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ABSTRACT

We study the (leading) 4-derivative corrections, including both parity even and odd terms,
to electrically-charged Kerr-Newman black holes. The linear perturbative equations are then
solved order by order in terms of two dimensionless rotating and charge parameters. The solution
allows us to extract the multipole moments of mass and current from the metric as well as the
electric and magnetic multipole moments from the Maxwell field. We find that all the multipole
moments are invariant under the field redefinition, indicating they are well-defined physical
observables in this effective theory approach to quantum gravity. We also find that parity-odd
corrections can turn on the multipole moments that vanish in Einstein theory, which may have

significant observational implications.
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1 Introduction

A century after its discovery, General Relativity has proven remarkably successful in explaining
phenomena across a vast range, from the solar system to the entire universe. On the other
hand, it is also widely believed that Einstein gravity should only appear as the leading term in
an effective theory of quantum gravity below certain ultra-violate cutoff scale A.. In the simplest
scenario, the effective action is given by an infinite derivative expansion controlled by powers of

Ac
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The higher derivative corrections to infrared physical quantities encode the fine structure of
quantum gravity effects, and their observation could shed lights on hidden dynamics at the
cutoff scale. Although the correction terms are usually rather small and may not be visible in
the near future, one can still ask the interesting question: which physical quantities computed
using the effective action ([Il) are genuine physical observables? The answer to this question is

crucial for their potential measurements by future detectors.



In an effective field theory (EFT), the equivalence theorem states that meaningful physical
observables should be invariant under field redefinitions, which are invertible and retain the
same physical spectrum [I]. In the perturbative higher derivative extensions of Einstein gravity,

field redefinitions satisfying the equivalence theorem take the form

G = Guv + /\IR,uu + >\2Rg,uu + .- (2)

“ooom

where refers to matter dependent terms, as well as even higher order terms. It is obvious
that coefficients of certain terms in (IJ) are shifted by (2]). Based on the Reall-Santos method [2],
we have proven that the Euclidean action of asymptotically flat or AdS black holes are invariant
under field redefinitions [3l[4]. Consequently, all the thermodynamic variables derived from the
Euclidean action also enjoy this property. In particular, for asymptotically flat black holes, the
corrections to thermodynamic variables depend only on the coupling coefficients of the higher
order operators that are inert under (2).

Similar to black hole thermodynamics, black hole multipole moments will also receive higher-
derivative corrections, except for the mass monopole and the current dipole moment, corre-
sponding to total mass and angular momentum that are typically chosen to be fixed under
the perturbation. Black hole multipole moments play a crucial role in describing the external
fields and gravitational wave radiation, potentially offering a new window into the footprints of
quantum gravity [5H8] beyond standard General Relativity. Upcoming observations of gravita-
tional waves from extreme mass-ratio inspirals (EMRIs) [9HI4] may reveal whether black hole
mass and spin multipole moments match predictions from classical general relativity or suggest
modifications induced by new physics beyond the standard model. It is thus urgent to under-
stand in an effective theory of gravity, whether black hole multipole moments are meaningful
physical observables, i.e. invariant under field redefinitions. Based on traditional approach, to
obtain black hole multipole moments, one needs to first solve for higher derivative corrections
to rotating black holes which is technically quite difficult. Until now, there is no proof that
in a generic theory of gravity with higher derivative corrections, the black hole multipole mo-
ments are invariant under field redefinitions, except for very few specific examples. For instance,
the recent work [I5] has computed the multipole moments of Kerr black holes in pure gravity
with cubic curvature corrections and showed that they are invariant under field redefinitions
of the metric utilizing the Ricci flatness of Kerr solution. For non Ricci flat solutions, such as
Kerr-Newman black holes, the situation is unknown. In fact, it was speculated in [I5] that for
non-Ricci-flat solutions, higher derivative corrections to multipole moments might be affected
by field redefinitions.

In this work, we make the first attempt to study leading higher derivative corrections to Kerr-



Newman black hole, with focus on its multipole moments. In four dimensions, the leading higher-
derivative extensions of Einstein-Maxwell theory consist of parity even and odd 4-derivative
terms built from Riemann tensor and the U(1) field strength. Different from the static black
hole solutions, there is no mature method of deriving the complete form of even the leading
higher-derivative corrections to rotating black holes. We thus adopt the approximate method
proposed in [I5HI7], by expanding the perturbed metric and U (1) gauge potential in power series
of the dimensionless parameters including x, := a/p and xg = Q/u, where u, a, () parametrize
the mass, spin and electric charge of the uncorrected black hole solution respectively.

We therefore need to be concerned with two perturbative expansions of the the Kerr-Newman
black hole. One is the leading-order perturbation of the 4-derivative couplings. After deriving
these linear perturbed field equations, in principle, we should be able to solve them order by
order in x’s up to arbitrarily high order. However, in practice, this second procedure is rather
time consuming and we have to terminate at certain order.

At the first order in 4-derivative couplings, corrections from the parity even and odd terms
to the black hole solution decouple from each other. Thus we can analyze these two cases
separately. When parity preserving 4-derivative terms are switched on, we are able to obtain
the perturbed solution up to O(x7"), while concerning only parity odd 4-derivative interactions,
we can reach O(x®). From the approximate solution, we could read off corrections to both
the gravitational and electromagnetic multipole moments at first few levels. Similar to the
pure gravity case, parity preserving 4-derivative interactions only modify multipole moments
{Masy,, San+1, Qon, Pon+1} that are already nonzero at the leading order. In the parity odd case,
the 4-derivative interactions contribute to multipole moments {Ma,11,Son, Qont1, P2n} that
vanish at the leading order. Thus their very presence breaks the equatorial symmetry of the
solution and has significant observational implications. Most importantly, we show that these
results can be expressed in a way that is manifestly invariant under field redefinitions.

This paper is organized as follows. In section 2, we study the electrically-charged Kerr-
Newman black hole and obtain the mass and current multipole moments from the metric and the
electric and magnetic multipole moments from the Maxwell field. In section 3, we consider the
(leading) 4-derivative corrections, which can be categorized as parity even and parity odd terms.
The leading order correction is solved order by order in terms of appropriate two dimensionless
parameters (Xq, xg) of the Kerr-Newman black hole. This allows us to read off the 4-derivative
corrections to the multipole moments. We then show that the results are independent of the
field redefinition, indicating that they are indeed good physical quantities in our effective theory
approach to quantum gravity. We conclude the paper in section 4. In appendix A, we show

how the corrections of the solution modify the thermodynamic variables, and the results are



consistent with the Reall-Santos method. In appendices B and C, we give the complicated
expressions that would be a digression if given in the main text. In appendix D, we discuss

briefly the Geroch-Hansen method of multipole moments for general theories of gravity.

2 Multipole moments of Kerr-Newman black hole in 2-derivative

theory

Currently, there are three different procedures to calculate black hole gravitational multipole
moments, including the Geroch-Hansen formalism [I8[19], the Thorne’s formalism [20] and the
covariant phase space approach proposed in [2I]. Equivalence of the results obtained from three
different methods has been discussed in [I521]. Here we will adopt Thorne’s formalism which
directly extracts gravitational multipole moments by recasting the solution in the asymptotically
Cartesian and mass-centered (ACMC) coordinate system. In this section, we briefly review how
to obtain the gravitaional multipole moments of Kerr-Newman black holes by working in the
ACMC coordinate system.

The electrically-charged Kerr-Newman black hole is an exact solution of the Einstein-Maxwell

theory, with

1
ﬁga - R - ZFMVF'LLV . (3)
The solution takes the form
A, by by 1 — a2
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To compute all the gravitational multipole moments, we must perform a coordinate transforma-

tion from Boyer-Lindquist coordinates (7, z) to ACMC-oo coordinates (rg, zg) defined by [15,22]

Tsy/l—x%:\/T2+a2\/l—x2, rerg = re (5)

in terms of which, the metric takes the form in the far zone [20]
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where Py and P, denote Legendre polynomial of = and its z-derivative, respectively. Moreover
we have removed “S” from the subscript to simplify the notation. The coefficients My and S, are
the mass and current multipole moments respectively. On the other hand, the coefficients ch )
are gauge dependent and nonphysical [20]. For the Kerr-Newman black hole, the nonvanishing

multiplet moments are
Moy = p(=a®)",  Sons1 = pa(—a®)" (7)

where My and S; correspond to the total mass and angular momentum. It has been noted
in [22123] that the multipole moments of the Kerr-Newman black hole share the same form as
those of the Kerr black hole in pure Einstein gravity. In other words, they are unaffected by the
electric charge.

In ACMC-oo coordinates (rg,zg), we find that the Maxwell field in the far zone takes the

form, after dropping the subscript “S”,

o0

A== (@ene Yo dle)
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from which we recognize Q, as the electric multipole moments are given by

1
Qon = 5@(—a2)n7 Qo1 =0. 9)

In particular, the electric charge is given by Q. = Qo = Q/2. The coefficients P, take the values
below

1
Popt1 = —§Qa(—a2)", Pon, =0 . (10)

As we shall show below that Py can be interpreted as the magnetic multipole moments, because
via electromagnetic duality, they appear in the electric multipole moments of the dual U(1)
gauge field. Moreover, in the dual U(1) gauge field, the coefficients in front of xPs, are in fact
non-zero and given by (J2,,. This is why we introduce the first line in the expansion of A, to make

the ansatz more general, even though for the solution given in (), it is absent in the expansion



of A,. Note that in this paper, we consider only the electrically charged Kerr-Newman black
hole, the magnetic monopole Py or the magnetic charge vanishes. The electric charge, under
the rotation, can generate odd magnetic multipole moments, namely Poj, 1.

To ensure the gauge invariance of the electric multiple moments obtained above, we de-
fine electric potential rigorously using the Killing vector { = d; + Qpy0,, that vanishes on the

bifurcation horizon of the black hole.
Fy =0, = @, = A +QuA, + const, (11)

Thus in the far-zone, the large r expansion of the gauge invariant electric potential @, ac-
quires not only terms proportional to Legendre polynomials as in the static case, but also terms
proportional to derivatives of Legendre polynomials, due to frame dragging effects.

We now examine the magnetic multipole moments more closely. To define them in a rigorous
way, we consider the dual U(1) gauge field ZM whose field strength is the Hodge dual of F),,,

ie., I, = leu,,p)\Fp)‘. Therefore we have

2
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whose components take the form in the ACMC coordinate system

A=Y (G YR
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with
OQont1 = —Pons1, Qon=-Pan=0, Pop=Qon, Pont1=2ms1=0. (14)

Thus we see that the coefficients Py that appear in the expansion of A, indeed correspond to the
magnetic multipole moments. Similarly, we can also define gauge invariant magnetic potential

as

Suﬁuu =0,, — &,= f“gu + const. , (15)
which justifies the gauge invariance of the expansion coefficients in ([I3)).

3 Adding 4-derivative corrections

In this section, we will apply the strategy of [I5] to compute generic 4-derivative corrections

to the multipole moments of D = 4 Kerr-Newman black hole. The 4-derivative extension of



Einstein-Maxwell theory contains parity even and odd terms. Up to first order in 4-derivative
couplings, their corrections to the black hole solution and multipole moments are disentangled
from each other. Thus we shall discuss the parity even and odd cases separately.

3.1 Parity-even case

The general parity-even 4-derivative interactions involving curvature and Maxwell field strength

are given by

£l = ¢, R® + ¢aR"™ Ry + csR"" Ryype + c4RF + ¢s R F,,F,”
+c6 R FyFoy + cr(F2)? + cg FF FY JFP o F . (16)

The most general redefinition of the metric that preserves the parity is of the form
Juv = Guv + >\1R,uz/ + >\2R9W + >\3F,upFup + )\4F2g,uz/ > (17)

which leads to the variation of 4-derivative coefficients as

¢ = e+ 3A1 + A2, C2 = C2 — A1, c3 = c3,
C4—>C4—l)\1+l)\3+)\4, C5—>C5+l)\1—)\3, ce — Cg,

8 2 2

1 1
cr = o7 — gA3, cg — g+ 3A3, (18)

under which the combinations below

ag = 2c9 + 8¢y + 4es + 4cg + 32¢7 4 16¢g

a) = ca, ag = cg, a3 = cp + 2c5 + 4cg (19)

are invariant [24125]. Thus a physical quantity depending only on these combinations satisfy
our criteria of being a meaningful observable.

For the time being, there is no well established approach to finding analytical and complete
results for 4-derivative corrections to a rotating black hole. Hence we resort to the approximate

method proposed by [17]. Up to first order in ¢;, we recast the corrected field equations in the

form [26]

1
Ry — 59 R = %(FMPFVP - ZgquQ) + AT [ v AP,

Ao o

VuFR = AT AP (20)
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where gfg,) and AELO) denote the uncorrected solution and the effective energy-momentum tensor
and the effective electric current are defined by

2 (y=gLY) L1 8(y=gLl)
AT, = N AT AJY = N T (21)




Next, when solving for the perturbed solution, we expand the uncorrected solution in power
series of xo = a/p, xo = Q/p both smaller than 1. Depending on the available computer
power, one can solve for the perturbed solution up to certain order in x. Since the leading order
solution is exact in y and the approximation is only performed in finding the perturbed solution,
it has been shown that [I5l[I7] this procedure can yield a rather accurate approximation to the
full perturbed solution, as long as it is carried out to sufficiently high order in .

Since the uncorrected Kerr-Newman black hole is stationary and axisymmetric, the effective
energy-momentum tensor and electric current will inherit these symmetries. Consequently, the

perturbed black hole solution can be parameterized as [17]

A 2 > >
2 _ S 2 ’ :
ds? = -5 (dt — a(1 — 2*)de)” (1 + Hy) + (1 + Hy) (Ardr + 1_x2d:17 >

2

11—z

A(l) = —%CQT ((1 + H5)dt — (1 + Hﬁ)a(l — £E2)d(p) s (22)
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((1+ Hz)adt — (1+ Hy)(r* + a2)d<p)2

where the six functions H;, i = 1,...6, depend only on coordinates r and x. At first glance, the
form of the metric ansatz appears different from the original one used in [I7], but one can easily

show that the two ansatze are related via

20?Hs(1 — 2?) — H1A
HOR = a”Hs( ;") 12 HSR =

(Hg + H4)(7"2 + a2) — H{A,
2pr
a?H1 A (1 — 22) — 2H,(r? + a?)?
X2+ a?) +2a2ur(1—22)

)

HS® = Hy, H{® =

(23)

where the superscript “CR” denotes the H;’s defined in [I7]. In the next, we shall expand each
H; in power series of parameters

Xa = —, XQ:Qa with X2 +xp < 1, (24)

I [

where the right inequality is saturated by the extremal unperturbed Kerr-Newman black hole.
In an infinite series expansion, there are many ways to recollect terms. For simplicity, we
choose homogeneous polynomials of x, and x¢ as the expansion basis. To do so, we introduce a
bookkeeping parameter € which will be set to 1 at the end of calculation and temporarily replace

x by ex. Then the expansion of H; can be conveniently written as

o0

Hi(r,x) = > H™(r,z)e" . (25)

n=0

Following [17], H, Z-(n) (r,x) can always be expressed as a polynomial in x and in 1/r

N kmax

n n,p,k xP
2 (r2) =305 5" >ﬁ, (26)

p=0 k=0
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where H; (nPk) are constant coefficients and for each undetermined function, the number of ki .x
depends on n and p. Substituting [22)), 25) and 6) into (20), we solve for Hi("’p’k) order
by order in € up to O(e”) and present the results in an accompanying Mathematica notebook.
As a double check of our approximate solution, in Appendix [A], we first calculate 4-derivative
corrections to all the thermodynamic variables of Kerr-Newman black hole using the Reall-Santos
method [2], which requires only the knowledge of the uncorrected solution. We then compute
the same quantities by applying the standard approach to the corrected solution. It turns out
that results obtained from these two methods agree with each other up to the approximation
order we have considered.

The higher-derivative terms also modifies the relation between the ACMC-0o coordinate

denoted by (rg, xg) and the Boyer-Lindquist coordinates (r, )
r=r04+rOrg 2g), =30 +200g,25), (27)

where the leading terms r(® and 2(©) are solved from ) yielding

( \/r%—az—l—\/a4+2a27‘%(2x%—1)+7‘4s
r\9 = ,

V2

L0 V2rsis , (28)

\/rg—a2+\/a4+2a2r§ (20% —1) +rd

while the corrections caused by 4-derivative interactions takes the form

oo k41 oo k+1
rW(rg,zs) = ) Zbk,p . 2 W(rs,zs) = (1 - 23) chk,p_- (29)
k=—1p=0 k=0 p=0

The coefficients by , and ¢y, ;, are fixed by requiring the modified metric to remain in the standard
form ([Bl), from which we read off corrections to the gravitational multipole moments due to the

parity even 4-derivative interactions

oMy~ = = 35 [(040 2401 — dag) xg) — a2(35xg + 4XQ)] + T58600 [1386a2xa
+3(6500 — 125201 — 3201y — 337ai3) xaxg) — 44(3ap + daa + 24 + 4ai3) X
+ 507308 [270270,x§ — 6(214800 — 865207 + 8830, — 1299a3) XD

+(5999cg — 149128, — 3391440y — 465620i3) xaxh — 1040(9cg — 4oy — 24eny

2(cg + 16¢7)x2
_4a3>xg] + WMQ 290X X% + 162x5 + 65x¢) + 117x2 — 143x3)
—1287}
SMYD = 200102 + ’;i‘g [168a2xa (130 — 28401 — 32505 — 59a3)x%
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—41760; — 53930 — 1004a3)x g | —

[24255a2 Xa — 30(67ag + 1384a; + 3630a2 + 370a3) X2 X5 + 22(2130
2(ca + 16c7)px3x3
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3465
e 1 Xa
SM = —dagudy - [a2(22o5xz +10811x3) — 35(10ag — 2120, — 47a3)xé}
2 a
—%(Cg + 16¢7) ,

oMy = Gasp®x; |
581 = —anxa — ot 02(378X + 139x%) — (190 — 4280 — 8303)7|
-+Sé316[7623azxa 6(200 + 263601 + 729305 + T07a3) 2 — 22(3a0 + 6120
 Xa
2420 + 1 |+ [3243240§ - 6(244 15170 — 4
+242a9 + 37a3)XQ 5765760 32432400 X8 — 6(2447Ta + 315170 — 469080

—481503) X x% — (220100 + 15945680 + 35316840y + 47288203) x2 v — 260(189ag
2(ca + 16¢7)Xa Xt

+12120r; + 7630 + 367a3)xg] + [290x§x29 + 162X, + 65x¢)

45045
+417X§——143Xé<—128ﬂ ,
6857 = 3 KX 4900, 11 11790 — 25503)x 2
37 = Bogp’xs + =2 =00 90azx; — (5500 — 11801 — s — 25503)x%
HﬁéEOPuzmamxi—4m&B&m2+1$Mao+bﬁmmq+3&ﬁ%¢@Xé+2mxmhm

2(co + 16¢7) 1 XX
3465
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e M Xaq 2 2 2
584 ::——5a2u4 5 2940[og(l470xa—k8957xQ)——7(47@0——988a1——223@3)XQ]
2 a
5876) = Tou®y7 . (30)

Thus it is evident that the parity even 4-derivative terms will not contribute nontrivially to
Moy, 11 and Sa,. In the current choice of integration constants, we noticed that the total mass and
angular momentum seem to receive corrections and some of the multipole moments depend on
4-derivative couplings that are variant under field redefinitions. These terms are all proportional
to ¢ + 16¢7.

In fact, the dependence of gravitational multipole moments on c¢o + 16¢7 is an arifact due
to our bad choice of integration constants. The appropriate choice should be that the mass,
angular momentum and the electric charge should receive no 4-derivative correction. In terms

of new integration constants ', x5, X¢, defined below

p— g =40, Xa = Xo=Xa+0Xas XQ = X0 = XQ +XQ > (31)

where dp, dxaq, Ox¢@ are given in Appendix [B] we see that the mass, angular momentum, and

electric charge of the Kerr-Newman black hole become independent of 4-derivative couplings.
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Meanwhile, all the terms that are variant under field redefinitions disappear from the corrections
to multipole moments. Below we present the multipole moments written in terms of the new
integration constants, and for the tidiness, we remove the “prime” from notation. Using the

approximate solution, we are able to obtain the first few gravitational multipole moments listed

below
XaXe
SME) = anpx®d - 380Q [(8% — 761 — 20305 — 1903) x5 + 30022 | |
240213 x 2 x 2
o _ _ aXQ (e) _
) _ 23 939 "‘QXin? 2 2 2
58\ = %g;u Xox — oo [a2(637xa — 3501x3) + (10200 — 11720, — 293a3)XQ] :
585(6) = ——ozg,u4xgxg2 , 5556) =0. (32)
245
For electric and magnetic multipole moments, we have
3 2
60 = Sazuig + e | as(90x% +1519x3) — 49(a0 + 4 + ) |
2
BXaXQ
+3 4880 [980a2xﬁ; — 3(197a + 10160,y + 328802 + 25403) X2 X5

—392(4040 — 20 — 64y — 4a3)Xé2} 5

. 97 3.4 3.4
o) = 2921 XaXQ | I XaXQ [(6905% + 2925601 — 3207880 + 731403)x%

1225 411600
—10976a2X§] ,
© _ 125a21°x8xq
00" = ) 1386 '
(e) _ XaXQ 2 2 2 XaXQ 4
Py = —502XaXQ + 120 |:042(6Xa — 13xg) + (a0 — 200 — 5a3)xQ] + 3360 [63042)((1
—6(dag + dar + 2Tag + az)x2xD + 14(ag — 2001 — 1005 — 5043);(3] :
o 13 12XaXQ
5Pl — 2 ot — XeXe [112a2X§ + (11ag — 528a1 + 75500 — 132a3)><22] :
. 781anux2x0
5Pl _ a
P 1470 (33)

The results depends only on the invariant combinations (ag, a1, a9, a3) of coupling constants
defined in ([I9]).

Similar to the 2-derivative case, from the field equation of A,, we can define its magnetic

dual vector field EM

1 e
VD) =0 = SeunD O =2V A7) (34)

v ]

The explicit form of the induction tensor Dﬁf,,) can be seen in Appendix [C] from the parity even

part of the total U(1) field equation. We find that

B Qa’x(1 — 2?)

E(e>:—2(%+ﬁl>dt—2( s

%) ~ Qo+l )di | (35)
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where H; and Hs are also expanded in terms of power series of x, and x¢. Readers interested in
their explicit forms up to O(x7) are referred to the accompanying Mathematica file. Matching
g(l) to the desired form in ([I3]), we read off the leading expansion coefficients which confirm the
relation

57)0(2,4,6 = 5Q((f)2,4,67 5Q§f)3,5 = _57D£,62’,,5 : (36)

3.2 Parity-odd case

We now turn to study the effects of parity-odd 4-derivative interactions on Kerr-Newman black
hole and its multipole moments. In D = 4, the independent parity odd 4-derivative terms can

be parametrized as
LY = di Ry FPFY, 4 d3yRyupe F*FP 4 dyFy F* F? 4 dy Fy FYPFpe 7% (37)

where ﬁ,w = %EWPUF P? and we have used the useful identity that gWFpaﬁp" = 4Fup1?’,,p .

Because of the same identity, the parity odd field redefinition of the metric has only one structure
Guv — Guv + /\5Fpvaup ) (38)

which shifts the coupling constants in ([B7]) according to as

A A
di = di + X5, dg — da, d3—>d3—§5, d4—>d4+75. (39)

One can easily check that the combinations of 4-derivative couplings below are invariant under

B9)
Bo=4d3+dy, P1=dz, Po=28dz+d;. (40)

Repeating the same procedure as in the parity even case, we solve the perturbed solution
up to O(x®). The modifications to the field equations due to parity odd 4-derivative terms are
given in Appendix [Cl Switching to the ACMC coordinate system, we obtain the parity odd 4-
derivative contributions to the first few multipole moments. Interestingly, the Ma,, Sop+1, Qan
and Py 41 which are nonvanishing at 2-derivative level, do not receive corrections. Instead, non-
trivial corrections appear in Moy, 11, Soy, Qon+1 and Poy,. This is understandable because the
field equations are parity odd, therefore shifting the multipolar index ¢ by 1. The mass dipole
remains zero because of the choice of ACMC coordinates. Specifically, for the gravitational

multipole moments we have

23 12XoX5
a
5M§°) = ——2551M2X2X2Q + W(mﬁlxz + 14260x5 — 391B1x9)
(0 _ 493 . 4 5 9
5M5 = 245/81,“ XaXQ )
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1XaX5
300

088 = Brunx — (3081x2 + 080X — 15981 X))

1Xa X5
"~ 560 [2850’&2(5% — X2) +3B1(5xaXH + TXa — 56x‘ég>] :
240261 1342 1Ay
(@ a Q a Q ) ) )
68, 1995 + 555 (160381x, + 3331 80X — T84551x0)
7066781 1% x5 x 2
s — TOO8TA Xaxg .
24255

and for electric and magnetic multipole moments, we obtain

XaXQ
120

+301(3xa — 2xox0 + 4x‘ég)] +
+250(10x¢ — 3xix2;)] :

XaXQ 2 2 9.2
e [4Bon(7xQ 3Xa)

[&(%cixé — 12x2x5 + 6x5 + 10x9)

° 1
607 = —2Aixaxq + o2 (35122 + xB) + 1460 | +

XaXQ
640

s 13 XX
605 = ZButxixg — FEEL (1681 + (4480 + 1776033

2.3
—7%8( ngBQ [88251xi — (11428, + 380781)x2 X6 — 36(7080 — 431/39;@} ,
0 1/1u'xaxq |, 1iXxaxQ
0 = = 2 231 2 4 2011 2
% oaX o Fat 12310802 + (693480 +5201161)x3 |
501 _ 1213886; 157 0
! 225225 '
o 3 FXaXQ
1) (0) = —— 2 _ a 2 49(2 N 2
Py 50/81,U'XaXQ 1200 [QOlea 9(25 39/81)XQ]
2
1XaX
LG [355, 3t — 3(10 + 53513 — 28(13 — 3051)x8)
o 97/ xixe  213xixo
5 () — a a 4 2__22 . 4 9
0 12561 11° Xoxq
splo) — _Z2OP1E XaXQ "
Ps 1386 (42)

It is evident that all the expressions above are manifestly invariant under field redefinitions. Note
that the magnetic charge Py, which is zero in our original Kerr-Newman black hole, remains
uncorrected, whilst the magnetic higher even multipole moments all receive corrections by the
party-odd 4-derivative terms.

Similar to the parity-even case, using the U(1) field equations, we can also define the dual
1-form potential ggo) which takes the form

B B 20.(1 — 22 -
e e DU

where H3z and H, are also expanded in terms of power series of x, and x¢. Readers interested
in their explicit forms up to O(x®) are referred to the accompanying Mathematica file. In terms

of the ACMC coordinates, by matching the large r expansion of (43) to (I3]), we confirm that
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the electric and magnetic multipole moments satisfy the electromagnetic duality relation

égo):m? = _Pf:)a,s,w 5ég,))4,6 = _57)5,021,6 : (44)

4 Conclusion

Black hole multipole moments are potentially useful observables for probing the nonlinear struc-
tures of General Relativity and its modifications due to unknown UV physics. In this work,
we made progress in addressing a key question: do higher derivative perturbative corrections to
black hole multipole moments are invariant under field redefinitions that are not supposed to
affect physical quantities in a low energy effective theory of quantum gravity. So far, traditional
methods for calculating multipole moments have not explicitly demonstrated this property for
general effective theory of gravity. As far as we are aware, the field redefinition invariance of
black hole multipole moments has only been shown for D = 4 Einstein gravity extended by
cubic curvature terms [I5], where the Ricci flatness of the leading order solution had played a
role in the proof. Here, we further investigated the leading higher-derivative corrections (I6l37)
to the non-Ricci flat Kerr-Newman black hole {@l). We find that the leading higher derivative
corrections to black hole multipole moments indeed depend only on the combinations of coupling
constants that are inert under field redefinitions.

To achieve this, we first cast the electrically-charged Kerr-Newman black hole in the ACMC
coordinates. We read off the nonvanishing mass and current multipole moments {Ms;,, Sop41}
from the metric, and the nonvanishing electric and magnetic multipole moments {Qa;,, Papn+1}
from the Maxwell field. The absence of the magnetic monopole has a consequence that all the
even magnetic multiple moments vanish, and the odd ones are generated by the electric charge
under rotation. We then adopted an approximate method of solving for the higher derivative
corrected metric and U(1) gauge field order by order in dimensionless rotation parameter y, =
a/p and charge parameter xg = ¢/p. To simplify the computation, we arrange the infinite series
expansion in the basis of homogeneous polynomials of y’s.

In D = 4, the leading higher derivative corrections to Einstein-Maxwell theory are classified
by their properties under parity transformations. For parity preserving 4-derivative interactions,
we are able to obtain the perturbed solution up to O(x”). Similar to the pure gravity case, 4-
derivative interactions only add corrections to multipole moments that are actually nonzero at
the leading order, namely, { Moy, 2, Sont3, Qon+2, Pont1} for n > 0. Concerning the parity odd
4-derivative interactions, we obtain the perturbed solution up to O(x®). We find that while
these higher-derivative terms do not contribute to black hole thermodynamics, they affect the

perturbative solutions, thereby modifying the black hole multipole moments. Notably, they
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contribute to multipole moments { Moy, 11, Sop, Qon—1,Pan} for n > 1 that all vanish at the
leading order. This feature has significant observational implications. If they are observed, it
would indicate the presence of parity odd higher-derivative corrections to General Relativity.
As for future directions, we would like to push further to consider the next to next leading
order higher derivative corrections and check if black hole multipole moments remain invariant
under field redefinitions. The current method only allows us to carry out a case by case verifi-
cation, after solving for the perturbed solution. For more general theories of gravity, in order to
prove field redefinition invariance of black hole multipole moments, one may need to resort to a
new formalism such as the one based on covariant phase space approach [2I]. Inspired by previ-
ous work [27], we propose generalizations of Geroch-Hansen formulae to broader gravity models,
in which the generalized twist 1-form is derived using the covariant phase space approach. The
results are presented in Appendix[Dl At this moment, we have not succeeded in applying these
results to prove the field redefinition invariance of multipole moments and would like to pursue

this problem in future study.
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A Black hole thermodynamics

In this appendix, we shall verify our perturbative solution from a thermodynamic point of view.
For asymptotically flat black hole like Kerr-Newman, there are at least two ways of comput-
ing the thermodynamic variables with leading higher derivative corrections. In the ordinary
approach, one needs to first solve for the corrected solution and subsequently computes all the
thermodynamic quantities using Wald procedure [28/29] or quasilocal formalism [30]. The sec-
ond approach was proposed by Reall and Santos [2], which enables us to derive the leading
higher derivative corrections to black hole thermodynamics using only the uncorrected solution.
The second approach has been rigorously tested in various problems related to the thermody-
namics of rotating black holes [3TH34]. Below, we will show that the black hole thermodynamics

obtained from the perturbative solution (22]) using ordinary method agrees with that derived
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using the Reall-Santos method, demonstrating the legitimacy of our solution up to the approx-
imation order. It is important to note that the parity odd 4-derivative interactions ([B1) do not
contribute black hole thermodynamics. Thus the results presented below encode corrections

only from parity preserving 4-derivative terms.

A.1 Black Hole thermodynamics from ordinary method

For the perturbative solution (22)), the black hole outer horizon is located at r = r,, which

satisfies

(gttggogo - gt%p)

=0 = rh—u+u\/1— (X2 +x3) - (45)

T=Th

The angular velocity of the black hole is then given by

QO = _<gt_%0
e

- gtgo
r=rn  Jpp

T:OO) . (46)

Using the Killing vector £ = 0y + 20, null at horizon, we compute the surface gravity » and

temperature 1" as

2 9" 0,620, K
= T s v y 4
452 r:rh, 2 ( 7)
We then compute the entropy using Wald formula [28]
1 oL
S=— [ dY——¢€,6,5 , 48
3 /B OR e €uv€p (48)

where L is the total Lagrangian and B is the bifurcation horizon. The electric charge and
potential are given by The electric charge is defined by the EOM

1 r=co
— =&+
Q. = Ton *D(g), b, =¢ AM S (49)

The energy and the angular momentum are obtained using Brown-York quasilocal stress ten-
sor [30]. After performing the redefinition of the integration constants (BII), the full set of

thermodynamic quantities are summarized below.

1
M=p+0(tx"), Q= hXQ +0(c, X", J=pPxa+ 0, XT)

1—(x2+x3)

277,1(2, 1= (G +x3) — x5 +2)

s = m?[(\/1-( xa+xQ>+1> + 2] + 65 + 02X

+ 6T + 02, X7,

Qp = +60%) 1 o2, ),
u(2\/1—(x3+x29)—x29+2)

2x(1/1 = (2 +x3) +1)
(I)e: —|—5Q)g)—|—0(“x) (50)

2\/1= (2 +x3) — x5 +2
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where the correction terms take the form

X5 Xo Xg

3273 + 640711 215047 13
+128(4or; + Oég)Xa) + 2002 (TT6X2 X8 + 2315 — 273><Q) ,

5T©) —

[5a2(5xa Ax5) + aoxé} [xé (a0 (8X2 + 63x)

XQ
3360
+160(4a; + Oég)xa) + 202 (550X2 X5 + 294X, — 525x0) |

2
65 = —ﬂang + [10042 (Xa - 2XQ) + aOXQ] |:XQ (00(31Xa + 105XQ)

042XaX22 Xaxgg

5l = Sug - i [8a2(42><§ +295x3) + (640 + 1603 — 11a0)xg]
5;)(%@ X [4a2(1520><§x§2 + 231X, + 2555x%) + X (32(dan + as)(13x2 + 35x3)
+ao(201x2 - 35x3)) |
50) — 0‘22;;? - 4>(§22 [1005(x2 = xB) + c0xB)| - 67’2‘322 B (a0(20x2 +231%)
+320(4ay + a3)x2) + 205(1100x 2 + 399x* — 420X4Q)] - 26;“87%!% [Xé (445x2x%
+210x; + 1008x)ag + 32(doy + a3)(28X2 + 65x5)Xa) + 4(2555X5 X5 + 2630X2 X6
14835 — 420)(%)0[2} . (51)

In the expressions above, the leading terms in various thermodynamic quantities are exact in x.
The precision level of the corrections is inherited from that of the perturbative solution which

is at O(x").

A.2 Black Hole thermodynamics from Reall-Santos method

We now apply the Reall-Santos method [2] method to compute the same set of thermodynamic
quantities. In the spirit of [2], we simply plug the uncorrected solution into the total action with
4-derivative terms and integrate from the outer horizon to infinity. The resulting Euclidean
action is a function of the uncorrected temperature Tp, angular velocity g, and electric
potential ®. o whose expressions can be seen in (B0). It is also straightforward to see that the
parity odd terms in (B7) vanish on the purely electric black hole solution. Then similar to the
results obtained using ordinary method, only parity even 4-derivative terms contribute to the

thermodynamic quantities. The total Euclidean action takes the form

I5(To, QU 0, ®ep) = Ty *G(To, Vo, Peo) , G = Go+ G, (52)
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where the leading order Gibbs free energy and its correction are given by

o ri+a® QP ) 2r?
0 — + — ) 2 )
4ry, 4ry, ry t+a

4_ .4 -1(a
560© — _Q4(ao + 8aq + 1209 + 2a3) <3a4 + 2a’r? + 3r} N 3 (a* —ry) tan (E) )
N 128a%r} r? + a? ary,
4 34_1022 34 2 2_2 2 _ 2 2
@It 106 )y 2@ 2@t )
60(r; + a?)® (r2 + a?)?
20)? (4Q2rh(7‘% —a?) — p(a* — 10a27"}% + 57‘%))
— 3 DIV a9 . (53)
5(ry 4+ a?)
Other thermodynamic quantities are derived from the Gibbs free energy according to
g _ _aG(TOaQH,O,(I)e,O)‘ Q. — 9G9I (Ty, 0, Pep)
0Ty (Qr1,0.Pe0) ¢ 0P (To,.Qm,0)
G (Ty, .0, Pe o)
= — e R M=G+TyS+QuoJ + PoQe . 54
2o ‘(To,cbe,o) : + TS + Qo + PepQ (54)

By this way, we obtain all the thermodynamic quantities in a specific choice of the integration
constants such that the forms of temperature, angular velocity and electric potential are not
modified by the 4-derivative interactions. Instead, the conserved charges such as the mass,
angular momentum and electric charge do receive corrections. To compare with the results
obtained using ordinary method, we need to redefine the integration constants in terms of which
the conserved charges remain the same form as in the 2-derivative theory. After performing the

appropriate redefinition of integration constant, we find that
M=My+0(c}), Qec=Qeco+0(c}), J=Jo+0(c}), (55)

and

T=Ty+ 06T, §=25+085€, & =d.0+60), Qu=0uo+062,  (56)

where the corrections term indeed agree with those in (&II).

B Redefinitions of integration constants

In @BII), we have performed a redefinition of the integration constants p, x, and x¢ so that in

terms of the new constants, the mass, angular momentum and electric charge remain the same
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form as in the 2-derivative theory. Below we list du, dx, and x¢g up to certain order in x’s

1
o = — 350[2)(3 + (2¢2 4+ 32¢7 — ag + 4 (601 + ag + a3)) Xé] + [— 13860[2)&

35 138601
—|—3xg (—24cg9 — 384c7 — 6500 + 12521 + 3201y + 337a3) X2Q + 44(2¢9 + 32¢7 + 3ay

+4 (601 + a + ag))xg} [ — 6y (864cs + 13824c7 — 214800 + 865201 — 883

1

* 720720

+129903) x5 + Xa (—9280c — 1484807 — 59990 + 14912801 + 3391440y + 46562013) X4

—27027cxg — 1040 (2¢2 + 32¢7 — 9o + 4 (6cr + a2 + a3)) x| + O(X7) ,

QXa 1
2 42042

- L 5 3 9
STV [3465a2 X2 + 6X3 (48c + T68cr + 26200 — 237201 — 55110 — 641az) x5

1922y, (—16¢s — 256¢7 — 4500 + 228a1 + 178as + T3a3) Xé?]

X = |:Xa (24cs + 384cr — Bag + 1480 — 4305 + 13a3) x3 + 4620, xﬂ

Xa
* 576576042

+6; (6912¢; + 110592c7 — 9891arg + 9152401 + 1738902 + 15969013) X5

[108108a2><§

+5x2 (14848¢y + 237568¢7 + 19637ag — 15829601 — 378924as — 54422a3) x4

+260 (64cy + 1024c; — 387ag + 274801 4 1019y + 6230r3) Xg] +0K®)

1

1
o = 53 [35agxg><@ + (209 + 327 — ap + 4 (6 + az + az)) Xi’g)} + Tos002 [1386a2X3XQ

+3X2 (24cy + 384c7 + 650 — 125201 — 3201ay — 337as) x¢) — 44(2c2 + 32¢7 + 3oy

+4 (601 + s + a3)xd [1040 (23 + 32¢7 — 9ag + 4 (61 + @ + a3)) X5

1
T 2072002
+x2 (9280c, + 148480c7 + 59990 — 1491281 — 339144as — 46562a3) X&) + 6x 4 (864c,

+13824c7 — 21480 + 8652a; — 88302 + 1299a3) X3 + 27027a2X§XQ} + 0% . (57)

C Equations of motion

In this section, we derive the field equations from the extended Einstein-Maxwell theory de-

scribed by the Lagrangian by £(guu, Ruvpo, Fuv, Fuw) in D = 4. Let us first define

M — 90 . MW =2 oL

1%

0L
5ij ' 8Ruup)\ ‘

(58)

Then equations of motion for the metric and U(1) gauge field take the form

1 6(/=gL 1 1~ ~
0 — Eg“u,y = —_g 7( 69/.111 ) = P(MQBPYRV)O{B,Y - §g“y£ + 2VUVPP(M‘U‘V)p - EM(MaFI/)OL
1 1 —~ 5 1 —~
_§M(ua v)a + ZQWMQBFaﬁ + §€aﬁp(uFu)pMa6 ?
oL 1 —~
0=FEi = — =V,D", DM =_"M,, + M" . (59)
5A, 2

Specific to the 4-derivative extension of Einstein-Maxwell theory considered here, we divide
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the field equations into the leading pieces and the corrections
— g0 _ (0)u
Eguw = EY), + AE 0, EY=EV" + AEY (60)
The effective energy momentum tensor and electric current defined in (2]]) are given by

AT,, = —2AE,,,, AJ'=—AFE4%. (61)

Analogously, the P, ,, and M,, can also be separated into 2-and 4- derivative parts

Pupsr = PL(L%U +APups , My = M(O) +AM,,
1
PlSB)PU = 5 (gNPgVU - gMUgVP) ’ M(O) /u/ . (62)

On the other hand, M, wv receive contributions only from parity odd 4-derivative terms. Corre-

sponding to our parametrization of the 4-derivative actions (I8 and (B7), we have

WP" Z ¢l /WPU + Z ;P M%U’
1

P;Sif}g = R (9upGve = GuoGup) P;Sigg ~ 9 (GvoRup — GupRuo — Guo Rup + gupRus)

1
Pﬁi’gg = 2Rywpo, P;Szex’;g = B) (gupgua - guagup) F? )

P(e,S) — guchip _ ngF2 _ g,uch + g,upFEm P( 6) _ F chra P(e 7,8) _ =0,

wvpo po fivpo wvpo
Pﬁ%,}ﬁ = —igu[pﬁf]u + 1gu[chr]v - lgo[qu}p + igp[uFE}U’
PR = BBt s Fupr, Bl =0, PGS =0 (63)
and
AM,, = Zcz./\/l( . My, _Zdj\/l :
Mieh =0, M2 =0, M<ev3> =0, MY =—4F,R Mg = —4F Ry, ,

Mfl,eljﬁ) = —4RquO_Fp0' , M(e 7) 4F F2 M(e 8) 8F pF onJ 7

MY = —2F, °R,j0, MG = —2R00 F*°, MGP) = —AF’F,, - 2F°F,,,

MO = —2F,,Fye P + 2F" F,,F\y — 2F* F,,F,

ijﬁ;l) - _QF[MQRV}G’ M;(gf) = —2Ryupo 17, M;(fu’g) = _2F2Fuv )

MO = —2F,,F,, F* (64)

where we introduced the notation
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D Geroch-Hansen method for general theories of gravity

The gravitational multipole moments for asymptotically flat spacetimes in D = 4 were defined
by Geroch [I§] and Hansen [19]. Utilizing the timelike Killing vector & = 9, they constructed
two scalars which encode the information about gravitational multipole moments. The first

scalar is simply A = &2 = ¢**. The second scalar arises from the twist 1-form of ¢ defined as
w(ny = tg *dg (66)

which has the property that
dw(yy = — o ROEN ! . (67)

Thus for Ricci-flat spacetimes, such as Kerr black hole, we can define the second scalar w from
the closure of w(y)

wy = 0w . (68)

One can now combine A and w into two new scalars

1

w
_ﬁ(

b —
M 2)\7

MNiwr-1), ;= (69)

which play the role of generating functions for the mass and current multipole moments re-
spectively. Moreover, for Ricci-flat spacetimes, the equivalence between the Geroch-Hansen
formalism and Thorne ACMC formalism was proven by [35].

In [27], the author extended the Geroch-Hansen method to Einstein gravity with matter
couplings in D = 4. In particular, a closed 1-form was identified for a class of N = 2 supergravity
models, which generalizes the twist 1-form mentioned above. Below we will use covariant phase
space approach [2829] to extend the result of [27] to more general theories of gravity with higher
derivative corrections.

From the above definition, we see that the key point of the Geroch-Hansen method is the
construction of a closed 1-form w(y) from the Killing vector £, which further defines the second
scalar w. We start from a general matter coupled theory of gravity described by a diffeomorphism
invariant Lagrangian 4-form L(®), where ® is a shorthand notation for all the fields involved.

Consider an infinitesimal coordinate transformation generated by a local vector field 7
O,L[®] = Eg0,® + dO(®,,P) . (70)

Using the on-shell condition E¢ = 0 and Cartan magic formula 9, = di, + i,d, we can define a

conserved Noether current J, whose closure implies the existence of the Noether charge Q,,

J, = ©(d,6,8) — i, L[,
dJ, =0 = J,=dQ,. (71)
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Choosing 7 to be the Killing vector £, we have §¢® = 0 and thus ©(®,:®) = 0. Conse-
quently, onshell we have

dicL[®] =0 — icL[®] = —df. (72)

The definition of J¢ implies that we can form a closed 2-form from Q¢ and € as
dQe—2) =0 — Q¢=Q¢—2+dY, (73)

where Y is ambiguity that one can play with. The generalized twist 1-form (60 and its potential

are then given by
w(l) = igéﬁ = dw. (74)

For Einstein-Maxwell theory and the Einstein-Maxwell-dilaton theory, the expression of wy) is
given in [271[36]. The author has pointed out, one can choose the ambiguous term Y to ensure
that the matter contributions to w will not affect the multipole moments. This choice of Y is
also consistent with the requirement of ACMC coordinate system. So far, since the scalar A
appearing in (69]) does not have a direct origin from the Lagrangian, we have not been able to

use these results to prove that multipole moments are invariant under field redefinitions.
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