. In
either case, note that by choosing § small enough, we can ensure that 772], , n;je do not leave Af before
this point.

Step 2. Conclusion of the proof of (ii). Suppose that there exists 1 < j < k and 2 € 52 N V; such
that 79 hits = before it exits A4. Then, there exists y € (aZ)? N A% such that € V, where V is
a connected component with two marked points whose boundary consists of an arc of the right
side of 778 and an arc of the left side of 7, “. Since we have assumed the conclusion of Lemma 4.3
with parameter ¢/100 and since 6 < dist(0A4, 0A{), we have that neither 772 nor 7, ¢ exit Aj before
finishing tracing 0V and diam(V') < §/50. Also, a.s there exist ji, j2 € N such that 772]_1 (resp. n;;)
merges with 772 (vesp. n, ©) before entering A}, where A is a fixed annulus centered at 0 such that
Ay C A} C Af. Then, if § > 0 is sufficiently small, we have that V is a connected component of the
when they are both stopped at the first time that

€
2

they exit Al{. Note that there exists a connected component V of the above set such that Vi C V.
Then, z € V and so we must have that V; C V =V which implies that diam(V;) < diam(V'). But
diam(V}) > 6 by the construction of the V; and diam(V') < §/50 so we obtain a contradiction. It
follows that 1% does not enter U;?:l‘/} before exiting A4. By replacing the pockets L;’s with the

complement in A} of the union of ngjl and 7

pockets F);’s and using a similar argument, we obtain that ng) does not enter U?Zle before exiting
Ay when 0 € [—¢,0] and w € 9™ A3z. This completes the proof of the lemma. O

Lemma 4.5. Fiz k € (0,4),b € (0,1),¢, M > 0. Then, there exist a, ey € (0,1) depending only on
K,b,c and M such that for every e € (0,¢) the following is true. Let h® be a zero-boundary GFF
on H and let f be a deterministic harmonic function on H whose boundary values are piecewise
constant, they change only finitely many times and ||f|loc < M. Set h = h® + f. Then, a.s. for
every compact set K C H, there exists ng € N such that for every n > ng,z € (e""Z)> N K, we
have that EZQ,m(e) occurs for some bn < m < n.

Proof. Let K C H be a fixed compact set and set d = dist(K,0H) > 0. Let mg € N be such
that r = 270 € (0,d/2). For every z € K we let h,, be a zero-boundary GFF on B(z,r) and
let a € (%, 1) be such that Ay C B(0,a). Then, arguing as in the proof of [24, Lemma 4.1], we
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obtain that if Z, , is the Radon-Nikodym derivative of the law of h|p(; z,) with respect to the law
of h.r|p(zar), then there exists p € (1,00) depending only on 7, K and M such that E[Z%,] < 1,
where the implicit constant depends only on r, K and M.

Next we fix ¢ > 0 and for V € N we let NZT(N, €) (resp. NZ?”(N, €)) be the number of 1 <k < N

for which Egmk(ﬁ) (resp. E??; (€)) occurs where r, = r27% for every k € N. It follows by combining

Lemma 4.1 and Remark 4.2 with the proof of [24, Proposi~tion 4.3] that there exist constant
co > 0,¢p € (0,1) depending only on ¢ and b such that P[N,Z?T(N, €) < bN] < coeN for every
z€ K,e € (0,¢9) and N € N. Therefore, we obtain that

PN!.(N,¢) < bN] < B[22, ]'/PPN:" (N, €) < bNJY1 < =N

for every N € N,e € (0,¢9) and z € K, where the implicit constant depends only on r, K, M, ¢ and
b, and ¢ is such that ¢ > 1 and 1/p + 1/q = 1. Hence, by taking ¢ sufficiently large, we obtain
that for every e € (0, ¢y), we have a.s. that there exists ng € N such that Nf’r(n, €) > bn for every
n > mng and z € (e7"Z)?> N K. Then, the claim of the statement of the lemma follows since if
NQT(n, €) > bn, then there exists bn < m < n such that Ega_m(e) occurs. O

4.3. Completing the proof of Theorem 1.1.

Proof of Theorem 1.1. Step 1. Overview and setup. Let h be a GFF on H with boundary values
given by —a (resp. b) on R_ (resp. Ry) and let 0] < 6 satisfy (1.2). We will prove that the
adjacency graph of H\ F (6], 6)) is connected. We pick € € (0,1) sufficiently small (to be chosen and
depending only on a, b, k, 0] and 05) and such that n = 4(6}, — 0})/e € N. For j € {0,...,n}, we set
0; = 0} — ji

and h; = h + 60;x, and note that the boundary conditions of h; are given by —a + 6;x on
R_ and b+ 0;x on R;. Note also that the boundary conditions of h; lie in [—M, M| where
M = max{|al|,|b|} + x max{6], 05} depends only on a,b,r,6; and 6. In the case that we have
equality in (1.2), if 0 = —(A +b)/x (resp. 05 = (A + a)/x) then we identify the flow line 7y, = 7,
(resp. Mgy = 7, ), Which is not defined a priori, with R4 (resp. R_).

Our goal is to show that the graph of connected components of H \ F(6},05) is connected a.s. This
will be achieved through several steps. In Step 2, we use the events introduced in Remark 4.2 and
use Lemma 4.5 to deduce that at a sufficiently dense set of scales we have that we can find annuli
such that in every such annulus, there exists a finite chain of connected components of H \ F (67, 65)
disconnecting the inner from the outer boundary of the annulus. In Step 3, we use the above
property to deduce that a.s. the following is true. For every j € {0,...,n — 1}, any two distinct
connected components of H\ F(6,41,6;) lying between ne; and 19, , and in the same connected
component G of H \ (19, Une,_,),
H\ F(641,6;) which are all contained in G. Next, in Step 4, we show that the graph of connected

can be connected via a finite chain of connected components of

components of H \ Uj_ome, is connected a.s. Finally, combining Steps 3 and 4, we show in Step 5
that any two distinct connected components of H\ F(6],65) lying in different connected components
of H\ U?_7p; can be connected via a finite chain of connected components of H '\ F(61,05), and
thus completing the proof of the lemma.

Step 2. Annulus events. Suppose that we have the setup of Lemma 4.1 and Remark 4.2. §ince M
depends only on a, b and , combining with Lemma 4.5, we obtain that if we fix a € (0,00),b € (0, 1)
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76,

FIGURE 6. Left: The finite collection of flow lines 7y,. Right: The fan F(0;11,0;).

and choose € € (0,1) sufficiently small (depending only on a, b, 5,3 and k), then for every 1 < j < n,
a.s. the following holds. For every compact set K C H there exists ng € N such that for every
n > ng and every z € (e~ *Z2)N K, there exists m > ng with (1 —g)n < m < n such that E:fé,m(e)
occurs. Let E be the event that the above event holds for every 1 < j < n with the choice of
a= 1,5 = 1/2 and from now on, we assume that F occurs.

Step 8. The graph of connected components of H\ F(8;11,6;) restricted to any connected component
G of H\ (ngj U 779j+1) is connected for every 0 < j<n—1. Fix 0 <j <n — 1. We will show that
the following is true a.s. Let Uy, Us be two distinct connected components of H \ F(6;.1,6;) lying
between 75, and 7y, ,, and in the same connected component G of H \ (19, Uy, ). Then, there
exists a finite chain of connected components of H \ F(6;1,0;) connecting U; to Uz and contained
in G.

Note that by [25], F does not hit fixed points a.s. (see also Lemma 5.1). Now, to prove the claim, we
fix € HNQ? and let U be the connected component of H\ F(6;11,6;) containing 2. Suppose that
we are working on the event that U is contained in a connected component G of H \ (ng,,, U 7,)
which lies between 7y, , and 7y,. Let K be the closure of the union of connected components of
H\ F(6;41,6;) which are contained in G and can be connected to U via a finite chain of connected
components of H\ F(0;11,6;) contained in G. Suppose that G € K and let V be a connected
component of G\ K. Note that 9V \ G # 0 since otherwise we would have that G C V but that is
a contradiction since z ¢ V. Thus, we fix x € 9V N G.

Since E occurs, there exist y € H,r > 0 such that z € B(y,r/2),B(y,r) C G, V\ B(y,r) # @
and Egjr(e) occurs. Let V4,...,V;, be the components as in (i) in the definition of Eg’r(e) and let
v be the corresponding path. We claim that F(6;41,6;) does not enter any of the Vj’s. Indeed,
first we note that a flow line of h with angle in [6;41,6;] corresponds to a flow line of h; with
angle in [—€/4,0]. Fix 0 € [#;+1,0;] and suppose that 7y enters U™, V; and let ¢ be such that
ne(t) € UM, V;. Set o0 = sup{s <t : np(s) € 0¢.,(A3)}. By the continuity of 7y, we have that
o < o0 a.s. Fix pu > 0 deterministic and small enough that dist(0As, 0A4) > 100 which ensures
that B(ny(c),100ur) N ¢, (As) = 0. Note that ng corresponds to a flow line of h; with angle
6 —0; € [—€/2,0] C [—¢,0]. Then, a.s. there exists j; € N such that ngz’r(ah) merges with 7y before
it exits B(ng(o), ur) and such that ¢. ,(a;,) € B(ne(o), ur/100), where 773)“(%) is the flow line of h
with angle 6 and starting from ¢, ,(a;,). Hence, ng(t) lies in the range of ngm(ah) when the latter
is stopped at the first time that it exits ¢, ,(A4). This implies that the latter set intersects U™,V

but that is a contradiction due to (ii).
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FicURE 7. Left: In the setting of Step 3, G is a connected component of H\U?:Ongj
lying between 7y, and 7y, , and U is the connected component of H\F containing the
reference point z € HN Q2. K is the closure of the union of connected components
of H\ F(611,6;) which are contained in G and can be connected to U via a finite
chain of connected components of H\ F(6;,1,6;) contained in G. V is a connected
component of G\ K and = € V. Right: Vi,...,V,, are the components as in
(i) in the definition of E?’]]T(e) Since x € 9V, each V; is contained in a connected
component W; of H\ F(0;41,6;) which is in K (V and the components G,, are not
shown). Since vy C K and ¥ C V, and ~ and ¥ must intersect, V N K # (), which is a

contradiction.

Therefore, 1y does not enter U™, V;. Since 0 € [0;11,0;] was arbitrary, we obtain that F(0;41,6;)
does not enter U™, V; a.s. Therefore, for every 1 < ¢ < m, there exists a unique connected component
W; of H\F (0,41, 0;) such that V; C W;. Since W;NG # ), we have that W; C G for every 1 <1i < m.
Also, since x € OV, there exists a sequence (G,) of connected components of H\ F(0;41,6;) such
that G,, € G and U is connected to Gy, via a finite chain of connected components of H\ F (0,41, 6;)
contained in G for every n € N, and dist(z,G,) — 0 as n — oo. Thus, W; is connected to U
via such a chain for every 1 <i <m and so v C K. Fix w € V' \ B(y,r) and w € VN B(y,r/2).
Then there exists a continuous path 5 in V' connecting w to w and so ¥ N~ # () which implies that
KNV # (. This contradicts our initial assumption and so G C K. Let U be another connected
component of H\ F(0;41,6;) contained in G and fix w € U. Then, w € K and so we must have that
U is connected to U via such a finite chain. The claim then follows since z € H N Q? was arbitrary.

Step 4. The graph of connected components of H '\ Ul_gne, is connected. We will show that the
following is true a.s. Let U,V be two distinct connected components of H \ U?:()naj- Then there
exist distinct connected components of H \ Ui_one,> Ur, ..., Up such that U = U1,V = Up, and for
every 1 < j < m — 1, the following holds. There exists 6 € {6y, ...,0,} such that U; and Uj41 both
lie on opposite sides of 179 and OU; N OU;41 contains a segment of 1y whose distance from JH is
positive.

We will prove the claim for H \ Ug:()?]gi using induction on 0 < j < n. Note that the claim is true
a.s. for the set H \ n, where 7 is an SLE,(p"; p%) process in H from 0 to oo with p¥, p! > —2 and
the force points located at 0~ and 07. If we have equality in either equation in (1.2), note that
we can ignore the flow line 7y, or 7, (or both) which corresponds to R_ or R, since this flow
line will not effect H \ U7_7p;, so we may assume that we do not have equality in (1.2). Hence
the j = 0 case follows since 19, = 1y, has the law of such a process with ol = —1+ (a—04x) /X
and p® = —1 + (b + 05x)/\, each of which is greater than —2 since we have a strict inequality in
(1.2). Next, suppose that the claim holds for j where 0 < 5 < n — 1. Note that np; has the law
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of an SLE,(p%; p?) with p% = —1 4 (a — 0;x)/A and p® = —1 + (b + 04x)/\. Suppose first that
PR > k/2 — 2 and so ng, does not hit (0,00) a.s. Let U,V be two distinct connected components
of H\ U]-+5779i. Suppose that both of U and V' lie to the left of 7y,. Then, U and V are both

1=
520179].. Let Uq,...,U,, be the chain of connected components of

connected components of H \ U
H\ ngon(;j connecting U to V and satisfying the properties of the induction hypothesis. If none
of the U;’s is the connected component of H \ U!_,ny, lying to the right of Mo;, then all of the U;’s
are connected components of H \ Uii& np, and so the claim holds. Otherwise, let i € {1,...,m} be
such that U; is the connected component of H \ U!_qny, lying to the right of ne;- Let also I; and
;11 be segments of n, such that dist(/; U l;11,0H) >0, I; € 0U;—1 N OU; and ;1 € OU; N U4
Note that conditionally on 7y, , the curve ng, , is an SLEH(p]L 15 pﬁl) from 0 to oo in the connected
component of H \ 7y, lying to the right of 7., where
(0; —0j41)x b+60j41x

(4.1) phy = X g R S PEERX

Note also that we can pick points x; € I; and x;11 € ;41 in a way which is measurable with respect to
a(Megs - - - 779],) and such that z; (resp. x;41) lies in the interior of I; (resp. I;11). Since SLE,(p"; p%)
processes with p“ p® > —2 do not hit fixed points a.s., we obtain that there exist connected
components U?, V' of the complement of M6;,, in the connected component of H \ ne; lying to the
right of M6 and segments J; and J; 1 of u such that z; € J; C I; N OU, z;41 € Jiy1 C Iix1 NOV?
and both of U? and V* lie to the left of Mo;.,- Then, the j = 0 case implies that there exist connected
components U}, ..., U, li, of the complement of 7y, ,, in the connected component of H \ ne; lying to
the right of 7y, such that the following hold. U =ULVi=U ,; and for every 1 < ¢ < k; — 1 the
following holds. UZ and Ug 41 lie on opposite sides of 7, , and U, é N 8Ug 41 contains a segment of
10,41 whose distance from ne; U OH is positive. Note that all of the U,’s are connected components
of H'\ Uan@i. Thus, by repeating the above procedure for every 1 < ¢ < m such that U; is the

connected component of H \ UZ:OT’W lying to the right of 7y, we obtain the claim.

Suppose now that U lies to the left of ng, and V' lies to the right of 7y,. Let G be the connected
component of H\ngongi lying to the right of 7j9,. Then there exist connected components Uy, . .., Up,
of H\ Ug:(]?’]gz. lying to the left of ny, with the same properties as in the induction hypothesis such
that U = Uy and Uy, = G. Also, 9Uy,—1 N G contains a segment I of 7, such that dist(Z, OH) >0
and choose x in the interior of I in a way which is measurable with respect to o(ng,, . . . ,779].). Again,
a.s. there exists a connected component F' of G'\ 1, ., lying to the left of 7y, , and a segment J of
ne; such that x € J C INOF. Note that Uy, ...,Uy—1 are all connected components of H '\ Ugiéngi.
If FF =V, then the chain Uy,...,U,_1, F satisfies the conditions of the claim. If F' # V, then
the j = 0 case implies that there exist connected components Vi,...,Vy of G\ NM;4, such that
F=V1,V =V, and for every 1 < i < ¢ — 1, the following holds. 0V; N dV,41 contains a segment
of mg,,, with positive distance from g, UOH and V;, V11 lie on opposite sides of 7y, ,. The claim
then follows since all of the V;’s are connected components of H \ Ugié np,. Finally, if U,V both lie
to the right of 7g;, then the claim follows similarly since all of the connected components of G \ 7y

are also connected components of H '\ U{i& 1, -

Jj+1

It remains to treat the case that p™ € (—2,x/2 — 2) and so 7, hits (0,00) a.s. This follows by
arguing as in the previous paragraphs and noting that conditionally on 7),, the curve 7y, , has the
law of an SLEK(pJL ‘b pf_H) independently in each of the connected components of H \ 19, which lie
to the right of 7p, and between their two marked points. Here, ,oJL .1 and pﬁ_l are as in (4.1).
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Step 5. Conclusion of the proof. Now we complete the proof of the theorem. Let U,V be two distinct
connected components of H \ F(6},05). Note that the connected components of H \ (1, U 1, )
lying to the left (resp. right) of 7y, (resp. ng,) are also connected components of H \ F(6],05).
Also, for every 0 < j < n — 1, we have that every connected component of H \ F(6;41,6;) lylng
between 75, and 7y, is a connected component of H \ F(61,0;) due to the flow line interaction
rules. Hence, it follows from Step 3 that if U and V are both contained in the same connected
component of H \ U' jng,, then U and V can be connected via a finite chain of components as
desired. Let U (resp. V) be the connected component of H \ Ul gne, containing U (resp. V'), and
suppose that U #+ V. Then, there exist connected components of H \ U7y, , (71, .. ﬁm such that
U="U,,V =U,, and for every 1 <i < m — 1 the following is true. There exist j; € {0,...,n} and
a segment J; of ng,, such that J; C aU; N 8Uz+1, dist(J;, 0H) > 0 and Uz, Uz+1 lie on opp051te sides
of no;,- Fix i € {2, ...,m} and suppose that both of Uiy and U; lie between ng, and 7y,,. Then,
we have that 2 < j;_1 < m — 1 and we can assume that U1 (resp. ﬁz) lies to the left (resp. right)
of ng, . Note that a flow line of & with angle in [0, ,1,6;,_,+1] corresponds to a flow line of
hj,_, with angle in [—€/2,0]. Fix a point x;—; in the interior of J;—; and let y;—1 € H,r > 0 be

h;. ~. ~.
such that z;—1 € B(yi—1,7/2), B(yi-1,7) Ny, € Jim1 and E," % (€) occurs. Let U, ..., Uy, be

1
the connected components as in the deﬁnition of EZ: ‘71(¢) and let 7; be the corresponding path.
Arguing as in Step 3, we obtain that U 1UZ CH\(F(,_,,05 ,—1)UF(0j,_, 11,0, ,)) and since ~;
crosses J;_1, it follows that there exist i1,i2 € {1,...,k;} such that (71 (- [7@ 1 and (7;2 - (7@-, and
8Ul N 8U’ C Ji—1. Let V’ (resp. V’) be the connected component of H \ F(9;,_ 1,9]1 ,—1) (resp.
H \ F( J171+1793271)) containing UZ (resp. U’ ,)- Then V’ CU;_ 1,V’ C U; and 8VZ NV # 0.
Moreover, by Step 3, any connected component of H\ F(0;,_,, 9]1_1_1) (resp. H\ F(6;, , 41, 0]1_1))
contained in U;_; (resp. [71) can be connected to 17111 (resp. 172’2) via a finite chain of connected
components of H\ F(6;,_,,0;,_,—1) (resp. H\ F(6;,_,11,0;, ,)) contained in U;_1 (resp. U;). But
these sets are also connected components of H\ F(6/,6)) and so any two connected components of
H\ F(6,6}) contained in U;_1 and U; respectively can be connected via a finite chain of connected
components in H\ F(0},0,). A similar argument shows that the same is true when either Ui 1 or
U does not lie between Mgy & and 7, . The claim then follows by fixing a connected component U of
H \ F(0),6),) contained in U; for every 2 <i < m — 1. O

5. THE FAN DETERMINES FLOW LINES

In this section we will prove Theorem 1.2. As we will explain in Lemma 5.10, each connected
component U of H\ F(61,6,) a.s. has an associated angle §(U) which satisfies the property that
if ¢ > O(U) (resp. ¢ < 0(U)) then ny passes to the left (resp. right) of U. The core part of our
argument is to show that 6(U) is a.s. measurable with respect to the fan F(6,03) as a set. Let us
first explain why this suffices to prove that for each 6 € [01, 6], the flow line 7y is a.s. measurable
with respect to the fan. Fix 6 € [0, 62] and define Ly C H to be the closure of the union of all
components U with 6(U) > 0. This set is also determined by F(61,62). By Lemma 5.1, F(61,02)
has measure 0 a.s. Therefore, for any point z lying to the left of 7y, there exist points 2’ gé F(61,062)
arbitrarily close to z and also lying to the left of ny. If U = U(2’) is the connected component of
such a point, then §(U) > 0, meaning that 2’ € Ly. It follows that z € Ly. Similarly, if z is to the
right of 7y, then z ¢ Ly a.s. Furthermore, notice that the above holds for all points z € H \ n
simultaneously on the almost sure events that F(6,603) has measure 0, 1y is a well-defined simple
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curve, and 0(U) exists as above for every component U of the complement of the fan. On this event,
it follows that Ly is exactly that set of points lying to the left of 7y, along with 7y itself, meaning
that ny is the right boundary of this set. Therefore, 7y is a.s. determined by F(61,05).

It remains to show that 8(U) exists and is determined by F (61, 62) a.s. We will carry this out in the
following steps. Throughout, we let F be the o-algebra generated by the flow lines of A used to
generate F(61,02).

(i) In Lemma 5.1, we will record the fact that the probability that any fixed interior point is
contained in F (01, 02) is equal to zero.

(ii) In Proposition 5.5 we show that F(6;,62) is locally connected as a set a.s. We will use this to
show that the boundaries of certain domains depending on the fan are (not necessarily simple)
curves.

(iii) In Lemma 5.7, we will show that for each connected component U of H\ F (61, 62) there exists
0 =0(U) € [01,02] and x = z(U),y = y(U) € OU so that the boundary conditions for the
conditional law of h given F along OU are given by those of the right (resp. left) side of a flow
line of angle # along the clockwise (resp. counterclockwise) arc of QU from z to y. We will not
rule out the possibility that one of these two sides is degenerate. Here, we view the points in
OU as prime ends in U.

(iv) In Lemmas 5.8-5.12, we will show that the complementary component boundaries can be
represented as flow lines of a conditional GFF. This will allow us to deduce that neither
of the two boundary segments is degenerate and deduce in Lemma 5.14 the manner that
the component boundaries interact with each other is the same as for flow lines with the
corresponding angles.

(v) We will then show in Lemma 5.16 that for all connected components U of H \ F (61, 62) the
pair of marked boundary points {z(U),y(U)} is measurable with respect to F(61,62) and then
use this to complete the proof.

5.1. General properties of the fan.

Lemma 5.1. For each z € H we have that P[z € F(01,02)] = 0.

Proof. Tt will be more convenient to consider the setup in the real strip . = R x (0, 7), where
F (61, 602) is the SLE fan from 0 to ¢7 with angle range in [f;, 62] of the GFF h on .#, whose boundary
conditions are given by —a (resp. —a — wx) on R_ (resp. R_ + i) and b (resp. b+ 7x) on R
(resp. Ry +im). Fix z € .. First, we assume that the claim of the lemma holds in the case that
0o — 6y < mand 0; > (—b+\)/x and 03 < (a+\)/x. Suppose that 62 —6; > mand 6; > (=b+\)/x
and 0 < (a+ \)/x. We fix n € N and 51 < e < gn such that 6 :671,02 zgn, and 5] —5]-_1 <7
for each 2 < j < n. Then we have that F(6,62) = U?ZQF(@_L@) and P[z € F(0;_1,0,)] = 0
for all 2 < j < n. It follows that P[z € F(0;,602)] = 0. To extend the result to the case that
01 = (=b+ A)/x and 02 = (a + \)/x, let 07 | 61 and 63 1 O2. Then for a fixed point z € S there
a.s. exist a random index n such that z lies to the left of ngr and to the right of ngn. By the flow
line interaction rules, in this case if z ¢ F (67,04 ) then z ¢ F (01, 62). Combining the above with the
fact that z ¢ F(07,6%) a.s. for any fixed choice of n shows that z ¢ F(61,62) a.s. Hence, in order to
complete the proof, it suffices to show the claim in the case that the angle gap of the fan is at most
mand 01 > (—=b+ \)/x and O < (a+ A)/x.



CONNECTIVITY OF THE ADJACENCY GRAPH OF THE SLE FAN 37

Suppose that 0 — 01 < 7. Set h = h + (61 + &) x and note that F(0;,0s) is the SLE fan of & from
0 to ¢ with angle range in [—7 /2,0y — 0y — /2] C [-7/2,7/2]. Let ' be the counterflow line of &
from 47 to 0. Then, 7 has the law of an SLE,/(p%; pf*) process in .# from in to 0 with the force
points located at (iw)~ and (iw)" respectively and such that

3 s
P b+ (91;‘ T)X’ P a— (9;/— Q)X_
By assumption, 1 > (—b+\)/x and 61 < 02 < (a+\)/x, from which we can deduce that pr, p# > —2
meaning that 7 is well-defined a.s. Furthermore, every flow line of & with angle in (5,02 — 01 — 3]
is a.s. well-defined and contained in the range of 7/, which implies that F(61,6) C 7. For z € H,
let 7/ be the first time that 1’ hits z. If P[7/ < oo] = 0, then it follows that P[z € F(6,62)] = 0.
If P[7' < oo] > 0, then by applying the same argument as in the one given in the proof of [25,
Proposition 7.33], we obtain that P[n/(7') € F(01,602) |7 < oo] = 0. Combining, we obtain that
P[z € F(01,02)] = 0 in every case. This completes the proof of the lemma. O

First we state and prove a reversal symmetry result of the SLE fan based on the results of [26].

Lemma 5.2. Let ¢: H — H be the conformal transformation defined by ¢(z) = —1/z. Then we
have that ¢(F(01,02)) when viewed as a set in H has the same law with the SLE fan with angle
range given by [01,92] of the GFF in H with boundary conditions given by 0 (resp. a+0b) in R_

(resp. Ry ), where 91 —b/x — 02 and 92 —b/x — 0;.

Proof. Let (¢y,) be an enumeration of QN[f1, 2] and let 7, be the flow line of A from 0 to co with angle
¢n, for all n € N. We order {(bl, -+, ¢n} in an increasing way such that ¢;1) < ¢i2) < -+ < Pin)s
and we set 7); = d(Ni(n—j+1)), gb] = —b/X — i(n—j+1), and we view 7); as a curve in H from 0 to oo,
for all 1 < j < n. Note that 7;.,) has the law of an SLE(p1; p2) process in H from 0 to oo with
force points located at 0~ and 0T respectively, and where

p1=—-1+ 27 PimX d)i(n)X’ p2=—1+ 7b+ Pifm)X
A A

It follows from [26, Theorem 1.1] that 7; has the law of an SLE, (p2; p1) process in H from 0 to oo
with the force points located at 0~ and 0T respectively Moreover, for each 1 < j <n—1, we let IND
be the union of the connected components of H \ U/_,7; lying to the left of 77;. Then we have that
Dj = ¢(Dj), where D; is the union of the connected components of H \ Uk 1Mi(n—k+1) lying to the
right of 7;(,—j41)- Also the opening (resp. closing) point of a component in D; is mapped via ¢ to the
closing (resp. opening) point of a component in ]_N)j. Furthermore, it follows from [25, Proposition 7.4]
that the conditional law of 7;¢,_;) restricted to D; given o(n;mn), Nitn—1)s - - - > Mi(n—j+1)) (Which is
equal to o(71,- -+ ,7;)) is that of an SLE, (p1; p2) process independently in each connected component
in D; from the opening to the closing point of the component, and with the force points located
immediately to left and right of the opening point respectively, where here

=2t (Pi(n—j+1) /\— ¢i(n—j))X’ 14 b+ ¢i)(\n—j)X
Next, [25, Proposition 7.4] and [26, Theorem 1.1] together imply that the conditional law of the
restriction of 741 to D; given o (71, -+ ,7;) is that of an SLE, (p2; p1) process independently in each

of the components in D; from the opening to its closing point, and with the force points located
immediately to the left and right of its starting point. Therefore, we obtain that the joint law of
(M, -+ ,mn) can be sampled as follows. Let A be a GFF on H with boundary conditions given by 0
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(resp. a +b) on R_ (resp. R ). Then the curve 7); is the flow line of h from 0 to oo of angle QNSj, for
all 1 < j <n. The proof is then complete by taking n — oc. O

Next, we prove that the fan F (61, 62) is locally connected (with respect to the subspace topology).
A topological space X is locally connected at x € X if every neighborhood (in X) of x contains a
connected open neighborhood of = (see e.g. [30, §25] or [46, §27]). X is connected im kleinen at x
(or weakly locally connected at x) if every neighborhood of = contains a connected (not necessarily
open) neighborhood of 2. The space X itself is called locally connected or connected im kleinen if it
is locally connected at every point « € X or connected im kleinen at every point « € X, respectively.
While local connectedness and connectedness im kleinen at a single point x are not equivalent, a
space X is locally connected if and only if it is connected im kleinen [46, Theorem 27.16]. Before
showing the fan is locally connected, we prove two auxiliary lemmas. The proof of the first is
adapted from [32].

Lemma 5.3. Let F' C C be closed and let K C F be compact. If C' is a connected component of K
which does not intersect Op K, the boundary of K in F', then C is a connected component of F.

Proof. The quasicomponent of a point x in K is the intersection of all sets D which are clopen in
K and contain z [9, §6.1]. Since K is a compact Hausdorff space, its connected components and
quasicomponents agree [9, Theorem 6.1.23]. This means that C' is the intersection of all sets D
which are clopen in K and which contain C. Any point b € 9p K is not in C', so there must exist
a set Uy, which is clopen in K, contains b, and is disjoint from C. The sets U for b € Op K form
an open cover of Op K, and since K is compact, we can find a finite subcover whose union U is
clopen (in K), contains Op K and is disjoint from C. Then C C K\ U C K\ 9p K C K C F. Also,
K\ U is open in K and contained in K \ p K, hence is open in F'. Similarly, K \ U is closed in K
and hence closed in F'. Therefore any connected superset D of C' in F' must be contained in K \ U
(since this set is clopen) and hence must be equal to C since C is a connected component of K. [

Lemma 5.4. Suppose A, B C C are two closed locally connected sets (with respect to the subspace
topology). Then AU B is locally connected.

Proof. Tt suffices to prove that A U B is connected im kleinen at every point. If z is in A\ B or
B\ A the claim is immediate. If z € AN B, a given neighborhood N of z in A U B contains the
ball B(z,e) N (AU B) for some € > 0. Since A and B are each connected im kleinen at z, it follows
that there exist connected neighborhoods N4 C B(z,e) N A and N C B(z,e)N B of x in A and B
respectively. Ny U Np is a union of connected sets with nonempty intersection, so is connected,
and is furthermore seen to be a neighborhood of x in A U B. It follows that A U B is connected im
kleinen at x, completing the proof. ]

Proposition 5.5. F(61,02) is locally connected a.s.

Proof. By the proof of Theorem 1.1 there exists ¢y > 0 sufficiently small (depending only on a, b and
k) such that if 62 — 61 < €, then a.s. for every 2 € F(1,02) and € > 0 there exists a simple loop v
contained in B(z,€) which disconnects x from oo and which intersects F(6,603) finitely many times.
If we can prove that the fan is locally connected in this case, then since the union of finitely many
closed locally connected sets is locally connected by Lemma 5.4, we see that F(61,602) is locally
connected for any choice of 61, 65. Therefore we may assume for the remainder of the proof that
0y — 01 < €.
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We will prove that for all x € F(61,62), F(61,62) is connected im kleinen at x. Let N be a
neighborhood of x in F (61, 602) and choose a simple loop v as above with the property that the
intersection of F (61, 603) with E, the closure of the bounded component of H \ 7, is contained in
N (this is possible since N is a neighborhood of x and « can be chosen to be arbitrarily small).
Let E be the closure of the bounded component of H '\ 7. We claim that F(6;,62) N E has finitely
many connected components, and call the set of these components C. Since F(61,02) intersects
at most finitely many times, there are at most finitely many connected components in C which
intersect v. Next, we show that these are the only components in C. Suppose C' € C is a connected
component which does not intersect 7. Then by Lemma 5.3 with K = F(61,602) N E, we have that
C' is a connected component of F(61, 62), which is a contradiction since F(61,62) is connected (and
larger than C itself). This proves the claim that the collection C is finite.

Let C, € C be the connected component containing z. Since there are only finitely many other
components in C, it must be the case that the union of these components is at a positive distance
from x, meaning that C'; itself is a neighborhood of z. Furthermore, C, C N, meaning that C, is
exactly the connected neighborhood of x we are looking for. It follows that F(6;,62) is connected
im kleinen at z simultaneously for all points x € F(6;,03) a.s. As stated above, this shows that
F(01,62) is locally connected a.s. u

Remark 5.6. This remark relates to objects defined later in this section (OU, F(t; ), F(z)) and can be
skipped for now and read when needed. In the case that 2 — 01 < €, the only facts about F (61, 63)
we have used to prove local connectedness are the connectedness of the fan, and the property that
for every x € F(61,62) and € > 0 there exists a simple loop 7 contained in B(x, €) which disconnects
x from oo and which intersects F(61,602) finitely many times. Therefore, assuming 2 — 61 < €p, any
connected subset of F (61, 62) will also satisfy these two properties, and thus be locally connected.
In particular, the sets OU, F(t;y) and F(z) are all connected subsets of the fan and thus locally
connected. Furthermore, this still holds even if we do not require 65 — 67 < €g, since each of the
sets OU, F(t;v) and F(z) is actually a subset of a smaller fan F(6],65) where 6, — 0] < €y (in fact
here we can replace € by an arbitrarily small quantity), and 6}, 65 are random, but can be chosen
from a finite set. We will make use of the local connectedness of these sets throughout this section,
particularly in Lemma 5.12, by using [33, Theorem 2.1] to show that the boundaries of certain
domains are (not necessarily simple) curves.

5.2. Structure of subsets of the fan. Let C' be a connected component of H \ (19, U 1s,)
and let ¢ be a conformal map from C to H that is measurable with respect to o(ng,,ns,) and
which sends the opening (resp. closing) point of C' to 0 (resp. co). Then the conditional law of
hi=hoyp ! — x arg(p 1) given 1y, , 1, is that of a GFF with boundary conditions A — fox on R._
and —\ — 61y on R. By [25, Proposition 7.4], for 6 € (01, 63) the pair (¢c(F(01,602)), pc(ng)) has
the law of (F(61,62),7), where F(61,65) is the fan corresponding to the GFF h and 7 is the flow
line of h with angle #. Suppose that 7y is determined by 1~7‘(91, 02). Since 19, and 7y, are measurable
with respect to F (61, 62) (as its left and right boundary in H), we obtain that ny|c is determined by
F(01,62). Hence, by repeating this argument in each connected component C of H \ (19, Unp,),
and noting that each component C' is itself determined by F (61, 62), we find that 7y is determined
by F (61, 62).

Therefore, we only need to show that f‘(&l, 02) determines 779 where his a GFF with boundary
conditions A —fyx on R_ and —\ —6;x on R, where F(61, 62) is the corresponding fan, and where
7 is the flow line of h with angle €. In particular, it suffices to prove Theorem 1.2 in the case that
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01 =—(b+ \)/x,02 = (a+ \)/x. Note that by [25], the set (01, 62) is then the maximal range of
angles 6 where 1y does not a.s. immediately hit the continuation threshold, meaning that the flow
line 1y exists. By Proposition 3.1, we have that ny a.s. converges in the Hausdorff sense to R
(resp. R_) as 6 | 6, (resp. 6 1 03). Using this fact and Lemma 5.1, for any fixed point z € H, a.s.
there exists a unique connected component U of H \ F(6;,62) which contains z, and OU does not
contain any interval of R. If instead we considered F (61, 65) with 6; < 6] < 05 < 05 this would not
be the case, since there would exist components U of H \ F(6], 65) to the right of n,. This would
complicate some of our proofs, so it is easier to rule this out from the offset.

In the following, we will assume that 6; = —(b+\)/x, 02 = (a+\)/x, and we will fix an enumeration
(¢n) of (QN[A1,02]) U{b1,02}, where ¢ = 61 and ¢o = 5. The fan F(61, 62) is a.s. unchanged by
changing the choice of countable dense subset of [0y, 02], but using this particular enumeration to
generate the fan simplifies our proofs. As mentioned in Section 2.5, we will define the flow line 7y,
to be R4, and the flow line 7y, to be R_, which is natural from the discussion above.

Lemma 5.7. Fiz a point z € H with rational coordinates and let U be the connected component of
H\F (01, 02) containing z. We view OU as a set of prime ends in U. Then there exists 0 = 0(U) € R
and x = x(U),y = y(U) € OU so that the conditional law of h given F in U is that of a GFF with
boundary conditions given by those of the right (resp. left) side of a flow line of angle 6 on the
clockwise (resp. counterclockwise) arc of OU from x to y (we define what this means more precisely
below).

What we mean by the boundary conditions of the right or left side of a flow line is as follows.
Suppose first that «(U) and y(U) are distinct prime ends of OU, and let g: U — H be a conformal
map sending z(U) and y(U) to 0 and oo respectively. The choice of g will not be important for
what we are about to do, but it can be fixed in some measurable way. Then a harmonic function
h on U is said to have boundary values given by the right (resp. left) side of a flow line of angle
0 on the clockwise (resp. counterclockwise) arc of OU from z to y, if h has boundary conditions
A—0x — xargg' (resp. —\ — Ox — xargg’) on the clockwise (resp. counterclockwise) arc of U
from = to y. Note that the branch of the argument is not fixed here, so there are many different
choices of such a function §, each differing from the others by a global multiple of 27y. Clearly,
arg g’ (mod 27mx) is measurable with respect to o(U, x,y), but the choice of branch of arg is not
measurable with respect to o(U, z,y) since it depends on the realization of F(61,602) on H\ U.

If x = y, choose a prime end v € 9U not equal to y, and let g: U — H be a conformal map
sending v to 0 and y to co. Then the harmonic function b has the boundary values of the left (resp.
right) side of a flow line of angle # if the boundary values are given by —A — 6x — yargg’ (resp.
A —0x — xargg’) on all of QU. Note that the choice of v does not affect the boundary conditions,
and that, as before, the choice of branch of the argument means that there are many different
choices for such a function b.

Proof. Step 1. Overview and setup. Fix z € H with rational coordinates and let (¢,) be our
enumeration of (Q N[0, 62]) U {61,02}. For each n € N, let n, be the flow line of h from 0 to oo
with angle ¢,, and work on the a.s. event that z ¢ F(6,6s). Recall that n; = Ry and 7o = R_. For
each n € N, z must either be on the right side of 7, (by which we mean that z is in a connected
component of H \ 7, whose boundary contains part of R ) or on the left side. By the monotonicity
property of flow lines, if ¢,, < ¢,, and z lies to the right of ¢,,, then it necessarily lies to the right of
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Mj(n)
‘ o —A = XPin) — x arg(f) —A = X@in) + 27X
/\7X¢’J'(n) 7xa1'g(jn) *)\*X‘j)”( ) fxa‘rg(f’)

Pn

X = X&j(n) — xarg(f})

Tp

FIGURE 8. On the left we show the finite set of flow lines F,,(61,602) along with
the component U, defined in the proof of Lemma 5.7. We include the boundary
conditions of ho restricted to U,. Here, f,: U, — H is a conformal map sending z,,
to 0 and y,, to co. In the central figure, we show Z,, ¥, and the boundary conditions
of ES (up to an integer multiple of 27y which is constant on D but may depend on
n). The map ]?n D — H sends 7z, to 0 and g, to oo, and satisfies fn = fn 0 ©n.
The term Xarg(f ) has a jump of 27y at y,. On the right, we depict the same
situation, but now we include the point w and show instead the boundary conditions
of 62 = f)2 + xarg (up to an integer multiple of 27y) in the case that g, lies
on the clockwise arc from Z, to w. This makes it easier to identify the jump in
boundary conditions at 4,. In the case that ¥, lies on the counterclockwise arc from
Zp, to w, which we have not depicted, the boundary conditions of Hn are instead given
by. In this case, the boundary conditions of En are given (up to an integer multiple
of 2mX) by A — X¢;(n) on the (clockwise) arc from Z,, to w, by A — x¢j(,) — 2mx on
the arc from w to yn, and by —A — x@;(,) on the arc from y, to . In the proof
of Lemma 5.7 we use the local uniform convergence of 6721 to show that the points
Tn,Yn must converge, and using this identify the limit Hg.

¢m- It follows that we can define the following quantities,

0 = sup{¢,: z lies on the left of n,}, @ = inf{¢,: z lies on the right of 7,},
n n

and that § < 6'. If this inequality is strict, we can find ¢,, € (0,60’) and then z must lie either on the
left or right side of 7, yielding a contradiction (to the definition of either 6 or #) in each case. We
can conclude therefore that 6 = ¢'.

Let F,, = F,,(01,02) = Uj_ym; and let Uy, be the connected component of H\ F,, which contains z.
Let ¢;(;,) be the maximal angle among (¢ )r<, for which 2 is on the left side of 7. Let ¢;(,) be
the corresponding minimal angle with z on the right of 7). Since 71 = Ry and 72 = R, i(n)
and j(n) are both well-defined as soon as n > 2, and by the Hausdorff convergence of flow lines
(Proposition 3.1), a.s. for large enough n we will have that i(n) # 1, j(n) # 2, so that 9;,), 7j(n)
are actual flow lines (and not just R4 or R_). Then there exist x,,y, € 0U, distinct which are
the opening and closing points of the pocket U, respectively, so that the counterclockwise (resp.
clockwise) boundary arc of U, from x, to y, is part of the flow line 7;.,) (resp. 1;(,,)). By the
monotonicity of flow lines in their angle, we note that ¢;,) is increasing in n and therefore converges
to some value ¢, where necessarily ¢ < 0. If ¢ < 0 then there exists k such that ¢ < ¢ < 0. Suppose
n > k. Then z is on the left side of ng, and by the definition of 7, as the flow line of maximal angle
¢; with j <n for which 2 is on the left side of 7;, we must have ¢;(,,) > ¢ > ¢, a contradiction.
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We can perform an analogous argument for ¢;(,) to show that limy, ¢;(,) = limy, ¢;,,) = 0 = ¢'. Our
setup is depicted in Figure 8.

For each n € N, we can write h|g\g, as h = hf + hi where hj is a distribution which is harmonic
in H\ F,, and the conditional law of h}" given F,, = o(h%,F,,) is that of a GFF with zero boundary
conditions in H \ F,,. Also, we can write h‘H\F(ghgz) as h = hy 4+ hy where hg is a distribution
which is harmonic in H\ F(6;, §2) and the conditional law of h; given F = o(ha, F(61,62)) is that
of a GFF with zero boundary conditions in H \ F (61, 62). Then [25, Proposition 6.5] implies that
h% — hg locally uniformly as n — oo a.s. Let b, = h|y, and let h = ha|y. In the remainder of
the proof we will use the fact that h,, — h locally uniformly on U and the information we have on
the boundary conditions of h,, to describe the boundary conditions of . This is a quite technical
argument and the details can be skipped on a first reading. Much of the following is depicted in
Figure 8. First, let f,,: U, — H be a conformal map (chosen in a measurable way) which sends
Zn to 0 and y, to co. By [25, Proposition 6.1], h” = h%|y, is the harmonic function on U,, with
boundary values given by —A —x@;(,) — x arg Il (resp. A — XPj(n) — X arg /1) on the counterclockwise
(resp. clockwise) arc of U, from =z, to y,. As noted in [25], the branch of the argument must be
chosen so that the boundary values h,, agree with those of the conditional law of Nitm) (equivalently
Njny)) on a segment of QU,, which agrees with 7;.,y. In the following argument, often the boundary
conditions we specify will be correct up to a choice of branch of arg, or equivalently up to an integer
multiple of 2my. We will point out whenever this is relevant, since it does have an affect on our
proof. Note that arg f] (mod 27Y) is measurable with respect to o(U,, Zn,yn), but that the branch
of argument we choose is not measurable with respect to o(Uy, xy,yn), since it depends on the
behavior of the flow lines 11, ..., n, outside U,.

For each n € N, let ¢,: U, — D be the unique conformal map with ¢,(z) = 0 and ¢/,(z) > 0
and let ¢: U — D be the unique conformal map with ¢(z) = 0 and ¢/(z) > 0. The results of [33,
Section 1] imply that U, converges to U in the Caratheodory kernel sense as seen from z as n — oo
a.s. (see [33, Section 1] for the definition of Caratheodory kernel convergence). In particular, we
have that ¢, — ¢ locally uniformly as n — oo a.s. Define Bn = by 0 ot — yargy(p, 1) where
arg, is the fixed branch of arg chosen such that argy(p, 1) (0) = 0 (this can be done since the

1 — yargy(¢~!)" where arg, is the branch

!/

with arg,(¢~1)’(0) = 0. Since b, ;! and (p,, 1) converge locally uniformly to b, o~ and (¢ =)/,

respectively, and since we have fixed the branches of arg in the same way, we have that §, — E
locally uniformly as n — oc.

derivative is positive here). Similarly, define h = ho ¢~

Define =, = vn(xn), Yn = ©n(yn) and let ﬁl = fnop, ! so that ﬁlz D — H and fn sends T, to 0
and 7, to co. Then arg(f,) = arg(f, o ;1) + argy(¢; 1), where the branch of the argument on
the left-hand side is determined by the choices of branch on the right, which we have already made
(so there is no new choice here). Then b, is the unique harmonic function on D with boundary
conditions (up to an integer multiple of 27x which is constant on D but may depend on n) given by

—X = X®in) — xarg(fn)" on dDp,

+A = X&j(n) — xarg(fn) on dDy,
where 0Dpg (resp. 0D1) is the counterclockwise (resp. clockwise) arc of 0D from z,, to y,. These
boundary conditions are depicted in Figure 8. In Step 2 we will show that it is a.s. the case that

both of the sequences (z,) and (y,) converge. Then, in Step 3, we will identify the boundary
conditions of h and prove the main claim of the lemma.
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Step 2. Convergence of (T,,) and (yp). First we will show that a.s. (Z,) converges to a (random)
point T € 0D. The idea is to use the fact that Hn — Hg locally uniformly and that the boundary
conditions of B, have a discontinuity (which we can describe explicitly) at @, to show that (Z,)
must converge. Suppose that with positive probability (Z,) does not converge. Then with positive
probability, there exist d > 0, z*, 2>, y*, y*» € 9D and subsequences (), (Zn,) such that z,, —
Th, Ty, = 2 Y, — yH, and Yy, — ¥ as n — oo, and |z# — 2t > d. We fix w ¢ {z#, 2}, y*, v}
and let 1) be the conformal transformation mapping D onto H such that ¢(0) =4 and ¢ (w) = oc.
Let arg;t’ be a fixed branch of argy’ (the one where arg(ﬂ) (0)) € (—=m, 7], say) and define'

hn = hn X arg Y, h = b +yargv’. We immediately have that bn — h locally uniformly as n — oo.
Both f,, o ¢, ! and 1 are conformal maps from D to H sending, respectively, 7, and w to co. It can
be shown that arg(f;)’ — arg v’ has discontinuities on, 9D, of magnitude 27 at ¥,, and w, and that
the boundary conditions of Hn depend on the cyclic order of Z,, %, and w. In the case that ¥, lies on
the clockwise arc from Z,, to w, the boundary conditions (up to a multiple of 27y) of /h\n are given
by A — @) x on the (clockwise) arc from Z,, t0 Yn, by —A — @)X + 2mx on the arc from g, to w,
and by —\ — ¢;,)x on the arc from w to Z,,. This case is depicted in Figure 8. Otherwise, y;, lies
on the counterclockwise arc from ;, to w, and the boundary conditions are given by A — ¢;,)x on
the (clockwise) arc from Z,, to w, by A — @)X — 2mx on the arc from w to g, and by —\ — ;) x
on the arc from y, to Z,,. We emphasize that these boundary conditions are correct only up to an
integer multiple 2wk, with k,, € Z, coming from the chosen branch of arg f/,. The quantity k,, is
global in the sense that it is constant on D, but it may change in n.

Suppose we are in the case that 2* # y*. By possibly taking d > 0 to be smaller, we can also
assume that dist(w, {Z,,, Yu., Ta,:Yr, }) > d and that dist(Zy,,, {Z,,,Yr, }) > d for all n sufficiently
large. Then the boundary conditions (up to a multiple of 27x) of H)\n on B(T),,d) N 0D are given
by A — #;,)X (resp. —A — ¢;(x,)x) on the left? (resp. right) side of Z,. If Yu, € B(Zy,,d)NOD
then the boundary conditions (up to a multiple of 27x) of H“n on B(Zy,,d) N oD are given by
either —A — ¢, )x + 27rx to the left of y,, and A — ¢;,,)x to its right, or by —XA — ¢;(,,,,)x to the
left of ¥, and )\ Bj(un)X — 27X to its right (note that since we are only specifying the boundary
conditions up to multiples of 27y, these two possibilities are effectively the same). If 3, is not on
this arc, then the boundary values of f]\“n are constant on B(Z,,d)NOD and are given by one of the
four values just listed. Since @), @j(n) —> 0, we can assume A1, 11 are large enough that all of the
angles d;i(x,)s Pj(an)s Piun)» Pi(un) lie in (0 — A, 0 + Af) for some small Af > 0. In any of the cases
where we have constant boundary values, it can be checked that there must always be some arc I,
of B(xy,,d) N oD of f length at least d/2 on which the absolute value of the difference between the
boundary values of h un and [] A, 18 at least min(27y, 2A) — 2yA#f. In the case where the boundary
values change, by checking various cases we see that there must be an arc I,, of B(z,,,d) N 9D of
length at least d/2 on which the absolute value of the difference between the boundary values is
at least min(A, my) — 2A60x. These differences are at least x for a small enough choice of Af. We
note that in determining the difference in boundary conditions above, we have accounted for the
fact that the boundary conditions of EAMHA” have been described only up to multiples of 27y, and
that the above statements are true even if we alter f]\,\n - Hﬂn by 2nAKx for some AK € Z. In
particular, these statements are true for the actual values of G)\n and Eum not just for a particular
(possibly incorrect) choice of multiple of 27y.

INote that b, is defined on D, not H, so (D, b,) and (D, b ) are not the same imaginary surface in the sense of
[25]. We introduce bn because its boundary conditions are simpler than those of hn
2By the left side of Z,, we mean the arc of 9D N B(Z,, d) on the clockwise side of Z,.
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Fix § € (0,d/8), let a,, be the midpoint of the above arc I,,, and let b,, be the point on the segment
[0, a,] such that |a, — b,| = d. It follows that in every case we have that the absolute value of the
difference of the boundary values on B(a,,d/8) N D between /b\#n and Ekn is at least x > 0 for
all n sufficiently large. The Beurling estimate implies that there exists a universal constant C' so
that the probability that a Brownian motion starting from b, exits D in C\ B(ay,d/8) is at most
C(86/d)'/?. Also, there exists M < oo depending only on s and 6 so that |]En||C>C> < M for all n. It
follows that

10,00 (Bn) — D, (b)| = x — MC(86/d)"/? > g >0

for all n sufficiently large if we choose § such that MC(86/d)'/? < x/2. But this is a contradiction
since
sup ‘/b\un (2) — HAn(Z)‘ — 0 asn — oco.
2€B(0,1-6)
In the case that z# # y* an analogous argument gives a contradiction.

Next, we assume that z* = y* and z* = y*. Then, either Yx, lies in the counterclockwise arc of
0D from z, to z,, for infinitely many values of n or gy, lies in the clockwise arc of 0D from ',
to z,,, for infinitely many values of n. Suppose that the former case holds. Then, we can assume
that y,, lies in the counterclockwise arc of 0D from z), to z,, for all n. Let d > 0 be such that
|lz* — x#| > d and dist(w, {z*, 2#}) > d. There exists ng so that [Ty, — 9z, | < d/100, [T, — Yu,| <
d/100,|Z,, — 2| < d/lOO and |Z,, — 2" < d/100, for all n > ny. The boundary conditions (up
to a multiple of 27y) of h)\n on B(z,d/2) are given by \ — ®j(x,)X on the left side of ), and by
A= djx,)X — 2mx on the right side of y),. The boundary conditions of h u, are constant in this
region, so there must exist an arc of 9D of length at least d/4 on which the difference between the
boundary values of 6,\n and Hﬂn is at least x for all n > ng, yielding a contradiction as before. If
Ux, lies in the clockwise arc of 0D from z, to z,, for infinitely many values of n, then a similar
argument leads to a contradiction. This proves the convergence of (z,,).

Now we prove the convergence of (yp) to a point y using Lemma 5.2. Let ¢ be as in Lemma 5.2 and
set F = ¢(F(01,62)) and F,, = ¢(F,,) for all n. Then we have that U, = ¢(U,) is the connected
component of H\ F,, containing Z = ¢(z) for all n. Moreover, we have that ¢(y,) (resp. ¢(zy)) is
the opening (resp. closing) point of (7 Let ¢, be the conformal transformation mapping ﬁn onto D
such that &, (2) = 0 and @, (%) > 0 and note that @, = e~ 22816 ¢~ 1\~ Combing Lemma 5.2
with the a.s. convergence of (z,,) above, we obtain that the sequence ((pn(qb(yn))) converges to some
point on 0D. But since @, (¢(yn)) = _21 arg(2)7; it follows that (7,) converges a.s.

Step 3. Identifying the boundary conditions of h. We define x = z(U) = ¢~ 1(z),y = y(U) = ¢~ (1),
both of which are defined as prime ends in OU. Suppose first that  # ¥ so that z(U) and y(U)
are distinct prime ends in OU. In this case, by considering Hn (0), we see that the correct branch
of arg(fn)’ is eventually the same for all sufficiently large n, in the sense that the limit arg(fn)’ (2)
exists for all z € D and does not depend on z (if this were not the case, Hn would not converge
locally uniformly). Note that arg(ﬁl)’ (mod 2my) is actually determined only by ¥, (the point
mapped to 00), and not on z,, or indeed on the 1mphc1t scale factor present in the choice of fn Then
we can identify f) (using the exphclt descriptions of hn) as the harmonic function with boundary

conditions given by A — 0y — y arg f’ on the clockwise arc from = to y, and by —\ — 0y — x arg f’ on
the counterclockwise arc, where f: D — H is a conformal map with f(Z) = 0, f(§) = co (compare
to Figure 8). The corresponding boundary conditions for b are given by A — @y — x arg f’ on the
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counterclockwise arc from x to y, and by —\ — 0y — y arg f’ on the clockwise arc, where f = fo %
is a conformal map sending = to 0 and y to co. The correct branch of arg f’ here is determined
by the branches of arg f) (via arg(ﬁl)’ ), and is measurable with respect to the flow lines 7y, ..., 7,
but not with respect to U on its own.

It remains then to prove the result when & = 3. The issue that can arise here is if, as z,, and ¥,
converge to =, the side of x,, that ¥, lies on changes at arbitrarily high values of n. Away from
any small region around z, for sufficiently large n the boundary conditions of En (up to a multiple
of 2mx) are given by A — ¢ x — Xarg(fn)’ (resp. —A — dim)X — Xarg(fn)') if 7, is to the left
(resp. right) of z,,. Since Hn converges locally uniformly as n — oo, we would like to conclude that
Yn must eventually always lie on the same side of Z,. However, since the boundary values of Hn
are given by the above only up to a multiple of 27y which may depend on n, it is actually not
possible to do so at this stage. In particular, suppose ¥, lies to the left of x,, and ¥, lies to the
right of ,, (for large enough n that these points are very close to ¥ and that ¢;(,), j(n)s Pi(m)> Pj(m)
are close to ). Then, at any point of 0D far away from z, the difference Hn — Em is given by
2X = (Dj(n) — Pim))X — X(arg(ﬁl)’ — arg(fm)’). The final term here is of the form 27 AKx where
AK = —(arg(fn)’ - arg(fm)’) € Z, and in particular may not be 0. If 2\ + 27 A Ky is bounded away
from 0 for all AK € Z, then for large enough n,m (so that the difference in angles is small) we can
obtain a contradiction to the locally uniform convergence of En using similar methods to Step 2.
However, for k = 2,3 and more generally Kk = 4—2/AK for AK € N, we have 2\+27AKyx = 0, and
that we cannot rule out at the present that the side of z,, that g, lies on may change at arbitrarily
high values of n (however, in Lemma 5.13 we will actually show that a.s. = # g, so this whole case
never actually occurs).

We will now identify the boundary conditions of H and b in the case ¥ = y. Fix v € 9D with
v # z and suppose in the following that n is large enough that z,,y, € B(z,dist(z,v)/2). Define
g: D — H to be a conformal map sending v to 0 and ¥, to co. Up to a choice of branch, arg(g,)’
does not depend on v and in fact, arg(g,) = arg(fn)’ on 0D\ {yn}. Suppose now that g, lies to the
left of x,, for all sufficiently large n. Then from the locally uniform convergence of Hn, the branch of
arg(f,) must eventually stabilize in the sense that lim,_,eo arg(fn) (2) exists for all z € D and does
not depend on z. If the branch of arg(g,) is chosen such that arg(g,) = arg(f,)’ on D \ {Jn},
then we have that arg(g,)" — arg(g)’ where g: D — H is a conformal map sending v to 0 and ¥ to
0o. Therefore, the boundary conditions of H are given by —\ — 0x — yarg(g)’ on all of D \ {y}
where the branch of the argument is chosen depending on the branches of arg(g,)’. It follows that
the boundary conditions of b on QU are given by —\ — 0y — yargg’, where g = g o ¢. Note that
these boundary conditions are actually unchanged if we replace g by any conformal map g;: U - H
which sends y to co. Similarly, in the case where ¥, eventually always lies to the right of z,, we can
conclude that the boundary conditions of b are given by A — 0y — yarg ¢, where g is defined as
before.

It remains finally to identify H and b in the case that the cyclic order of Z,,¥y,,v changes for
arbitrarily high values of n, where v is defined as above. Let g,, g and g be as above, and note that
if we restrict to the subsequence (R,,) of integers where yg, lies to the right of Zg, for all n, then, by
the locally uniform convergence of En, the branch of arg(fRn)’ must again stabilize, meaning we have
arg(gr, ) — arg(g)’ for the correct choices of branches of the argument as in the previous case. We
conclude again that the boundary conditions of b are given by A — 0y — xarg(g)’ on D \ {y}, and
hence that the boundary conditions of § are given by A — 0y — xyarg ¢’ on OU. Note that we could
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have instead determined the boundary conditions of H and b using the subsequence (L,,) where yz,,
lies to the left of Z7, . The resulting boundary conditions for b are then given by —\ —6x — x arg; ¢/,
where the branch of arg, ¢’ is chosen in such a way that these boundary conditions are the same
as those given by —\ — 6y — yarg; ¢ on 9U. We emphasize that the branches arg ¢’ and arg, ¢’
must differ by 2\ since hg, and bz, must converge locally uniformly to the same harmonic function,
ensuring that we do not have an issue in this pathological case. Therefore we have identified the
boundary conditions of § in every case, completing the proof of the lemma. O

We emphasize that in Lemma 5.7 we have not shown that x(U),y(U) € 9U are distinct so that U
has two non-degenerate boundary arcs. The first step in showing this is the following lemma. We
will make use of the following notation. Let v: [0,1] — H be a simple curve with «(0) € (—o0,0),
(1) € (0,00), and v(t) € H for each ¢t € (0,1). Let F(01, 62;7) be the closure of the union of the
flow lines of h from 0 to oo with rational angles in [0, 2] and stopped upon first hitting ~. This is
a local set by Lemma A.2. Let h be a distribution on H which is harmonic in H\ F(61, 62;v) so
that we can write h = h® + h where given F., = o (b, F(61,02;7)) we have that k" is a GFF with
zero boundary conditions in H \ F(61, 62;). The next lemma describes the boundary conditions of
h when restricted to the bounded connected components of H \ (F(61,62;+) U~) whose boundaries
intersect 7.

Lemma 5.8. Suppose that we have the setup described just above. Suppose that V is a bounded
connected component of H\ (F(61,02;v) U~v) with OV NF(0y,602;7) # 0. We will view OV as a
collection of prime ends in V. Then there exists z(V) € OV and §(V) € R so that the boundary
conditions for the conditional law of h given F-, on OV NF(61,02;) are given by the right (resp. left)
side of a flow line of angle O(V') starting from z(V') and going in the clockwise (resp. counterclockwise)
direction until hitting .

In this case, by flow line boundary conditions, we mean that the boundary conditions for h given
F are —\ — Ox — x arg 1)’ on the arc of G from z(V) to z, and A — Ox — x argy’ on the arc of G
from z(V') to y, where ¥, z are the prime ends at y and z respectively obtained by approaching y
or z from the unbounded component of H \ v, and where the branch of arg)’ is chosen such that
lim,_,o arg v’ (z) = 0. Here, G is the unbounded connected component of H \ F(6;,62) and y (resp.
z) is the leftmost (resp. rightmost) point on v N AV lying to the left (resp. right) of v(¢) (see also
Figures 9 and 10).

Proof. Step 1. Overview and setup. Let t € (0,1) N Q be fixed and note that v(¢) ¢ F(601,62;7) a.s.
We work on this event and let V' be the bounded connected component of H\ F (6, 62;+) which has
v(t) on its boundary. We will prove the claim of the lemma for this component V. Let (¢,,) be the
fixed enumeration of (Q N [61,602]) U {61,602} from Lemma 5.7 and for each n € N, 1 < j < n, we let
7n; be the flow line of A from 0 to co with angle ¢;, stopped at the first time that it hits . We then
set Fp,(01,02;7) = Ui_m;. Let also ¢y, be the conformal transformation mapping the unbounded
connected component G, of H\ F,,(01,62;v) onto H so that 1, (v(t)) = ¢ and ¢, (c0) = co. Note
that F,, (01, 02; ) converges in the Hausdorff sense to F (61, 62;7) as n — oo, and G, converges in the
Caratheodory kernel sense to G, where G is the unbounded connected component of H\ F(61, 02; 7).
Also, for each n € N, we have that F,,(61,602;7) is a local set for h and so h = hY + b,,, where h
is a zero boundary GFF on H \ F,,(01,02;v) and b,, is harmonic on H \ F,, (01, 62;~). Similarly,
Lemma A.2 implies that F (1, 62;7) is a local set for h and so we have that h = h" 4+ b, where R is a
zero boundary GFF on H \ F (61, 62;~) and b is harmonic on H \ F(61,02; ). Since (F, (01, 62;7))n
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A= XBj(n) — xAIEYy, —A = XPin) — xarg Yy,
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FIGURE 9. On the left we depict the setup described in Lemma 5.8 including the
curve v and the set F(61, 02;), along with the flow lines 7;(,), 7;(,) and the points
T, Yn and z,. We show the boundary conditions of b, on the left side of Mi(n) and
the right side of 7;(,). The conformal map 1, maps G, the unbounded connected
component of H\F,, (61, 02;), onto H. On the right we show the boundary conditions
of En on [Yn, Tp] and [T, z,]. We use a harmonic measure argument to show that
(n) and (Z,) converge, and use the local uniform convergence of (h,) to show the
convergence of (T,) and identify the boundary conditions of b.

is an increasing sequence of local sets, it follows from [25, Proposition 6.5] that b, — b locally
uniformly as n — oo a.s. Moreover, we have that 1,, — 1 locally uniformly as n — oo a.s., where
¢ is the conformal transformation mapping G onto H such that ¢ (v(t)) = ¢ and ¢ (c0) = 0.

\NNG set h” =ho 7/}1;1 - Xarg(iﬁﬁl)', bn = bn o Q;Z)q;l - Xarg&br:l),a h =ho ¢_1 - Xarg(w_l)lv and
h=hoy ' —xarg(y~).

Let V,, be the bounded connected component of H \ (F, (601, 62;v) U~) whose boundary contains
7(t). Then, there exist unique 1 <i(n),j(n) < n so that ¢, is the maximal angle among (¢ )r<n
for which 7, first hits 7 to the right of (t), and ¢;(,) is the minimal angle with 7;(,) hitting v to
the left of (t) (see Figure 9). Note that since g, := Ry and ng, = R_, we have n; = [0,v(1)] and
n2 = [7(0),0]. In particular, i(n), j(n) are well-defined for n > 2 and, as in Lemma 5.7, a.s. for large
enough n we will have that 74, ;@) are actual flow lines (and not segments of R). Then 9V,
consists of the following three arcs. The first arc is a clockwise arc of 7;(,) from x, to y, (where z,
is the last intersection point between 7,y and 7;(,) before hitting v for the first time and yj, is the
first point of v that n;(,) hits), the second arc is a counterclockwise arc of 7,y from x,, to 2, (where
2y is the first point of v that 7;(,) hits), and the third arc is the clockwise arc of v connecting yy, to
zp. Arguing as in Lemma 5.7 we can show that (¢;(,)) and (¢;(,)) converge to a common limit 6,
which we refer to as 8(V') = (v, t). Furthermore, by definition y,1 lies on the arc of v from y, to
~(t) (often we have y, = yn+1) so y := lim,, y,, must exist and lie on . Analogously we can define
z = limy, z,. In Step 2, we will show that the sequences (¢, (2)), (¥n(yn)), and (1, (2,)) converge
to points Z,y, and z on R respectively, using the local uniform convergence of b,, to h. Then, using
this, in Step 3 we will identify the boundary conditions of h and hence prove the lemma.

Step 2. C’om)ergence Ofwn(xn)v ¢n(yn)z and ¢n(zn) Set gn = wn(fpn)a gn = wn(yn)a and gn = wn(zn)v
for each n € N. We will show that a.s. there exist Z,y,2 € R so that , > 7, y, >y and z, — 2z
as n — oo. First, we will show the a.s. convergence of (y,) and (z,). Let p, (resp. g,) be the
harmonic measure in Gy, as seen from 7(¢) of the clockwise (resp. counterclockwise) arc of G,
from y,, (resp. z,) to oo. Then it suffices to show that both (p,) and (g,) converge as n — oo. Fix
€ > 0. Then, a.s. there exists ng € IN such that for all n > ng, we have that the probability that
a Brownian motion B starting from 7(¢) exits Gy, on the arc of dG,, from y, to y,, (i.e. B exits
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G, either by hitting the left side of 7;(,), the right side of 7;(,), or either side of a flow line
where k < n and ¢j(,) < ¢x < Pj(n,)) is at most e. For n > m > ng, we claim that the probability
that B exits G, on the clockwise arc of 0G,, from y,, to co and does not exit G, on the clockwise
arc of 0G,, from y,, to co is at most € if we take n and m sufficiently large. Indeed, this follows
because the Hausdorff distance (with respect to the spherical metric) between F,, (61, 62;7) and
F,.(01,02;7) tends to 0 as n,m — oo and so if the Brownian motion exits G,, on the clockwise arc of
0G,, from y,, to oo, but does not exit dG,, on the clockwise arc from y,, to co then it will have to
travel macroscopic distance without hitting the clockwise arc of 0G,, from y,, to co. But the latter
probability can be made arbitrarily small by the Beurling estimate. It follows that p, < p,, + 2¢ for
all n > m > ng, and so limsup,, .. Pn < 2€ + lim inf,,_, o pn. Since € > 0 was arbitrary, we obtain
that (p,) converges a.s. and a similar argument shows the a.s. convergence of (g, ). This shows the
a.s. convergence of (7, ) and (2,), and let g,z be their limits respectively.

Let ¥ be the unique prime end of G corresponding to approaching the point y from the unbounded
component of H \ 7. We now show that 4 = ¢~ (%) by an argument similar to the above. Let p be
the probability that a Brownian motion B started from 7(¢) exits G on the arc of G from ¥y to
—o0. Fix € > 0 and n > ng with ng large enough that the probability that B exits G on the arc of
OG from ¥ to (the prime end corresponding to) vy, is at most e. Then the probability that B exits
G on the arc from y,, to —oo and does not exit G, on the arc from y,, to —oo is at most € for n
large enough by the Beurling estimate, as before, since F,, (61, 62;v) — F(61,02;~) in the Hausdorff
sense. Similarly, the probability that B exits G on the arc from y to +oco and that B does not
exit G, on the arc from y, to +00 is at most € for large enough n. Therefore, we conclude that
limy, 00 P — 2€ < p < limy, o0 Pn + 2€, which holds for all € > 0. Therefore p = lim,,_,o p, and
¥~ 1(y) = . Similarly we can show that 1 ~!(Z) = Z, where Z is the prime end corresponding to z.

Next, we show the convergence of (z,). We let w; = (1) + 1 and ws = 7(0) — 1. Then,
a.s. there exists p > 0 so that for all n € N, the harmonic measure of each of the intervals
(=00, Yn(w2)], (n(w2), Yn(xn)], (Vn(zn), Yn(wi)], and (1, (w1),00) in H as seen from i is at least
p. Thus there exists M > 0 depending only on p so that —M < i, (w2) < ¥, (w1) < M for all
n. Suppose that (Z,) is not convergent. Then there exist subsequences (z,, ), (),) and points
M, 2 € R, and ¢y > 0 so that Ty, — o Ty, — x?
We can also assume that z,, < Z,, and [Z, — €y, Zn, + €0] C [ (w2), Yn(w1)] for all n. Note that
Un < I < Zp for all n, and so since y,, — ¥ and z, — Z as n — 00, a.s. there exists ng € N so that
[@n,bn] C [T, Zun] N [Ur,, Ta,] for all n > ng, where a, = 2, + €9/3 and b, = T, + 2¢9/3. Then

as n — oo, and |T,, — Ty,| > €, for all n.

the boundary values of b, (resp. hy,) on [an, b,] are given by —A— ()X (resp. A—¢;(x,)X)- Since
bi(n) and ¢;(,,) both converge to 6, by possibly taking ng to be larger we can assume that there exists
dg > 0 depending only on A and x such that the absolute value of the difference of the boundary values
of Hﬂn and by, on [an, by] is at least . Fix & € (0, min{do, 9/200}) and set ¢, = (an + bp)/2 + i6.
Then ¢, € K for all n > ng, where K5 = {z € H: Im(z) > 0, Re(z) € [-M, M|]}. Since K5 C H is
compact, we have that sup,c g, |Eun(2) —H,\n (2)| = 0 as n — oo. Also, the Beurling estimate implies
that a Brownian motion starting from ¢, exits H on R\ [ay, b,] is at most < (§/¢9)'/?, where the
< 1, for all n, where the implicit

constant depends only on a,b, A, x, 61, and 03. Combining, we obtain that we can choose § > 0
sufficiently small such that sup,c g, |bu, (2) — bx, (2)| > d0/2 for all n > ng, but this contradicts the

implicit constant is universal. Moreover, we have that ||b,]co

local uniform convergence of En to E Therefore, it is a.s. the case that there exists € R such that
T, — 7 as n — oco. We define z(V) to be the prime end of G, ¥~ 1(Z).
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Step 8. Conclusion of the proof. Note that the boundary values of B., on [Un, Tn) (resp. [Tn,Z2n]) are
given by A — @)X (resp. —A — ¢;(»)x) and so since En — E locally uniformly and Z,, — 7, ¥, — v,
and %, — % as n — 0o, we obtain that the boundary values of b on [, 7] (resp. [Z,Z]) are given by
A — Ox (resp. —A — 0x). Note that either (but not both) of the intervals [y, Z] and [, Z] may be a
single point. Since E =hor ! — yarg(y)"!), we can identify the boundary conditions OfE on the
(possibly degenerate) arcs of 0G (viewed as a set of prime ends) from y to z(V), and from z(V) to
z and see that they are exactly the boundary conditions of the right and left sides of a flow line of
angle 6.

We have now shown that for a fixed curve v and ¢ € [0, 1], on the almost sure event that (t) ¢
F (61, 602;7), that the boundary conditions of h on the arc of G from ¥ to z(V') (resp. from z(V') to
Z) are given by those of the right (resp. left) side of a flow line of angle §(V'). Since for every bounded
connected component V' of H \ (F(61,62;v) U~) there exists ¢ € [0,1] N Q with v(¢) € OV N, the
lemma statement follows. Finally we remark that if z(V) is in the bounded component of H \ v,
then z(V),y and z are distinct prime ends on 9G. O

Fix t € (0,1) and suppose that we have the setup of the statement of Lemma 5.8. We let 6 be the
angle associated with the connected component V' containing ~(¢) on its boundary. Let

F(t;7) = Ngy<o<po F (01, P2;7)-

?1,02€Q

In Lemma 5.9, we will show that F(¢;+) is a local set for h, and then in Lemma 5.10, we will identify
the boundary conditions of the field g\ ps:y)-

Lemma 5.9. Suppose that we have the setup described just above and t € (0,1) is fized. Then
F(t;v) is a local set for h.

Proof. To prove the claim of the lemma , we will use [38, Lemma 3.9]. Suppose that (¢,,) is the
enumeration of (Q N [61,62]) N {61,602} as before. For each j, we let n; be the flow line of h from
0 to oo in H with angle ¢;, stopped upon hitting . For each n, we let F,(t;y) be given by
F((bi(n), <Z>j(n);’y) where ¢;(,), ¢j(n) are, as in Lemma 5.8, the angles of the two flow lines among
those with angles in ¢1, ..., ¢, which make up the right and left boundaries respectively of the
bounded connected component of H\ (yUn; U---Un,) whose boundary contains y(t). In other
words, the boundary of the bounded connected component of H\ (yUn; U---Un,) with v(¢) on its
boundary consists of a segment of v, 7;(,), and 7;(,). See Figure 10 for a partial representation of
F, (t;7v). Note that F(¢,7) = N,F,(t;7). Since (F,(¢;))n is a countable and decreasing sequence
of closed sets which are determined by the field, by combining with Lemma A.1, we obtain that it
suffices to show that Fy,(¢;) is a local set for the field for each n. Fix an open set U C H. We need
to show that the event that F,,(t;v) N U # 0 is conditionally independent of the projection of the
field onto the functions which are supported in U given the projection onto those functions which
are harmonic in U. Let V,, be the bounded connected component of H\ (yUn U---Uny) with ()
on its boundary. Then there exist 1 < i(n),j(n) < n so that 9V, can be written as the union of a
segment of v as well as segments of 7;,,) and 7;(,).

We claim that 7;(,,) Un;(n) is local for h. Upon proving this, it will follow that F,,(¢;~) is local for A
since F,,(t;~y) is given by the closure of the union of the flow lines of the conditioned GFF given
Ni(n) U Mj(n) With rational angles in [¢;(n), @j(n)], stopped at the first time that they hit . To see
that 7;(,) Unj(,) is local, for each j, we let 77; be the flow line of h from 0 to oo in H stopped upon
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either first hitting v or U. Let Vj, be the bounded connected component of H \(yUmU---Unp)
with y(t) on its boundary. Then we have that (1;,) Unjmy) NU # 0 if and only if dV,, does not
consist of part of v and parts of 7;,n; so that ¢;, ¢; are consecutive numbers in the enumeration
(#m). Hence we obtain that the event {(n;(,,) Unjn)) NU # 0} is determined by 71,--- ,7,. But
the latter collection of curves is determined by the projection of h onto the functions which are
harmonic in U. It follows that {(n;n) Unjmy) NU # 0} is a.s. determined by the projection of h
onto the space of harmonic functions in U and so [38, Lemma 3.9] implies that 1;.,,) U n;(,) is local
for h. This proves the claim hence the lemma. ]

Lemma 5.10. Let QZ be the unique conformal transformation from the unbounded connected
component of H\ F(t;) onto H which fixes co and sends y(t) to i. On the event that z(V') is in
the bounded connected component of H \ vy, there exist x1 < x9 < x3 < x4 < x5 so that the field
ho {b\_l — X&I‘g(lz;_l), has boundary conditions given by:

—a in (—oo,x1], —A—0x in (r1,x2], A—0x in (x2,z3]

—A—0x in (x3,z4], A—60x in (x4,25], b in (x5 00).

Proof. Suppose that we have the setup of the proof of Lemma 5.9. For each n € N, we let G, be
the unbounded connected component of H \ F,,(¢;) and let zzn be the conformal transformation
mapping G, onto H such that 121\”( (t)) =i and wn( ) = co. Similarly, we let G be the unbounded
connected component of H\ F(t ~) and let ¢ be the conformal transformation mapping G onto
H such that 1(y(t)) = i and $(c0) = co. Then we have that U — 1 locally uniformly as n — oo
a.s. We let hO be a zero boundary GFF on G and let hn be a harmonic function on G such that
hlg = hg +B,. Also, since F(t;7) is a local set for h (Lemma 5.9), we can write h|z = n° + b,

where h0 (resp. E) is a zero boundary GFF (resp. harmonic function) in G. We define Ni(n)s Mj(n)s #n
and ¥, as in Lemma 5.8, and as before let y = lim,, y,,, 2 = lim,, =, with 7, Z. We have assumed that
the prime end z(V) € 9V is in the bounded connected component of H \ v. Let u, (resp. vy,) be
the rightmost (resp. leftmost) point on Ry N7y, (resp. R— N nj(,)). Let 27 and x% be the images
of v, and wu, under 121\”, let o3, ) be the images of (the unique prime ends corresponding to) yn, zn,
let y3, vy be the images of ¥,z and finally let 2% be the image of z(V'). See Figure 10 for a partial
representation of this setup.

Let J, (resp. I,,) be the clockwise (resp. counterclockwise) arc of v from vy, to y (resp. from z,
to z), and let p, (resp. ) be the probability that a Brownian motion starting from ~(¢) hits I,
(resp. Jp) before exiting @n Since y, — y and z, — z as n — 00 a.s., we obtain that p,, — 0 and
dn — 0 as n — oo a.s. Let p, (resp. g,) be the harmonic measure of the left (resp. right) side of
Nj(n) (T€SP. Mj(y)) N G, as seen from ~(t). Next we claim that the sequences (p,) and (g,) converge
a.s. Indeed, fix € > 0. Then, there exists ng € N such that p, + ¢, < € for all n > ng. By possibly
taking ng to be larger, we can assume that the Hausdorff distance with respect to the Euclidean
metric between 1;(,) and 1) (resp. 7, and 7;,)) stopped upon first hitting v is at most e,
for all n,m > ng. Moreover, there a.s. exists § > 0 such that the distance between the clockwise
arc of v connecting z to Ry and the counterclockwise arc of v from y to R_ is at least §. Fix
m > n > ng. Then, the Beurling estimate implies that the probability that a Brownian motion
starting from ~(¢) hits the right side of 7.,y and then exits G on the left side of Nj(m) is at most
< (¢/6)'/?, where the implicit constant is universal. Also, if the Brownian motion exits Gm on
the left side of 7;(,,) without hitting I, U J,, or the right side of n;(,), we have that it exits G,, on
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A= X0 — yarg ¥y,
—A = XBj(n) — xATGY), —A—x0 - xarg ¥,
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FIGURE 10. Left. This is a schematic depiction of Fy,(t;). Here, 1), Nj(n); Tn
and y, are as in Figure 9. We also include y = lim,, y,, 2 = lim,, 2,, and the prime
end z(V) € 0V. Fy(t;7) is contained in the (closed) shaded region. We do not
try to depict it since our information about its precise behavior is limited at this
point. We emphasize that we do not know how complicated its boundary is in the
region near y, z and z (the light blue line), and that we have not yet shown that this
boundary is a simple curve. We include also some of the boundary conditions of En.
Right. 1, is a conformal map from the unbounded component of H \ F,(t;v) to H
sending ~y(¢) to i and fixing co. We identify the points =7, %, y%, 2%, vy, =} and =P
as the images of the seven points (more precisely, prime ends) vy, Yn, Y, T, 2, 2, and
u, (defined in the proof of Lemma 5.10). We include the boundary conditions of
Hn o {p\; Ty arg(zer 1Y, The boundary conditions on intervals marked ** may change,
but are uniformly bounded in n. The convergence of the points z7 and yj' allows us

to determine the boundary conditions of the limiting harmonic functlon h o 1/) 1
xarg($t.

the left side of n;(,). It follows that p, < p, + e+ C(e/8)Y/? for all m > n > ng, where C' < oo
is a universal constant, which implies that limsup,, ,. Pm < pn + € + C(e/8)/2 for all n < ng
and so limsup,,, .. pm < liminf,, oo pp + € + C(e/5)/2. Since € > 0 was arbitrary, we obtain that
there exists p > 0 such that p, — p as n — oo. Similarly, there exists ¢ > 0 such that ¢, — ¢ as
n — o0o. Furthermore, the harmonic measures of R_ N 8én, RN Bén, and the clockwise (resp.
counterclockwise) arc of 9V from z(V') to y (resp. 2), all converge as n — oo a.s., since they are
increasing functions in n.

The results of the previous paragraph imply that there a.s. exist 1 < 22 < z3 < x4 < x5 such
that 2 — z; asn — oo for all 1 < j <5 and that y} — z; for j = 2,4. We note that on the
event that z(V) is in the bounded connected component of H \ 7, we have that z2 < 23 < z4.
Also, by a harmonic measure argument similar to the one in Lemma 5.8, we can identify qp Yxe)
(resp. - L(x4)) with the (unique) prime end of 8@ corresponding to y (resp. z). Using Lemma 5.8
and [25, Lemma 3.8] we can explicitly describe the boundary conditions of the harmonic functions
bn ot — yarg(i; 1) (except on the intervals [27,y5] and [y7, 27], but by applying Lemma 5.8
to a dense set of points on 7, we know the boundary conditions on these intervals are bounded
uniformly in n). These boundary conditions are depicted in Figure 10. Finally, since z — x; for
each j and yj' — x; for j = 2,4, it follows that these harmonic functions converge locally uniformly
as n — oo to the harmonic function on H with boundary conditions given by —a in (—oo, 2],
—A—0x in (z1, x|, A — Ox in (z2, 23], —A — Ox in (x3,24], A — Ox in (x4, 25], and b in (x5, 00) (on
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FIGURE 11. The flow lines 12 and 74 are defined as in Lemma 5.11 and merge before
either of them merge with V. The dashed line 7} is an alternate realization of 7y in
the case where 75 merges with V. In either case, v(¢) may or may not be contained
in U, but oU \ 0V will always be contained in 7 U 1.

the event that z(V) lies in the bounded connected component of H \ 7). On the other hand, we
have that hn o T/Jn — Xarg(wn ) converges locally uniformly to b o w I Xarg(w Y asn — oo
a.s. Combining, we obtain that h o ¢ Ly arg(w 1Y has the required boundary conditions and so
this completes the proof of the lemma. O

Next, we assume that we have the setup of Lemma 5.8. Then, we will show in the following lemma
that there exists a connected component U of H \ F(6;, 62) which agrees with 0V near z(V'). This
will imply that x(U) # y(U) and so the two boundary arcs of OU described in Lemma 5.7 are
non-degenerate. We also show that U \ 0V is contained in flow lines of a conditional field. We
remark that U may not contain ~y(t). Figure 11 depicts F(¢;+) and these conditional flow lines.

Lemma 5.11. Suppose that V is a bounded connected component of H \ (F(01,62;7) U~y) with
IV NF(61,02;v) # 0 as in Lemma 5.8, and that z(V') in the bounded connected component of H \ .

(i) There exists a unique connected component U of H\ F(01,02) so that OU agrees with OV N
F(01,09;v) near z(V).
(ii) We have that OU \ OV is contained in the union of the flow lines of angle 6 starting from the
two prime ends corresponding to xo and x4 from Lemma 5.10 in H\ F(t;7).
(11i) We have that x(U) # y(U).

Proof. We begin by proving (i) and (ii). Let g (vesp. n4) be the flow line of g\ p(,y) of angle 6 start-
ing from 12)\_1(562) (resp. 12_1(334)). Then we have that 7 has the law of an SLE,(p%; pbTt, p2E, p3 1)
process in the unbounded connected component G of H \ F(¢;7) with the force points located at
(1), (23), 0 (24), and 1p ! (x5) respectively, where
a—0 b+6
X’ pPR= 9 p2R_o  pBR_ 14 X

A A
Similarly, we have that ny has the law of an SLE,(p>%, p>L, pb-L: pf) process in é with the force
points located at o ~'(x1),¢ 1 (z2),¢ " (x3), and )~ (x5) respectively, and pff = p3F pLl =
—2,p>l =2

y P -
Lemma 15] that 7y (resp. n4) does not hit the clockwise (resp. counterclockw1se) arc of OV from
2(V) to =1 (xg) (resp. 1~ 1(z4)) except for at its starting point. Moreover, either 72 merges with
the counterclockwise arc of 9V from z(V') to v or it merges with 7. Similarly, either 74 merges

pl=—1+

, and p>* = pF. It follows from the proofs of [29, Lemma 2.1, Theorem 3.1] and [5,
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with the clockwise arc of OV from z(V') to v or it merges with 7y. If 1y and 74 merge before either
of them merges with 0V, we have that both of them do not intersect 0V except for their starting
points. Some of these possibilities are shown in Figure 11. Let U be the connected component
of H\ (F(¢;v) Un2 Uns) whose boundary contains z(V'). In any of these cases, neither 7y nor n4
can hit OV at z(V), meaning that U agrees with &V near z(V). Next we will prove that U is a
connected component of H \ F (61, 6,) which agrees with V near z(V), and that the boundary of U
excluding OV is contained in 13 U n4, thus proving (i) and (ii).

We will first show that F(61,65) N U = 0 a.s. This will imply that U C U for some connected
component U of H\F (61, 602). Suppose that 12 merges with the counterclockwise arc of OV from z(V')
to . Then AU consists of part of V and the part of 5 up until it merges with the counterclockwise
arc of OV from z(V') to 7. Then the flow line interaction rules imply that for all ¢ € Q N[0, 6],
we have that the flow line of h of angle ¢ does not cross 7y from left to right and so it does not
enter U. We note that the flow line of h with angle # (in the unbounded component of H \ F(t;7))
can be sampled by first sampling F(¢;7) and then sampling the flow line of angle 6 of the field
ho 12_1 — X a,rg(@g_l)’ introduced in Lemma 5.10. This follows from the martingale characterization
in [25, Theorem 2.4] and is similar to the argument in, for example, [25, Lemmas 4.7, 7.1]. Also, for
all € QN [0,0], the flow line of h with angle ¢ cannot enter U since it can only do so by crossing
12 from left to right, but then it has to exit U and it can only do so by crossing 72 again. But the
latter cannot happen and so F(6,62) N U = 0. Analogously, F(61,6,) N U = 0 if 1, merges with
the clockwise arc of 9V from z(V') to «. Finally, if 72 and 74 merge, we have that AU consists of
part of OV and the parts of 12 and 14 up until they merge. Then, for all ¢ € QN [y, 0], the ¢-angle
flow line of h cannot enter U since it can only do so by crossing 74 from right to left and the latter
cannot happen. Similarly, for all ¢ € Q N [0, 6], the ¢-angle flow line of h cannot enter U since
it can only do so by crossing 79 from left to right, and the latter cannot happen. Combining the
above observations, we obtain that Un F(61,63) = () in every case and so U C U for some connected
component U of H\ F(61,65).

To show that U = U , suppose that U # U. Then there exists w € UN(n2Un4). Suppose without loss
of generality that w € no. Then for all € > 0, using Proposition 3.1, there a.s. exists ¢ € QN [0, 6]
such that the ¢-angle flow line of h enters B(w, €). This is a contradiction since U is open and hence
there exists some € > 0 such that F(6;,6) does not intersect B(w, €), so U = U, completing the
proof of (i) and (ii).

Finally, (iii) follows from [25, Lemma 3.8] and the fact that we have explicit descriptions of the
local set boundary conditions of U and 0V from Lemmas 5.7 and 5.8. In particular, we see
that z(U) = z(V), but that y(U) cannot be equal to this prime end by comparing the boundary
conditions. O

Suppose that we have z € H fixed and let § = 0(z) be the angle corresponding to the connected
component U of H\ F(61,63) containing z as in Lemma 5.7, which exists a.s. Set

F(Z) - m(]51<9<¢>2F(¢17 ¢2)

$1,02€Q
Let P be the (countable) set of simple piecewise linear paths «: [0,1] — H with v(0) € (—00,0)NQ,
v(1) € (0,00) N Q, and ~(t) € H for each t € (0,1), and which consist of finitely many line
segments and where all intersection points of distinct line segments have rational coordinates. We
parameterize each path by arc length divided by its total arc length (so that «y is defined on [0, 1]).
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Let v be a path in P. Then, we say that U is discovered by (v,t) if U is the unique connected
component of H \ F(61,62) so that OU agrees with 0V near z(V), as in Lemma 5.11, where V is
the bounded connected component of H \ (F(61,02;v) U~) whose boundary contains v(¢). Recall
that (V) = 0(v,t) is defined in Lemma 5.8 as the infimum of angles ¢ € [0y, 03] for which 7, first
hits v to the left of v(¢). We will show in the following lemma that it is a.s. the case that every
connected component of H\ F(61,603) can be discovered using the fixed and countable collection of
paths P. In particular, combining with Lemma 5.2, this will imply that the two boundary arcs of
any connected component U of H \ F(6y,6) are non-degenerate and that OU can be represented as
parts of flow lines of a conditional GFF.

Lemma 5.12. Suppose that = € HNQ? is fived. Then a.s. there exists a pathy € P and t € [0,1]NQ
so that the connected component U of H \ F(01,62) containing z is discovered by (v,t).

Proof. Step 1. U is the connected component of H \ F(z) containing z. For ¢1 < 0 < ¢a, the
connected component of H \ F(¢1, ¢2) containing z can be seen to be equal to U, since by its
definition U is determined only by flow lines with angle in (¢1, ¢2). It follows from the definition of
F(z) that the connected component of H \ F(z) containing z is equal to U.

Step 2. Choosing a suitable curve v € P. Now, we will show that for any point z € HN Q?2, there
a.s. exist v € P and t € [0,1] N Q? such that 0(v,t) = §(U) and that U intersects the unbounded
component of H \ . We will explain how this completes the proof in Step 3.

First, we show that F(z) is equal to its left and right boundaries, in a way that we will now make
precise. Let W be the connected component of C \ F(z) containing —i. Then, W is a simply
connected set. We claim that F(z) = OW. Indeed, suppose that this does not hold. Then, there
exists w € F(z) and € > 0 such that B(w,e) € C\ W. Let Wy, (resp. Wg) be the union of the
connected components of H \ F(z) whose boundaries contain non-trivial intervals of R_ (resp. R).
There exists ¢ € Q such that ¢ # 0 and the flow line of h of angle ¢ intersects B(w,€/2). Suppose
that ¢ > 6. Then the flow line interaction rules imply that the ¢-angle flow line lies in W, and so
B(w, e/2)NW 1, # () which implies that B(w, e/2) "W # ), and that is a contradiction. Suppose that
¢ < 6. Again, the flow line interaction rules imply that 7, lies in Wx and so B(w,€/2) "W g # 0
which leads to a contradiction. It follows that F(z) = 0W.

Since W is simply connected, there exists a unique conformal map f: W — H such that f(0) =
0, f(00) = 00, and f(x) = 1, where z is the last point in the boundary of the connected component
of H\ 7, containing —1 that 7, hits. Note that f extends to a homeomorphism mapping OW onto
OH, where the points on OW are seen as prime ends. We define the left side F7, (resp. right side Fr)
of F(2) to be given by f~1([0,00)) (resp. f~'((—00,0])). By Proposition 5.5 and Remark 5.6, F(z)
and OW are locally connected, so by [33, Theorem 2.1] the map f extends to a continuous map
(with respect to the spherical metric) from W to H. It follows that the left and right boundaries FT,
and Fg are (possibly non-simple) curves, naturally parameterized by the map f. In this way, F(z)
is exactly the union of its left and right boundaries. By Step 1, QU is contained in F1, U Fr, and
since QU is locally connected, its boundary can be parameterized by a (possibly non-simple) curve
[33, Theorem 2.1].

Next, suppose we have the notation of Lemma 5.7 (see Figure 8). Since OU C F1, U Fg, at least one
of Fr, Fr intersects OU. Suppose without loss of generality (for the remainder of this step) that
Fp, intersects QU (while allowing that Fr may also do so). Let uy, be the first point at which Fp,
intersects OU and let F} be Ff, stopped the first time it hits 7. Let ug be the first point at which
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FIGURE 12. Here we depict the setup of Lemma 5.12. This figure is not meant to
represent the reality and is included mainly to explain our notation. It is (deliberately)
misleading in the sense that OU, u;, and ug cannot appear in the configuration shown.
In fact, as we will eventually show, F} and F] are equal, and u;, = ug. We choose
this layout to emphasize that we have not proven the above at this stage, and so we
have to allow for situations where we do not know the configuration of ur,ur and
ou.

Fp intersects OU, if such a point exists, and set ur = 0 otherwise. Let F}} be Fg stopped the first
time it hits ug. We claim that z lies in the unbounded connected component of C \ (F} U F}).
Indeed, suppose that z lies in a bounded component B of this set. Then there must exist a point
w € OU \ (F{ UF},), and € > 0 such that B(u,e€) is contained in B. Since u € F U Fg, it is in
W, UWg, meaning that B N (W, UWg) is not empty. But every point in Wy U W is in W, which
is an unbounded connected component of C\ F(z). Since F} U F';, C F(z), such a point cannot be
in a bounded component of C\ (F} U F}), yielding a contradiction and proving the claim. Since
F} N F} is bounded and z is in the unbounded connected component of its complement, there exists
a path v € P such that F} U F}; is in the bounded connected component of H \ v and that z is in
the unbounded component.

To complete this step we show that there exists ¢ € [0, 1] N Q such that §(v,t) = 0(U). Since OU
is locally connected, the unique conformal map g: D — U with ¢g(0) = z,4'(0) > 0 extends to a
continuous map from D — U (see [33, Theorem 2.1]), and there exists a simple path +' in U U {uy}
from uz, to z. Let v € U be the first time this path hits . Let v* be the (not necessarily simple)
curve obtained by concatenating F; and +’ which starts at 0, ends at z and hits « for the first
time at v. For each n, F(z) and hence also v* lie between 7;(,,) and 7;(,) (in the sense that they
are contained in the closure of the region between these two curves). Let z, (resp. y,) be the first
point at which ;) (resp. nj(n)) hits 7. Then v must lie on the clockwise arc of v from vy, to z,.
Let y = limy, 00 ¥, and 2’ = limy,—,o0 2. Since U is open and v € U, v must lie on the (necessarily
non-empty) clockwise arc from y to 2/, and we can choose ¢ € [0,1] N Q such that () also lies on
this arc. If ¢ > 0(U), then ¢ > ¢(,) for some n, and hence by the flow line interaction rules 7,
must hit v for the first time to the left of y,, and thus to the left of y. Analogously, if ¢ < 6(U),
then 7y hits v to the right of 2’. It follows that 6(U) = 0(,t).
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Step 3. Completing the proof. Suppose that v € P,t € [0,1] N Q, that (U) = 6(v,t) and z € U is
in the unbounded connected component of H \ . By the previous step such a pair (v, t) exists a.s.
Let V' be the unique bounded component of H \ (F (61, 602;+) U~y) with (¢) on its boundary. To
complete the proof of the lemma, we will prove that U is discovered by (v,t) a.s. By the arguments
used to prove (ii) in Lemma 5.11, the set F(z) \ F(¢;) is the union of the two flow lines, n2 and 74,
of angle § started from the prime ends 1 ~!(z2) and ¥ ~!(x4) respectively. In particular, since z is
in a bounded component of H\ F(z) and z is in the unbounded component of H \ ~, the only way
this can occur is if U is equal to the region bounded by 9V, ne and ny (or perhaps one of these flow
lines if one of them merges into V', see Figure 11). This means exactly that U is discovered by

(7, 1). O

As a consequence of Lemmas 5.12 and 5.2, we will now show that for all z € H, a.s. F(z) has the
form of a simple curve which splits into two curves which in turn merge back into a single curve.
From this we can deduce that a.s., every connected component of H \ F(6;,62) is a Jordan domain
with distinct marked boundary points. We state and prove this in the following lemma.

Lemma 5.13. Fiz z € H and let U be the connected component of H\ F(01,62) containing z. Then
F(z) is a.s. the union of a simple curve n, from 0 to z(U), two simple curves n;, and ng from
x(U) to y(U) which form, respectively, the clockwise and counterclockwise boundary arcs of OU from
z(U) to y(U), and a simple curve ny, from y(U) to oco. The curves ng,nr,nr and ny do not intersect
except at x(U) and y(U), and the boundary conditions of h given F(z) are those of the left (resp.
right) side of a flow line of angle O(U) on the left (resp. right) side of each of these curves.

Proof. The proof of this argument is effectively a bootstrapping of the argument used in Lemma 5.12,
and we will only mention here the details that we need to change. Suppose that we have v as in
Step 3 of the proof of Lemma 5.12. By Lemma 5.10 the boundary conditions of h given F(¢;~v) are
such that ny and 1y do not hit any fixed point on F'(¢;) a.s. and in particular do not hit uy, € U
a.s. As explained in the proof of Lemma 5.11 either 72 and 74 merge, or exactly one of 73 or ny
merges with V. Define y' = y/(U) to be this merging point. Now 3/ (U) # uy, a.s. so it follows that
there exists ¥ € P such that FZ () is in the bounded component of H \ 5 and that ¢’ is in the
unbounded component. If we now repeat the argument of Step 3 in Lemma 5.12, we find that in
this case the flow lines 72(7) and 74(7) a.s. do not merge with 9V (¥) and therefore must merge
together to create the pocket U (), which as before must be equal to U. This ensures that the form
of F(z) \ F(t;7y) consists of two flow lines of the same angle which merge and then go on to co. To
obtain information about the start of the flow line, we use reversibility and draw a new path 7 which
disconnects y'(U) from 0 and does not intersect §. By considering f‘(t; v'), the analogue of F(t;7)
except we look at the time reversal of the flow lines from oo to 0 until they hit 74, we can conclude
that the form of F(z)\ F() consists of two simple curves which merge together. By combining these
observations, we can deduce the structure of F(z). Finally, the form of the boundary conditions
then can be read off using Lemma 5.10 and [25, Lemma 3.8], which allows us to identify that y(U)
and y'(U) are equal, and that 2(U) = uy, = ug. O

5.3. Interaction of components in the complement of the fan. We now recall some results

from [29]. Suppose that
KT

Af
0< <7
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and let 1

p(Af) = = (A8) (2 - g) _9.

7r
Then by [29, Theorem 1.5], the Hausdorff dimension of the intersection of flow lines with angle
difference A8 is given by
1 K K
1 2-— (p+5+2) (p-% +6).

(5.1) PG p—5 Tt 6
We in particular note that the above formula determines Af. We recall also from [25, Theorem 1.5]
that 0. = wr/(4 — k) is the critical angle difference in the sense that two flow lines of angle difference
Af may intersect (without crossing) only when Af < 6.

Suppose that 7 is a flow line of a GFF which has the law of an SLE,(p) process in H from 0 to oo
with the force point located at 0 and such that p € (=2, % —2). Then it is a.s. the case that for all
0 < 1 < 22, on the event that n N [x1, 23] # 0, the Hausdorff dimension of N [x1, z2] is equal to
[29, Theorem 1.6]
1 K

(5.2) 1—E(p+2)(p+4—§>.
In particular, from the dimension we can recover p (or, equivalently, the angle of the flow line). In
the following it is worth keeping in mind that (2 — k/2)/m = x/\.

Let us now record some consequences of the above and Lemmas 5.10-5.12.

Lemma 5.14. Fiz z,w € H distinct points and let Uy (resp. Us) be the connected component of
H\ F(0,,02) containing z (resp. w). Then we have that:

(i) On the event that OU; N AUy # O and Uy # Us, we have that the left (but not the right) side of
OUy intersects the right (but not the left) side of OUs or vice-versa.
(ii) U1, OUs can only intersect if their angle difference |6(Ur) — 68(Uz)| is below the critical angle.
(11i) On the event that Uy N OUy # (0, we have that the Hausdorff dimension of 90Uy N AUz # ) is
a.s. equal to (5.1) with p = 1|0(Ur) — 0(Us)| (2 — &) — 2.
(iv) On the event that OU3 N Ry # 0 and that the right boundary of Uy does not contain any

open interval of Ry, we have that the Hausdorff dimension of OU; N Ry is equal to (5.2) with
p= -1 + b+9(U1)X
= X

Proof. Step 1. Proof of (i), (ii), and (i1i). Suppose that we are working on the event that U; # Us
and that OU; N 9Us # (. By the proofs of Lemmas 5.12 and 5.13, we know that if z € Uy, then F(z)
is a simple curve until it hits z(U7), then “splits” into two curves and traces OU;. These two curves
merge at y(Uj), after which F(z) is again a simple curve until it reaches co. Since F'(z) depends
on z only through 0; = 6(2) = 0(U,), it follows that O(U;) # 6(Uz) if Uy # Us. Therefore, we can
assume that 0(U;) > 6(Uz). Fix € > 0 small enough that |y(U;) — x(U;)| > € for j =1,2. We let v
be a simple path in H as in Lemma 5.12 such that v(s) € Uy, 7(t) € Us for some s,t € QN (0,1)
with s < ¢ and that F(y(s)) (resp. F/(7(t))) does not hit v before it hits z(U;) (resp. x(Uz)). We
also assume that OU; \ B(z(Uj;), €) is contained in the unbounded connected component of H \
for 7 = 1,2. We note that we can always choose such a path for all € > 0 sufficiently small. The
following setup is depicted in Figure 13. We let u; (resp. v1) be the point on F(s;~) which is hit
first (resp. last) by 7. Similarly, we let ug (resp. ve) be the point on F(¢;+y) which is hit first (resp.
last) by . Moreover, we let 1,, (resp. n,,) be the flow line starting from u; (resp. v1) with angle
6(Uy) of the conditional field given F(s;7). Then we have that n,, and 7,, merge upon hitting
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Y1 e ° U2

on Ny vz

9,

W
0

F1GURE 13. This figure corresponds to parts (i), (ii) and (iii) of Lemma 5.14. Since
we Know 1y, Mu, , Nug > v, are flow lines of a GFF, we can deduce that (i), (ii) and
(iii) hold on the parts of Uy, 0U; that are traced after F'(v(s)) and F(v(t)) leave
the bounded component of H \ 7, respectively. By varying v, we can prove the result
for all of 0U7, 0U>.

y(U1) and then evolve towards co. Also, it follows from Lemma 5.11 that oU; \ B(z(Uy),€) is
contained in 7,, Un,,. Similarly, we let 7,, (resp. n,,) be the flow line starting from wugy (resp. va)
with angle 6(Usy) of the conditional field given F(¢;v). Again, we have that 7,, and 7,, merge
upon hitting y(Uz) and then evolve towards co. Also, 0Us \ B(z(Uz),€) is contained in 7y, U 7y, .
Moreover, we have that (0U; \ B(z(U1),¢€)) N (U2 \ B(x(Uz),€)) C 1y, N Nuy, since the flow line
interaction rules imply that 7,, cannot cross n,, when they are both restricted to the unbounded
connected component of H\ (F(s;v) UF(¢;)). Furthermore, the flow line interaction rules imply
that [0(Uy) — 6(Usz)| < 6. and by the proof of Lemma 5.11 we have that the left (resp. right) side of
OU; contained in OU; \ B(x(Uj), €) is contained in the part of 7, (resp. 1,;) stopped at the first time
that it hits y(U;) for j = 1,2. It follows that (U \ B(x(U1),€)) N (U2 \ B(x(Uz),€)) is contained
in the intersection of the right side of dU; with the left side of OU;. Furthermore, we have that
any fixed segment of the right (resp. left) side of OU; (resp. OUz) is contained in OU; \ B(x(U), €)
(resp. OUs \ B(z(Ua2),¢€)) for all € > 0 sufficiently small, and so it follows by [29, Theorem 1.5]
that the Hausdorff dimension of (U, \ B(z(Ui),€)) N (U2 \ B(xz(Us),€)) is given by (5.1) with
p=110(Uy) — 0(U)| (2 — %) — 2. Claims (i), (ii), and (iii) then follow since we can always choose
such a path v (among a countable and fixed set of choices) for all € > 0 sufficiently small.

Step 2. Proof of (iv). Suppose that we have the setup of the previous paragraph. First, we
note that Lemma 5.10 implies that conditionally on F(s;v), the curve 7, has the law of an
SLE,(p>L, p>L, pbF; pft) process from v to oo in the unbounded connected component of H\ F(s; ),
where

PN P 9>(\U1)X7 L9 bl _9 R_ 14 b+‘9)(\U1)X7
and the force points are respectively at the leftmost point on F(s;vy)NR_, u1,2(U;7) and the rightmost
point on F'(s;y) N R4. Hence, by conformally mapping the unbounded connected component of
H \ F(s;v) onto H, in order to prove (iv), it suffices to prove that the following is true. Fix
—00 < w3 < wy < wy; < 0 and let n be an SLE,(p>%, p>&, pbL; pf)
with the force points located at ws, we, w;, and 1 respectively. Then, a.s., for all z,y € QN (1, c0)
with z < y, we have that on the event that 1 does not merge with [wy, w1] before hitting [z, y], we

process in H from 0 to oo
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have that the Hausdorff dimension of n N [z, y] is given by (5.2) with p = pf*. To prove the latter
claim, we fix z,y as above and consider sequences of stopping times (7,,) and (o,,) as follows. We
set 7 = inf{t > 0: n(t) € [x,y]}, o1 = inf{t > 71 : [n(t) — n(m1)| > 0}, and inductively we define
Tnt1 = inf{t > oy : (t) € [2,y]}, ong1 = Inf{t > 741 1 9(t) — 9(Tns1)| > 6}, where § > 0 is fixed
and such that 1 < x — d. It follows from [29, Lemma 2.7] that for all n € N, if we condition on the
event that 7, < oo, we have that the law of 7]][7”7%] is mutually absolutely continuous with respect
to the law of an SLE,(p®) process in H from 7(7,) to oo with the force point located at n(7,)"
and stopped at the first time that it exits B(n(7,),d). It then follows from [29, Theorem 1.6] that
the Hausdorff dimension of ([7,,, o)) N [z, 9] is given by (5.2) with p = p® a.s. on the event that

T, < 00, for all n € N, and so the claim follows. This completes the proof of the lemma. ([l

We let F.(z) be the part of the left and right boundaries of F(z) up until z is disconnected from
0o. We also let U(z) be the connected component of H \ F(61,63) containing z. We show in the
next lemma that F.(z) is a local set for h and identify the boundary values of h restricted to the
unbounded connected component of H \ F.(z).

Lemma 5.15. We have that F.(z) is a local set for h. Let U = U(z) and let y = y(z) be the
closing point for U. Let ¢ be the unique conformal map from the unbounded connected component of
H\F.(z) to H which takes y, 00 and the the rightmost point of F.(2) Ry to 0,00 and 1, respectively.
Then there exists x1 < T9 < x3 so that the boundary conditions for ho o' — yarg(p~!)" are given
by —a in (—oo,x1], =X — Ox in (z1,22], A — Ox in (z2,x3], and b in (x3,00).

Proof. Tt follows from the same argument used to prove Lemma 5.9 that F.(z) is a local set for h.
We now focus on the proof of the second claim of the lemma. It follows from Lemma 5.12 that we
can choose a path 7 as in the statement of Lemma 5.12 such that v(t) € U for some t € QN (0, 1),
that F(v(t)) hits x(U) before hitting ~, and that F(¢t;y) C F.(z). Let b (resp. h.) be the harmonic
extension to H \ F(¢;7) (resp. H \ F¢(z)) of the boundary values of h on O(H \ F(z;7)) (resp.
O(H\ F.(2))). It then follows by combining the form of the boundary conditions of h on F(z;~)
(Lemma 5.10) with [25, Proposition 3.8] that the boundary conditions of h on the part of the left
(resp. right) boundary of F.(z) lying on F(¢;7) are given by —A — 6x (resp. A — 0x). Since we
can discover all of F.(z) by varying the path v as in the proof of Lemma 5.14, we obtain that the

I — yarg(p~!)" have the desired form. O

boundary conditions of h o ¢~
We are now ready to show that the marked points of each connected component of H\ F(61, 62) are
a.s. determined by F (61, 65).

Lemma 5.16. Fiz z € H and let U be the connected component of H\ F(01,62) containing z. Then
{z(U),y(U)} are a.s. determined by F(01,62).

We emphasize that the statement of Lemma 5.16 implies that the pair of points {z(U),y(U)} is
determined by F (61, 62) which means that the two marked arcs of QU are determined but not which
one is the clockwise (resp. counterclockwise) arc.

Proof of Lemma 5.16. Step 1. Overview and setup. Suppose that U is the connected component of
H \ F(61,02) containing z. We are going to show that x(U), y(U) are singled out among points in
OU by the property that there exist infinitely many connected components U, Ug of H \ F(61,05)
so that Uy, (resp. Ug) intersects the left (resp. right) side of OU and dUp NOUR # () and U, Uy, Ur
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together surround y(U) (or 2(U)) and we have that |(U) —0(UL)| < |#(Ur) — 0(Ug)| and the same
holds with the roles of Uy, Ur swapped. We note that the way that boundaries of distinct connected
components of H\ F(61,03) interact (Lemma 5.14) implies that the marked points z(U), y(U) are
the only points on QU for which there exist components Uy, Ugr as above. Since the Hausdorff
dimension of the set of intersection points of the boundaries of two distinct connected components
of H\ F(6,,02) determines the absolute value of their angle difference (Lemma 5.14), we obtain that
the latter is a.s. determined by F (61, 02) and so the above event is also determined by F (61, 62).

To complete the proof, it suffices to show that there are a.s. infinitely many such components
Ur,Up for each connected component U of H \ F(0;,62). By the reversal symmetry of the SLE
fan (Lemma 5.2), it suffices to show that this is a.s. the case for the closing point y(U) of U. We
let ¢ be as in the statement of Lemma 5.15 meaning that the boundary conditions for the field
h=hoep ' — yarg(p!) are as described in the statement of Lemma 5.15. For all k € N, let Ay,
be the annulus B(0,27%)\ B(0,2~-*+Y) and fix ky € N sufficiently large and assume that we are
working on the event that the boundary conditions of h on [—2~koF1 9=ko+1] are given by —\ — Oy
on (=271 0] and A — @y in (0,2 %0+ where § = 6(U). We note that we can find kg € N with
the above property a.s. and that in this case, by [25, Proposition 3.4], the law of h restricted to Ak,
is absolutely continuous with respect to the law of the restriction to Ay, of a GFF h on H with
boundary conditions given by —A —fx on R_ and A — 0x on R;.

Step 2. Defining the events Ej and Gy. For each k > 1, we let nk (resp. 1, ) be the flow line of h of
angle 0 + € (resp. 6 — €) starting from zf = —3-27 (k+2) (vesp. 2 = 3-27(-+2)) "and stopped at the
first time that it exits Aj, and we let G = Gk( ) be the event that nk, and 77,13 intersect and form a

component which disconnects 0 from co. We note that 771% has the law of an SLE,(p"; pbft, p? 1)

process in H from x to oo with the force points located at (z£)~, (z£)*, and 0 respectively, and
pl = = (% — 2) b= —2 4 = (2 — %), and plf 4 p?ft = (2 — 7) Similarly, ,f has the law of
an SLE, (p*>, pbL; p®) process in H from 2 to oo with the force points located at 0, ()™, and
(xf)* respectively, where p® = pr plt = plR and p?* = p?>£. Since n,f and 7],? intersect a.s., it
follows by combining Lemmas 2.3 and 2.5 in [29] that P(Gj) > 0. By Corollary A 4, it follows that
G, occurs mﬁnltely often a.s. By absolute continuity, the event Gk(h) which is defined in the same
way as Gk(h) but with (flow lines of) h replaced by (flow lines of) h, also occurs infinitely often for

the field .

We are now going to define an event Fj = Ek(ﬁ) for each k so that if the corresponding event
By (h) for the field h occurs for infinitely many k then there exist infinitely ‘many components Ur,
Ug as described in Step 1. As for the event Ej(h), we will prove that Ek(h) occurs a.s. and use
absolute continuity to deduce that Ej (%) also occurs a.s. Before we define the event, we first need
to introduce some notation. Let z; = e/"™/8 wy = BT/ p = e™/8 and wp = €7/8. For each k
and q € {L, R}, we let 2,5 = 3-27F+2) 2y, p = 3-27F+2)q, . For each w € H, we let 1, (resp.
7lw) be the flow line of h with angle 6 (resp. 6 + ) starting from w. Fix e > 0 small. Let nt (resp.
1, ) to be the flow line of I, with angle 6 + € (resp. 6 — €) starting from w. Finally, let 7,/ (vesp. 7,,)
to be the flow line of h with angle 0 + 7 + € (resp. 0 + m — €) starting from w. Then we let E} be
the event that the following occur (see Figure 14 for an illustration):

o Nt

1., . and 7Ny, . intersect before either flow line leaves Ay

. ﬁz_&k and 7y, , intersect before either leaves Ay
® 7y, , merges into the left side of ny , before either leaves Ay
intersects (—oo,0) before leaving Ay,

+
T]ZL,k
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92—k xﬁ 72—(k+1) 0 2—(k+1) 1}3 92—k

FIGURE 14. Tllustration of the event Ej from the proof of Lemma 5.16 (in the
k € (0,2] case). Flow lines colored red have angle 6, flow lines colored orange have
angle 6 + ¢, flow lines colored blue have angle 6 + 7, flow lines colored purple have
angle § + 7 + e. We show that ¢ 1(Uz) and ¢ '(Ug) are contained in distinct
components Ur, Ur of H\ F(61,02) which intersect in the way described in Step 1.

The event Gy, is not depicted for simplicity, but we include the points xﬁ , ka.

® 7., intersects (0,00) before leaving Ay
® 77;27,6 intersects 7, before either leaves Ay.

We note that Ej is determined by E| 4, and therefore by applying the same argument as for Gy,
except using Lemmas 3.8 and 3.9 of [27] in addition to Lemmas 2.3 and 2.5 of [29], we obtain that
the event E7 occurs with positive probability and hence that Ej occurs for infinitely many values of
k a.s. As before, we conclude that Gy, (ﬁ) also occurs infinitely often a.s.

Step 8. Conclusion of the proof. To complete the proof we will make repeated use of the flow
line interaction rules described in [27, Theorem 1.7]. Suppose that K is large enough that
o 1(=275), o1 (27K) are not in R, that G (h) occurs and that Ej(h) occurs for some k > K. By
the above, this occurs a.s. for infinitely many such pairs (K, k) (we may actually keep K fixed). Let
Ur (resp. Ug) be the pocket bounded by njL,k,ﬁjLwﬁwL’k,nwL,k (TeSP. M2y s Mapy s Mg g Mo i) @S
shown in Figure 14. When « € (0, 2], 7, , and 7, , (and the other pairs of flow lines starting from
2Lk WRE, 2R,k) do not intersect, meaning that the pocket U 1, is connected, and similarly for U R-
When k € (2,4) the topology can be more complicated, and then we include in the event Ej that
the final intersection between 7y, , and 7, , occurs in some small ball around zr x, and that the
same occurs for each of the other three pairs of flow lines started from the same points. Arguing as
above, Fj still occurs infinitely often a.s. and in this case we redefine U T, ﬁR to be the connected
components (of the complement in H of our collection of flow lines) containing points far away from
these starting points. In this case, the analogue of Figure 14 looks similar to the x € (0, 2] case,
except in some small balls around the points zr, i, wr i, 2Rk, WR k-

We claim that none of the flow lines in @(F (61, 65)) enters Uz U Ug. Indeed, suppose that a flow line
of angle ¢ € [0}, 05] enters Ur,. We first prove that since G occurs, we have that ¢ € [0 — €, 0 + €.
Indeed, let Vi be the corresponding component formed by n[L( and 17[]?. We claim that a flow line in
F(01,0-) with angle larger (resp. smaller) than 6 + ¢ (resp. # — €) does not enter ¢~ !(Vy). First
we note that if 7 is the flow line of h with angle 0 from 0 to oo, then 7 is a.s. well-defined (since
F.(z) is a local set for h by Lemma 5.9) and hits oo before hitting its continuation threshold. Also,
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the flow line interaction rules imply that 7 exits Vi at the first intersection point of nIL( and nﬁ
and stays to the right (resp. left) of nk (resp. nft). Note also that a flow line of h with angle larger
than 6 + € cannot cross ¢~ 1(n) and so the only way that such a flow line can enter p~1(Vy) is by
crossing gp‘l(nf}) from left to right but this cannot happen due to the flow line interaction rules.
Similarly, a flow line of h with angle at most 8 — € cannot cross 7 from right to left and so the only
way that such a flow line enters ¢~ !(Vy) is by crossing ¢~ 1(nf) from right to left. But the latter
does not occur due to the flow line interaction rules. In particular, we have that there is no flow
line in F(01,62) with angle larger (resp. smaller) than 6 + € (resp. # — ¢) which enters ¢ ~1(4y,) for
all ¥ > K.

Suppose that ¢ € [#,0 + €] and let 74 be the image under ¢ of the flow line of this angle. The flow
line interaction rules imply that 7y cannot cross 1, , from left to right. Similarly, it cannot cross
njL’k from right to left. Since ¢ — (0 + 7 +¢€) € (=27, —), again using [27, Theorem 1.7], 1, cannot
Cross 772; . from left to right. Similarly, it cannot cross 7, , from right to left. It follows that 7

cannot enter Uy, Suppose that ¢ € [# — ¢€,60). Then, in order for the flow line to enter (7L, it has to
cross 7 (which stays to the left (resp. right) of 1, (resp. nf )) from right to left and this cannot

happen. It follows that no flow line in ¢(F (61, 62)) enters Uy. By symmetry, we see that no flow
line in p(F(61,02)) enters Ug, either.

Therefore, we conclude that F(6y,6) N (¢~ 1(Uz) U (Ug)) = 0, and so there exist connected
components Ur, Ur of H\ F(61,62) such that @*1((7L) C Uy, and @*1((73) C Ug. Since p~1(n) C
F(61,05) and ¢ 1(Uy) (resp. ¢ L(Ug)) lies to the left (resp. right) of ¢~1(n), we obtain that
Ur, # Ug. Since the above holds for infinitely many pairs (K, k), it remains only to show that there
are infinitely many distinct components Uy, = UL (K, k), Ug = Ur(K, k) (i.e. that (~]L(K, k), ﬁR(K, k)
do not give rise to the same components Uy, Ug for infinitely many pairs (K, k)). But this can be
ruled out by using Proposition 3.1 to show that a.s. there exists ¢ € (6,0 + ¢) so that the flow line
of h with angle ¢ started from 0 will disconnect ¢~ (UL) from some neighborhood of y(U) (since

this flow line will not hit y(U) a.s.). This completes the proof of the lemma. O

Now we are ready to prove Theorem 1.2. It will be a consequence of Lemmas 5.14, 5.16 and the
fact that the graph of connected components of H \ F(61,62) is connected a.s.

Proof of Theorem 1.2. As explained at the beginning of this section, it suffices to show that 8(U)
as defined in Lemma 5.10 exists and is determined by F(61,02) a.s. Fix such a component U
and let § = O(U). There exists a finite chain of components Uy, ..., U, so that OU; N OU;+1 # 0
for each 1 < i <n-—1,0U,N0H # 0, and U; = U. For each 1 < i < n we let 6; = 0(U;).
Lemma 5.14 implies that F(61,602) determines [0;;1 — 6;| for each 1 < j < n — 1. Moreover,
Lemma 5.14 implies that F (61, 02) determines 6,, and Lemma 5.16 implies that it determines the
marked points of U, as well, which implies that it also determines which arc of OU, is the clockwise
(resp. counterclockwise) arc. Since the counterclockwise arc of a component boundary can only
intersect the clockwise arc of another components boundary and vice-versa (Lemma 5.14) and the
marked points of each component are determined by F(61,63) (Lemma 5.16), it follows that the
clockwise and counterclockwise arcs of each of the OU; is determined. This, in turn implies that
(0j41 — 0;) for each 1 < j <n —1is determined. Since
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it follows that F(6;,02) determines 6. The result follows by combining with Lemma 5.7 since U was
an arbitrary complementary component. O

APPENDIX A. LOCAL SET LEMMAS

Lemma A.1. Suppose that h is a GFF on a domain D C C and (A,) is a sequence of local sets of
h so that A, is a.s. determined by h and A,+1 C A, for each n. Then A =N, A, is local for h.

Proof. We will prove the claim of the lemma in the case that D is bounded since then the result
will follow for general domains using the conformal invariance of the GFF. We are going to use the
characterization of local sets given in [38, Lemma 3.9]. Fix B C D an open set. We note that for all
n, the event {4,, N B = 0} is a.s. determined by h and [38, Lemma 3.9] implies that conditionally
on the projection of h onto Hyam(B), we have that h and 1¢4,nB=p) are independent, since under
this conditioning, the field h is determined by its projection onto HE(B). Hence, combining with
[7, Proposition 10.7], we obtain that {A, N B = ()} is a.s. determined by the projection of h onto
Hyarm(B). Set K = D\ B and note that K is closed with respect to the relative topology on D. Set
also Uy, = {z € D : dist(z, K) > 1/m} for all m € N, and let F},;, = D\U,,. Note that B = Up,>1U,,
and {ANB = 0} = Nyy>1 Un>1 {An N Uy = 0}. Define FJ}, Fi, as in [25]. For all U C D, we
set Fiv = o ((h, f) : f € C°(U)). For all m,n, we can show as above that {4, NU,, = 0} € }—}Ejg‘
It follows that {AN B =0} € ﬂmzlfl}%. Note that .7-"Ih<Jr - .7-"]}% for all m and if F,,, C V for an
open set V, then F I}*int C ]-"{}. Since every open set V containing K must also contain one of the
F,,, it follows from [25, Proposition 3.2] that F;‘(Jr = ﬂUgD,Uopen]:[}} = mm?lfz,t’ and hence that
{ANB =0} € 7. It then follows from [38, Lemma 3.9] that A is a local set. O

Lemma A.2. Suppose that h is a GFF on a domain D C C and let (Ay,) be a sequence of local

sets of h so that A, C A,y1 for each n € N. Then A =U,A, s a local set for h.

Proof. As in the proof of Lemma A.1, we are going to use [38, Lemma 3.9]. Fix U C D open set
and let hy (resp. hy) be the projection of h onto H(U) (resp. Hyarm(U)). Fix also measurable
function G: ngg(D) — R and a Borel set B C R. Then [38, Lemma 3.9] implies that 14,~£p
and 1gn,)ep are conditionally independent given hg, and so we have that

E[lanvz0liameny [ he] = lim Bl quz0yLianesy | hal
= lim E[1ra,quz0y [ h2]E[L{G(h)eny | 2]
= E[Lganv-0y | holE[LG(ny)eny | hal-
Since G, B were arbitrary, we obtain that {ANU # 0} and hy are conditionally independent given
ho and so [38, Lemma 3.9] implies that A is a local set. O

Lemma A.3. Suppose thatr > 0,7 # 1 and h is a GFF on H with boundary conditions given by
—a on R_ and b on R. Let 6, be the transformation from the space of distributions on H to itself
given by (0.(h))(¢) = h((1/r%)¢(-/7)). Then 6, is ergodic and measure-preserving on (D'(H), F,P),
where D'(H) is the space of distributions on H, F is the o-algebra generated by the random variables
(h, @) for ¢ € Cg°(H) and P is the law of h.
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Proof. By considering the map z — —1/z if necessary, we may assume that » < 1. The fact
that 6, is measure-preserving comes from the fact that the law of h is invariant under scaling,
see e.g. [3, Theorem 1.57], (note that this holds if h is a zero boundary GFF or if the boundary
conditions are constant on each of R_ and R4 ). To prove ergodicity, let A € F be an event that is
invariant under 6,., by which we mean that 6, !(A) = A. By the martingale convergence theorem,
E[14|0o(h|po,m)nm)] converges a.s. and in L' to 14 as m — oo. Therefore, for any € > 0, we can
find m > 0 such that if B is the event {E[14 |0 (h|pom)nm)] > 1/2}, then P(AAB) < ¢, where
AAB is the symmetric difference (AN B€) U (A°N B). Note that for any N € N,

(ANGN(A) A (BNON(B)) C (AAB) U (6N (A) 80,V (B)),

and that the two events on the right hand side have probability less than e by scale invariance.
Therefore,

P(A) =P(ANON(A) <PBNO N (B))+ 2
for all N. Now, the probability on the right-hand side can be written as

P(0,™(B))P(B|0,"(B)) = P(B)P(B |0, (B))

r

for all N. Notice that since B depends on h|pg(g m)nm, the event 6 (B) depends on Rl B(0,mr—N)nH-
The proof of [7, Lemma 7.2] applies also to the case of the zero-boundary GFF, meaning that
Ns<00 (| B(0,s)nm) is trivial and hence that P(B | 0, N(B)) — P(B) as N — oo. Therefore we can
deduce that

P(A) < P(B)? 4 2¢ < P(A)? + €% + 4e,
for all € > 0 and hence that P(A) € {0, 1}, proving ergodicity. O

Corollary A.4. Suppose that we have the setup of Lemma A.3. Let E € F be an event which
is measurable with respect to the restriction of h to B(0,1) NH. For k € N, let E}, be the event

that 91_/];(E) holds (note that this means that the event E holds for the GFF 0y-+h and that Ej

is measurable with respect to h|ggo-r)nm). Then the sum (1/N)> 1 cpcnlp, — P(E) a.s. as
N — o0, and in particular if P(E) > 0 then Ej occurs infinitely often a.s.

Proof. Due to Lemma A.3, this is an immediate consequence of Birkhoff’s ergodic theorem. O
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