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CONVERGENCE/DIVERGENCE PHENOMENA IN THE VANISHING
DISCOUNT LIMIT OF HAMILTON-JACOBI EQUATIONS

ANDREA DAVINI, PANRUI NI, JUN YAN AND MAXIME ZAVIDOVIQUE

ABSTRACT. We study the asymptotic behavior of solutions of an equation of the form

G(x, Dyu, Au(z)) = co in M @)
on a closed Riemannian manifold M, where G € C(T*M x R) is convex and superlinear
in the gradient variable, is globally Lipschitz but not monotone in the last argument, and
¢o is the critical constant associated with the Hamiltonian H := G(-,-,0). By assuming
that 9,G(,-,0) satisfies a positivity condition of integral type on the Mather set of
H, we prove that any equi-bounded family of solutions of () uniformly converges to a
distinguished critical solution ug as A — 0. We furthermore show that any other possible
family of solutions uniformly diverges to +o00 or —oo. We then look into the linear case
G(z,p,u) := a(x)u+ H(x,p) and prove that the family (ux)xe(o,5,) of maximal solutions
to (F) is well defined and equi-bounded for A9 > 0 small enough. When a changes sign
and enjoys a stronger localized positivity assumption, we show that equation () does
admit other solutions too, and that they all uniformly diverge to —oo as A — 07. This
is the first time that converging and diverging families of solutions are shown to coexist
in such a generality.

INTRODUCTION

In this paper we are concerned with the asymptotic behavior of solutions of an equation
of the form

G(z, Dyu, Mu(z)) =¢g  in M (Ex)

posed on a closed Riemannian manifold M, where G € C(T*M x R) is convex and
superlinear in the gradient variable, is globally Lipschitz in the last argument, and ¢y is
the critical constant associated with the Hamiltonian H := G(-,-,0). We refer the reader
to Section for the definition of ¢y and of the other related objects coming from weak
KAM Theory that will be mentioned in this introduction. The monotonicity condition on
G in the last argument, that is standard for these kind of equations, is dropped here in

favor of the following much weaker integral condition
oL N
(L5) / % (2, 0,0) dfi(z,v) <0  for all i € M,
TM 8U
where L is the convex conjugate function of G, M denotes the set of Mather measures
for Lg(+,-,0), and G (and hence Lg) satisfies a C'-type regularity condition near u = 0,
see conditions (G4) and (L4) in Section 2l Under these assumptions, we prove that any

equi-bounded family of solutions of (E,]) uniformly converges to a distinguished critical
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solution ug as A — 07. We furthermore show that any family consisting of other possible
solutions uniformly diverges to +o0 or —oo.

We underline that the conditions presented above on G are not sufficient to guarantee
the existence and uniqueness of viscosity solutions to (E,). This is due to the fact that,
without global strict monotonicity of G with respect to u, there is no comparison princi-
ple. This also makes unenforceable Perron’s method, which is the technique customarily
employed to prove existence of solutions.

The general issue of existence and uniqueness of such solutions is subsequently ad-
dressed in the paper in the linear case G(z,p,u) := a(z)u + H(x,p) under the minimal
hypotheses on a € C(M) and H € C(T*M) that guarantee that the conditions on G
and Lg mentioned above are in force. We prove that the family (ua)ae,5,) of maximal
solutions to (E,) is well defined and equi-bounded for Ay > 0 small enough. When a
changes sign and a > 0 in a neighborhood of the projected Aubry set A, we show that
equation ([E,) does admit other solutions too that uniformly diverge to —oo as A — 0.
If we additionally assume a > 0 on A, we furthermore show that any family made up of
solutions to (E,)) that differ from the maximal ones uniformly diverge to —oo. Inciden-
tally, this completely solves the vanishing discount problem for this model case under the
sole assumption that ¢ > 0 on A in view of the results established in [41], where a was
additionally assumed nonnegative on M.

Condition (L5) was introduced in [7] and therein employed to solve the vanishing
discount problem for an equation of the form (E,]) under the same set of assumptions
considered herein, plus the additional requirement that G is globally non-decreasing in w.
Condition (L5) can be read as a strict monotonicity condition on G with respect to u, and
this is transparent in the linear case G(z,p,u) := a(z)u + H(x,p). What we find striking
about the output of our study is the fact that (L5) is a very weak requirement: it implies
that a has to be strictly positive only on some portions of the projected Mather set M,
where the latter is the minimal closed set that contains the projection of the supports of all
Mather measures. This set M can be very small, such as a finite set of points, see Remark
[LI0 Furthermore, it has been conjectured by Mané [33] that for generic Hamiltonians
H both A and M coincide with the support of a closed curve. Many results have been
obtained in this direction, see for example [8] and the references therein, showing that
condition (L5) generically leaves a lot of space for a to take negative values.

The main results proved in this paper keep holding when the superlinearity condition
on G is relaxed in favor of a simple coercivity. We have decided not to pursue this gener-
alization here since that would add additional technicalities with the drawback of hiding
the ideas at the base of our work, see Remark for further details.

History of the problem. The so-called ergodic approximation is a technique introduced
in [32] to study the existence of solutions of the Hamilton-Jacobi equationﬁ

H(xz,D,u) =c in M (1)

on the flat d-dimensional torus M := T? ~ R¢/Z4 where the Hamiltonian H is a continu-
ous function on T*M, coercive in the gradient variable, uniformly with respect to x € M,

LAl solutions in the paper are meant in the viscosity sense. The definition will be provided later.
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and c is a real number. Let A > 0 and u, be the unique solution of
Au(z)+ H(z,D,u) =0  in M.

According to [32], the functions —Auy uniformly converge on M, as A\ — 0T, to a constant
¢o. Furthermore, the solutions (uy)xso are equi-Lipschitz, yielding, by the Arzela-Ascoli
Theorem, that the functions uy — min,cy; uy uniformly converge, along subsequences as
A — 07, to a solution of (Il) with ¢ equaling ¢o. The constant ¢ is called critical value of
H and is characterized by the property of being the unique constant ¢ € R such that ()
admits solutions. At that time, it was not clear if different converging sequences yield the
same limit. Some constraints on the possible limit solutions were subsequently found in
[22, 29], but the breakthrough came with the work [12], where the authors proved that
the unique solution wu, of

Au(x) + H(z, Dyu) = ¢ in M (HJ,)
converges to a distinguished solution of
H(SL’, Dxu) = Cy in M, (HJ())

as A — 07 under the sole additional assumption that H is convex in the gradient variable.
The proof relies on techniques and tools issued from weak KAM Theory, in particular on
the concept of Mather measure, and it works whenever M is a closed Riemannian manifold.
This kind of problem is also known as the vanishing discount problem. When the convexity
condition on H is dropped, the functions u, may not converge, as it was pointed out in
[44] through a counterexample posed on the 1-dimensional torus.

As a nonlinear generalization (see [0l [5, 23] and [39]), one can study the uniform
convergence of the unique solution of

H, ([L’, Dxu,u(z)) = ¢y in M,

as A\ = 07, where Hy(x, p, u) is strictly increasing in u, and uniformly converges to H (z, p)
on compact sets as A — 07. This kind of problem is called the vanishing contact structure
problem. The vanishing discount problem falls in this framework as a particular case by
choosing H(z,p,u) := Au+ H(z,p).

The asymptotic convergence result has been subsequently established in many different
situations. For the second order case, one can refer to [20], 27, B34], [43]. For the discrete
case, one can refer to [11], 38, 142] and also [2] in the context of twist maps. For the similar
problem in the mean field game theory, one can refer to [4]. For the weakly coupled
Hamilton-Jacobi systems, one can refer to [17, [14], 24, 25]. For the non-compact setting,
one can refer to [I8] 28].

A natural and challenging question is to weaken the hypothesis on the monotonicity of
the Hamiltonian. A first degenerate case was studied in [41], where the author considered
the convergence of the solution of

Aa(z)u(z) + H(x, Dyu) = ¢ in M

as A — 0%, where a(x) > 0 on M, and a(x) > 0 on the projected Aubry set of H. Inspired
by the works [5] [41], the authors studied in [7] the vanishing discount problem for contact
Hamilton-Jacobi equations of the form ([E,]), where the positivity hypothesis on a assumed
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in [41] is weakened and generalized by introducing the non-degeneracy integral condition
(L5). This work highlights once more that the concept of Mather measure plays a central
role in the convergence result.

It is worth pointing out that all works mentioned above required a global non-decreasing
hypothesis of the Hamiltonians in u. If the discounted equation is not increasing in the
unknown function wu, solutions may even not exist, and, if they exist, they may be not
unique. In [15, 40], the authors discussed the uniform convergence of the minimal solu-
tion of (HJ,) as A — 0~. For the non-monotone vanishing discount problem, the second
author provided the first example in [35] of nonconvergence. In this example, there exist a
convergent, family of solutions and a divergent family of solutions at the same time. This
phenomenon is new comparing with all the previous works in this direction. In the present
paper, we show that the example in [35] is in fact a very general phenomenon when the
Hamiltonian is continuous, convex and superlinear in the fibres.

Let us conclude by mentioning that the type of problems we study are also closely
linked to optimization problems in economics. The discount factor then models the effect
of time through interest rates or inflation. Negative interest rates or deflation have been
studied by economists (see for instance [31]). Our results then give possible asymptotics
in the presence of coexisting inflation and deflation.

Presentation of our results. We present here our main results. Section 2] contains our
analysis on the asymptotic behavior of possible solutions of a general contact Hamilton-
Jacobi equation of the form (E,]) when the discount factor A goes to 0. The Hamiltonian
G(x,p,u) is assumed convex and superlinear in p, and globally Lipschitz in u, see condi-
tions (G1-3) in Section 2 It is also assumed to satisfy a C'-type regularity condition in u
near u = 0, see condition (G4) in Section [2I The latter is for instance satisfied when the
map u — G(x,p,u) is C! in a neighborhood of u = 0 in the following sense:

(G4') there exists € > 0 such that 2% (z, p, u) exists for all (z,p,u) € T*M x (—¢,¢) and
is continuous in T*M x (—¢,¢).

Let us consider

G(SL’, D,u, )\u(x)) = ¢ in M, (Ey)
and the limit equation

G(z, Dyu,0) = ¢ in M, (Eo)

where c¢q is the critical value associated with H := G(-,-,0). We will furthermore assume
the non-degeneracy integral condition (L5), where M denotes the set of Mather measures
for L := Lg(-,-,0).

The main results contained in Section 2l can be summarized as follows, see Theorems
and 2.5

THEOREM 1. Under the previous assumptions, there exist a viscosity solution uy of
and functions ¢ : (0,1) = ( — 0o, +00], ¢ : (0,1) = [ — 00, +00) and 0 : (0,1) — R with

m¢(A) = —co,  lmp(d) =+oo,  lmd(A)=0
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such that, if vy is a solution of (E)]) for some X\ > 0, then either one of the following
alternatives occurs:

(7;) vy < Q/J(A);
(i1) vy = @(N);
(i) |lvx — uolloo < O(N).

We stress that all these three behaviors can happen at the same time for a properly
chosen Hamiltonian G. Indeed, consider G(z, p,u) := sin(u) + ||p||2. It is easlily seen that
G verifies all of the above conditions. The limit Hamiltonian is H(z,p) := G(z,p,0) =
|p||2, its critical constant is ¢g = 0 and the constant functions are the only solutions to
H(z,D,u) = 0 in M. Moreover, for all A > 0, the three constant functions u, = 0, and
uy = +Z are solutions to the discounted equation.

Theorem [I] shows in great generality that the only possible asymptotic behavior of
families of solutions (va)xe(o,n) IS, up to subsequences, either to uniformly diverge to
+00, or to uniformly converge to a specific solution ug of (Eg). We also provide two
characterizations of ug, see Theorems and

The general problem of existence and uniqueness of such solutions is addressed in
Section 3l Here we consider the linear case G(x, p, u) := a(x)u+ H (z, p) under the minimal
hypotheses on a € C(M) and H € C(T*M) that guarantee that the conditions on G and
L¢ presented above are in force. The discounted equation is then

Aa(x)u(z) + H(z, Dyu) = ¢ in M, (HJy)
with limit equation
H(z,D,u) = ¢ in M. (HJo)
We prove the following existence and convergence result:

THEOREM 2. Under the previous hypotheses, there is Ao > 0 such that, for all X € (0, \g),
the equation (HJ,) admits a mazimal viscosity solution uy € C'(M). Moreover, the family
(ux)re(0,00) @5 equi-bounded, hence it uniformly converges to ug as A — 0F.

The previous theorem excludes the possibility of families of solutions that uniformly
diverge to +oo, but leaves open the possibility of families uniformly diverging to —oo.
By strengthening the non-degeneracy integral condition (L5) with a pointwise positivity
condition on a on the projected Aubry set A, we are able to improve the statement of
Theorem [ as follows.

THEOREM 3. Let us additionally assume that a > 0 in a neighborhood of A and that there
exist xo € M such that a(xy) < 0. Then there exists a family of solutions (vA)yc ) to

[@TY) for some A € (0,1) uniformly diverging to —oo as A — 0%
When the previous hypothesis is reinforced, we obtain a stronger conclusion:

THEOREM 4. Let us additionally assume that a > 0 on A. Then any family (v)reon)
of solutions to ([HJY) satisfying vy # wuy for all X € (0,X), with X € (0,1), uniformly
diverges to —oo.
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Namely, in this last case, (uy), is the only converging family of solutions.

Let us conclude this presentation by stressing that, combining this analysis with the
results of [41], we fully understand the asymptotic behavior of solutions to (HJ,) when
a > 0 on A. The output is the following:

(a) if @ > 0 on the whole M, (this situation was considered in [41]) then, for all A > 0,
there is a unique solution uy to (HJ,)), and the family (u,), converges as A — 07,

(b) if there exist a point zy € M such that a(xg) < 0, (this situation is discussed in
the present paper), then we can find a Ay > 0 small enough such that equation
(HJ,) admits at least two solutions for every A € (0, Ag). The family (ux)ae(o,)
of maximal solutions uniformly converges to ug as A — 0%. Any family of other
solutions (vy), uniformly diverges to —oo as A — 0%,

1. PRELIMINARIES

1.1. Notation.

o Throughout this paper, we assume that M is a closed, connected and smooth
Riemannian manifold.

o We fix g an auxiliary Riemannian metric on M. Let d(z, y) be the distance between
x and y in M induced by g. By compactness of M our results are independent on
the choice of g.

o Let diam(M) be the diameter of M.

o We denote by T'"M and T*M the tangent and cotangent bundle over M respec-
tively. We denote by (z,p) and (z,v) points of T*M and T'M respectively.

o Let m: TM, T*M — M denote both canonical projections, the context will make
it clear which one is considered.

o We denote by || - ||z the norm on both T, M and T M induced by g.

o If N is a smooth manifold, we will denote by C (V) the Polish space of continuous
functions from N to R endowed with the metric of local uniform convergence on
N. We will denote by C.(N) (resp. CY(N )) the set of compactly supported (resp.,
C') functions from N to R.

o We denote by Z(T'M) the space of Borel probability measures on T'M endowed
with the weak-* topology coming from the dual (C’C(TM ))/

o We denote Cy(T'M) the set of continuous functions g : TM — R with at most
linear growth meaning that

xT,v
sup Jo(z.v)| < +00.
(z,0)eTM 1+ HUHQU
This last quantity defines a norm ||g||, on the vector space Cy(TM).
o N denotes the set of positive integers.
1.2. Viscosity solutions. We start by recalling the notion of viscosity solution.

DEFINITION 1.1. Let G : T*M x R — R be a continuous function, ¢ € R, and consider
the equation

G(z,Dyu,u(z)) =c  in M. (1.1)
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(a) We say that v € C'(M) is a wiscosity subsolution of (LI]), denoted by
G(SL’, D,u, u(:c)) <c in M,
if, for all p € C'(M) and xy € M such that u — ¢ has a local maximum at zy, we

have G(xo, D, e, u(:)so)) < ¢. Such a function ¢ is termed supertangent to u at xg.
(b) We say that u € C(M) is a viscosity supersolution of (1), denoted by

G(z, Dyu,u(x)) > ¢ in M,

if, for all p € C*(M) and zy € M such that u — ¢ has a local minimum at z,

then G(xo, D, e, u(:)so)) > c. Such a function ¢ is termed subtangent to u at x.

(c) We say that u € C(M) is a viscosity solution of (L)) if it is both a viscosity sub
and supersolution.

In this paper, solutions, subsolutions, supersolutions will be always meant in the vis-
cosity sense and implicitly assumed continuous. We recall that, if u is C* on an open set
U, then it is a viscosity solution (resp. subsolution, supersolution) in U if and only if it is
a pointwise solution (resp. subsolution, supersolution) in U.

The following stability result is well known, see for instance [3].

PROPOSITION 1.2. Let (Gy)n and (uy), be two sequences of functions in C(T*M x R)
and C(M), respectively, such that w, is a subsolution (resp. supersolution, solution) of
(LI with G := Gy, for eachn € N. Ifu, = u in C(M) and G,, = G in C(T*M x R) as
n — 400, then u is a subsolution (resp. supersolution, solution) of ().
1.3. Weak KAM solutions and Aubry-Mather theory. We assume H : T"M — R
is a continuous Hamiltonian satisfying

(H1) (Convexity) H(x,p) is convex in p for all z € M.

(H2) (Superlinearity) lim  H(z,p)/||p|l. = +o0.
[Iplle——+o00

Let L : TM — R be the convex conjugate function of H, i.e.,
L(I,U) ‘= Ssup (p('U)—H(l’,p)), (I,U) € TM.
peT*M

It is well known that the Lagrangian L is a continuous function on 7'M and it is convex
and superlinear in v. The Fenchel inequality is a direct consequence of this definition:

L(z,v) + H(z,p) = p(v), forall (x,v,p) € M x T, M x T*M. (1.2)
Moreover, it can be proven that H is itself the convex conjugate of L, i.e.,
H(z,p) = sup (p(v) — L(z,v)) for all (x,p) € T*M. (1.3)
vET M

Let ¢y € R denote the critical constant defined as follows:
co=min{c e R: H(z,D,u) =c¢ in M admits subsolutions}. (1.4)
We present here some facts that we will need about the critical equation, i.e.,
H(z,D,u) = ¢ in M. (HJo)

Solutions, subsolutions and supersolutions of (HJg|) will be termed critical in the sequel.
Due to the convex character of H, the following holds, see for instance [3], 19].
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PROPOSITION 1.3. Let u € C(M). The following properties hold:
(i) if u is the pointwise supremum (respectively, infimum) of a family of subsolutions
(resp., supersolutions) to (HJJ), then u is a subsolution (resp., supersolution) of
(HJo):
(11) if w is the pointwise infimum of a family of equi-Lipschitz subsolutions to (HJg)),
then u is a Lipschitz subsolution of (HJg);

(111) if u is a convex combination of a family of equi-Lipschitz subsolutions to (HIg)),
then u is a Lipschitz subsolution of (HJg)).

More precisely, items (ii) and (iii) above require the convexity of H in the momentum,
while item (i) is a general fact.

Since we are assuming H to be superlinear (hence coercive, which is enough), we also
have the following characterization of critical subsolutions, see for instance [3 [19].

PROPOSITION 1.4. The following are equivalent facts:
(i) v is a viscosity subsolution of (HJ);

(11) v is Lipschitz continuous and an almost everywhere subsolution of (HI)), i.e.,
H(xz,D,v) < ¢ for a.e. x € M.

Moreover, the set of viscosity subsolutions of ([HJg)) is equi-Lipschitz, with ke, := sup{||p||. :
H(x,p) < co} as a common Lipschitz constant.

For every t > 0, we define the minimal action function h; : M x M — R as

(o) = inf [ [L(3(53() + e,

TSt

where v : [—t,0] — M is taken among all absolutely continuous curved] satisfying y(—t) =
x and v(0) = y. The Peierls barrier is the function h : M x M — R defined by

h(z,y) := liminf hy(x, y). (1.5)
t—+o00
It satisfies the following properties, see for instance [16]:

PROPOSITION 1.5.
(i) The Peierls barrier h is finite valued and Lipschitz continuous.

(i1) If v is a critical subsolution, then
v(z) —v(y) < h(y,x), ov(z)—v(y) <y, ) for every x,y € M and t > 0.

(iii) For every fixed y € M, the function h(y,-) is a critical solution.
(iv) For every fixed y € M, the function —h(-,y) is a critical subsolution.

The projected Aubry set A is the closed set defined by
A={yeM : hiyy)=0}
The following holds, see [19] 21]:

%In the paper, even if not explicitly stated, all curves considered are at least absolutely continuous.
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THEOREM 1.6. There exists a critical subsolution v which is both strict and of class C*
in M\ A, meaning that

H(z,D,v) <co for everyx € M\ A.
In particular, the projected Aubry set A is nonempty.
The last assertion directly follows from the definition of ¢y, see (L4).

PROPOSITION 1.7. If u and v are respectively a sub and supersolution such that u < v on
A, then v < v on the whole of M. In particular, A is a uniqueness set for (HJy]), meaning
that if two solutions coincide on A, then they are equal.

We will say that a Borel probability measure i on T'M is closed if it satisfies the
following conditions:

(a) / ol dii, ) < +oc;

(b) for all function f € C'(M), we have D, f(v) di(x,v) = 0.
™

We will denote by &, the set of such measures.

We will furthermore denote by &, the family of probability measures ji that satisfy
condition (a) above. The inclusions &y C 2y C (Co(TM ))/ hold. We will endow &, with
the weak-* topology coming from the dual (Cy(TM )), We refer the reader to [9] for more
details on these families of measures.

THEOREM 1.8. The following holds

min/ L(z,v)di = —co.
re?o Jrm

__ Measures realizing the above minimum are called Mather measures for L. We denote by
M the set of all Mather measures. This set is compact. The Mather set and the projected
Mather set are defined as follows:

M = U supp(ft), M :=7(M).
peM
These sets are also compact, see [19] for a proof in the regular caseE Furthermore, the
following holds, see [41, Proposition 3.13] for a proof in the nonregular case.

THEOREM 1.9. The following inclusion holds: M C A.

REMARK 1.10. In the example of a mechanical Hamiltonian, i.e., H (x,p) = ||p||>/2+V (z),
it is well known that ¢y = maxy, V, A= {y € M : V(y) = maxy V} and the Mather
measures are convex combinations of delta Diracs concentrated at points (y,0) with y € A,
so that M is also equal to {y € M : V(y) = maxy V'}.

We conclude this paragraph by a technical lemma that will be of crucial use (see [9]
Theorem 2-4.1.3.]).

3For the present nonregular case, a proof of this can be found in Appendix A in the ArXiv version of
[12].
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LEMMA 1.11. Leta € R. The set {fi € Py : [, L(x,v)di(x,v) < a} is compact in Zy.

Note that, as L is bounded below, the quantity [,.,, L(z,v)dfi(z,v) € RU{+oo} is well
defined for any Borel probability measure. We also remark that in [9, Theorem 2-4.1.3.]
the result is proved for a particular subclass of measures, however the proof makes no use
of this fact and proves the above result.

1.4. Hamiltonians depending on the unknown function. We recall here known
results that can be found in [36, 37] and the references therein. In this section, we consider
a continuous Hamiltonian G : T*M x R — R which satisfies the following conditions

(G1) (Lipschitz in u) u — G(z,p,u) is K-Lipschitz continuous for some K > 0, uni-
formly in (z,p) € T*M;

(G2) (Convexity in p) p — G(x,p,u) is convex for each (z,u) € M x R;

(G3) (Superlinearity in p) p — G(z, p,u) is superlinear for each (z,u) € M x R.

REMARK 1.12. The results of this paper keep holding even when the superlinearity condi-
tion (G3) is weakened in favor of a simple coercivity. For instance, Theorems 2.2 and
can be easily generalized to this setting. Indeed, since we are dealing there with a family
of equi-bounded, and hence equi-Lipschitz, solutions, see Lemma 2.6] we could employ the
usual trick of modifying G outside a compact subset of T*M x R to make it superlinear.
This cannot be done in other parts of the paper since we are dealing with families of so-
lutions that are neither equi-bounded nor equi-Lipschitz in general. And even when they
are, as in Section [3.], this needs to be proved. In fact, this is the core of the analysis per-
formed in Section B.I] which takes advantage of the fact that the Lagrangian associated
with the Hamiltonian via the Fenchel duality is finite-valued. This is no longer true in
the purely coercive case, even though the difficulties arising could be handled by showing
that all the minimizing curves that come into play in our analysis are indeed supported
on the set where the Lagrangian is finite. Yet, we believe that treating this more general
case would bring additional technicalities that would have the effect of hiding the ideas
at the base of this work. We prefer to leave the coercive case to a possible future work.

Let Lg : TM x R — R be the convex conjugate function of G, i.e.,

Lg(l',U,U) ‘= Ssup (p(U) - G(l’,p, U))
peET; M

Then it can be proven that L verifies similar properties (see [5, Lemma 4.1] with easy
adaptations):

(L1) u— Lg(x,v,u) is K-Lipschitz continuous uniformly in (z,v) € TM;

(L2) v+ Lg(z,v,u) is convex for each (z,u) € M x R;

(L3) v+ Lg(z,v,u) is superlinear for each (z,u) € M x R;

DEFINITION 1.13. Let G : T*M x R — R be a Hamiltonian satisfying (G1-3) and let
Lg : TM x R — R be the associated Lagrangian. Let ¢ € R. A function v € C(M)
satisfying the following two properties is called a backward (resp. forward) weak KAM
solution of

G(z, Dyu,u(z)) =c¢ in M. (1.6)
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(1) For each absolutely continuous curve v : [t',t] — M, we have

u(o0) —u(r0) < [ t

t/

[LG (7(3), A(s), u(v(s))) + c} ds.

The above condition reads as u s dominated by Lg + ¢ and will be denoted by
u < Lg+ c.

(2) For each x € M, there exists an absolutely continuous curve y_ : (—o00,0] — M
(resp. v+ : [0,+00) — M) with v_(0) = z (resp. 7+(0) = z) such that

u(z) — u(y-(t)) = /to [Lg<’y_(s),7_(8),u(7_(8))) +c}ds, Wt <0
(resp. w3 (1)) = u(x) = / (Lo ()3 6) urs (9)) + ] ds, e > 0).

The curves satisfying the above equality are called (u, Lg, ¢)-calibrated curves.
By [37, Appendix D] and [36, Appendix A] we have

LEMMA 1.14.
(1) If w € C(M) is a backward weak KAM solution of (I1.4), it is a viscosity solution
of (LG).
(i1) The function w € C(M) is a viscosity subsolution of (1.8) if and only if w <

Lg + c. The latter is also equivalent to w being Lipschitz continuous and verifying
G(:)s, wa,w(:)s)) < ¢ for almost every x € M.

We then give an approximation result in this setting. It is an easy consequence of [20)
Theorem 8.5].

THEOREM 1.15. Assume G : T*M x R — R is a continuous Hamiltonian verifying (G2).
Let w: M — R be a Lipschitz function verifying G(:E, wa,w(z)) < ¢ for almost every
x € M. Then, for every e > 0, there is a w. € C*°(M) such that ||w — w||oc < € and

G(:L',waa,w(x)) <c+e, G(:);,waa,wa(z)) <c+e for all x € M.

Let a € C(M). Assume there are two points z; and x5 such that a(z;) > 0 and
a(zy) < 0. Let ¢ € R and consider the equation

a(z)u(z) + H(z,D,u) =c¢  in M. (1.7)
This is a particular case of the previous setting for G(z,p,u) = a(z)u + H(x,p). In this
case, the associated Lagrangian is Lg(x,v,u) = L(x,v) — a(x)u. The following implicit

Lax-Oleinik semigroup (7; ):>o is a well defined semigroup of operators 7,” : C(M) —
C(M) that verify, for all p € C(M),

1ot =t {o00)+ [ L6050 ~abo)Tetm) + ). a9

where the infimum is taken among absolutely continuous curves v : [0,t] — M with
y(t) = x. A similar property defines and characterizes the forward semigroup (7)o,
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where, for all p € C'(M),

(o) = sw {o(0) - [ t L6000 = )T 0) + o i} (19

7(0)==
LEMMA 1.16. |36, Appendix A| If ug is a subsolution of (1.7), then
T ug < up < T ug.
If ug is a strict subsolutimﬂ of (I.7), then
Tfuo < ug < T up.

LEMMA 1.17. [36], Proposition 2.9, Proposition 3.5, Lemma 5.4] If ug is a subsolution of
(1.7), then the limit

u_ = lim Ty ug (resp. vy := lim T, ug)
t—+o00 t—+o00

exists, and is a viscosity solution (resp. forward weak KAM solution) of (1.7). In addition,

v_ = lim T, v
t—+o0 t +

is also a viscosity solution of (1.7), and there is a point xy € M such that v_(zg) = v4(x).
If ug is a strict subsolution of (I.7), then u_ is the mazimal solution of (1.7), and v_
is the minimal solution of (1.7).

2. GENERAL CONVERGENCE/DIVERGENCE RESULTS

In this section, we consider a continuous Hamiltonian G : T*M xR — R which satisfies
the following conditions:

(G1) (Lipschitz in uw) u — G(z,p,u) is K-Lipschitz continuous uniformly in (x,p) €
T*M for some K > 0;

(G2) (Convexity in p) v — G(z,p,u) is convex for each (x,u) € M x R;

(G3) (Superlinearity in p) p — G(z, p,u) is superlinear for each (z,u) € M x R;

(G4) (Modulus continuity near u = 0) The partial derivative 2% (z, p. 0) exists. For every
compact subset S C T'M, we can find a modulus of continuityﬁ ns such that

oG
G(Zlf,p, u) - G(Zlf,p, O) - %(%Pa O)u < |U|77S(|u|)> \V/(Z',p) € 5.

The dependence of GG in the u-variable is nonlinear, in general, as in [7], but we do not
make any global monotonicity assumption. As established in [5, Lemma 4.1] the associated
Lagrangian function Lg : TM x R — R defined by
Lg(z,v,u) := sup (p(v) — G(z,p, u)),
peTrM
has similar properties:
(L1) (Lipschitz in u) u — Lg(x,v,u) is K-Lipschitz continuous uniformly in (z,v) €
TM,

4Meaning that ¢ can be replaced with ¢ — € for some £ > 0.
A modulus of continuity is a nondecreasing function 7 : (0, +o0c) — (0, 400) such that n(s) — 0 as
s — 0.
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(L2) (Convexity in v) v +— Lg(x,v,u) is convex for each (z,u) € M x R;

(L3) (Superlinearity in v) v — Lg(z, v, u) is superlinear for each (z,u) € M x R;

(L4) (Modulus continuity near u = 0) The partial derivative 282 (z,v,0) exists. For

every compact subset S C T'M, we can find a modulus of continuity ng such that

Lo(a,v,u) = Lo(,,0) ~ (w0, 00u] < Julas(lul). ¥z 0) € 5

The last condition is easier to state with the Lagrangian function as it involves Mather
measures defined on T'M:

(L5) (Non-degeneracy condition) For all Mather measures fi of (z,v) — Lg(x,v,0), we
have

REMARK 2.1. (1) It is classical in convex analysis that for all (z,v) € T'M there is
(x,p) € T*M verifying Lg(x,v,0) + G(z,p,0) = p(v). It is proved in [5, Lemma 4.1]
that if (z,p) € T*M and (z,v) € TM verify the previous formula then %55 (z,v,0) =
—9%G (1, p,0). Therefore, an equivalent formulation of (L5) is

ou
(G5) (Non-degeneracy condition) For all Mather measures i of (z,v) — Lg(z,v,0),
oG
— zw), 0)dp > 0.
S au(xup(,) ) o

where p(g.) is chosen so to satisfy Lg(z,v,0) + G(2, pz,0),0) = Diaw) (V) .
(2) A result of Mané ([33]) asserts that a generic Hamiltonian H has a unique Mather

measurel] Hence our condition of integral type is quite loose for such a generic H. We
also refer the reader to Remark [IL.10] for an explicit example.

Consider
G(z, Dyu, Au(z)) = ¢ in M, (Ey)
and the limit equation
G(z, Dyu,0) = ¢ in M. (Eo)

Here we denote by ¢ the critical value of H(z,p) := G(z,p,0). We denote by m (resp.
M) the set of all Mather measures (resp. the Mather set) corresponding to H. In the
sequel, we will always assume that A belongs to the interval (0, 1).

The main theorems of this section are the following.

THEOREM 2.2. Let conditions (L1-5) be in force. Let us assume that there exist an equi-
bounded family (ux)xeon) of solutions to (L)), for some Xg € (0,1). Then the functions
uy uniformly converge in M, as X — 0%, to a solution ug of the critical equation (Eg).
Moreover, ug s the largest subsolution w of (Eg|) satisfying

/ w(x)ﬁL—G(a:, v,0) dfi(z,v) >0, Vi€ M (S)
TM 0u

6Tt has been conjectured by Maiié that for generic Hamiltonians H this unique Mather measure is
supported on a closed curve.
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Under an additional pointwise condition on Lg(+,-,0) on the Mather set, the limit
critical solution ug can be characterized as follows.

THEOREM 2.3. Let conditions (L1-5) be in force, and let us furthermore assume that

‘%—uc(x,v, 0) < 0 for all (z,v) € M. Then the function uy = )\lim+ uy obtained in Theorem
—0

(2.2 above can be characterized as follows:

— inf fTM h(y, x)aaL—uG(ya v, O)dla(ya U)

peM TM ‘%—f(y,v,O)dﬁ(y,v)
where h(y, z) is the Peierls barrier defined in (L3).

up(x) re M,

REMARK 2.4. Let us stress that the previous theorems hold with same proofs even if
(ux)re(0,2) 18 replaced by any family (ux)aea of solutions to ([E,), where A is a subset
of (0,1) having 0 as accumulation point. In particular, this holds for A := (\,), with
A, — 07 as n — 4-00.

Concerning the asymptotic behavior of other possible families of solutions to (E,]), we
have the following trichotomy result.
THEOREM 2.5. Let conditions (L1-5) be in force, and let uy = )\lim+ uy be the critical

—0
solution obtained in Theorem [2.4. There exist ¢ : (0,1) — ( — oo, +o0], ¥ : (0,1) —
[ — 00, +00) and 0 : (0,1) — R with
lim ¢(A) = —co,  limp(A) =+oo,  mé(A) =0

such that, if vy is a solution of (E)]) for some X\ > 0, then either one of the following
alternatives occurs:

(i) vy < w()‘)’
(i1) vy = @(N);
(i11) ||ux — tolloo < O(A).

We start our analysis by remarking that the solutions (ux)xe0,5,) are equi-Lipschitz
continuous. In the remainder of the section, we will denote by C' > 0 the following constant

C:= sup |ux]co-
A€(0,X0)

LEMMA 2.6. The bounded family (ux)xe(o,n) i equi-Lipschitz continuous.

Proof. For each x,y € M, we denote by d := d(x,y) the distance between them.' Take a
geodesic ( : [0,d] — M satistying ((0) = z and ((d) = y with constant speed ||(||c = 1.
Denote Ly(z,v) := Lg(z,v, Auy). Since uy < Ly + ¢y, we have

()~ @ < d (6060, M (6(5) + o s

€M, |[v]l.<1

< ( max |Lg(x,v,0)| + MKC + co) d(x,y).

The assertion follows by exchanging the role of z and y. O
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From the fact that w, is Lipschitz for every fixed A € (0, Ag) we deduce the following
fact.

LEMMA 2.7. Let A € (0, Ag). Then
/ La(z,v, duy(z))dii(z,v) > —co forall i€ Py.
™

Proof. Pick i € &y and choose € > 0. By applying Theorem [L.T7] to the Hamiltonian
(z,p) = G(z,p, Auy(z)) and by choosing w := u,, we infer that there exists w, € C>(M)
such that G(a:, D,w,, )\U)\(ZL’)) < ¢o + ¢ for all z € M. By definition of Lg we have that

G(z, Dyw,, Mu(2)) + La (2, v, \up(z)) = Dyw.(v) for all (z,v) € TM.
By integrating this inequality with respect to i we get

0= D,w.(v) dji(z,v)
™

< /TM (L(;(ZL’,U, Auy(z)) + G(z, Dywe, )\u,\(:p)))dﬁ(x,v)

< /TM <Lg($,U,)\U)\(l’))‘i‘CQ—'—&)dﬂ(x,U) = /TM L (z, v, \uy(2))di(z, v)+co+e.

The result follows letting € — 0%. O

By the Arzeld-Ascoli Theorem and Lemma 2.6 any sequence (uy,), with A\, — 0
admits a subsequence which uniformly converges to a continuous function u*. By the sta-
bility of viscosity solution, see Proposition [[.2] u* is a solution of (Eg). In the following,
we are going to show the uniqueness of the possible limit u*, thus establishing the con-
vergence result. Define S the set of all subsolutions w of (Eg]) satisfying condition (S). We
define

uo(x) := sup w(zx). (2.1)

weS
A priori, § may be empty, and, even if S is not empty, uy might be +oc. Both these
circumstances will be excluded under the hypotheses of Theorem
LEMMA 2.8. Any accumulation point u* of the family (ux)aco,x) as A — 07 satisfies
oL =
/ =% (2,0, 0)u* (x)dp(z,v) =0, Ve M.
TM 8u

In particular, S # @ and u* < ug.
Proof. Recall that C' is the uniform bound of (ux)xe(o,y)- Let i € M. For \ € (0, Ao) we
have

—CO</ L (z,v, uy(z))dft
™

< [ [rote. 00+ AT @)+ ACag ) d
TM

ou
OL¢

— et /T ) [AE(M,OWW) + Acnﬁ;(m)]dﬂ,
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which implies

L
| w0 > ~Crg(rC)
TM 0u
The conclusion follows by sending A — 0. U

In what follows, we will use the notation Ly(z,v) := Lg(x, v, Auy).

LEMMA 2.9. Forx € M and X € (0, \y), let 7 : (—00,0] — M be a (uy, Ly, co)-calibrated
curve with v5(0) = x. Then there exists &k > 0, independent of X\ € (0, \g) and of x € M,
such that 73 is R-Lipschitz continuous for every X € (0, ) and v € M.

Proof. By Lemma [2.0], there is £ > 0 independent of A\ such that u, is k-Lipschitz contin-
uous. By superlinearity of Lq, for each T' > 0, there is C7 € R such that

Le(z,v,0) = T|v||. + Cr. (2.2)

Thus, we have for 0 >t > s
(50, 756) > 0 030) (056 = [ |26 (250 50D A (50) + o e

t
> [ (004 DIROlhgen + Con)dr + o = WKt - 5)
> (5 + 1A (1), 75(5)) + (Cos + o = MK C)(t — s),
which implies
A(75(8),75(5)) < (MK C = e — Cun)(t - 5).
The proof is now complete. O]

From now on, we denote by 3 the calibrated curve considered in Lemma [2.91 By the
compactness of M, there are two constants e; > 0 and 5 > 0 with

oL oL

—&9 < inﬁ/ —G(:B,U,O)dﬁ < sup/ —G(x,v,())dﬁ < —eq, (2.3)
pemJry OU pe JTM ou

We derive from this the following asymptotic informations on the calibrated curves ~¥,

cf. [7, Corollary 7.4].

LEMMA 2.10. There exist A € (0, o) and Ty > 0 such that, for all X € (0,)\) and for all
x € M, we have

1 ["0Lq, ,, . ..
= | h (R(5),93(5), 0)ds < —e1, (24)

foralla <b<0 withb—a > 1Ty.

—&9 <

Proof. Let us prove the left-hand inequality in (2.4])). We argue by contradiction. Assume
there is a sequence A\, — 0 and a sequence b,, — a,, — +0o0 such that

1 bn OLq
b, —an J,, Ou

(73, (5), 7%, (), 0)ds < —e2. (2.5)



CONVERGENCE/DIVERGENCE OF DISCOUNTED SOLUTIONS 17

Define for all n € N a probability measure fi,, on T'M by

~ 1 bn €T 2T
/ g(z,v)dp, == ; / g(7% (s),%% (s))ds, Vg e C(TM).
™ n — an Ja,

Here C.(T'M) is the set of all continuous functions defined on T'M with compact supports.
By Lemma 2.9 all the measures fi,, have support in the compact set

{(z,v) € TM : ||v]|s < NKC —cy— Cprir}

Up to extracting a subsequence if necessary, we can assume that fi,, converges to fi in the
weak-* topology on C.(T'M). Note that fi is also compactly supported. For f € C1(M),
we have

1
D, f(v)dfi,(x,v) =
[ D)) = =

/ n Dy (o f (95, (5))ds
— e (FGRB) ~ £G5, (a) =0

n

as n — +00, which implies that f is closed. Since 75 is a calibrated curve, we have

/T ; [LG (.0, Awtin, (2)) + CO} dii(2.0)
1 /abn lLG@fn(S)aﬁfn(S),)\nuAn (“an(s))) +CO] s

" b, —a,
= (w08, 00) (0, ).

Since uy is bounded, letting n — 400, we find that

/ Le(z,v,0)di = —c.
™

Therefore, the limit ji is a Mather measure of H. By (2.5]), we get

/ aaLG (x,v,0)dfi(z,v) < —eq,
™

which contradicts (2.3]). The right-hand side inequality in (2.4]) can be proved similarly.

In the following, we will denote by A > 0 and T, > 0 the constants given by Lemma,
2. 10
LEMMA 2.11. Let A € (0,\) and x € M. The following holds:

(1) for any t € (—oo, —Ty], we have

O OL ,
© (42 (5), 45 (5), 0)ds < ert.

eot < e
2\t au

As a consequence, Mo FEORE R0 ds _ g
(i1) For any T > Ty, we have

—)\EQT() —>\€2T 0

e —e oL 1 e

e </ M ERO RO ¢
2 -T
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In particular,

€_>\€2TO 00LG 1 e)\KTO _ 1
< R e R SHORHORVLEY A < — 4 — 2.6
Y /_ N e, AR (2:6)

Proof. Item (i) is a direct consequence of Lemma 2.I0l It remains to prove Item (ii). By
Item (i) and (L1) we have

_ 0
/ A FE (935 (9).0)ds g — / AP FE O ()45 ().00ds gy | / A L (5 (9)35 (9),0)ds gy
-T -T To

—To 0 —Xe1To _ e—)\alT e)\KTo _ 1 1 )\KTO -1
< )\Eltdt / —)\tht — € .
S /_T R el L V'O TR Ve

For the other side, we have
0 0 9Lg —To 0 dLg
/ M OR(9):3%(9):00ds gy > / e e e CHOBHOROLEY A
T =T

—To e—)\EQTo _ 6—)\€2T
> / ee2tdt = :
-T )\52

Let T' — 400, we then get (2.6]). O

We proceed by associating to each calibrated curve a probability measure on TM.
These probability measures will play a key role in the proof of the convergence result
stated in Theorem [Z21 They can be regarded as a generalization to the case at issue of
the analogous measures first introduced in [11, formula (3.5)]. They already appeared in
this exact form in [5] [41], [7].

DEFINITION 2.12. We define probability measures 5 on 7'M by

00Le ) wr a
fy,v)dii3(y,v) = J2 o FOR ), 45 (1)) M T OR(AR().00ds gy
) PR A

T . Af,? T 05(5):75 (5).0)ds gy ’

VfeC(TM).

By (2.6), the measure fi§ is well-defined for A € (0, \).

The following holds, cf. [11], Proposition 3.6], [5, Proposition 4.5], [41l Proposition 5.8],
[7, Proposition 7.5].

LEMMA 2.13. The family (ji5)xe,x) has support contained in a common compact subset
of TM, in particular it is relatively compact in P(TM). Furthermore, if i X0 in
P(TM) for \, = 07T, then i is a Mather measure.

Proof. The first part is a direct consequence of Lemma 2.9l It remains to prove that the
limit /i is a Mather measure. We first prove that fi is closed. For f € C'(M), we have, by



CONVERGENCE/DIVERGENCE OF DISCOUNTED SOLUTIONS 19

integrating by parts,

D f( )d~x( ) fi)oo % (f (f}/i(t») eA fto aaL—“G(Pyi(s)’&&(s)’O)det
zJ U y V) =
™ Fal fi) A L (3()35 ().0)ds gy

f f(%\ ) ( WA T CHC )ﬁyi(s),O)dS)dt
fi) )‘ft au (7% (s),75(s),0 dsdt :

By (L1) and M FEOLAE0 S 0 we have

' / 0 f(yf(t))%(exff a;f(“&”(S)fyi(s),O)ds> dt‘

BLG

:'/ M (R(0) G2 OR (0,370, 00 5 000y

0 ) AKTy _
<Al K / MY ORI 0 gy < K(i + Tl) £,
oo €1

where, for the last inequality, we have used (2.6]). By (2.6) again, we have

. Aes 1 KT
D. (o), v) < —K(— + ) e =0

TM

as A — 0.
We then prove that ji is minimizing. Since t — uy (yf (t)) is Lipschitz continuous, and
7% is a (uy, Ly, ¢o)-calibrated curve, for a.e. t < 0 we have

Lun(R0) = Lo (K050, M (G50 ) + o

Then
[ (Gotan.0)+ e
_ J2 (La(3(t),45(#), 0) +c0)ekffa§—f<vk( )42 (5),0)ds gy
f_o Afto aaLuG (VX ()75 ,O)dsdt
3 8L . o
fi]oo <LG <7§(t)7 Vf(t)a )\U)\ (’}&(t))) +co — A)\(t)> eAftO a—f('yk(s)p/)\(s)’o)dsdt
) [0 FECREE)0ds gy
fi]oo (di (’U)\(’}/)\( ))) - A)\(t)) )\ft au (1R ()A% dsdt
= fi) o BLG NOENGO dsdt )
where

A1) = Lo (5, 35(0), Mr (15(1) ) = La (5(0),45(1),0).
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Similarly to the first part of the proof we have

0 N . )
Lo Ly (v5(t))e A ZEE (45 ()45 (5),0)ds gy _ ey 1 . AKTo
fO )‘fto OgLu ’Y>\ (s), ’YA(S dsdt = 6—)\82Tg

)C—>O,

€1

as A — 07, where C' is a uniform bound on the ||uy]|s-
Finally, to bound the error term we use (L1) to find

8501 = [ Ee (50, 550, Aar (5®) ) = LEED,35(0),0)| < AKC.

Therefore, as A — 0 along the sequence (\,,), we conclude that i is a Mather measure.
O

The following lemma will be crucial for the proof of the convergence result, cf. [I1
Lemma 3.7], [5, Lemma 4.7], [7, Lemma 7.7].

LEMMA 2.14. Let w be any subsolution of (Ey]). For every x € M and X € (0, \), we have

8LG ,0,0)d ,
U)\(SL’) 2 w(x) fTM aLG y ) :u)\(y )
TM Ou (yav>0)dlu“)\(ya )

+ R)\(x),

where lim Ry(z) = 0.

A—0+

Proof. For £ > 0, using Theorem [[.TH we take w. € C°°(M) such that ||w. — w|s < €
and

G(z,D,w.,0) < cop+e, Ve M.
Using the Fenchel inequality we have for all (z,v) € T M,
Lg(z,v,0) > Lg(x,v,0) + G(z, Dyw,,0) — ¢y — €
> Dyw.(v) —co — €.

Since t — uy (% ) is Lipschitz continuous, and ¥ is a (uy, Ly, ¢p)-calibrated curve, for
a.e. t < 0 we have

Cun(R0) = Lo (0,350, s ((0)) + co (27)
> Lo (250350 A (5(0)) — La (50, 55(8).0) + Doy (35(8)) ¢
= L ((00) + AT (705, 45, 0)ua (1)) — & + (),

where

Qna(t) i=La (750, 35(0), ir (35(0)) )

— Lo (R0, 35(0),0) = AZEE (35 (5), 4(5), 0)r (45(1).

Let us estimate the error term Q, ,.(¢). Let us set S := {(z,v) € TM : ||v||. < &}, where
K > 0 is the Lipschitz constant of the curves {77 : A € (0, o) }, according to Lemma
By (L4) we have

Q. (t)] < ACHs(AC)  for all £ < 0 and A € (0, \g), (2.8)
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where C is a uniform bound on the |u,||o. By multiplying both sides of (27) by

AP Z5E (3()35(9).0)ds o by rearranging terms, we obtain, for a.e. t < 0,

d
dt

00Lg

00Lg d
(UA (5 ()Mo FOREA3( )0)d8> > (dtwa (7x(t) —e+ QA,x(t)) Ao R (0)33(5).00ds

Integrating the above inequality over the interval (—7,0] where T" > Tj as stated in
Lemma 2.17], and using an integration by parts, we have

0 9Lg

u(x) — uy (5 (=T))eM=r o (R()3().00ds
> we(r) — we (vf\c(—T))e)‘ o7 ZFE (05 (5). 4% ()0

0 0
_/ w, (fyi(t)) dt( Afto BBLuG (CNOENE 70)d5) dt +/ (Q)\@(t) ) Afto aaLuG (7A(3)7"Y§(5)70)d5_

-T =T

Letting ¢ — 07 it follows that,

ur(2) 2 w(@) = (o + C)eMr 5 (RO R0k

0 0
d 2 9 x LT
_/ w(Wf\E(t))%( M FE R ().0 )dt+/TQ)\7I(t)e)‘fto G (45 (5,45 (5),0)ds

=T

From Lemma 2.11] we infer that the maps

t — e)‘f Bu ('YA ) ( )70)d8 and t — — ( )‘fto aaLuG (Vi(s)v;}/i(s)vo)d‘g)
dt

are in Ll((—oo,O]) and converge to 0 as t — —oo. By taking also into account (2.7)),
we can send 7" — 400 in the above inequality, to get, by the Dominated Convergence
Theorem,

ux(z) = w(z)

0 0
—/ w(ﬂ(t))dt( M G OTEARe )dt+/ Qo (£ 5 OR9)33(0).0)ds

—00 —00

=:w(z) — I\ + Ra(z).

By Definition 2.12 we have

0 oL
B= o [ w30) 228 (5051 45(6),0) I HE 0.0y

0
S S S 8L &
_ _)\</ )\ft 920G (42 (s),58 (s),0)d dt) /TMw(y)a—uG(y,v,O) dis(y,v).
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According to Lemma [ZTT}H(i), for A € (0, Ag), we derive that

OBL

)\f I T (5(s),7%(s),0)ds g
0 A OaL s
f a ( Ji (8):73% (8)s )dt
f_o A S 25 (4 (5),48 (5),0)ds gy

fooo 88LuG (Y2 (), 42 (1), 0 )ekft 956 (4% (5),4% (5),0)ds gy
1

g Gy v, 0)dfig(y,v)

0
A / M GO0 gp

By (2.7) we also have

0 by 09LG ¢ « LT d 1 eAKTO - ]_
Ra@)] < AC1s(AC) [ M TR0 o (; ; T)cwc).
—00 1
The assertion follows by sending A — 0%, OJ

We are now in position to prove the first two main theorems of this section.

Proof of Theorem[2.2. Let u* be an accumulation point of the (ux)xe(,,) as A = 07. By
Lemma 2.8 we know that u* € S, so u* < ug in M. Let us prove that u* > ug. Fix x € M
and pick w € S. From Lemmas 2.13 and 2.14] we infer that

6LG v, 0)d
u*(:c) 2 ’UJ(SL’) fTM aLG y7 ) 1%
TM Ou (ya U? O)dlu“
for some Mather measure fi. Since w satisfies the constraint (S), we get from this that
u*(x) = w(x), hence u*(z) > sup w(zx) =: up(z). By the arbitrariness of the choice of
€S

x € M, we get that ug is ﬁnlte—valued and that u* > ug in M. We conclude that wug is the
unique accumulation point of the family of functions (ux)aec(o,5,) @ A = 0F. The proof is
complete. O

Proof of Theorem[2.3. We denote

'&O(x) o 1 f fTM yv )aLG(yvv O)dlu’(yv )
fem TM 8aLuG (y,v,O)d,u(y, )

Note that g is finite-valued, as uq > AIJnnj\lJ h > —oo. We start by remarking that g is
X

a subsolution of (Eg)). Indeed, for every fixed g € /\/l, the function h; : M — R, z
Joar My, ) dfi(y) is a convex combination of the family of critical solutions (hy)yen,
where h,(x) = h(y,z). By the convexity of H in the momentum and the equi-Lipschitz
character of the critical subsolutions, see Propositions and [[.4], it follows that each hy
is a critical subsolution. By Proposition again, we infer that a finite valued infimum of
critical subsolutions is itself a critical subsolution. Therefore g is a critical subsolution.
Let us now prove that uy < 4. By Proposition[[.4we know that ug(z) < uo(y)+h(y, x)
for all z,y € M. Let us integrate this inequality with respect to a Mather measure

reM.
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i€ M. By assumption and by definition of Mather set, we have aL—G(:c v,0) < 0 for all

(x,v) € supp(ft). We infer
wla) [ S 0.0) dity.0)
| G w00 ditoo) + [ by 5 0,00 ity

TM
oL -
> [ hn) S0 dity.v),
T™ u

WV

where, for the last inequality, we used that ug satisfies (). From this we get

fTM 8Lc(y>v O) d/”L(y7 )
UQ( 6LG

for all z € M.
TM Ou (y7 Uv 0) d:u(yu )

By taking the inf with respect to p € M of the right-hand side term in the above
inequality, we get ug < .
Last, we prove that ug > 1. For every fixed z € A, set

U.(z) :== —h(x, 2z) + Go(2), x e M.

Then U, is a subsolution of (Eg)), by Proposition Furthermore, for every x € M and
€ M, we have
Jpag Us(2) 258 (2, v, 0)dji(z, v) fTM ) 2L (2,0, 0)dfi(z, v)

- —I—QALQ(Z) < 07

™ E)aL—uG(Ia%O)dN(%U) M 8;5 (:L",U,O)du(x,v)

which implies that U, € S. Then uy(z) > U,(z) for all € M. In particular, by taking
r=2z¢€ A we get

up(z) = U,(2) = —h(z, 2) + Up(z) = to(2).

We have thus shown that uy > 49 on A, hence uy > @y on M according according to
Proposition [L.7. O

We proceed by proving the third main theorem of this section, namely the trichotomy
result stated in Theorem 2.0l We start by establishing a sort of Harnack-type inequality
for subsolutions of ([E,]).

LEMMA 2.15. There exists a constant Ay > 0 such that, if A € (0,1) and wy : M — R is
a subsolution to (E,)), then

min wy(2) < max wa(z) < minw(z) + A+<1 + Amin \wx(x)o. (2.9)
Proof. The left hand side inequality is obvious. Let us prove the right hand side inequality.
Let z) € M such that M, = wy(x)) = maxw,. Let yy € M such that my = wy(y») =
min wy. Denote dy := d(yx,xy). Let ¢ : [0,d)] = M be a geodesic satisfying ((0) = yx
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and ((dy) = z with constant speed 1. By wy < Ly + co and (L1), we get
w(¢6) < wrlm)+ [ [La(60).dr) s (¢(0) + o] i

<my+ /0 s | La(C(r), (7). Ama) + o + AK (A (¢(7) = ma) | dr

<my+ /0 {LG(g(T), E(7),0) + oo+ )\K|mA|] dr + \K /0 [w,\ ((r)) — m,\} dr

< ma + (Cpp, + MK |my|)dy + AK / {wk(g(f)) . m)\] dr
0

where Cf, = meﬁ%ﬁ . |La(z,v,0) 4 ¢o|. By the Gronwall inequality we infer

wy(€(s)) =my < (Cpg +AK |my|)dre® < (Crg +AK|my|)dpe™ >, Vs € (0,d)].
Taking s = d,, and recalling that A € (0, 1),we have

My = wy(zy) < my + (Cpy, + MK my)dae™ P < my + (CLy, + AK |my|)DeP
where D :=diam(M). The result follows taking A, = max(Cy,,, K)De*P. O

As a consequence, we derive the following key proposition. It will be also used in
Section [3] to show the existence of diverging families of solutions.

PROPOSITION 2.16. Let A be a subset of (0, 1) having 0 as accumulation point. Let (wy) e
be a family of subsolutions of (E)).
(1) If, for each A € A, there is a point x\ € M such that wy(z)) = —oc0 as A — 0T,
A € A, then wy uniformly converges to —oo as A — 0%, A € A.
(11) If, for each X\ € A, there is a point xx € M such that wy(xy) — +00 as A — 07,
A € A, then wy uniformly converges to +00 as A — 07, A € A.

Proof. As in the previous proof, we denote M) = maxw, and m), = min w,.

Let us prove assertion (i). The hypothesis wy(z,) — —oc is equivalent to my — —oo
as A — 07, A € A. Then restricting to A € AN (0,1), (29) implies that my ~ M, hence
My, — —occas A — 0T, A € A.

Let us prove item (ii). The hypothesis wy(x)) — 400 is equivalent to My — +oco as
A — 07, A € A. Then restricting to A € AN (0,1), (29) implies that m, ~ M, hence
my — +oo as A — 07, A € A. O

We are now in position to prove Theorem 2.5 We recall that, in what follows, ug still
denotes the critical solution provided by Theorem

Proof of Theorem[2.3. Let us denote by Sy the set of solutions to (E,]). Define
Sy :={w, is a solution of (E,) with vy < up— 1}

and
() :==sup{ur(z) : vy €Sy, x € M}.

If Sy =9, we set (\) = —o0.
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We claim that }\ir% (A) = —oo. Otherwise, there is A > 0, sequences \, — 0T,
—
vy, € Sy, and y, € M such that
ox, (Yn) > —A, VneN. (2.10)

We claim that vy, is uniformly bounded from below. If not, there is z, € M such that
Uz, (2n) = —00 as n — +00.

By Proposition 216, v,, uniformly converges to —oo, which contradicts (ZI0). Then,
according to Theorem and Remark 2.4] the sequence vy, uniformly converges. to the
only possible limit ug, which contradicts the fact that vy, € S,, for all n € N.

In a similar manner, define

SY = {v, is a solution of (E}) with vy > ug+ 1}
and
©(N) :=inf{uy(z) : vy € ST, x e M}
If S} = @, we set ©(A\) = +00. The same proof yields that l\lir(l) ©(A) = +o0.
Define
O(N\) = sup{|ua(z) — ug(z)|, vy € Sy \ (Sy USY), z € M}.
We claim that }\1{{(1] O(A) = 0. Otherwise, there is ¢ > 0, a sequence of discount factors
An — 07 and of solutions vy, € Sy, \ (Sy USY ) and y, € M such that
lun, (Un) — wo(yn)| >, Vn. (2.11)
Since vy, € Sy, \ (S5, U Sy ), there is also a point x, such that
|0, (2n) — uo(2n)] < 1.

Similarly to the first step, we infer from Proposition that vy is uniformly bounded.
Then, according to Theorem and Remark 2.4] the sequence v, uniformly converges
to the only possible limit 4. But again this yields a contradiction as ||vy, — ug||s > € for
all n € N. This concludes the proof. O

3. THE LINEAR CASE

In this section we continue our analysis on the vanishing discount problem in the case
when G depends linearly on u. Hence we will consider a Hamilton-Jacobi equation with
discount factor A > 0 of the form

Aa(z)u(x) + H(x, Dyu) = ¢ in M, (HJ,)

where we assume that H : T*M — R is a continuous function satisfying (H1)-(H2) (con-
vexity and superlinearity) and the coefficient a is a continuous function on M satisfying
the following condition:

/ a(z)dp >0 for all ji € 9N, (al)
™

where 90T denotes the compact and convex subset of Z(T'M) made up by Mather measures
associated with H. Without any loss of generality, we shall restrict to the case A € (0, 1).
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Equations of the form (HJ,) can be regarded as a model example for the more general
Hamilton-Jacobi equations of contact type considered in Section 2] cf. equation (E,]). The
full Hamiltonian is then given by G(z,p,u) = a(z)u + H(x,p). The Hamiltonian G then
fulfills all the hypotheses of the previous section. In particular, it is Lipschitz with respect
to u with Lipschitz constant ||al|s-

We will be concerned with the issue of existence of solutions to equation (HJ,)), at
least for small values of A € (0,1), and their asymptotic behavior as A — 01. In Section
B we show the existence of the maximal solution to (HJy]) for values of A € (0, 1) small
enough. These solutions are shown to be equi-bounded and equi-Lispchitz, therefore, in
view of the results established in Section 2], they converge to a solution of the limit critical
equation

H(xz,Du)=¢y in M. (HJo)

In Section B.2, under further natural conditions on the coefficient a, we investigate the
existence of possible other families of solutions of (HJ,]) and we describe their asymptotic
behavior as A — 0%.

3.1. A converging family of solutions. We recall that L : TM — R is the Lagrangian
associated with H via the Legendre transform, namely

L(z,v) = S;J.PM (p(v) — H(z,p)) for all (x,v) € TM.

The constant ¢q € R is the critical value of H. We define the following value function, for
re M,

0 0
Vi(z) := inf lim sup/ e~ s aby(m)dr (L(y(s),ﬁ(s)) + co> ds,
Y t—o4oo J—t

where the infimum is taken among absolutely continuous curves «y : (—oo,0] — M with
7(0) = 2. This definition is inspired by the formula given in [41, Theorem 4.8] to represent
the unique solution of (HJ,)) in the case a > 0 in M and a > 0 on A.

The following holds.

THEOREM 3.1. There ezists \g € (0,1) such that for every X € (0, o) the following holds:
(i) the value function Vy : M — R is finite-valued;
(ii) the functions {Vy\ : X € (0, \g) } are equi-bounded and equi-Lipschitz;

(#ii) the value function V) is the mazimal subsolution of (HJy]). In particular, it is the
mazximal solution of (HJ));
(iv) for every x € M, there exists a curve 73 : (—00,0] — M such that

0
V)\(Qj) = / e—)\fso a(v3 (r))dr (L('}/f(s), 72\6(5)) + Co)ds.
Furthermore, the curve 3 is k-Lipschitz, for some & > 0 independent of X € (0, \o)

and x € M.

REMARK 3.2. For every A > 0, define
cx:= inf sup {H(z, Du) + Aa(z)u}.

u€C>® (M) ze M
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According to [30, 36], if (HJ,) has solutions, then ¢y > ¢\. Theorem Bl implies that
co = cy for every A > 0 small enough if (all) holds. We also point out that the value
provided by the above inf-sup with A = 0 agrees with the critical constant ¢y, as it is well
known, see for instance [21], 10].

According to Theorem 2.2 the functions V) uniformly converge to a critical solution
up as A — 01, where ug is the maximal subsolution w of (HJg)) satisfying

/T wa(w)djlr.) <0, Vi€ B

We can furthermore strengthen the conclusion of Theorem on the asymptotic be-
havior, as A\ — 07, of all possible families of solutions to equation (HJ,]). Theorem Bl
in fact rules out the possibility that there exist families of solutions that diverge to +o0.
The precise statement is the following.

THEOREM 3.3. There exist ¢ : (0,1) — [ — 00, 4+00) and 6 : (0,1) — R with

lim 6(3) = —oc, lim 6(3) =
such that, if vy is a solution of (HJ))), then either vy < (N) or ||vx — uglloo < O(N) for all
A€ (0,1).

The remainder of this subsection is devoted to prove the statement of Theorem [B.11
This will be obtained via a series of intermediate results.

A key step in order to establish that the value function is a (Lispchitz) viscosity
subsolution to (HJg) is to prove that it satisfies the Dynamic Programming Principle.
Please note that the next proposition is valid even when V) is not finite-valued.

PROPOSITION 3.4. (Dynamic Programming Principle). Let A € (0, 1). For each absolutely
continuous curve 7y : [by, ba] — M, we have

bg 0
oM iy a(v(7) )y (7(b2)) < oM i a(y(M)dry, (v(by)) + / oMY aly(m)dr ( L(y(s),4(s)) + CO) ds.

by

Proof. We start by claiming that we can reduce to the case b2 0, without any loss of

generality. Indeed, by multiplying the above inequality for e A iy ar(r))dr

bo
Va(7(b2)) < e bt A0 () + / e~ M2 atv(r (L(y(s),v(s))wo)ds.

b1

, we get

The claim follows by making the change of variables 7" := 7 — by, 8 := s — by and by
replacing v with y_, () := (- + by).

Let us then prove the assertion with by = 0. For each € : (—o00,0] — M with £(0) =
v(b1), we define

o)) if t € [by,0]
) = {g(t —by) ifte(—o0,by)
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Then, by definition of the value function, we have

0
Va(7(0)) < limsup / e e aGmar (L(ﬂs), (s)) + Co)dS
t

t—+00

:/ —A 7 a(v(7) dT(L(v(s),V(s))cho)ds

b1

0
e )\fbl a(y(7))dr hmsup/ e—AfSOa(E(T))dT <L(£(S),£(3)) —|—Co)d8.
—t

t—+o00

Taking the infimum among all &, we get the assertion. 0

We now proceed to show V) is a bounded function on M, at least for A € (0,1) small
enough. We start by proving the following upper bound.

LEMMA 3.5. There is a constant C;- > 0 such that Vy(z) < C/X for all z € M and
A€ (0,1).

Proof. By condition (all), there is a point xy € M such that a(zg) > 0. We denote
d := d(xy,r), D := diam(M). We take a geodesic ¢ : [~d, 0] — M with ((—d) = 7 and
¢(0) = z. Define

5(t) = {C(t), —d<t<0,

Zo, t < —d
and set C := max |L(x,v)+ ¢o|. Then
€M, ||v]|«<1

0
V(o) < limsup [ M0 (L(3(5)5(5) + ) s
—t

t——+o0

_ /_ Z oMY alc(r)dr ( L(¢(s), ¢(s)) + co> ds

—d
e el o / M al@0)dr (1 (5, 0) + co)ds
¢

t—+00

0 —d
< </ e Malloos 74 + 6>\||a||ood/ 6)\a(x0)(d+s)d8)
—d e

Mallood _ Mlaflood lalloD
:CL(e 1+€ )<20L6 . O
AJa o Aa(z) Aa(z)

Now we know that the infimum in V)(x) is taken among curves in

0 o 64_
L= {7: (—00,0] = M : limsup/ e~ Mo al(m)dr (L(v(s),?(s)) + co>ds < =2 }
—t

t——+o0 )\

For v : (—00,0] = M and t > 0, we define

0
a(A,7,t) ::/ e M2 a6 g
—t
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and
B()‘v e t) = 6_)‘f9t a('Y(S))dS.

Since Lav(A,7,t) = B(A,7,t) > 0, t — a(),7,1) is increasing. Then th+m a(A,7,t) exists
—+oo

for each A\ and 7, and may equal +oco. We will also need the following auxiliary remark.

LEMMA 3.6. For every A > 0 and for all curves v, we have

L _ B
a(X,7,t) (X,

1
<Ml + ———, ¥t >0.

_)‘HaHOO_'_ Oé()\ ~ t)?

Proof. A direct calculation shows that
S8\ 7,1)
Ga(\ 1)

By the Cauchy mean value theorem, there is £ € (0,¢) such that

B ) = BNY,0) _ B ) =1 G5O
a\,7,t) —a(\ v, 0)  al\y,t) %a()\’%@ =-A (7( 5))7

which implies the conclusion. O

= —Xa(y(—t)).

We distill in the next lemma an argument that we will repeatedly use in the sequel.

LEMMA 3.7. Assume there are sequences A, — 07, 7, : (—00,0] = M, t, € (0,+00) and
0, — 0 such that

0
Ay Vs tn) = / e[S alim(dr g +00, as n — +00, (3.1)
—tn
1

a(An, Yo, tn)

Define a probability measure fi, € P(TM) by
[0 e el (), Au(s)) s

Jdpn, = =

M a(An;, Yns tn)

Then the set (fin), is relatively compact in Py (for the weak-x topology coming from
Cy(TM)) and any of its accumulation points is a Mather measure associated with L.

0
/ o= n 2 alyn(r))dr (L(%(s),%(S)) + co) ds <6,, VYneN. (3.2)
_tn

, Ve C(TM) (%)

Proof. Note that, due to ([B.1), we have ¢, — 400 as n — +o00. Since L is uniformly
superlinear in the fibers, there exists a constant C; > 0 such that

max 0,, > / (L(z,v) + co) dfin(z,v) = / (lv]|z — C1)djin for all n € N,
™

neN TM

which readily implies that the sequence (i), is a well defined sequence in Z. The
asserted precompactness of (fi,), in Z(TM) follows from Lemma [[.T1]

Let fi be a limit point of a subsequence of (fi,),, that we will not relabel to ease
notations. We are going to show that ji is a Mather measure.
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The measure i is closed: we pick ¢ € C'(M). An integration by parts shows that

Dy¢(v) dfin(, v)
TM

0 o O i
— f—tn %(’}/n(s)) e An fs (Yn(7))d ds
a(Ans Yo tn)

Y A O Ly,
_ 9(3(0) e D) 3, [ atwrote e,

(3.3)

We infer

0
H(bHoo e~ Sy, alm(7))dr

Oé()\'f“fyn?tn) O‘()\m’)/mtn)

_ 1 B(An, Vs tn)

O{(An’fyn?tn) O‘(Anaf)/natn)

By sending n — +oo and by using Lemma [3.6] hypothesis (3.I)) and again Lemma .11}
we derive

~X

Do (v)dfin| <

[@lloo + Anllallocl[#]]oo
TM

+An||ar|oo) 16

D,o(v)dp(z,v) = lim D,o(v) dfi,(z,v) = 0.

™ oo Jry
The measure ji is minimizing: by (3.2) we get
0= lim 6, >lim inf/ (L(z,v) + o) diwg(z,v) > / (L(z,v) + co) di(z, v),
n—-+0o0o n—-4o0o M TM

where the last inequality follows from the fact that L is continuous and bounded from be-
low and the measures fi,, are weakly-* converging to ji in &, (hence, narrowly converging),
see for instance [I, Section 5.1.1].

In view of Theorem [LL§, we conclude that fi is a Mather measure. 0

Let C' > 0 be a fixed constant and define, for any fixed integer p > 0,

0
C
D) = {7 (00,0 = s Tisup [ e MO (L(5(5).4(5)) + o)ds < —}.
t—4o0 —t )\p
The information provided by the next lemma will be crucial for our upcoming analysis.
LEMMA 3.8. Let p > 0 be a fized integer and assume that I'\(p) # @ for every A € (0,1)
small enough. Then there exists A(p) € (0,1) such that

A(p) := sup {X”“a()\,%t) A€ (O, )x(p)), v €Ta(p), t > 0} < +00.

REMARK 3.9. Note that I'y(p + 1) 2 ['x(p) for every integer p > 0 and A € (0,1). In
particular, when p > 1 and C := C}, we have I'y(p) # @ for every A € (0,1) in view of
Lemma 3.5l

Proof. Let p > 0 be a fixed integer. We argue by contradiction. Assume there exist
sequences A\, — 07, v, € Ty, (p) and t,, — 400 such that

N o\, Yoy tn) — 400 as n — +00,
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with

0
- T T : C
[ (3,9, 50(9) + o) ds < g 1
In particular, conditions ([B.]) and (8.2]) in Lemma [B.7] are satisfied with
O/ +1

T a(Mn Vs tn)
Let fi,, be the probability measure defined in (&). According to Lemmal[3.7, up to extraction
of a subsequence (not relabeled), the measures fi,, weakly converge to a Mather measure
i

Now we choose a subsolution ¢ < —1 of (HJg)). For every ¢ > 0, there exists, in view

of Theorem [LTH a function ¢, € C*°(M) satisfying

e — @l < € and H(z,Dyp.) <co+e forallze M. (3.4)

For € > 0 small, we have ¢, < 0. We get
0n> [ (L(w.0) + o) dinla,0)
™
2/ (Dxapa( ) — H(:)s Dxapa) +co dfin(z,v) / Dy (v) — 5) dfin(z,v)
™ ™

_ %(%(0)) —e X [0, alyn(7))d o, (

a()‘na Yns tn)
Pe ('771(0)) N
(M, Vs tn) — Ay /TM a(x) () dfin(z,v) — €.

The equality appearing above is obtained via an integration by parts (cf. proof of Lemma
B equation (33), when we prove that [ is closed), while for the last inequality we have
used that fact that ¢. < 0. Now we send ¢ — 07 and divide the above inequality by A,,.
We get

>\n/ a(x)pe(x) dfiy (z,v) — €
T

M

C 1 2 (71(0)) / i
+ > — d -
>\Z+1a(>\n77n7tn) )\na()\me ) )\ Oé()\m%,tn) TM a(x)SO(ZE) lu

Since A\, a( A, Vo, tn) = N a( Ny, Yy t) — +00 as n — +oo, we get
| awyets)datz,) > o
™

Since for all m > 0 the function ¢ —m < —1 is also a negative subsolution of (HJy)), by
replacing ¢ with ¢ — m in the inequality above we obtain

1 plloollalloo = / a(z)p(r) di(z,v) Zm [ a(z)di(z,v),  forallm >0,
TM TM

which implies that [, a(x)di < 0. This contradicts assumption (a). O

We now proceed to show that the value function V), is bounded from below, for every
fixed A € (0,A(1)), where A(1) > 0 is the value obtained according to Lemma B.7 with

p=1and C = @j , where @j is the constant provided by Lemma
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LEMMA 3.10. There exists a constant @J_ > 0 independent of \ such that
Va(z) = —Co A2 for allx € M and X € (0,A(1)).

Proof. Let us fix v € T"). For every t > 0 we have

0 0
/ o~ JP aly(m)ir ( L(7(s),4(5)) +00> ds > —C- / e 2 alr(PNdr g
—t —1
where €, := —min { mingy (L(:E, v) + co),O} > 0. We are now going to apply Lemma
with p = 1 and by choosing C' := C; in the definition of I'y(1), so that I'y(1) = T'y:
from the above inequality we infer
CLA()

0 0
/_t e—)\fs a(y(7))dr (L(’}/(S),’}/(S)) + C(])dS > x

The assertion readily follows from the definition of V). 0J

for all t > 0.

From the information gathered so far, we know that the value function V) is finite-
valued on M for every \ € (0, )\(1)). We now proceed to get bounds for V) from above
and from below on M independent of \.

LEMMA 3.11. There is a constant U: > 0 such that

Vi(z) < (oM forallz € A and X € (0, )\(1)).

v

Proof. According to [13] Theorem 4.14 and Proposition 4.4], see also [16], Theorem 3.3],
for every x € A there exists a curve n : R — A with n(0) = x such that, for every

subsolution ¢ of ([HJ)),

L(n(s),n(s)) +co = %(gpon)(s) for a.e. s € R. (3.5)

Let us denote by K the family of curves n : R — A satisfying (B.3]). We remark for further
use that these curves are equi-Lipschitz, see for instance [13, Lemma 4.9].
Pick a subsolution ¢ < 0 of (HJg) and fix x € A. From the definition of V) we get

0 0
(@) < limsup / eI (L (51(5),5(5)) + co ) ds
—t

t——+o0

0
= 1imsup/ e_”f“("(T))dT%(gpon)(s)ds (3.6)
—t

t—+00

= limsup {@(77(0)) — e MR AT (1)) — Aa(A, 1, t) /

t——+o00 T™

(ool .
where i € Z(TM) is defined by

0 —x fo a(n(t))dr : d
e s s),n(s))ds
Floo) di . v) o= 2 IO A ds gy
T™ [, e s am)dr g
The second equality in (3.6]) is derived via an integration by parts as for ([3.3). By as-
sumption (aIl) and compactness of the family of Mather measures 90, there exists £ > 0
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such that
/ a(z)di(z,v) > e for all i € M. (3.7)
™
We show that there is Ty > 0 such that, for all curves n € K, we have

0
/ a(n(s))ds >et  forallt>T,.
—t
We argue by contradiction. Assume there exist sequences 7, € K and t,, — 0 such that

/ a(na(s)) ds < ety (3.8)

—tn
Define fi, € Z(T'M) by

Fla,0)din == [ () () ds. VS € C(TM).

TM tn —tn

Due to the fact that the curves (n,), are equi-Lipschitz, the measures (fi,), have equi-
compact support. In particular, up to extracting a subsequence (not relabeled), they
weakly converge to a probability measure i € &(T'M). Furthermore

lim f(z,v) dfi,(z,v) = f(x,v)di(z,v) VfeC(TM).

noJrMm TM

We claim that fi is closed. Indeed, for every ¢ € C*(M) we have

D,o(v)di(z,v) = lim D,o(v) dfin(z,v)

T™ noJrMm
1 [ d 2)|9]] o
= liT:En T N E(qﬁonn)(s) ds < liyzgn HZH = 0.

We proceed to show that ji is minimizing, namely, a Mather measure. Pick a subsolution
¢ to ([HIJ). By exploiting (B.1), we get

/TM (L(z,v) + ¢o)dji = lim (L(z,v) + co)dfin, = liTan % /_jn<L (7n(5), 70 (s)) + co> ds

noJrMm
0 n 0 - n _tn
= lim 1 i(gponn)(s) ds = lim 90(77 ( )) S0(77 ( )) = 0.
noty )y ds n tn

By B3], we also have [, a(x)df(z,v) < e, which leads to a contradiction with (3.7).
Then for t > T we have

e—)\fgta(n('r))dr < e—)\et
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and

0
0 <Aa(h,t) = A / M aln(m)ar g

—t

0 o —To o
_ >\/ e—)\fs a(n(T))deS + )\/ e—)\fs a(n(T))deS

—To —t
< A/O e Mlalloos d8+)\/_TO e3ds
eklltzlliiTo -1 e—2eTo _tellallooTo 1
S Tl T ST e

By using these inequalities in ([B.6]) and recalling that ¢ < 0, we finally get

Va(z) < Cyllallss [l
which gives the upper bound of V) on A independent of . O

By exploiting the fact that V) satisfies the Dynamic Programming Principle, we show
that the partial upper bound obtained in Lemma [B.I1] actually entails a uniform upper
bound on the whole M.

PROPOSITION 3.12. There is C;f > 0 independent of A such that
Vi(z) <Cf  forallz € M and X € (0,A(1)).

Proof. Fix x € M and pick a point y € A. Set d := d(z,y), D :=diam(M) and C}, :=
max  |L(z,v) + ¢o| . Take a geodesic ¢ : [—d,0] - M with {(—d) =y, ((0) = = and

reMfila<1
|I¢llc = 1. By Proposition [3.4] we have

0
Va(z) < e Moan€ory, () ¢ / eI (L(¢(5),6(5)) + o) ds
—d

< MoldTt 4 0 geMlelled < (lolD (G 4 0, ),
which gives the sought uniform upper bound of V. O

Now that we know that V) is uniformly bounded from above, we can prove that V) is
also uniformly bounded from below.

PROPOSITION 3.13. There exist A € (0,A(1)) and a constant C; > 0 independent of A
such that

Vi(z) = —C, for allx € M and X € (0, \).

In particular, |Vy(z)] < C, :=max{C;,C}} for allz € M and X € (0, )).
Proof. By Proposition .12, we know that, for A < A(1), the infimum in V), is taken among
the set

0
I':= {7 : (=00,0] = M : limsup/ e IS at()dr (L(V(S),V(S)) + Co>d5 < C:}
—t

t——+00
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By Lemma B.8 there exists A(0) € (0,1) (depending on C;) such that
A(0) :=sup {)\a()\,fy,t) : A€ (0,X(0)), veT, t> 0} < +o00.

Let us set A := min{\(0), A(l)}ﬂ Let ¢ < —1 be a subsolution of (HJy). For each £ > 0,
we can take . € C™°(M) satisfying ||p. — ¢l < € and H(z, Dyp:) < ¢o + ¢ for all
x € M, given by Theorem For £ > 0 small, we have ¢. < 0. For each v € T', we have

0 0
[ O (L (5),5(9) + o) ds
—t

0 Lo '
2 / e )\fs a(v(7))dr <D7(5)¢5(7(8)> o H(V(S),Dy(5)§05> +C()>d8
—t

’ X [P a(y(r))dr nge
s [ (4 0y - i

—t

= 0: (7(0)) — e M2 a0, (3(=t)) — a(A, 7, 1) /T y (Aa(z)pe(x) + €)di]

> 0 (1(0) — alA 7. t) /  (alo)puta) + )i

where

) [P e OO f(y(5) 4(s)) ds
D HCDES ) ,

We recall that «(A, 7, t) := f_ot e~ a4 Now let e — 0% to get

Vf e C.(TM).

/_t oMY aty(m)dr (L(v(s), Y(s)) + co> ds > ¢((0)) — )\a()\,%t)/ a(x)e(x)d; .

™
Sending ¢t — +o00 we get

0

imsup [ e MO0 (1(3(5),3(5)) + o) ds > = (14 A©) o) ol
t—+o00 —t

The bound from below readily follows from this by definition of V). The last assertion is

a consequence of Proposition B.12 and of what we have just shown above. O]

We now proceed to show that the value function is Lipschitz continuous. This is indeed
a consequence of this more general result.

PROPOSITION 3.14. Let w : M — R be a bounded function. Assume that w satisfies the

Dynamic Programming Principle, i.e., for each absolutely continuous curve v : [—t,0] —
M, we have

w((0)) - e—Affta(v(r>)drw(7(_t)> < /

—t

e—)\fsoa(’Y(T))dT (L(”)/(S),”)/(S)) + C(])dS. (DPP)

Then w is Lipschitz continuous, with a Lipschitz constant that only depends on L, diam(M)
and ||w||se-

"We recall that A(1) € (0,1) is the value obtained according to Lemma 3.7 with p = 1 and C = C;,
where Cf is the constant provided by Lemma
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Proof. Pick x,y € M. Let ¢ : [-d,0] — M be a geodesic with {(—d) = y and ((0) = =,
where d := d(x,y). By (DPP]) we have

(o) = wly) < =l (1= M) [0 A (L(0(5),¢(5) + o) .

There is 15 € (—d, 0) such that f?da(C(T))dT = a(¢(m0))d. If a({(70)) = 0, we have
0 < 1— e Malllo)d < pAall(mo))d _ 1  pAlallcd _ 7

If a(¢(70)) < 0, we have
0>1— e lll0)d > 1 _ pAlallcd,

Then

AMallood _

A

AMalloed _ 1

w(z@) — w(y) < Aw]|w “Malle

1 0
+0u [ et < (fallwlle + )
—d

Since A € (0,1) and d < D, there is C5 > 0 such that eMallod _ 1 < Cﬁ)\cz. Exchanging
the role of x and y, we get the conclusion. 0

As a consequence of the previous proposition and Proposition B.I3] we derive the
following information.

COROLLARY 3.15. There is £ > 0 independent of A such that the functions {Vi : A€
(0, \)} are k-Lipschitz continuous.

Next, we show that the value function is a viscosity subsolution of the equation (HJ,)).
Indeed, the following result holds.

PROPOSITION 3.16. Let w € C(M). Then w is a subsolution of (HJ)) if and only if
(DPDB) holds for every absolutely curve ~ : [—t,0] — M and every t > 0.

Proof. Let us first assume that w is a viscosity subsolution of (HJg). By Proposition
[[.4, we derive that w is Lipschitz continuous. Using Theorem [I.15] we take a sequence
w, € CY(M) such that ||w, — w|e < 1/n and

1
Aa(z)w, () + H (x, Dyw,) < co + - for all x € M.
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For v : [—t,0] — M, we have, performing the now usual integration by parts and the
Fenchel inequality (L.2),

n((0) = () = [ (0 () ) s

= /_t e > at(m)dr (Aa(fy(s))wn (7(5)) + Doysywn (7(3)))ds
< /_t g2 () <>\a(fy(s))wn ((s)) + H(v(s), Dysywn) + L(v(s),ﬁ(s)))ds
< [ ersraoons (e i Lo6).4(6) )i

1[0 Y ’ —A [0 d :
< —/ e~ Malls g +/ e~ s at(m) T(L(v(s),v(s)) + co)ds
—t —t

n
Alalloot _

1 0 0
= —0—+ / e~ s abv(m)dr (L(v(s),ﬁ(s)) + co> ds.
—t

nlaf|scA

The assertion follows by sending n — 4o00.

Conversely, let us assume that w satisfies (DPPJ). According to Proposition 314, w is
Lipschitz continuous. We only need to check if w is a subsolution where w is differentiable,
thanks to Proposition T4l Let w be differentiable at x. We take a C* curve 7 : [—t,0] — M
with v(0) = z and 4(0) = v. Then

w oML aty(m)dr (0
(7(0)) t (7( t)) < %/_t A [ a((7) dT(L(’}/(S),;}/(S))_'_CO)dS’

Letting t — 0T, we get
Aa(z)w(x) + Dyw(v) — L(z,v) < ¢.
Taking the supremum with respect to v, we get, thanks to (IL3]),
Aa(x)w(z) + H(z, Dyw) < co,
which implies that w is a subsolution. O

We proceed to show that the value function is the maximal viscosity subsolution of
(HJ,)), and hence a solution by maximality. We need an auxiliary lemma first.

LEMMA 3.17. Let A > 0 and let v : (—o0,0] — M be an absolutely continuous curve. Let
us assume that

sup a(A, v, t) < 4o00. (3.9)
>0

Then e_’\ffot“(“’(T))dT — 0 ast — +oo.

Proof. We argue by contradiction. Assume there exist an increasing sequence t, — +00
and a ¢ € (0,1) small enough such that

R N CTCo VLN for all n € N.
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In(6— 1)

Then, for all t € (tn,t + Nal=

)] ) we have

—tn
—)\/ a(y(7))dr = =A||al|so|t — t,] = Ind,

t
hence

e MLa@)dr _ =X [T a(y(r)dr =X [0, aly(r))dr > 62, for all n € N.

Let us pick » > 0 with r < f\lﬁa” Up to extracting a subsequence, we can assume that

< |ths1 — t,| for all n € N. Let us set t5 := 0. We have
0 n—1 ¢
/ N NCICTC L > Z/ e S atv()dr g > ré’n — 400
—tn

as n — +o00, which contradicts (3.9)). O

Let us prove the result announced above. We recall that the A appearing in the next
two statements is the real number in (0, 1) provided by Proposition B.I3l

PROPOSITION 3.18. For every fited A € (0,)), the value function Vy is the mazimal
subsolution of (HJy]). In particular, it is a viscosity solution of (HJy).

Proof. Let w be a subsolution of (HJ,)). Let us fix x € M. By definition, for all € > 0,
there is v € I' such that

0 0
Vi(z) + ¢ > lim sup/ e~ s at(m)dr (L (v(s),%(s)) + co> ds
-

T—+o0

0
= [ (L (5),4(9) + o) ds
—t

0
e M Al Ji sun / =2 al€(r)dr ( L(&(s),(s)) + co> ds,
-T

T—4o00
where £(s) := (s —t) for s < 0. By Proposition B.I6, we have

0
| (1(3(5),3(5)) + o) ds > w(o) = AL ().
—t

By the definition of V), we have

0
e~ > 2eatr(m)dr hmsup/ e~ M2 ale(r)dr (L(g(s) £(s)) +co>ds > e M2a0EATY, (y(—p)).
-T

T—+o00
Combining all the above inequalities, we conclude

V@) + & > w(a) + 00 (1, (3(=) = w(3(-1)))

We know that sup a(A,7,t) < +oo, cf. proof of Proposition B.I3l By Lemma B.I7, we
>0

derive that e=*/2aGMr g a5t +o00. By finally sending ¢ — 07 we conclude

that Vy(x) > w(x). This, together with Propositions B.4] and 316 proves the asserted
maximality of V).

Now we show that V) is a viscosity solution of (HJ,)). Since V) is the maximal sub-

solution, we only need to show that it is a supersolution. The argument is standard and
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depends on the bump construction. We give it below for the reader’s convenience. Assume,
by contradiction, that the supersolution test fails at some point z € M. This means that
there is a strict subtangent ¢ € C*(M) of Vj at 2B such that

Aa(2)Vi(z) + H(z,D.¢) < co.

Up to adding a constant to ¢, we can assume that V)(z) = ¢(z). Let B,(z) be the open
ball centered at z with the radius r. Let us choose r > 0 and € > 0 small enough so that

¢+e<VyondB.(z) and Na(z)(¢(zx) +e)+ H(x,Dyp) < co Yz € By(z). (3.10)
Set

Th(2) = max{V\(z),d(x) + e} if z € B,(2).
AT (@) if 2 € M\ By(2)

Due to (3I0), the function Vy is a subsolution of (HJ) in B,(z) as the maximum of
two subsolutions in that open ball, and it agrees with V) in an open neighborhood of
M\ B,(z). This readily implies that V} is a subsolution of ([Jy) on the whole M. Yet, we
have Vi(z) = ¢(z) +¢ > Vi(z), contradicting the fact that Vj is the maximal subsolution
of (HJ,)). This shows that V) is indeed a solution to (HJ,)) in M. O

From now on, we denote by wuy(x) the value function V) (z), since it is the maximal
solution.

PROPOSITION 3.19. There exists Ay € (0,\) such that, for every fivzed v € M and \ €
(0, Xo), we can find a curve v5 : (—o0,0] — M with v§(0) = x such that

0 0
w() = [ NI (L(35(6),35(6)) + o).

Furthermore, the curve v3 is k-Lipschitz continuous, for some constant k > 0 independent
of A€ (0, \o) and x € M.

Proof. Let us fix A € (0, \). According to Proposition B.I8| uy is a viscosity, hence a weak
KAM, solution of

Aa(z)uy(x) + H(z, Dyu) = ¢ in M.
By Lemma 2.9, we know that, for every fixed x € M, there is a Lipschitz curve 77 :
(—00,0] = M with 743(0) = x such that

ur (A (02)) = ur(v3 (1)) = /b 2 [L(ﬁ(S)di(S)) +co = Aa(73(s))ua(9i(s)) [ds (3.11)

for all by < by < 0. The above equality with b; = —t and b, = 0 can be restated as

u(t) = u(0) + /t h(s)u(s)ds + /t ((s)ds for all t > 0, (3.12)
where 0 0

u(s) = —ur(3(=9)), h(s) == Aa(R(=s)), L(s) == L(9(=5), 33 (=s)) + co.

8Meaning that V\ — ¢ has a strict local minimum at z.



40 A. DAVINI, P. NI, J. YAN AND M. ZAVIDOVIQUE

Note that the function u and h are in L*([0,¢]). Since ¢ is uniformly bounded from below,
this implies, in view of (312)), that ¢ is in L! ([O, t]) The operator T defined by

T f(t) = u(0) +/0 h(s)f(s)ds +/0 ((s)ds

is a contraction when A||a||t < 1, in particular there is a unique fixed point of 7. This
gives the existence of the local unique solution of ([3.12]), which is defined, for example,
on [0,ty] with ¢y = m Since the time of local existence is independent of the initial
data, the maximal solution is defined for all ¢ > 0, and is given by

t
u(t) = u(O)efo h(s)ds + / ﬁ(s)efs h(ﬂ')dﬂ'ds7
0

as an explicit computation shows. This gives directly

@) = MR () 4

—t

oML a () dT(L(yf\”(s),ﬁf(S))ﬂLCo)dS (3.13)

for all t > 0. Due to the fact that the functions (u)) Ae(ox) are equi-bounded and equi-
Lipschitz, this implies that the curve +f is A-Lipschitz, with a Lipschitz constant & that
is independent of A € (0, \) and = € M, see Lemma

We want to show that there exists Ao € (0, \] such that e M2 atE Ay 0 ast — +o00
whenever A € (0, A\g). According to Lemma [317] it suffices to show that there exists a
Ao € (0, \] such that

sup {)\a()\,fy,t) :ANE(0,N),yEBY, zEM, t> O} < 400, (3.14)

where we have denoted by €7 the family of absolutely continuous curves 7y : (—o0, 0] — M
with v(0) = x that satisfy (B.I1]). Notice in fact that (3.14) implies in particular that, for
every fixed A € (0, \g), condition (3.9]) in Lemma B.17 is met. We argue by contradiction.
Let us assume the claim false. Then there exist sequences \,, — 07, ¢, € (0,4+0), x, € M
and 7, € €y such that A,a(An, Vn, tn) — +00 as n — +o00. Notice that the latter implies
that t,, — 400 and «, = a(Ay, Y, tn) = +00 as n — +oo. Let [i,, be the probability
measure defined in (&). Then ([B.13) can be restated as

i <U)\n (’Yn(())) . )\nf ¢, @ (7))dT u}\n (”Yn(_tn») (315)

n

/T (L) + o) di.0) =

for all n € N. With the aid of Lemma [3.6] it is easy to check that the right-hand side
of ([B.I5) goes to 0 as n — +oo. We can therefore apply Lemma [B.7] to infer that, up to
extracting a subsequence, fi,, weakly converges to a Mather measure /.

Now we choose a subsolution ¢ < —1 of (HJg)). For e > 0, we take ¢. € C®(M)
satisfying ||¢. — ¢l < € and H(z, Dyp.) < co+¢ for all z € M, given by Theorem
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For ¢ small enough, we have ¢. < 0. By ([B.I5) we get
1 — 0 4 7))dT ~
_ (u)\n (,yn(o)) —e An fftn (Yn(7))d Uy, (’Yn(_tn))) = / (L(ZIZ', ’U) + CO)d,Un
Q, ™
> / (D:(:SOa(U) — H(x, Dap2) + 00> iy = / (Drpe(v) =€) diin
™ T

M
_ pen() — e 20 g (5 (1))
Oé()\n, 771’ tn)

Y / alo)pula) diin ==

[ alw)gda) i~

0 (7(0))

Anp

=

where for the first inequality we have used Fenchel’s inequality (L.2) and for the subsequent
equality an integration by parts. Let ¢ — 0% to get

i (u)\n ('Vn(o)) —e M . a(“/n(T))dTu)\n ('Vn(_tn))) > M -\, /TM a(x)p(z) dity,.

n an

Now we divide by \,, we use the fact that \,q,, — +00 and Lemma to get

/TM a(x)e(x) di(z,v) = —||al|sol| x| so-

Since for, all m > 0, o —m < 0 is also a subsolution of ([HJy|), we get, by applying the
previous inequality to ¢ —m, that

1plloo 2/ a(z)e(x) di(z,v) Zm [ alx)di(z,v) = |lallcllurlle,  Vm =0,
TM TM

which implies that [, a(x)di < 0. This leads to a contradiction with (all) being i a
Mather measure, as we recalled above.

Let us fix A € (0, \g) and = € M. By sending t — +o0 in (3.I3)) and by exploiting the
information just gathered, we derive that

0
uy(xz) = lim et s atE(m)dr (L (V5 (s), 35 (s)) + co> ds.

t—+o00 ¢

We conclude that

0
ur(@) = lim [ e M etk (L(vf\”(s), i(s)) + co>ds (3.16)

t—+oo [_,

0
= / e ORI (L (33(s),45(5) + o ) ds.

—00

Indeed (3.I14) means that the positive function s +— e~ Atk (M) g iy L' ((—00,0]).
Furthermore, the fact that the curve ~{ is Lipschitz implies that the function s —
L(~3(s),%%(s)) is in L*((—00,0]). Equality (3.I6) follows from this by making use of
the Dominated Convergence Theorem. ([
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3.2. Diverging families of solutions. We have seen in Theorem B.1] that, under the
assumption (gIl), the maximal solution wy of (HJ,)) uniformly converges as A — 0% to a
critical solution ug. In this section, we will show that if we furthermore assume

(a2) there is a point xp € M such that a(zy) < 0;

(a3) a(x) > 0 in an open neighborhood U of the projected Aubry set A,
then there exists a family of solutions to (HJ,]) that uniformly diverges to —oo. Further-
more, when condition (a3) is reinforced in favor of the following one

(a3) a(z) >0 on A,
then all solutions to (HJ,)) different from the maximal ones uniformly diverge to —oo as
A — 0%. We summarize all this in the following statement. We refer the reader to Section
for the definition of the projected Aubry set. We underline that, in view of Theorem

L9 condition (a3) is stronger than the integral condition (aIl). Throughout this section,
we will denote by wu) the maximal solution of (HJ,)).

THEOREM 3.20. Let us assume (a2).
(i) If (a3) holds, there is a family of solutions (vz)yc(s) of (H) for some Ae(0,1)
uniformly diverging to —oo as A — 0.
(i) If (a3’) holds, then any family of solutions (vA)ew.n) of (HDL)) with X' € (0,1)
satisfying vy # uy for all A € (0, \) uniformly diverges to —oo as A — 07.
Proof. By Theorem [0l there is a subsolution ¢ of (HJg)) which is C* and strict in M \ A.

Therefore, for every open neighborhood U of A there is a 6 = 6(U) > 0 depending on U
such that

H(x,Dx¢)<CO—5<co for all z € M\ U.

Let us prove (i). Let U be the open neighborhood of A given by condition (a3). Define
1

Pr =¥ — ﬁ
For A > 0 small enough, we have ¢, < 0 for all A € (0, 5\) Up to choosing a smaller A>0
if necessary, we have

Aa(z)px + H(x, Dypy) < Aa(x)oa(z) +co < ¢ ae. in U,
and
Aa(z)ox + H(x, Dapy) < Mallsol|@llse + lallse VA +co — 6 < cg  in M\U,

for all A € (0, ). Therefore, ¢, is a subsolution of (HJy). Now we denote by T, (resp.
T") the Lax-Oleinik semigroup defined in (IL8) (resp. the forward semigroup defined in
(L9)) associated to L(x,v) — Aa(x)u. Define

+ +

. A+ . A—
vy == lim T,""p,, wvy:= lim T v
A t—+4o0 t (,0 ’ t—4o0 t A2

By Lemma [[16] vi < ¢,, in particular vy uniformly diverges to —oco as A\ — 0. By
Lemma [LT7 v, is a solution of (HJ,)), and there is a point 2, € M such that vy(x)) =
v} (zy) for each A € (0, \). We derive that vy(zy) — —oc as A — 0T. By Proposition 216,
we conclude that v, uniformly diverges to —oo as A — 0F.
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Let us prove (7). From assumption (a3’) we infer that there is an open neighborhood
U of A and 6 > 0 such that a(z) > 0 for all z € U. One can easily check that there exist
A" € (0,1) small enough and £ > 0 such that

Aa(z)px + H(x, Dypy) < Aa(z)oa(z) + co < M|allooll@llse — VAO + o < cg—e ae in U
and

Aa(@)px + H(z, Dopr) < Mlallscll@llos + lallaoVA+ o =6 < co— e in M\U,
for all A € (0, \). Therefore, ¢, is a strict subsolution of (HJ,)).

CLAM: Let A € (0, X). There is no solution vy # uy of (HJ)) satisfying ox < vy < uy in
M.

We argue by contradiction. Assume there is such a solution vy. We have
th)\’_(p)\ < ,TtA’_’U)\ < ,TtA’_U)\ = Uy Yt > 0.
Since @) is a strict subsolution of (HJ,]), by Lemma .17,

. A\—
lim 77" )\ = uy.
t—+o00

We get

. A —
lim 777 vy = uy,
t—4o0

which contradicts the fact that vy is a fixed point of T}~
Therefore, for each solution vy of (HJ,]), there is a point x) € M such that

un(zy) < a(ry) = —00 as A — 07.
By Proposition 2.16], vy uniformly converges to —oo as A — 0F. 0J

REMARK 3.21. We note that the proof above also shows that the solutions vy diverge to
—o0o with speed (at least) of order —1/v/A.
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