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Around Krygin-Atkinson theorem,
the recurrence of trajectories with zero integrals

Valery V. Ryzhikov

1 Introduction

Let S be a probability measure-preserving invertible transformation (automorphism) of the
space (X, ), f: X — Z be a p-measurable function. The cylindrical cascade C' : X X Z —
X X Z is defined by the formula

Clz, 2) = (Sz,z + f(x)),

it preserves the measure i = p X f.
Let T} be a flow preserving the measure p. The cylindrical flow C; : X xR — X x R is
defined similarly:
Fi(z,r) = (Tyz,r + o(t,x)),

o(t,2) = /0 K (Tu) ds

It preserves the measure i = p X m, where m is the Lebesgue measure on R.

Krygin and Atkinson [I],[2] independently proved that the cylindrical cascade with ergodic
S and integrable function f : X — Z with zero mean are recurrent. This means that for any
set B C A of positive measure, for almost all points « € B, the points (x, z) return to B x {z}
infinitely many times under the action of the cylindrical cascade. Since

C"(z,z) = (Sx,z + Zf(T’x)) ,

=0

for Birkhoff sums,
nkfl

Z f(Tiz) =0

for an infinite set of times n;. Krygin formulated his result in the case when S is an ergodic
rotation, but in the proof he used only the ergodicity property of this automorphism. Atkinson
noted this in the abstract of Zbl 0342.60049. In the case where A is additionally a metric
space and every open set has positive measure, then the Krygin-Atkinson theorem directly
implies for almost all x € X the existence of a sequence ny — oo for which 7" x — x and

Z?;Ol f(TZx) =0
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The case of flows is considered in the paper by Shneiberg [3], in particular, he proved that
for an ergodic flow 7; : X — X and f : X — R with zero mean for almost all x € X there
exists a sequence ny — 00

ot 7) :/Okf(Tsa:) ds — 0.

In the paper by Denisova [4] the question of when o (¢, z) has infinitely many zeros t, — oo
in each neighborhood of the point z is studied.

Theorem ([4]). Let T, be an ergodic flow on a compact metric space X with finite
Caratheodory measure p, and let f : X — R be continuous and have zero mean. Then
for almost all x such that f(x) # 0 there exists a sequence t, — 0o such that o(tg,x) = 0
and T"x — x.

Conjecture A. Let T; be a special ergodic flow on (X, ), let f: X — R have zero mean,
w(A) > 0. Then for almost all v € A with f(x) # 0 there exists a sequence t, — oo such that
o(tk,z) =0 and T™x € A.

If the conjecture is true, then the following statement immediately follows.

Let T be an ergodic flow with respect to the measure p on a metric space X, and let the
measure (i of each open set be positive. Suppose that for a function f : X — R with zero mean
for almost all x the integrals o(t, x) make sense and are continuous in t. Then for almost all
x with f(z) # 0 there is a sequence t, — oo such that o(ty,z) =0 and T™x — x.

2 Cylindrical flows over special flows

A measurable measure-preserving flow is isomorphic to a special flow T;. We consider the
case when the orbits have zero measure. The phase space X for T; is the part of the plane
under the graph of an integrable non-negative function r : A — R*, A C R. The metric on
the phase space is the metric p on the plane, and it is locally preserved by the flow. Recall
that the point x = (a, b) of the phase space moves vertically upward with a constant velocity:
Ti(a,b) = (a,b+t). The boundary of the phase space is glued in such a way that the points
(a,r(a)) are identified with the points (P(a),0), where P is a given automorphism on A, the
measurable domain of r.

Theorem B. Let T; be a special ergodic flow on (X, u) (or ergodic winding of a torus).
For a function f : X — R with zero mean for almost all x, for f(x) # 0 there exists a
sequence ty, — 0o such that o(tg,x) =0 and T™x — x.

Proof. The function f is integrable on X, from Fubini’s theorem it follows that the
functions F(s,z) = f(Ssz) for almost all z, as functions of s, are integrable on vertical
segments with endpoints (a, 0) and (a, r(a)). Therefore, for almost all z, the indefinite integral

@(t):/o f(Tx)ds
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is an absolutely continuous function on R, hence for almost all ¢ there exists a limit

A
) fttJr f(Tsz)ds
lim = — f(Tia).
But then for almost all 2 there exists a limit
t
T.x)d

It follows from this that for almost all z with f(x) # 0 there exists a number d(x) > 0 such

that
4(x)

i f(Tx)ds > f(Tix)o(x)/2.

We can obviously choose the function §(x) in a measurable way, where §(z) < § for a
predetermined 0 > 0. Let U denote the intersection of the small disk with the set of z-s
for which we have defined §(z). Let the measure U be positive. In the phase space of a
cylindrical flow, we consider the set

E={(z,h) : 2 €U, f(x) >0,0>h>—-(z)/4}.
Since the cilindrical flow F} is recurrent, for any N there is t > N
p(FENE) >0.

Let

then by the continuity of the integral there is A(z, h) € (0,9(z)) such that
A(z,h)
/ f(TsTix) ds = h.
0
This means that

t+A(z,h)
[ ranaas—o
0

and by choice of U the points x and T;; Az, may be as close as we want. Let’s summarize
the above in the following form.

Lemma. In each set A C {x: f(x) > 0} of positive measure for every N we find positive
measure set of x € A such that there is ty(x) > N for which the distance between x and
Tin (@ 15 less than 1/N and

tN(z)
o (t, ) = / F(Toz) ds = 0.
0

We call good a points = for which f(z) # 0 and there is a sequence ty — oo for which
o(ty,x) =0 and p(T*™Vzx,z) < 1/N. A point z is bad if there exists N such that it is N-bad:
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for all t > N from p(T"¥z,x) < 1/N it follows that o(ty,x) # 0. If the measure of bad points
is positive, then the measure of N-bad points is positive for some N. But by the lemma there
is a point in it that is not N-bad. Thus, the set of bad points has measure 0.

The theorem B is proved for points where f(x) > 0, to finis the proof we reason symmetrically
for f(z) < 0. For an ergodic winding of the torus as T3, we get the same with the same proof.

3 Remarks

Infinite Krygin-Atkinson Theorem. The following statement is easy to prove by reducing
the infinite case to the case of finite measure.

Theorem C. Let (X, pu) be a standard space with sigma-finite measure, and S an ergodic
automorphism of this space. If f : X — 7Z has zero mean, then the cylindrical cascade
C:XXZ—XXZ,C(zx,n) = (Sx,n+ f(x)), is conservative.

Consider the induced cylindrical cascade on the set A x Z, u(A) =1, AC X. Let z € A,
n(z) satisfy S"@) € A, S¥ ¢ A, for 0 < k < n(z). Put

n(z)—1
Sz =85"@g  f(z)= Z f(S'z), v € A

1=0

We have: S : A — A is ergodic on A and IR f (z)dp = 0. The induced cylindrical cascade
C:AxZ— AxZis recurrent, therefore so is the original cascade C.

The bibliography [4] lists many works related to the topic of recurrence of cylindrical
cascades, see [B]-[8]. In addition, we note that the Krygin-Atkinson theorem was used by
the author to lift the multiple mixing property and to lift the triviality property of pairwise
independent joinings, called the del Junco-Rudolph property, see [10]. This property plays
an important role in the study of Rokhlin’s multiple mixing problem.

Let n > 2, an S®"-invariant measure on the cube X*™ with projections u®?* onto two-
dimensional faces. The JR property for S is that each such measure on X*" is trivial, i.e.
equal to pu®m.

Theorem ([9],[10]). Let R: X XY — X XY be the skew product over S defined by

®2

R(x.y) = (S(x). T"(y)). / n(a)dp = 0.

If R, T have mizing and S mizes with multiplicity k, then the skew product R inherits mizing
of multiplicity k.
If R, T miz and S has the JR-property, then R inherits the JR-property.



We also note, following Benjamin Weiss, that the integrability of f is not necessary for
the recurrence of the cylindrical cascade. Theorem 1.4 [11] implies the following assertion.

Theorem D. Let (X, ) be a probability space and S an automorphism of this space. If
f: X — 7Z is such that

n—1
wlx: Zf(Tix) >en | — 0, n— oo,
0
with probability 1 an infinite number of times we observe Zg_l f(Tiz) = 0.
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Bokpyr Teopembl Kpbiruta- AKTuHCOHA, BO3BPATHOCTH Tpa-
€KTOPUIl C HYJIEBBIM MHTETrPaJiOM.

[Iycts S — coxpaHsitolee BepOSITHOCTHYIO Mepy obparmmoe mnpeobpasoBanue (aBTOMOD-
¢dusm) mpocrpancrsa (X, p), f: X — Z — p-usmepumasi GyHKIHA.
Hummanpuaeckuit kackan C' @ X X Z — X X Z onpenenen ¢hopMysioit

Clz, 2) = (Sz,z + f(x)),

COXpaHseT Mepy [t = it X f.
[Iycts T; — moTok, coxpansitoruit Mmepy . Huwmmaapuaecknit motok Cp : X x R — X x R
3a/1aeTCsA AHAJOTUIHO:
Fy(z,r) = (Tyz,r + o(t,z)),

o(t,x) = /0 t F(T,a) ds.

Omn coxpamsier Mepy fi = p X m, e m — Mepa JleGera na R.

Kpeirun n Arkuncon [1],[2] mesaBucumo jpokasaim, 9T0 MIIMHIPUYECKUHA KacKag C Sp-
rogudeckuMm S u unrerpupyemoit dyukimeit f @ X — 7Z ¢ HyJIEBbIM CPEIHUM SIBJISIOTCS
PEKYPPEHTHBIMU. DTO O3HAYAET, ITO JJIsI BCIKOIO MHOXKeCTBa B C A TOJIOKUTETHFHON Mephbl
JUTsT TIOYTH BCEX TOYEK & € B BepHO, 9TO TOYKH (x,2) Moj JeficTBHEM IUJINHIPHIECKOrO
KacKaJ1a OecKoHnedHoe 1nucsio pas Bosspamaiorcs B B x {z}. Tak kax

n—1
C"(z,z) = | Sz, 2+ Zf(T’:E) ,
=0

JUIg cyMM BupKroda BBITIOIHEHO
ni—1

Z f(T'z) =0

JIJIE OECKOHETHOTO MHOYKECTBa, MOMEHTOB BpeMenu ny. Kpbirun chopMyInpoBaJl CBO pe3yJib-
TaT B CJIydae, KOTJa S — 3ProJindecKuii TOBOPOT, HO B JI0KA3aTE/IbCTBE UCIIOIb30BAJ TOJIBKO
CBOMCTBO IPrOAMIHOCTH ITOTO aBTOMOpdU3Ma. ATKHHCOH OTMETUJI 3TO B aBTOpedepare Zbl
0342.60049. B ciyuae, xorjga A JOMOJHUTENBHO SIBJISIETCST METPUYECKUM TPOCTPAHCTBOM U
BCSKOE OTKPBITOE MHOXKECTBO UMEET ITOJIOKUTEIHHYIO MEPY, TO HEITOCPEJICTBEHHO U3 TEOPEMBI
Kpbirnna- ATKUHCOHA BBITEKAET JIJIsT TIOYTH BeeX T € X CyIIEeCTBOBAHUE TIOCIIEI0BATEIBHOCTH
ny, — 00, mst Kotopoit T™x — xu S 1 f(T'z) = 0.

Cayuait notokoB paccmorper B pabore [IHeitbepra [3], B wacTHOCTH, MM J0Ka3aHO, YTO
qutst sprogudeckoro moroka Ty 0 X — X u f : X — R ¢ HyJIeBbIM CpeJHUM I TIOYTH BCEX
xr € X maiijercd mocIe10BaTe/IbHOCTb Ny — 00

o(tg,x) = /0 ) f(Tsz)ds = 0.

B crarbe lenncosoii [4] usyuaercs soupoc o Tom, Korya o(t, ) numeer 6ECKOHETHO MHOTO
nyJieit ¢ — 00 B KaxKJI0il OKPEeCTHOCTH TOYKU .



Teopema ([4]). ITyemw Ty — apzoduneckuti nomok Ha KOMNAKMHOM MEMPUUECKOM NPO-
cmpancmee X ¢ koneunoti mepoti Kapameodopu p, a ¢ynrxuyus f : X — R uenpepwvisna u
umeem ny.aesoe cpeduee anaverue. Toeda das nowmu eécex x maxux, wmo f(x) # 0 natidemcs
nocaedosamenvrocms t — 0o maxas, wmo o(ty, ) =0 u Tz — .

Il'umoreza A. Ilycmov T, — cneyuarvnwd apzoduveckuis nomox na (X, 1), pynryus f
X — R umeem nyaesoe cpednee, (A) > 0. Tozda dasn noumu ecex v € A npu f(x) # 0
natidemes nocaedosamenvrocmsy ty, — 00, das kKomopot o(ty, x) =0 u T™x € A.

Ecim runoresa BEpHa, TO U3 HEEC CPpa3dy BbITEKaACT CJIE/YIOIEEe YTBEPXKJICHUE.

Iyemo Ty — speoduveckuti OMHOCUMENDLHO MEPDL [t NOMOK HA MEMPUYECKOM NPOCTPAH-
cmee X, Mepa [t KaHcdo2o0 0OMEPHIMO20 MHOHCECTEA NosodHcumervra. IIpednososrcum, wmo
ons pynryuu f: X — R ¢ nyaesom cpedrum oas nowmu ecex x unmezpanvi o(t, x) umerom
cmvica u wenpepuienv, no t. Toeda das nowmu ecex x npu f(x) # 0 natdemca nocaedosa-
meavHocmy ty, — 00, das Komopot o(ty, ) =0 u Tz — .

Huanuapuyeckne IMOTOKM HAJ, CHENHUAJIBHBIM HOTOKOM. l3mepumblit mOTOK, co-
XpaHgomuit Mepy, n3oMopden crenuajabHoMy motoky T;. Mbr paccmarpuBaem cirydait, Ko-
ria opoutsl umeroT mepy 0. @azoBoe mnpoctpanctBo X s T; aBISZETCA 9aCThIO IIJIOCKOCTU
nos rpaduKoM HHTErpupyeMoii Heorpunarenbnoit dynkoun v : A — RT, A € R. Merpu-
Ka Ha (a30BOM IPOCTPAHCTBE €CTh METPUKA p) HA IJIOCKOCTU U OHA JIOKAJHHO COXPAHSIETCS
norokom. Hamomuum, uro touka x = (a,b) $ha3oBOro npocTpancTBa JIBUKETCS BEPTUKAJIb-
HO BBEpPX C MOCTOsIHHO# ckopocThio: Ti(a,b) = (a,b + t). I'panuna dazosoro mpocrpancrsa
CKJIeeHa TaKuM 0bpasoM, uro To4ku (a,r(a)) oroxaecrsiserca ¢ Toukamu (P(a),0), e P
— 3aJIaHHBII aBTOMOPGU3M Ha A — U3MepUMOii 00JIaCTH OIpe e/ IeHusT (DYHKIUHI 7.

Teopema B. [lycmv T; — cneyuarvhod speoduveckut nomox na (X, ) (uau apeodue-
ckasn oomomka mopa). Jas gyrnkuyuu f 2 X — R ¢ nyaesvm cpednum das nowmu ecex x npu
f(z) # 0 natidemes nocaedosamenvrocms ty, — 0o, das komopot o(ty,x) =0 u T™x — x.

JoxkazarenscrBo. Oynkius [ waHTerpupyema Ha X, b3 Teopembr OydoumauU ciemyer, 91O
byuxipm F(s,z) = f(Ssx) jurs moutn BeexX @ Kak DYHKIMNA OT § MHTErPUPYEMBI Ha BEPTH-
KaJIbHBIX OTpe3Kax ¢ Koutamu (a,0) u (a,r(a)). [losromy /yist moUTH BCeX & HEOIPE Ie/ICHHBIIT
HHTErpaJt

@(t):/o f(Tsx)ds

siBJIfieTcs a0COJIIOTHO HelpepbiBHO# dynknueit Ha R, ciemoBaTesbHo Jjid MOYTH BCeX t Cy-
IECTBYET IIPeest

t+A
. ft f(Tx)ds
At—0 A
Ho rorma ajis mourn Beex x CyIIeCTBYET Hpees
fot f(Tsz)ds

L

= f(Tix).



U3 sroro BeITEKaeT, 4To I moutu Beex x npu f(x) # 0 maiimerca wmcso 6(x) > 0 Takoe,

9TO
o(z)

() ds > f(Tix)3(x)/2.

0
Oyuknuio §() MbI, OYEBHHO, MOKEM BBIODATH M3MEPUMBIM 00pa3oM, npudeM 6(x) < § s
narepest 3ajanaoro 6 > 0. Ilycrs U obo3HavaeT mnepecevdeHne MajeHbKOTO JIHCKA ¢ MHOYKE-
CTBOM TaKUX Z-OB, JiJIg KOTOPBIX Mbl onpesaenmin d(z). Ilycrs mepa U mosnoxurensaa. B
dazoBOM MpOCTpPAHCTBE UJIUHIPUIECKOTO TOTOKA PACMOTPUM MHOYKECTBO

E={(z,h) : €U, f(x) >0,0>h>—-(z)/4}.

Tak Kak UIMHAPUYCCKUI TOTOK [} pPeKyppeHTHBIH, Jiid Bedkoro N HalijeTcd HaijgeTcs

t > N Takoe, 4TO
(B ENE) > 0.

[Tyctn
(Tix,—h) € FENE, 0<h<d(x)/4,

B CHJIy HEIpPEepbIBHOCTH MHTerpaJsa Haiigercs Az, h) < §(z) Takoe, aro

A(z,h)
/ f(TsTx)ds = h.
0
DTO 03HAYAET, ITO
t+A(z,h)
[ raaas—o
0

npudeM T 1 Tia(z,py Ommskn. [logsegem uror ckazamHOMY.

JIemma. B raoicdom mrooicecmee A C {x : f(x) > 0} nosoorcumenrvroti mepv, das 6caxozo
N u natdemesa MHodicecmeo nosoAHCUMENLHOT MEPBL MAKUT T, ¥MO 044 Hekomopoeo ty () >
N paccmosmnue meancdy & u Ty (zyx menvwe 1/N u

tN ()
o(tne), x) = / f(Tsx)ds = 0.
0

Haszosem xopommumu Touku x, jyisi KOTopbiX f(x) # 0 u Haiijgercsd 1moc/ae0BaTebHOCTD
tny — 00, s xkoropoit o(ty,x) = 0 u p(T™Vx,z) < 1/N. Touka x noxast, eciu Hafijgercs
rakoe N, uro ona N-mioxas: st Beex t > N uz p(T™Wx,x) < 1/N Boirekaer o(ty,x) # 0.
Eciin Mepa IJIOXMX TOYEK IOJIOXKUTENbHA, TO Mepa N-IJIOXUX TOYEK IOJIOKUTEIbHA JIJIsT
nekoroporo N. Ho B cuty jieMMbl B Hell Haiijiercd Todka, KoTopas He gBjgercd N-ILIOXOil.
Taxum 0OpaszoM, MHOXKECTBO IJIOXUX TO4YeK mmeeT Mepy (.

Teopema jokazana st Touek, rae f(x) > 0, cummerpudano paccyxkiaem mpu f(z) < 0.
Teopema B jokazana.

Ecin B xauecrBe T; B3ATH 9ProJiecKyo 0OMOTKY TOpa, TO IMOJydaeM HMJIEeHTUIHbIH pe-
3yJIBTAT C UJIEHTHYHBLIM JIOKA3aTeJIbCTBOM.



Beckoneuynast teopema KpbirnHa- A TKuHCOHA.

Teopema C. I[lycmov (X, @) — cmandapmuoe npocmpancmeo ¢ cuema-KoHewnot mepot,
S — apeoduveckuti asmomoppusm smozo npocmpancmea. Ecau f: X — 7 umeem nyaesoe
cpednee, mo uyuaundpuueckud xackad C @ X X Z — X x Z, C(x,n) = (Sz,n+ f(z)),
ABAAEMCA KOHCEPEAMUCHDIM.

DTO yTBEpIK/ICHIE HECTIOKHO JIOKA3aTh, CBEs CIydail OECKOHETHON MepPbI K CJIydaio Ko-
HEIHOM Mepbl. PaceMOTpUM MH/YIIMPOBAHHBIN IUJIMHIPHIECKUil Kacka [ Ha MHOKecTBe A X Z,
w(A) =1, AC X.Iycrs v € Au aa n(x) semosmeno S™@ € A S ¢ A npu 0 < k < n(x).

Tlooxkum
n(z)—1

Sz =5""x,  f(z)= ) f(5%), z €A

i=0
Mveem: S: A — A sprojuvet Ha A u [ 4 f (x) dp = 0. MHaynupoBaHHBIH [UTHHIPAIECKUI
kackay C @ A X Z — A X 7L peKyppeHTeH, CJIe/IOBATe/IbHO, TAKOB U UCXO/HbII Kacka C'.

B 6ubsmorpadun [4] ykazano mMHOKeCTBO paboT, CBA3AHHBIX ¢ TEMATHKOI PEKYDPPEHTHO-
CTU IUJIMHJAPUYIECKUX KacKaIoB, cM. [D]—[8]. B monosmenue K 910My, OTMETHM, 9TO TEOPEMY
Kpbirnna- ATKHHCOHA aBTOP UCIIOIB30BAJI JIJTsI TOIHSITUSI CBOMICTBA KPATHOTO HIEPEMEIITHBAHUST
U [IOJIHATHS CBOMCTBA TPUBUAIBLHOCTH JIZKOWHUHTOB C MOTIAPHON HE3aABUCUMOCTHIO, HA3BAHHO-
ro cBoiicTBoM Jiesib JIxkynko-Pyosbda, cm. [10]. Do cBoiicTBO urpaer Bazkmuyo poJib B UCC/Ie-
noBaHuy IpobseMbl PoxmuHa 0 KpaTHOM IepeMemupannu. [Iycts n > 2, S®"-unpapuanTaas
Mepa Ha Kybe ¢ mpoekrmaMu 42 Ha IByMepHBIC IDaHH Ha3bIBACTCS HOMAPHO HE3aBUCHMBIM
camocoemHeHneM aBToMopdusma S. JR-cBoiicTBO 1151 aBTOMOpdU3Ma S 03HAYIAET, ITO KayK-
JI0e TaKoe caMompucoeuHenne Ha X X" TpUBHAJBHO, ABJseTca Mepoil &,

Teopema ([9]). [Tycmv R: X XY — X XY - Kocoe npoussederue 1ad a6momoppusmom
S, sadannoe popmyrot

R(x.y) = (S(x), T"®(y)). / n(a)dyi = 0.

Ecau R, T obaadarom nepemewusaruem, a asmomopphusm S nepemeuusaem ¢ Kpammocmsio
k, mo xocoe npouseedenue R nacaedyem nepemewusanue xpammocmu k.
Ecau R, T nepemewmsarom u S obradaem JR-ceoticmeom, mo R nacaedyem JR-csoticmso.

OrmernMm Takke, cielys Bemxamuny Beiicy, uro narerpupyemocts (byHKIuu f He 00s-
3aTebHA JIJIF PEKYPPEHTHOCTH IUJIMHPUIECKOro Kackaja. 3 reopema 1.4 [11] Berrekaer
cJIeJyIoIIee yTBEPKIEeHNE.

Teopema D. [Tycmo (X, p) — sepoammnocmmoe npocmpancmso, S — asmomophusm amozo
npocmparcmea. Ecau [ X — Z maxosa, umo

n—1
wlx: Zf(Tix) >en | — 0, n— oo,
0



¢ sepoammocmuvio 1 Geckonewnoe wucao paz mow nabmodaem y o f(T'x) = 0.
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