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Abstract

In this paper we formulate the almost invariant subspaces theorems of backward shift operators in
terms of the ranges or kernels of product of Toeplitz and Hankel operators. This approach simplifies
and gives more explicit forms of these almost invariant subspaces which are derived from related
nearly backward shift invariant subspaces with finite defect. Furthermore, this approach also leads to
the surprising result that the almost invariant subspaces of backward shift operators are the same as
the almost invariant subspaces of forward shift operators which were treated only briefly in literature.
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1 Introduction

The recent study of almost invariant subspaces inside Banach spaces attributes its starting point to
the paper by Androulakis-Popov-Tcaciuc-Troitsky [I] in 2009, see also [25] [28] [29] [31] [17]. But an
equivalent definition on Hilbert spaces occurred in Hoffman [20] in 1978 in connection with essentially
invariant subspaces [6] in 1971 (see Definition (2] and Definition [FH]). In the sequel, let H be a complex
Hilbert space and B(H) be the algebra of bounded linear operators acting on H. For an operator
T € B(H), write R(T) and N(T) for the range and the kernel of T, respectively. If M is a closed
subspace of H, then the orthogonal projection from H onto M is denoted by Pj;.

Definition 1.1 [1] Let T € B(H). A closed subspace Hy of H is called an almost invariant subspace of T
if there is a finite dimensional subspace W such that THy C Hy + W. The minimal possible dimension n
of W is called the defect of Hy, denoted by <(H1) = ¢(T, H1) = n, and W is called a minimal defect space
of Hy. If W is a minimal defect space of Hy such that W 1 Hy, then W is called a minimal orthogonal
defect space of H.

We say Hj is an almost reducing subspace of T' if both H; and Hi- are almost invariant for 7' or
equivalently H; is almost invariant for both 7" and T™*. To avoid triviality, often H; is assumed such that
both H; and Hi are infinite dimensional, such an H; is called a half-space. The study of almost invariant
subspaces is motivated by the Invariant Subspace Problem which is still open on Hilbert spaces. By a
series of papers from several authors [25] [28] [29] [31], Tcaciuc proved the following important theorem.

Theorem 1.2 Let X be a separable Banach space and T be a bounded linear operator on X. Then T has
an almost invariant half-space with defect at most 1.

On the other hand, the celebrated Beurling-Lax-Halmos (BLH) invariant subspace Theorem [3] [21]
[18] for the (forward) shift operator is a cornerstone of modern analysis. It has played an important role
in operator theory, function theory and applications. The following question is natural.

Question 1.3 What are the almost invariant subspaces of the shift operator?
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It turns out the almost invariant subspaces of the backward shift operator are characterized recently,
see [9] [10] [8] [23]. By formulating the results of these papers using the ranges of Toeplitz and Hankel
operators, we will answer the above motivating question. Now we introduce the function theoretic
background of the shift operator. Let L? be the space of square integrable functions on the unit circle
T with respect to the normalized Lebesgue measure. Let H? be the Hardy space on the open unit disk
D. L* and H* are the algebras of bounded functions in L? and H? respectively. Let E and F be two
complex separable Hilbert spaces. Let B(E, F') be the set of bounded linear operators from E into F.
L% and H% denote E-valued L? and H? spaces, respectively. L%,O( B) and Hg,o( p) are operator-valued L
and H®° algebras, and L%,O( B.F) and Hg,o( B, F) are operator-valued L and H* spaces.

Denote by P the projection from L%, to Hz and Q := I— P the projection from L% to zH% := L3, H%,
where F is any complex separable Hilbert space. Let ® € LOBO( E,F)" The multiplication operator by ®
from L% into L% is denoted by Mg. The (block) Toeplitz operator Tg from H% into H% is defined by

Tsh = P[®h],h € Hi.

When E = F, let T,(= T,s,) denote the shift operator on H% for some F which the context will make
clear. We will also use Sg or just S to denote this shift operator T, on Hz and S} or just S* for the
backward shift. We note that E may be regarded as a subspace H in the sense that if for each x € E,
we define

fo(z) =2 forall z €T,

then f, € H%, so that E = {f, : # € E} C H%. Thus if there is no confusion in the context of Hz, we
will still use the notation Pg. Observe that

I—SgSh = Pg.

The Toeplitz operator Ty = A is characterized by the operator equation S} ASE = A.
Let J be defined on L% by

Jf(z) =%f (), fe L}
J maps @ onto H%, and J maps H% onto @ Furthermore J is a unitary operator,
J*=J,J =1, JQ=PJ, and JP = QJ.
For ® € L>, the Hankel operator Hp from H% into H% is defined by
Hgh = JQ[®h] = PJ[®h], h € Hz.

The Hankel operator Hy = A is characterized by the operator equation ASg = S5 A. Set ;I;(z) = d(2)*.
It is easy to check that Hg = Hg. The Toeplitz and Hankel operators are connected in the following
basic formula:

Tov —Toly = HS*Z* Hy (1)

for symbols ©Q and ¥ with compatible dimensions, see [4] [24].

We emphasize that again Toeplitz and Hankel operators T and Hg could be between different spaces
H?% and H# according to whether the symbol ® acts between different spaces E and F. In this paper,
all underlying Hilbert spaces E, F, and E; for the vector-valued Hardy spaces Hg,, Hz., and Hz, will be
finite dimensional. We also note that T and Hg could be unbounded operators, where ® € L2B( B.F) that

is, @ is a matrix-valued function whose entries belong to L2. In this case an operator equation involving
Te and Hg is valid when it acts on polynomials or H*® functions, see for example [14] where the product
of unbounded operator Te Hy can be interpreted by using the bilinear form (To Hyh, g) := (Hyh, T« g)
for h, g being polynomials or H* functions.

The Si-almost invariant subspaces (and related nearly S%-invariant subspaces) have been charac-
terized by Chalendar-Chevrot-Partington [9], Chalendar-Gallardo-Partington [10], Chattopadhyay-Das-
Pradhan [§], and independently in O’Loughlin [23], see Theorem and Corollary below for their
developments and characterizations.



In this paper, we reformulate their results using operator ranges and prove a number of results on the
almost invariant subspaces of Sy, and Sg. Our approach achieve three goals: first the reformulation sim-
plifies the results of S§-almost invariant subspaces in [9] [10] [8] [23] which were derived as consequences
of related nearly S%-invariant subspaces, the reformulation bypasses the use of nearly S-invariant sub-
spaces; second our approach leads to more explicit examples of Sj-invariant subspaces; third surprisingly,
we prove that almost invariant subspaces of Sg are the same as the almost invariant subspaces of S, and
thus answer our motivating Question [[.3] completely.

Let us briefly outline the plan of the paper. In Section 2, we show that the closures of ranges of finite
sums of finite products of Hankel and Toeplitz operators under a mild condition are S} -almost invariant
and Sg-almost invariant. In Section 3, we reformulate their results (see Theorem [3.0]) as follows.

Theorem 1.4 A closed subspace M of Hz is Sh-almost invariant if and only if one of the following
holds:

(1) M = R(Te), where © € Hj; ) is inner.

(2) M = R(To (Ip, —TeTy)), where © € Hiy; ) is inner and pure, and ® € H125’(E1.,F) is such that
To (I, — TeT§) is a partial isometry.

The idea of using ranges of partial isometries to represent almost invariant subspaces is inspired by
[7 [32] [16], where the invariant subspaces of Sr @ S} are represented as ranges of partial isometries
involving Toeplitz and Hankel operators. Such an approach also enables us to observe the following.

Corollary 1.5 Let M be a closed subspace of Hz. Then M is Si-almost invariant if and only if M is
Sr-almost invariant. Consequently, If M is Sp-almost invariant, then M is Sg-almost reducing.

The above corollary gives explicit forms of Sp-almost invariant subspaces, otherwise, Sg-almost invari-
ant subspaces are represented as M, where M is as in Theorem[[[4l See Remark 3.3 in [10] and Remark
3.7 in [8], where it is observed that S M C M & W if and only if Sg (M & W) c (M & W)" ®W. The
orthogonal complement M~ seems difficult to identify, for example, we know M is infinite dimensional
if and only if © is not a finite Blaschke-Potapov product, but we know M= to be infinite dimensional
in some special cases. In Section 4, we study in more details M = R(To (Ig, — ToT¢)), where ® is also
inner and give more explicit examples of S%-invariant or Sg-invariant subspaces.

An observation on Banach spaces [I] says that a closed subspace M is T-almost invariant if and
only if M is (T + Tp)-invariant for some finite rank operator T, see Lemma [5.1] below. In section 5, we
first give a more precise result on Hilbert spaces by using the equivalent definition of almost invariant
subspaces in [20]. Namely, if M is T-almost invariant, we identify all finite rank operators Tp such that
M is (T + Tp)-invariant. We then apply this theorem to Sj-almost invariant subspaces. For a given
M = R(Ts (Ig, — ToT{)) as in Theorem [[4] we write down all finite rank operators Tp in terms of @,
©, M such that M is (S3 + Tp)-invariant or (Sg + Tp)-invariant or (Sg + Tp)-reducing.

2 The ranges of products of Toeplitz and Hankel operators are
S*-almost invariant

We begin with:

Lemma 2.1 Let ¥ € LOBO(E_EI) and ® € L%O(EI_F). Then SpToHy — ToHySE is of finite rank, more
precisely, ' '
StTeHy — TeHySg = SiTe P, Hy. (2)

Also, we have

SFHq)Tq; — H@T@SE = H<I>SE1T\I/PE — PFH<1>SE1T\I; + SFH<1>PE1T‘1;. (3)



Proof. Recall S;.T3SE, = To and SElH\P = HySEg. Then

SyTeSg, Sk, = TeSE,
S;TQ (I — PEl) = T@SEI and hence, S;Tq> = T‘I’SEH + S}T@PEl (4)

and

S}T@H\p = (T@SEI + S;TcppEl) Hy
= T@SEIHQ/ + S;TQPEIH\I/
=TeHySg + S;TQPElH\p

This proves (2I).
Similarly, it follows from S%He = HeSE, that

SFS;"H{)SEI = SFH{)SElSEla
(I — Pp)HySy, = SpHe (I — Pg,),
SpHgp = H@SEI - PFH(I)SEI + SFH<1>PE1 (5)

and

SrHeTy = (H@SEH — PFH<I>SE'1 + SFHq)PEl) Ty
= H@Sng\p — PFH<1>SE~1T\IJ + SFH(I)PElT\IJ
= H¢T\p5’j§3 + H@SEIT\IJPE — PFH(I)SEIT\IJ + SFH<1>PE1T\1/

The proof is complete.

Let H; be an almost invariant subspace of T' and W is the minimal orthogonal defect space of Hi. So
TH, C Hy ®W. Since TH, C Hy & W is equivalent to T* (H; @ W)* C Hi- = (H; ® W) & W. Thus
H, is T-almost invariant with defect n if and only if (H; @ W)™ is T*-almost invariant with defect n.
Furthermore, T*Hi- = T* |(H; ® W)J‘ ®W| C Hir + T*W, so Hi- is T*-almost invariant with defect

less than or equal to n.

Lemma 2.2 Let ¥ € L%O(E,El) and ® € LOBO(EhF). The following statements hold.

(i) R(TeHy)™ is Sk-almost invariant and ¢(R(TeHy)™) < dim Fj.

)
(i) R(H}Ts)™ is Sh-almost invariant and ¢(R(H};Tg)™) < dim Ey.

(11i) N(ToHw) is Sg-almost invariant and <(Sg, N(TeHw)) = ¢(Sh, R(H}T3)™) < dim E;.

(tv) N(H}TE) is Sp-almost invariant and s(Sp, N(ToHw)) = ¢(Sp, R(ToHw) ™) < dim E;.
Proof. It follows from Lemma 21l that S;Te Hy = Toe Hy Sg + G, where G is a finite rank operator with
rank less than or equal to dim Ey. Thus SHR(TeHw) C R(ToHw) + R(G). Since G is of finite rank, by
taking closure in Hz, one see that

S;—‘R(T@H\p)7 C R(T@H\I})i + R(G),
and R(TeHy)™ is Sp-almost invariant and ¢(R(ToHw) ™) < rank(G). This proves (i).

By taking adjoint, we have
SEHLTy = HyTgSr — G*.



A similar argument shows that R(Hj;Tg3)~ is Sp-almost invariant and ¢(R(HyT3)™) < rank(G*). This
proves (ii)
Since R(H3T3)~ = N(ToHy)t, by the argument just above this lemma, N(ToHy) is Sg-almost
invariant and
<(Se,N(ToHy)) =<(Sg, R(HgTg)™) < dim E;.

This proves (iii). The proof of (iv) is similar. m
Remark 2.3 The above lemma also holds when E and F are infinite dimensional.

It is natural to ask if R(TeHy)™ is Sg-almost invariant, the answer is yes under a more restricted
assumption that Fy, F and F are all finite dimensional. But the defect of R(Tg Hg )~ is more complicated.

Lemma 2.4 Let ¥ € L%O(E,El) and ® € LOBO(EhF). Then R(HoTy)™ is Sp-almost invariant and
«(Sp, R(HpTy)™)) < dim Ey + dim E + dim F.

Moreover, N(HoTw) is Sh-almost invariant with <(S%, N(HoTw)) = <(Sg, R(TgHE)™). In the case
U* € Hy p, gy, we have <(Sp, R((HoTy)™) < dim By + dim F.

Proof. It follows from Lemma 2.1 that SpHeTyv = HeTwS} + G, where G is a finite rank operator
with rank less than or equal to dim F; + dim E + dim F. The rest of the proof is similar to the proof of
Lemma 221 In the case U* ¢ H};"(ELE), we note that HeSp Ty Pp = HeTySEPr = 0, so G is a finite
rank operator with rank less than or equal to dim F; +dim F. =

To search for better representations of Sg-almost invariant subspaces as ranges of operators, we make
another observation.

Lemma 2.5 Let ¥ € LOBO(E,El) and ® € LOBO(EhF). Then R(TeTy)™ is Sp-almost invariant and <(Sp,
R(TeTw)™) < dim Ey 4+ dim F. In particular, if ® € Hi g, then <(Sr, R(TeTwy)™) < dim Ey.

Proof. By taking adjoint of {@]), we have

Sg, Ty =TySg — P, TuSE,
SrTe = T(PSEl - PFT(I)SEl.

Hence

SrTeTy = (T@SEI — PFT(I)SEI) Ty
=Ts (TySg — P, TvSg) — PrTeSe, Tw
=T9TySg —ToPr,TySg — PrleSe, Ty.

Since rank(Te Pg,TvSE + PrTeSE, Tw) < dim E; +dim F, by a proof similar to the proof of Lemma [2.2]
R(T@Tq;)i is Sp—almost invariant. In the case ® € H](;o(El F)> PFT.:pSEqu; = PFSFTq)T\p =0. m

It turns out the closure of the range of a finite sum of finite products of Toeplitz and Hankel operators
is Sg-almost invariant and Sj-almost invariant under an appropriate condition.

k mi
Theorem 2.6 Let T = Y. A; € B(H%,Hz) with A; = [[ Cj.i, where each Cj; is either a (bounded)
i=1 j=1
Hankel operator or a (bounded) Toeplitz operator. Then R(T)~ is Sp-almost invariant and S}-almost
invariant, and N(T') is Sg-almost invariant and Sh-almost invariant.



Proof. By using ) and (B) repeatedly, if for each i, A; contains an even number of Hankel operators,
then i i
ST = Y. Spdi= Y (AiSp +G) = TSp+ G,
i=1 i=1

where each G; is of finite rank and G = EleGi is of finite rank. Hence R(T)~ is Sj-almost invariant.
Similarly, SpT = TSg + G, where G is of finite rank. Hence R(T)~ is Sp-almost invariant. Note that
T = ZleA;‘, where for each i, A} also contains an even number of Hankel operators. Therefore, R(T™*)~
is Sp-almost invariant and Sj-almost invariant. By Lemma 23, N (T) = R(T*)* is Sg-almost invariant
and Sp-almost invariant.

If for each i, A; contains an odd number of Hankel operators, then SyT = T'Sg + G and SpT =
TS% + Go, where G and G are of finite rank. The same argument as the above gives the result. m

In view of the above theorem, the following question is interesting.

Question 2.7 Let ¥ € L%"(E)F) and ® € LOBO(EF). When is R(Ty + Ho)~ Sp-almost invariant? When
is R(Tw + Ho)~ S}-almost invariant?

The C*-algebra generated by all Toeplitz operators is called the Toeplitz algebra and the C*-algebra
generated by all Toeplitz and Hankel operators is called the Toeplitz4+Hankel algebra. The operator T
in Theorem belongs to this algebra.

On H?, since S is irreducible, a nontrivial S-invariant subspace is not S*-invariant. It seems surprising
that in the examples above S-almost invariant subspace is also S*-almost invariant, it is interesting to
ask if this is the case for other operators.

We include the following two lemmas in this section for future use. Recall T € B(H).

Lemma 2.8 If H; is an almost invariant subspace of T, then the minimal orthogonal defect space of Hy
18 UNLqUe.

Proof. Let Wy and W5 be two n-dimensional minimal orthogonal defect spaces of Hy. Then THy; C H1 &
Wi and THy C Hy & Wa. By the minimality of Wi, THy+ Hy D Wy. Hence Hi W, D THy+ H1 D Wy,
This implies W5 D Wi, Similarly, W; D Ws. So W7, =W, =

We here record the argument just above Lemma as a lemma for future use.
Lemma 2.9 The following statements hold.

(i) Hy is T-almost invariant with defect n if and only if Hi- is T*-almost invariant with defect n.

(i) IfTH; C Hi+W and (T, Hy) = dim W, then T[Hy + W] C [Hy + W] +TW and (T, H1 + W) =
dim(TW) — dim(TW N (W + Hy)).

Proof. We already argued that if H; is T-almost invariant with defect n, then Hj- is T*-almost invariant
with defect less than or equal to n. If ¢(T*, Hi-) = k < n, then by applying what we just proved to Hi-, we

will get H) = (Hf)L is T-almost invariant with defect less than or equal to k, which is a contradiction.
This proves (i).

Now we prove (ii). Let W be a minimal defect space of Hy. Observe T [Hy + W] =TH; + TW C
[Hy + W]+ TW = [Hy + W]+ [TW & (TW 0 (W + Hy)]. Thus (T, H; + W) < dim(TW) — dim(TW N
(W + Hy)). On the other hand, assume T [Hy + W] C [H1 + W] ® G for some finite dimensional subspace
G. Since W is a minimal defect space of Hy, we know THy+ Hy D W. Thus H1+T[H; + W| D W+TW
and

[H1+W]@GDH1 +T[H1+W] ODHi+W+TW.

Hence dim G > dim(TW) — dim(TW N (W + Hy)). That is, ¢(T, Hy + W) > dim(TW) — dim(TW N (W +
Hl)) ]



It is interesting to note that by iteration,
(T, H) ><(T,Hi+W)> T, Hi+W+TW)> - >¢(T,H +W +TW +---+T*W).

So it is possible for Hy + W +TW + --- + T*W to become an invariant subspace of 7.

3 Representations of S-almost invariant subspaces.
The closely related nearly S*-invariant subspaces actually predates S*-almost invariant subspaces.

Definition 3.1 A closed subspace M of Hg is said to be nearly Sp-invariant if h € M and h(0) = 0
implies that Sph € M.

Nearly S*-invariant subspaces of H? are useful in describing kernels of Toeplitz operators and finding
inverses of Toeplitz operators [I3] [I1]. The following characterization (due to Hitt [I9] and Sarason [26])
will be useful for us, see Theorem 30.15 in [I3]. For z,y € H*, an admissible pair (z,y) of an outer
function G is a Pythagorean pair (z,y) such that |z|* + |y|> = 1 on T, x is outer and G = z/(1 — y).

Theorem 3.2 [19] [26] Let M be a nearly S*-invariant subspace of H2. Then M has one of the following
forms:

(i) There exists an inner function 0 such that 6(0) # 0 and M = 0H?.

(i) There exists a function g of unit norm in M such that g(0) > 0 and an inner function 0 such that
6(0) = 0 and 0 divides the function y, where (z,y)is admissible pair for the outer factor G of g,
such that M = T,Kg, where Ko = H> © 0H>.

The requirement that 6 divides the function y is equivalent to T} acts isometrically on Ky so that
indeed T, Ky is a closed subspace of H?, see Theorem 30.14 in [L3].
The case (ii) should contain the S*-invariant subspace K. Indeed, in this case if

9= (L= [6(O)P) /(1 - 30)) and 6 202

C1-9(0)0 )

then T,Ky = K, (cf. [27]).

The vector-valued version of nearly S*-invariant subspaces of H%, where E is of finite dimension
was given by Chalendar-Chevrot-Partington [9]. Recently the concept of nearly S*-invariant subspace
with finite defect was introduced, and a description of nearly S*-invariant subspace with finite defect
inside H? was obtained in Chalendar-Gallardo-Partington [I0]. The vector-valued version of nearly S*-
invariant subspace with finite defect inside H% was described first in Chattopadhyay-Das-Pradhan [8],
then independently in O’Loughlin [23].

Definition 3.3 A closed subspace M of H% is said to be nearly Sh-invariant with defect p if there is a
p-dimensional subspace G (called a defect space of M that may be taken to be orthogonal to M) such that
if h € M and h(0) = 0, then Sjh € M +G. The smallest possible p is said to be the defect of M, denoted

by n(Sp, M) = p.

It is clear that if M is Sp-almost invariant with ¢(S%, M) = p, then M is nearly Si-invariant with
n(SE, M) < p. But if M is S}-almost invariant with ¢(S%, M) = p, it is possible that M is not nearly
St-invariant, see for example Proposition 2.6 in [8]. We will see below when a Si-almost invariant
subspace is nearly S*-invariant. It has been shown in Proposition 2.2 in [I0] and Proposition 2.2 in [8]
that a nearly S%-invariant subspace is Sj-almost invariant.

Next we generalize this result to a nearly S%-invariant subspace with finite defect.



Proposition 3.4 If a closed subspace M of H% is nearly Sp-invariant with n(S, M) = p, then M is
St-almost invariant with ¢(Sy, M) < p+ dim E.

Proof. Assume M is nearly Sp-invariant with defect p. That is, there is a p-dimensional subspace W
such that if h € M and h(0) = 0, then Sph € M + W. Set My = {h € M : h(0) =0} = M N zH%. Thus
SEMy € M + W. Set

Wi :=Moe M; :M@MDZH%;.

By a lemma from [9], dim W; < dim E. Then
SpM = Sp (My@ W) C SpMy+ SpWh C M+ W + SpWs.
Hence ¢(S5, M) < dim(W + S;W1) <p+dimFE. m

So the set of nearly Sj-invariant subspaces with finite defect is the same as the set of S}-almost
invariant subspaces.

Theorem 3.5 [9] [10] [8] [23] Let M be a closed subspace of HZ,. that is nearly S*-invariant with defect
p. Then:

(i) In the case where there are functions in M that do not vanish at 0,

P
M ={G:G(z) = Go(2)ko(2) + 2> gi(2)ki(2) : (ko,--- ,kp) € K}, (7)
i=1

where Go is the matriz of size m X r whose columns consist of any orthonormal basis of M &
(M ﬁzHém), {g1,- -+ ,gp} is any orthonormal basis of the defect space W, and K C HéHp 15 a
S*-invariant subspace. Furthermore, |G|* = P I[eal|? -

(i) In the case all functions in M wvanish at 0,
P
M={G:G(z) =2 gi(2)ki(2) : (ko, -+ ,kp) € K},
i=1

with the same notation as in (i) except that K C HZ, is a S*-invariant subspace. Furthermore,
IGI” = 520 IIk:ll* -

Conversely if a closed subspace M of Hém has a representation as in (i) or (ii), then it is nearly
S*-invariant with defect p.

The proof of the above theorem generalizes Hitt’s algorithm as in proving Theorem and uses a
lemma of [2] about C.y contractions.

Corollary 3.6 [10] [§] [23] A closed subspace M of HE,. is S*-almost invariant with defect p if and only
if it satisfies the conditions of the above theorem together with an extra condition that the column space
of S*Gy is contained in M + W in case (i), while case (i) is unchanged.

Using Lemma [2.2] we reformulate the above theorem and corollary in terms of ranges of Toeplitz and
Hankel operators. (We have to use unbounded Toeplitz operators, but the justification should be easy).

Recall © € Hy p; ) is (left) inner if ©(2)*O(z) = I for almost all z € T for some E C Ey. Similarly,
© € Hy f; p,) is right inner if ©(2)0(z)* = I, for almost all z € T for some E; C E. When FE = E; and
O is both left and right inner, we say © is a two-sided inner function or a square inner function. In short,
if © is left inner, then we just say © is inner. If © € H?(E,El) is inner, let Kg = H?El © ©H?% denote the
model space. The celebrated Beurling-Lax-Halmos (BLH) Theorem [3] [21] [18] says an invariant subspace
of Sg, is of the form ©H%, and consequently, an invariant subspace of Sk, is of the form Ke. It follows



that Te is an isometry from H, into Hz . When © is two-sided inner, by @), H.HE = I — TeTg,
so H{. is a partial isometry and R(H{.) = Ke. It is known that the kernel of a Hankel operator is
S-invariant. However, when © is just left inner, N(He+) D ©H% and R(H.) C Ko in general. Thus
representing @ Hz as the kernel of a Hankel operator is studied in [I5] when dim E; < oo, see also [12]
for a study of this problem when dim E; = co. See also [22] where the connection of Hankel operators
and shift invariant subspaces on Dirichlet spaces are studied. Connected to this, we have the following
result.

Lemma 3.7 [12] Let © € Hy5 ;1 ) be inner. Then there exists ® € L ) such that N(Hg) = OH?%,.

Consequently, K¢ = R(Hg)™.

Ko is unchanged if we replace © by © & U, where U is a constant unitary operator. To clarify
this situation, we recall a classical concept. Let B € Hg?( E.E, and B is a contractive operator-valued

function. The function B is called purely contractive (or just pure) if || B(0)v|| < ||v|| for all v € E\{0}.
Any contractive B € Hg?( B.E) admits a decomposition such that

B(Z):Bl(z)@UZE:El@EQ%FZFlEBFQ, (8)

where B; is B(E1, Fy)-valued and pure in the sense that ||B1(0)v]| < ||v|| for v € E;\{0} and U is a
unitary constant from FEs onto F,. The Bj is referred to be the purely contractive part and U is the
unitary part of B, see [30, Page 194]. Tt is easy to see that with respect to the decomposition (§]),

Ir — TBTE = (IF1 - TBITEI) ®0p,.
Therefore, to represent Kg, we can assume © is inner and pure.

Theorem 3.8 A closed subspace M of H% is Sh-almost invariant if and only if one of the following
holds:

(1) M = R(Te), where © € Hy  p is inner. In this case, <(Sp, M) = dim E — rank(U), where U is
the unitary part of ©.

(2) M = R(Te (I, — ToTg)), where © € Hy ;, 5 is inner and pure, ® € H123(E1,F)’ dim E; < o0, and
To (Ig, —ToTg) is a partial isometry. In this case, a minimal defect space is W := R(S3TePg,) o
[R(S3ToPr,) N M] and <(Sy, M) = dim W.

Proof. The “if” direction follows from Theorem For the "only if” direction, set F' = C™. We will
deal with case (i) in Theorem B8] since the proof of case (ii) is similar. Then in case (i) EF; = C" P, & =
[ Go zg1 - 2gp ] is an inner matrix function of size m x (r 4 p). Since K C HZ,., is S*-invariant,
cither K = HZ,,, and hence, M = R(Ts) and (1) holds, or by BLH Theorem, K = K¢ = HZ,.,, ©OHZ,,
where O € H]%O(E,El.,) for ' = C" with n < r 4 p. Note that I —TgT{ is the projection from Hérﬂ, onto
Ko. By (), M = TsKe = R(Ts (Ig, — ToTg)). Now the equation [|G||> = S27_ |[ki||* is equivalent to
that Ty acts on Kg as an isometry. Namely, for all h € H%;l,

(To (I — ToTE) h, T (I — ToT5) hY = (I — ToTE) h, h) .

Equivalently,
[To (I = ToTy)]" [Te (I — TeTS)] = (I — ToTs)- (9)
Since (I — TeTy) is a projection, we know [To (I — ToTg)] is a partial isometry. The proof of the “only
if” direction is complete.
If M = R(Te), then by [, we have

S;T@ = T(_)SE + S;T(_)PE



Thus the defect space W of M = R(Tg) is a subspace R(SyTeoPr), where
R(SyTePr) = Span {Z[©(z) — O(0)]e: e € E}.

Note that Z[0(z) — ©(0)] e € R(Te)™*, and hence the minimal orthogonal defect space W is R(S:Te Pr).
It is easy to see that dim R(StTePg) = dim E — rank(U), where U is the unitary part of O(z).
If M =R(Te (Ig, — ToT{)), then by using () twice, we have

STy (I — ToTs)
= (TeSk, + SpTaPr,) (I — TeTs)

=T3Sy, (I = TeTg) + SpTePs, (I - TeTy)

= T (I — ToT3) Sk, + G, (10)

where
G = —T¢SEIT@PETC§ + SETePr, (I —ToTy). (11)

Note R(T@SEIT@PET5> C R(T@SEIT@PE) and
R(Ts S}, ToPr) = {8(2)Z[0(z) — O(0)] ¢ : ¢ € E}.

Since ®(2)z[0(z) — ©(0)] e € M, the defect space W is a subspace of R(S};Te Pg, (I —TeT§)). We claim
that if © is pure, then
R(Pp, (I - TeTs)) = R(PE, ). (12)

Thus a minimal defect space W is R(SyTsPr,) © [R(S5:TePg,) N M]. To prove the claim, assume there
exists eg € Ey such that eg L R(Pg, (I —TeTg)). Then for any e; € Ey

0= <60,PE1 (I - T@Té) 61>E1
= <60,61 — PE1 (T@@(O)*el»El
= (€0, (Iz, = ©(0)0(0))) e1) g, -

1

Since © is pure, ©(0) is a strict contraction. Hence eg = 0 and the claim is proved. m

For a scalar Toeplitz operator T,,, where ¢ € L°°, it is known that T, is a partial isometry if and
only if ¢ is inner [5]. But it is difficult to characterize when T (I, — TeTg) is a partial isometry, see
Theorem above for the case when both ® = g and © = 6 are scalar-valued functions.

Corollary 3.9 A closed subspace M of Hz is Sp-almost invariant if and only if either M = R(To),
where © € Hy ) is inner or M = R(ToHw)™, where ® € Hyp ) and V € L ).

Proof. By the above theorem, either M = R(Tg) or M = TgKeg. By Lemma B7 Ko = R(Hy)~ for
some ¥ € L%O(F,E) Thus M = TeKeo = R(T@Hq;)i. ]

The above theorem seems to suggest that “an extra condition that the column space of S;Gy is
contained in M + G in case (i)” in Corollary is not needed which is not the case, what the above
theorem says is that without this condition, M is still S%-almost invariant, but the defect of M is more
than p. Corollary [3.0] shows how to get a Sjh-almost invariant subspace with defect p from a nearly Sh-
invariant subspace with defect p by this extra condition. Our theorem combines these two concepts using
Proposition B4l Theorem captures the essential part of Theorem and Corollary and leaves
out some details. We think such a reformulation and simplification is useful. The approach to view M as
the range of an operator involving Toeplitz and Hankel operators is fruitful. Of course we can also add
back more details (a more precise information of ®) if we need to. We can pick out nearly Sj-invariant
subspaces from S}-almost invariant subspaces in the following way.
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Corollary 3.10 Let M := R(To (Ig, — ToTg)) be as in Theorem [3.8 (2). Then M is nearly Sh-
invariant if and only if rank [®(0)] = dim Fy. In particular, dim Ey < dim F. If M = R(Te), where
0 e H%O(E,F) is inner, then M is nearly Sp-invariant if and only if rank [©(0)] = dim F. In particular,
O s two-sided inner.

Proof. Assume rank [®(0)] = dim E;. Let h € M be such that h(0) = 0. Write h = ®k, where k € Ko.
Then 0 = h(0) = ®(0)k(0) implies k(0) = 0 since ®(0) is full column rank. Hence Sph = S, k € M
and M is nearly Sy-invariant.

On the other hand, assume M is nearly Sp-invariant. Let h € M be such that h(0) = 0. Write
h = ®k, where k € Kg. Then

Sph(z) = ®(2)5E, k(2) +Z[®(2) — (0)] k(0)
= ®(2)Sg, k(2) +20(2)k(0) € M
implies that Z®(z)k(0) = ®(z)k1(z) for some k1 € Ko. Thus ®(2)k(0) = ®(2)zk1(z) and k(0) = zk1(2).
This can only happen if £(0) = 0. In conclusion, ®(0)k(0) = 0 implies k(0) = 0. If we show the set of all
the possible k(0) is F4, then the above implication proves that rank [®(0)] = dim E;. Indeed, the set of
all possible k(0) = Pg, k1(z), where k1 € Ko, is R(Pg, (I —ToeT§)), which is equal to R(Pg,) by (I2)
since O is pure.

In the case M = R(Te), similarly, we can prove that M is nearly Sh-invariant if and only if
rank [©(0)] =dim F. m

The above corollary contains Lemma 2.4 in [§], where ® is assumed to be a diagonal inner function. By
Theorem B.§ and Lemma [2.4] a S}-almost invariant subspace is Sp-almost invariant, special examples in
the scalar-valued case (dim F = 1) have been observed in Proposition 2.2 in [10] and in the vector-valued
case in Proposition 2.2 in [8]. We also have the converse.

Corollary 3.11 Let M be a closed subspace of Hz. Then M is Sk-almost invariant if and only if M is
Sr-almost invariant.

Proof. If M is Si-almost invariant, then by the above theorem, M = R(To (I, — ToTg)). It follows
from Theorem [2.6] that M is Sg-almost invariant.
If M is Sp-almost invariant, then by LemmaZ3, M~ is Si-almost invariant. By what we just proved,

M is Sp-almost invariant. By Lemma again, M = (M J-) is Sj-almost invariant. m

Quite amazingly, we obtain the same characterization of Sr-almost invariant subspaces. We also find
the defect space.

Theorem 3.12 Under the same notation as in Theorem[Z8, a closed subspace M of H% is Sp-almost
imwvariant if and only if one of the following holds:

(1) M = R(Te), where © € Hi ;) is inner. In this case, <(Sp, M) = 0.

(2) M = R(To (Ip, — TeTg)), where © € Hy g is inner and pure, ® € H%(EMF), dim B < o0, and
Te (Ig, — T@T(f)) is a partial isometry. In this case, a minimal defect space W is R(TeToPr) ©
[R(TeTePr) N M] and ¢(Sp, M) = dim W.

Proof. By using (), we have

SpTe (I — ToTE)

= ToSp, — TeToSeTs

= ToSp, — ToTo (T5SE, — PeTsSE,)

= To (I — ToTS) Sg, + ToToPETESE, - (13)
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Therefore, the defect space W is a subspace of R(TeToPr) = {®(2)O(z)e:e € E}. We now claim
R(PgT§SE,) = E. To prove the claim, assume there exists eg € E such that eg L R(PgT§SE, ). Then
for any h € HI%le

0= <60,PET(SSE1h>E = <607PET(f)SE1h>H%
= (€0, T6Sm,h) gz = (Oeo, 2h) 2
= (Z[0(2) —©(0)] eo, h) 2 -

Thus Z[©(z) — ©(0)]eg = 0 and H@(z)eQHHIg; = H@(O)GQHH%. Since Tg is an isometry, ||®(z)eo|\H§ =
lleol| i - Since © is pure, H@(O)GOHH% < |leol|  if eg # 0. Hence ep = 0 and the claim is proved. Thus a
minimal defect space W is R(TeToPr) © [R(TeToPr)NM]. =

4 Examples of Sp-almost invariant subspaces

In spite of a complete characterization of S}-almost invariant subspaces and Sp-almost invariant sub-
spaces by [9] [10] [§] [23] and by Theorem B8 and Theorem BI2 a good understanding of those subspaces
requires to clarify the relation between ® and © which seems difficult, as this can be already seen in The-
orem which is the simplest case when both ® = g and © = 0. are scalar-valued functions. In this
section, we give some examples of such ® and ©.

For a € D, let
z—a

Pal2) = T (14)

be the automorphism of D. Then b(z) = A[]\_; ¢, (2) is a finite Blaschke product, where a; € D and
|[A| = 1. Let F be a subspace of E and Pg be the projection from E onto F. The inner function

Q(Z,G/,F,E) = SDU,(Z) (IE _PF)+PF
is called a Blaschke-Potapov factor. To avoid triviality, we assume F' # FE whenever we write down a
Blaschke-Potapov factor. Let B(z) := U[['_,Q(z, a;, F;, E), where U € B(E) is unitary, a; € D and F;

is a subspace of E for 1 < i < mn. Such a B € Hg,o( B) is called a finite Blaschke-Potapov product. It is
known that Kg is of finite dimension if and only if © is a finite Blaschke-Potapov product [24].

Proposition 4.1 Let & € Hé(El P be inner and © € H?(E F1) be inner and pure. Let
M := R(Te (Ig, — ToT§)).
The following statements hold.

(i) M is Sp-almost invariant and Sh-almost invariant.

(i) <(Sp, M) =(Sp, M+) =dim E and <(Sp, M*) = ¢(Sk, M) = dim Ey — rank(U), where U is the
unitary part of ®.

(iii) M+ = R(Tge) ® Ko = R(Ts, (I —To, T, )), where @1 and Oy are defined by

oo O oo

(iv) M is a half-space if and only if © is not a finite Blaschke-Potapov product.

12



Proof. By assumption, we have E C FE; C F. Since ® is inner, by Theorem BI2l ¢(Sp, M) =
dimR(T<pT@PE). But T@T@PE = T@@PE and ®O is inner, SO dlmR(T.:pT(_)PE) = dim F. By Lemma
29 (S5, Mt) =¢(Sp, M) =dimE.

By Theorem B8 ¢(S%, M) = dim W, where W := R(S}3ToPg,) © [R(S5ToPg,) N M] is a minimal
defect space. We claim R(S}TePpg,) N M = {0}. Assume e; € E; be such that for some h € Hg,

StTePrer =To (Ip, — TeTH) h.
Set g := (Ig, — TeT§) h. It follows that
[®(2) — ®(0)] e1 = 2P(z)g and P(z) (e1 — zg) = ®(0)ey.
Since ® is inner,
12(0)er]]” = [[@(=) (ex = 29)II” = ll(ex = z9)I* = llex® + llzg]l* -

Thus g = 0. This proves the claim R(S;ToPg,) N M = {0}. So W = R(S};ToPg,) is a minimal defect
space. Write ® = U @ ¥, where U is the unitary part of ® and VU is the purely contractive part of ®.
Therefore, W = R(S5ToPr,) = R(S}TogwPr, ) and dim W = dim Ey — rank(U). This proves (ii).

Next for (iii), we find M*. Assume h L M. Then Tjh L Kg and there exists ¢ € H% such that
T§h = ©g. Thus

®*h = Og + zu(z) for some u € Hj, .

Write b = ®hy + hg, where hy € HI231 and he € Kg. Plugging this decomposition of h into the above
equation, we have

hi = 0g+ zu(z) + ®*ha.

Since ®*hy € ZH%JI, we have hy = Og. Hence h = ®hy + hy = ®Og + hy € R(Tpo) ® K and M+ C
R(T3e) @ Kg. The inclusion R(Tse) ® K$ C M~ can be verified. So M+ = R(Tse) ® Ko. According
to Theorem B2 R(Too) ® Ko = R(To, (I — T(_)ng)l)) for some ®; and O;. Indeed, if ®; and O are
defined by (I5), then ©; is inner and T, acts an an isometry on Keg,. Since Ko, = Hz & K¢, we have
M* = R(Te, (I —To,Tg,)). We can also use this representation M+ to compute ¢(S}, M*) and ¢(Sp,
M) directly. This proves (iii).

Since Ty is an isometry, M is finite dimensional if and only only if © is a finite Blaschke-Potapov
product. When © is not a finite Blaschke-Potapov product, then M is infinite dimensional. By (iii), M+
is always infinite dimensional. Hence M is a half-space if and only if © is not a finite Blaschke-Potapov
product. This proves (iv). m

Example 4.2 From Proposition [{-1} one can see that if ® € HBO(E) is inner and © € HIOBO(E) 18 inner
and pure then
®(ran (Ig — ToTg)) = ®(ran (H§.)) = PKe

is Sp-almost invariant. In particular, Ko is Sp-almost invariant with ¢(Sp, Kg) = dim E.

Example contains Propositions 1.4 and 1.5 in [10], where M = pKj is considered with ¢ and 6

being two scalar inner functions and it also contains Propositions 2.5 and 2.6 in [§] where M = (\I/K@)J'
is considered with ¥ being a diagonal square inner function and © being an inner function.

In view of Proposition LIl we make the following conjecture.

Conjecture 4.3 Let M := R(To (Ig, — TeTy)) be as in Theorem [38. Then M is a half-space if and
only if © is not a finite Blaschke-Potapov product.

It follows from Lemma 22] (iv) that we can characterize a Sp-almost invariant subspace as the kernel
of He-Tj (when Tj is unbounded, we simply interpret ker Ho«Tj as [R(T@Hg*)]L).
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Corollary 4.4 Under the same notation as in Theorem [3.8, a closed subspace M of H% is Sp-almost
invariant if and only if M = N(T*) = [R(T)]", where T = Ty (Ig, —TeTg) . In this case, (S,
N(T*)) = <(Sk, R(T)).

Since T' =T (Ig, — TeT¢) is a partial isometry,
Ip —TT" =1Ip —To(Ig, — TeT§)T; (16)
is the projection onto N(T*).

Corollary 4.5 Under the same notation as in Theorem [3.8, a closed subspace M of H% is Sh-almost
invariant if and only if either M = R(Te) or M is a reproducing kernel space whose kernel Ky (z,w) is
of the form

P(2)(Ig, — O(2)0(w)")®(w)”

K (z,w) = 1—z2w

(17)

Similarly, a closed subspace M of H% is Sp-almost invariant if and only if either M = Kg or M is a
reproducing kernel space whose kernel is of the form

Ir — 2(2)(Up, — ©(2)0(w)")2(w)"
1—zw '

Ko (z,w) = (18)
Proof. Set T := Ty (Ig, — TeTg) . Since T is a partial isometry [13], the reproducing kernel of R(T') is
TT* (ky(2)Ir), where k() = 1/(1 — 2w) is the reproducing kernel of H? [13]. It follows from a general
fact that

TT* (kw(2)Ir) = To(Ig, — ToTS)Thkw(2)IF

_ 2()Ur ~ 6(2)O(w)") e (w)"

1—-zw
Similarly, by (8], the reproducing kernel of N(T*) is given by (I5). m

We note that the reproducing kernels of R(Tg) and Kg in the above corollary are respectively (© €
HE g ry 18 inner)

O(EOw) | Ir—O(:)8u)"
1-—zw 1-—zw

By Corollary B11] the kernel in (I8) can be represented as a kernel in (I7)) with different ®(z) and 0(z),

it will be interesting to have a direct proof of this fact.

5 Invariant subspaces of a finite rank perturbation of the shift
operator

It has been observed in Proposition 1.3 in [I] that an almost invariant subspace of T on a Banach space
is actually an invariant subspace of T + Ty, where Ty is a finite rank operator.

Lemma 5.1 [/ Let X be a Banach space, T € B(X) and M be a closed subspace of X. Then M is
T'-almost invariant if and if M is (T + Tp)-invariant for some finite rank operator Tj.

It turns out that if X is a Hilbert space, for a given M, we can write down all those Ty such that M
is (T + Tp)-invariant. Then M is T-invariant for T € B(H) if and only if TPy — PyT Py = 0 and M is
T-reducing if and only if T'Py; — T Py; = 0. This inspires another equivalent notion of almost invariance
which appeared in literature much earlier, see for example [20]. To distinguish we temporarily give it a
different term.
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Definition 5.2 [20] Let T € B(H) and M be a closed subspace of H. Then we say that M is T-finite
rank invariant if T Py — PryT Py is of finite rank and that M is T-finite rank reducing if T Py — Py T
s of finite rank.

It is known that the notion of T-finite rank invariant is equivalent to the notion of T-almost invariant.
We write down a proof to illustrate some points.

Lemma 5.3 Let T € B(H) and M be a closed subspace of H. Then M is T-finite rank invariant if and
only if M is T-almost invariant. Similarly, M is T-finite rank reducing if and only if M is T-almost
reducing.

Proof. Assume W := TPy — PyTPy = (I — Py)T Py is of finite rank. Then for any h € M,
Th = PyTh+ Wh € M+ R(W). That is, TM C M + R(W). So R(W) is a finite dimensional defect
space of M and M is T-almost invariant. In fact, R(W) L M since PyyW = Py (I — Py )T Pa = 0. So
R(W) is the minimal orthogonal defect space of M.

On the other hand, assume M is T-almost invariant. That is, TM C M & G, where G is finite
dimensional. Set W := T Py; — Py/T Pyy. It is clear that VV|ML =0.Forhe M, Wh=Th— PyTh =
(I — Py)Th € M @& G. Thus Wh € G since Wh L M. This proves R(W) C G and W is a finite rank
operator. Hence M is T-finite rank invariant.

Similarly, assume W := TPy — PyT is of finite rank. Then, TM C M + R(W) and T*M C
M + R(W™*). Hence M is T-almost reducing.

On the other hand, assume M is T-almost reducing. By what we have just proved, Wy := (I —
Py )T Py and Wy := (I — Ppy)T* Py are both of finite rank. Then

TPy — PyT =W, — W5
is of finite rank. Hence M is T-finite rank reducing. m

Theorem 5.4 Let T € B(H) and M be a closed subspace of H. Assume M is T-almost invariant. Then
M is (T 4 Tp)-invariant for some finite rank operator Ty if and only if

To=—(I — Py)TPy + Y0 2 @yi + S0 u; @ vy, (19)

where x; € M and y; € H, uj € H and v; € M+ are arbitrary.
Similarly, assume M is T-almost reducing. Then M is (T +Tp)-reducing for some finite rank operator
Ty if and only if

Ty = —(I — Pa)TPy — PuT(I — Pyy) + S0 2 @ yi + 300y @ v;
where x;,y; € M and uj,v; € M+ are arbitrary.

Proof. Set W := (I—Py) TPy, Wi = S0 2:@y; and Wy = Y7 u; ®v;. Assume Ty = —W+ Wy +Ws.
Then for h € M,

(T +To) h = Th — (TPy — PyTPy) h+ Y (hyyi) 2
= PyTPyh+ S0, (hoy) a; € M.

This proves “if” direction.
Now assume T is a finite rank operator such that M is (T + Tp)-invariant. Then for h € M,

(To—l—W)h:Toh—I— (TPM—PMTPM)h: (T+T0)h—PMTPMh e M.

Hence (Ty + W) Py is a finite rank operator and R [(To + W) Py C M. Therefore, (Ty + W) Py = Wh
for some W7 of the form Zlexi ® y;. Note that

(To+W)(I = Py) =To(I — Pyy) = Wo = Z?;luj & vy

15



for some Wy of the form 377" u; ® v;. Thus
(To+W) = (T0+W)PM+T0(I—PM) =W + Ws.

This proves (9.
Next we prove the reducing case. The “if” direction comes from a direct verification. We prove the
“only if” direction. Assume Ty is a finite rank operator such that M is (T + Tp)-reducing. Set

Q:=Ty+ (I — Py)TPar + PMT(I — Pur).
Since M is T-almost reducing, both (I — Pas)T Py and PyT (I — Pyy) are of finite rank. Then for h € M,
Qh = (T() +T)h— PyTh e M,

and for hy € M+
Qhy = Toh1 + Py Thy = (TQ + T)hl — (I - PM)Thl S M*.

Thus QM C M and QM+ c M+*. Consequently,
Q= PyQPy + (I — PM)Q(I — PM) = Zi—g:yTi QY + Z;-n:luj ® v
where z;,y; € M and u;,v; € M+. The proof is complete. m

For essentially invariant subspaces, its first appearance was in Brown and Pearcy [6] in 1971 where
it was proved that every operator on a complex infinite dimensional Hilbert space admits an essentially
invariant subspace. Here is the definition used in [6] [20].

Definition 5.5 [6] [20] Let T € B(H) and M be a closed subspace of H. Then we say that M is T-BP
essentially invariant if T Py — PayT Pay is a compact operator and that M s T-BP essentially reducing
if TPy — Py T is a compact operator.

Inspired by Lemma [51] Sirotkin and Wallis [29] gave the following definition on a Banach space, but
we state it on a Hilbert space.

Definition 5.6 [29] Let T € B(H) and M be a closed subspace of H. Then we say that M is T-SW
essentially invariant if M is (T + Tp)-invariant for some compact operator To and that M is T-SW
essentially reducing if M is (T 4+ Tp)-reducing for some compact operator Tp.

Inspired by Definition [T} we can make the following definition.

Definition 5.7 [29] Let T € B(H) and M be a closed subspace of H. Then we say that M is T-essentially
invariant if there exists a compact operator G such that TM C M + R(G) and that M s T-essentially
reducing if both M and M~ are T-essentially invariant.

As expected, these three definitions are equivalent and we give a proof for clarity.

Lemma 5.8 Let T € B(H) and M be a closed subspace of H. Then M is T-BP essentially invariant if
and only if M is T-SW essentially invariant if and only if T-essentially invariant. A similar statement
holds for essentially reducing subspaces.

Proof. Assume that M is T-BP essentially invariant. Then (I — Pp)T Py is compact and M is
[T — (I — Pa)T Pyg)-invariant. Thus M is T-SW essentially invariant.

Assume M is T-SW essentially invariant. That is M is [T + Tp]-invariant for some compact operator
To. Thus [T+ To] M C M. Then it is easy to see that TM C M + R(Tp). Thus M is T-essentially
invariant.
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Assume M is T-essentially invariant. Let G be a compact operator such that TM C M + R(G). Then
TM C M+ R(G) =M+ R(PuG+ (I — Py)G) C M @ R((I— Pu)G).
Set W := (I — Py)TPys. Then WM+ =0 and R(W) C M*. For h € M,
Wh=Th— PyThC M ® R((I — Pu)G).

Therefore, R(W) C R((I — Py)G). Since (I — Pyr)G is compact, W is compact. This proves M is T-BP
essentially invariant. The proof for the reducing case is similar. m

Theorem 5.9 Let T € B(H) and M be a closed subspace of H. Assume M is T-essentially invariant.
Then M is (T + Tp)-invariant for some compact operator Ty if and only if

To = —(I — Pay)T Py + PyWy + Wa(I — Pyy), (20)

where W1, Wy € B(H) are two arbitrary compact operators.
Similarly, assume M is T-essentially reducing. Then M is (T + Tp)-reducing for compact operator Ty
if and only if

To=— = Py)TPy — PyT(I — Pyg) + PyWi Py + (I — Pyp)Wa(I — Puy),
where W1, Wy € B(H) are two arbitrary compact operators.

Proof. Set W := (I — Py)T Pys. By assumption and Lemma 5.8, W is a compact operator. Assume
To = =W + Py Wy + Wa(I — Par), where Wy, Wy € B(H) are compact. Then for h € M,

(T +Ty) h = Th— (TPy — PyyTPy) h+ PyWih
= PyTPyh+ PyWih € M.

This proves “if” direction.
Now assume Ty is a compact operator such that M is (T + Tp)-invariant. Then for h € M,

Hence, Py (To + W) Pyy = (To + W) Pyy. Thus

T0+W=(T0+W)PM+(T0+W)(I—PM)
= Py (To+ W) Py + To(I — Puy).

This proves 20) with Wy = (Tp + W) Py and Wa = Tp.
The proof for the reducing case is similar. m

By using Theorem [5.4] for a S*-almost invariant subspace M, we can write down all finite rank
operators Ty such that M is (S + Tp)-invariant.

Theorem 5.10 Let M := R(To (Ig, — TeT§)) be as in Theorem [T 8 The following statements hold.
(i) M is (Sp 4 Tp)-invariant for some finite rank operator Ty if and only if
Ty = —ToToPpTETe + 3 iywi @ yi + Y 1eyu; @ v, (21)
where x; € M and y; € H, u; € H and v; € M+ are arbitrary.
(i1) M is (Sy + Th)-invariant for some finite rank operator T1 if and only if
Ty = —SpTe Py, (I — ToT) T + Si 12 @ yi + Y0y u; @ vy,

where x; € M and y; € H, uj € H and v; € M+ are arbitrary.
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(iii) M is (Sg + To)-reducing for some finite rank operator Ty if and only if
Ty = —ToToPeToTy — SyToPp, (I — ToTs) Ta + Sty @ yi + 31 yu; ® vj,
where x;,y; € M and u;,v; € M+ are arbitrary.

Proof. Set K :=Tg (I —ToT) and W := TeTe PETESE, . Then (I3) become SpK = KSg, + W. Since
K is a partial isometry, Py; = K K*. Thus
(I — Py)SpPy=(I—-KK")SpKK*
=({I-KK")(KSg, + W)K*
= ([ - KK"YWK* = WK* — Py WK,
where (I — KK*)K = 0. Since © is inner, we have
WK* = TyToPsT4SE, (I — ToTs) Th
=ToToPETS (I = TeTd) T3S — To PETE )
=TsToPET5T;.
Set Wy := Elexi ®y; and Wo := Z}n:luj ® v;, where z; € M, y;,u; € H, v; € M+. By Theorem [5.4]
To=—(WK*"— PyWK™*) + Wy + Wa.

Note that Py;W K™ is a finite rank operator of the same form as Wy. Thus Ty = —WK* + Wy + Ws.
Next we prove (ii). Set G := —T9Sp, To PETg + SpTePr, (I — TeTg) . Then (I0) becomes Sp K =
KS% + G. Note that
(I — Py)SiPy=(I—-KK")SEKK*
=({I-KK") (KSE1 —l—G) K*
=({I-KK")GK*=GK* — PyGK™. (22)

Since O is inner,

GK* = [—T¢S}§1T@PET§ + SiTePg, (I — T@T(f))} (I-TeT§) Ty
= S:TePp, (I — ToT) Ty
By Theorem [5.4]
T = — (GK* - PMGK*) + Wi + Ws.
Note that Py;GK™ is a finite rank operator of the same form as Wi. Thus 77 = —GK* + W7 + Ws.
Now we prove (iii). By taking adjoint, (22)) becomes
PySp(I — Py) = KG* — KG*Py.
Set Wy := Elexi ®y; and Wo := Z}n:luj ® v;, where z;,y; € M, uj,v; € M*. By Theorem [5.4]

Ty = —(WK* —PMWK*) — (GK* —PMGK*)+W1 + Ws.

Since M = R(K), PyK = K and K* = K*Py. Thus PyWK* = PyWK*Py and PyGK* =
PyWK*Py. So PyyW K* Py and Py W K* Py are finite rank operators of the same form as Wi. There-
fore, o = —-WK*—-GK*+W; +W5. =

We end up the paper with a question. Let G be a given finite rank operator on Hz. If M is (Sp +
G)-invariant, then M is Sp-almost invariant and a subspace of R(G) is a defect space. Thus M =
R(To (I —TeTg)). In this case, the following question naturally arises:
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Question 5.11 How do we find these ® and © in terms of G?
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