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We analyze 192 sets of binary black hole merger data in eccentric orbits obtained from RIT,
decomposing the radiation energy into three distinct phases through time: inspiral, late inspiral to
merger, and ringdown. Our investigation reveals a universal oscillatory behavior in radiation energy
across these phases, influenced by varying initial eccentricities. From a post-Newtonian perspective,
we compare the orbital average of radiation energy with the non-orbital average during the inspiral
phase. Our findings indicate that the oscillatory patterns arise from non-orbital average effects,
which disappear when orbital averaging is applied. This orbital effect significantly impacts the
mass, spin, and recoil velocity of the merger remnant, with its influence increasing as the initial
eccentricity rises. Specifically, in the post-Newtonian framework, the amplitudes of oscillations for
mass, spin, and recoil velocity at et0 = 0.5 (initial temporal eccentricity of PN) are enhanced by
approximately 10, 5, and 7 times, respectively, compared to those at et0 = 0.1. For a circular orbit,
where et0 = 0.0, the oscillations vanish entirely. These findings have important implications for
waveform modeling, numerical relativity simulations, and the characterization of binary black hole
formation channels.

Introduction . The circularization effect of gravitational
radiation is the primary reason behind the use of circu-
lar orbit templates by the LVK (LIGO [1], Virgo [2], KA-
GRA [3]) gravitational wave detectors for detection [4, 5].
However, in densely populated stellar environments, such
as globular clusters [6, 7] or galactic nuclei [8], certain dy-
namical formation channels can lead to the emergence of
binary star systems with eccentric orbits [9–11]. Among
the observed events, GW190521 [12] stands out as a po-
tential example of a dynamical binary black hole merger
detected to date [13].

Post-Newtonian (PN) theory, a pivotal component of
the analytic relativity, has progressively refined the mod-
eling of the dynamics and waveforms of binary black holes
(BBH) in eccentric orbits with increasing precision over
the past decade [14]. However, its efficacy diminishes
in the vicinity of the merger moment, necessitating re-
course to numerical relativity (NR). Research in NR con-
cerning BBH in eccentric orbits has witnessed significant
advancements in the last decade. These strides include
the analysis of the transition from inspiral to plunge in
eccentric orbits [15], investigations into orbital circular-
ization [16], examinations of the recoil, mass, and spin
of remnants in low eccentricity orbits [17], explorations
of kick enhancement attributed to eccentricity [18], stud-
ies on anomalies in recoil due to eccentricity [19], and
the extension to eccentric orbits in RIT’s fourth data re-
lease [20]. Collectively, these investigations are gradually
unveiling the intricate orbital effects of eccentricity.

In our previous work [21], we provided a comprehensive
summary and analysis of the dynamic properties of ec-
centric orbit BBH mergers from RIT [20]. This analysis
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included quantities such as peak luminosity, the mass,
spin, and recoil velocity of the remnant. We observed
that when the initial eccentricity in the NR simulations
was sufficiently dense or the NR simulations with contin-
uously changing initial eccentricity are sufficient, these
dynamic quantities exhibited oscillatory behavior with
changing initial eccentricity. By associating the integer
value of the orbital cycle with the peaks and valleys of
this oscillation, we made significant progress explain this
phenomenon. However, given the oscillatory correlation
between the peak luminosity and eccentricity, coupled
with the predominance of radiation during the merger
phase, we attribute this phenomenon to the profound in-
fluence of strong field effects in the merger phase.

In this paper, we aim to conduct a more detailed re-
examination of the mechanism behind the generation of
these oscillations, delving deeper into the perspectives of
PN and NR. Throughout this paper, we adopt geometric
units where G = c = 1. The component masses of BBH
are represented as m1 and m2, while the total mass is de-
noted by M . We set the total mass M at unity (although
occasionally we explicitly write it for clarity). The mass
ratio q is defined as q = m1/m2, with m1 ≤ m2.

Effects of Oscillation . We meticulously selected 192
sets of RIT waveforms showcasing oscillations, all non-
spinning, with fixed initial coordinate distances Dini

of 11.3M and 24.6M , accompanied by mass ratios of
q = 1, 0.75, 0.5, 0.25. Within FIG. 1, we delineate the
parameter space of the eccentric nonspinning BBH NR
simulations used in our study. The initial eccentricity e0
is derived from RIT’s eccentricity measurement method-
ology [20]. Notably, the eccentricities of waveforms at
Dini = 11.3M predominantly reside in the low eccentric-
ity range (0-0.25), while those at Dini = 24.6M cluster
within the medium eccentricity range (0.3-0.6), a pre-
requisite for uncovering the oscillation effect [21]. In
the interest of brevity, we specifically focus on the rem-
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nant’s mass Mrem, omitting presentations on the spin
αrem, and recoil velocity Vrem because these dynamic
quantities stem from either the Newman-Penrose scalar
Ψ4 or gravitational wave strain h, with similar formu-
las and origins. The remnant’s mass is computed as
Mrem = MADM − Erad, where MADM denotes the ADM
(Arnowitt, Deser, Misner) mass and Erad signifies the
gravitational radiation energy.

RIT initializes the eccentric orbit BBH merger data
by fixing the initial distance Dini and manipulating the
tangential linear momentum pt. In contrast, Ref. [19]
achieves this by fixing the binding energy Eb, obtained
through Eb = MADM−M , and adjusting pt. Despite dif-
fering methodologies, both approaches produce the same
oscillation effect due to the continuous alteration of initial
eccentricity. FIG. 2 illustrates the relationship between
initial ADM mass and initial eccentricity for the param-
eter space in the FIG. 1, indicating a gradual change
without oscillation. Thus, the oscillation phenomenon
arises from the radiated energy Erad rather than ADM
mass fluctuations. For angular momentum L, similar to
energy, the oscillation does not come from the initial an-
gular momentum L0. We will not go into too much detail
here. In NR, Erad can be evaluated through [22]

Erad(t) = lim
r→∞

r2

16π

∑
ℓ,m

∫ t

t0

dt′
∣∣∣ḣℓm

∣∣∣2 , (1)

where hℓm represents the harmonic mode post-
decomposition of h by the spin-weighted spherical har-
monic function, ḣℓm denotes the time derivative of
hℓm, and r signifies the radius for waveform extraction.
Through time interval control in the energy computation
process, we categorize the outcomes into three distinct
phases: the inspiral phase spanning from the initial mo-
ment t0 to −200M (with 200M preceding the merger,
where we designate the merger time as 0); the late inspi-
ral to the merger, covering −200M to 0; and the subse-
quent ringdown phase, commencing beyond 0.

In FIG. 3, we present the correlation between the com-
puted radiation energy across three intervals and the ini-
tial eccentricity in panels (a), (b) and (c), along with the
association between the amplitude of the 22 mode at the
merging instant or the peak amplitude A22,peak and e0
in panel (d). It is important to emphasize that the time
reference does not have to be restricted to −200M ; sim-
ilar results are observed at −300M , where oscillations
still persist. The 22 mode amplitude A22 is derived by
decomposing hℓm into amplitude and phase components,
hℓm = Aℓm(t) exp

[
−iΦℓm(t)

]
.

Panel (a) reveals oscillations during the inspiral phase,
albeit with an overall downward trend, attributed to the
diminishing MADM as depicted in FIG. 2. The oscilla-
tions in panels (b), (c), and (d) exhibit minimal influ-
ence from MADM, showcasing consistent horizontal oscil-
lations akin to the remnant mass Mrem as observed in
Ref. [21]. Aligning the values in panel (a) with the other
panels in FIG. 3, we discern that the oscillations in the
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FIG. 1. Parameter space of the eccentric nonspinning BBH
NR simulations used in our study. There are 192 sets sim-
ulations with Dini = 11.3M and q = 1 (43 sets), q = 0.25
(67 sets), q = 0.5 (41 sets), q = 0.75 (41 sets), and 48 sets
simulations with Dini = 24.6M and q = 1.
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FIG. 2. Relationship between initial ADM mass MADM and
initial eccentricity e0 for the parameter space in the FIG. 1.

inspiral phase mirror the patterns in the other panels, fea-
turing analogous peaks and valleys. All of results in FIG.
3 implies that the impact of initial eccentricity extends
through the inspiral phase, the late inspiral to merger
phase, moment of merger (where the radiation energy
computation hinges on the amplitude), and the ensuing
ringdown phase. Consequently, altering the eccentricity
not only influences the weak field dynamics during the
inspiral phase of BBH mergers but also affects the strong
field dynamics at the merger phase. This influence en-
genders a consistent oscillatory effect, indicating a unified
origin for the impact of eccentricity on BBH mergers.
In our prior study [21], we linked the peaks and val-

leys of the oscillations to integer gravitational wave or-
bital cycle numbersNorbits = ∆Φ22/(4π), where ∆Φ22 =
Φ22 (tmerger)−Φ22 (t0 + trelax) (with tmerger denoting the
merger time and trelax as the relaxation time of junk ra-
diation). This analysis highlighted that the oscillations
stem from the influence of integer orbits, with the peaks
and valleys aligning with orbital transitions. While this
insight suggested a connection to the orbital dynamics,
it did not provide a comprehensive explanation for their
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(c) Dini = 11.3M, q = 1
Dini = 11.3M, q = 0.75
Dini = 11.3M, q = 0.5
Dini = 11.3M, q = 0.25
Dini = 24.6M, q = 1
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FIG. 3. Correlation between the computed radiation energy Erad and the initial eccentricity e0 across three time intervals:
inspiral phase spanning from the initial moment t0 to −200M (some waveforms have a radiation of 0 because the initial time
is greater than −200M) (panel (a)); the late inspiral to the merger, covering −200M to 0 (panel (b)); and the subsequent
ringdown phase, commencing beyond 0 (panel (c)), along with the association between the peak amplitude A22,peak and e0 in
panel (d).

origin.
Nevertheless, the existence of the same oscillations dur-

ing the inspiral phase in panel (a) of FIG. 3 offers us an
opportunity to delve into this phenomenon from a PN
perspective.
Post-Newtonian comparison . In our previous work
[23], we present a comprehensive comparison between the
eccentric orbital waveforms generated by RIT [20, 24–26]
and SXS [27, 28] and those derived from PN calcula-
tions. The PN waveform model utilized in our analysis is
grounded on a 3PN order quasi-Kepler parameterization
for conservative dynamics [29, 30], incorporating the ra-
diative reaction of 3PN that includes both instantaneous
and hereditary terms [31–33], and extending to the grav-
itational wave amplitude of 3PN beyond the quadrupole
moment [34–36].

Through a meticulous least squares fitting approach
applied to the frequencies of the 22 mode of Ψ4 at−200M
prior to the merger (selected due to PN model limitations
beyond this point, with the frequency around 0.1), we de-
rive the initial PN parameters x0, et0, and l0 [23]. Here, x
represents the PN expansion parameter, et signifies tem-
poral eccentricity, and l denotes the mean anomaly.
In FIG. 4, we conduct a comparison between NR

and PN radiation energy for mass ratio of q = 1 and
Dini = 11.3M as a representative case. The methodology
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FIG. 4. Relationship between initial eccentricity e0 and NR
radiation energy (corresponding to panel (a) of q = 1 and
Dini = 11.3M in FIG. 3), the radiation energy computed
through the orbital average energy flux of PN, and the PN
quadrupole radiation energy of the gravitational wave mode
22 derived using Eq. (1).

and outcomes for different mass ratios and the scenario
involving radiation angular momentum follow a similar
approach. Within FIG. 4, we illustrate the relationship
between initial eccentricity e0 and NR radiation energy
(corresponding to panel (a) in FIG. 3), the radiation en-
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ergy computed through the orbital average energy flux
of PN [33], and the PN quadrupole radiation energy of
the gravitational wave mode 22 derived using Eq. (1).
The focus on the quadrupole moment’s 22 mode stems
from findings in Ref. [23], indicating that the quadrupole
moment more accurately represents the amplitude com-
pared to higher-order moments. Notably, the 22 mode
predominantly contributes to the radiation energy, ren-
dering the contributions of other modes negligible. So
here we only use the 22 mode of the quadrupole moment
to calculate the radiation energy for the PN 22 mode.
The PN initial parameters for 22 mode and orbital av-
eraging are determined by fitting the corresponding NR
waveform. Specifically, the PN orbital averaging param-
eters encompass x0, et0, while the initial parameters for
the PN 22 mode involve x0, et0 and l0. The former corre-
sponds to the orbital average of the latter, or the average
of l, ensuring that regardless of l0 variations, the energy
or angular momentum flux calculated by the former re-
mains unchanged. In FIG. 4, we maintain consistency in
illustrating eccentricity by utilizing the initial eccentric-
ity e0 provided by RIT, and similarly for the temporal
eccentricity et0 of PN. From FIG. 4, it is evident that the
radiation energy Erad of the PN 22 mode and NR both
exhibit oscillations, whereas the energy of the PN orbital
averaging remains constant. The radiation energy of the
PN 22 mode differs somewhat from that of the NR due
to a larger amplitude error between the PN and NR com-
pared to the frequency error, as indicated by the findings
in Ref. [23]. This discrepancy causes the orbital average
in FIG. 4 to align closely with the NR, while the results
of the PN 22 mode deviate. The absence of oscillation
in the orbital average and the contrasting oscillations in
NR and PN 22 mode depicted in FIG. 4 highlight the
impact of the mean anomaly l0 on the radiated energy.
This effect is smoothed out during the calculation of the
orbital average energy flux. The presence of l0 signifies
an orbital influence that shapes the entire process of BBH
merger in eccentric orbits.

How does the variation of l0 impact the dynamical
quantities of mass, spin, and recoil velocity of the rem-
nant? We investigate this issue through the perspective
of PN theory for the inspiral phase. In FIG. 5, we illus-
trate the influence of changing l0 on the mass Mrem, spin
αrem, and recoil velocity Vrem of the remnant while keep-
ing the initial eccentricity et0 and parameter x0 constant.
For symmetry, we set q = 0.5 (as for q = 1, the recoil
velocity is zero), x0 = 0.07, and maintain a cutoff time of
−200M . The initial eccentricity remains consistent for a
single curve in FIG. 5. For l0, a complete cycle spans 0
to 2π; for the sake of completeness, we extend this range
to 0 to 4π. We strive to align the orbital averages of
Mrem, αrem, and Vrem as closely to the midpoint of the
oscillations as possible, because any deviation would sug-
gest a failure in orbital averaging, indicating proximity
to the merger stage where PN methods falter. Here, we
make an assumption that we exclude radiation during
the merger and ringdown phases post −200M as these

are beyond PN control and do not impact problem elu-
cidation. We calculate Mrem by Mrem = MADM − Erad,
with assuming MADM to be 1, that is, do not consider
the effect of binding energy Eb, which is very small and
does not affect the final result. We calculate spin αrem

by αrem = (L0 − Lrad
z )/M2

rem, with assuming L0 to be 1,
and due to symmetry, the radiation of angular momen-
tum Lrad = Lrad

z is concentrated in the z direction (i.e.
aligned with the direction of orbital angular momentum
L), calculated by [22]:

Lrad
z = lim

r→∞

r2

16π
Im

∑
ℓ,m

m

∫ t

t0

(
hℓm¯̇

hℓm
)

dt′

 , (2)

where
¯̇
hℓm represents the complex conjugate of ḣℓm. The

recoil velocity Vrem is in the orbital plane can then be
calculated by Vrem = |P rad

+ |/Mrem, where

P rad
+ = lim

r→∞

r2

8π

∑
ℓ,m

∫ t

t0

dt′ḣℓm
(
aℓ,m

¯̇
hℓ,m+1

+bℓ,−m
¯̇
hℓ−1,m+1 − bℓ+1,m+1

¯̇
hℓ+1,m+1
4

)
,

(3)

where the coefficients aℓ,m, bℓ,−m, and bℓ+1,m+1 can be
found in Ref. [22]. In FIG. 5, we only counted the 22
mode when calculating the mass Mrem, spin αrem, but
included all the modes of ℓ ≤ 4 when calculating the
recoil Vrem. The reason is that the harmonic mode has
almost no effect on the calculation of mass and spin, but
has a great impact on the recoil [19].
In FIG. 5, we present the average for et0 = 0.5 for sim-

plicity. The average of recoil velocity was not calculated
due to the lack of corresponding calculated data. From
FIG. 5, it is evident that, for constant initial eccentricity,
varying l0 induces oscillations in these dynamic quanti-
ties; notably, higher initial eccentricities result in more
pronounced oscillations. The figure clearly illustrates the
amplitude of oscillation in dynamic quantities as eccen-
tricity increases, which is consistent with the description
in the FIG. 3. Specifically, for mass, spin, and recoil ve-
locity, the amplitude of oscillations with et0 = 0.5 are
enhanced by approximately 10, 5, and 7 times, respec-
tively, compared to those at et0 = 0.1. It is foreseeable
that for a circular orbit, i.e. eccentricity et0 = 0, the os-
cillations will disappear. It is important to note that the
average values of these oscillations do not align perfectly,
as we have not accounted for the merger and ringdown
phases. Including these phases would yield average val-
ues that are more closely matched. Additionally, the re-
coil oscillations shown in panel (c) exhibit less regularity
compared to those in panels (a) and (b). This irregular-
ity stems from the recoil calculation formula (Eq. (3)),
which includes cross terms of harmonic modes, such as
the interaction between the 22 and 33 modes. This inter-
action is the fundamental cause of the recoil anomalies
discussed in Ref. [19]. FIG. 5 illustrates the impact of or-
bital effects during the inspiral phase; this effect would be
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FIG. 5. Relationship between mean anomaly l0 and mass Mrem, spin αrem, and recoil velocity Vrem of the remnant while keeping
the initial eccentricity et0 and parameter x0 constant. For the same curve, et0 is fixed, and for different curves, et0 varies. The
blue dashed line represents the orbital average for et0 = 0.5.

significantly stronger if the merger and ringdown phases
were also included.

FIG. 3 reveals that the orbital effect manifests during
the merger and ringdown phases, particularly in cases
of high eccentricity. As the eccentricity increases, the
oscillation becomes more pronounced. When only one
complete orbit remains, this oscillation reaches its max-
imum amplitude. This is consistent with the principle
illustrated in FIG. 5. This oscillation behavior captures
the essence of how the orbital effect of eccentricity influ-
ences the merger dynamics, particularly in terms of peak
amplitude.

However, the initial distance that NR can simulate
is limited, which constrains the peak values of dynamic
quantities observed at medium eccentricities (e.g., e0 =
0.3 for 11.3M and e0 = 0.6 for 24.6M). In reality, higher
initial eccentricities would lead to even greater enhance-
ments, but it requires a larger initial distance for NR.

Discussion . The orbital effect in eccentric orbits is a
unique and universal effect that influences the waveform
and dynamics throughout the inspiral, merger, and ring-
down phases. This effect is a key feature that differenti-

ates eccentric orbits from circular ones. When construct-
ing waveform templates or models for mass, spin, and
recoil velocity of remnants in eccentric orbits, it is essen-
tial to account for this effect; neglecting it can introduce
significant errors. In future NR studies of BBH merg-
ers in eccentric orbits, the orbital effect will be crucial
for initial parameter setting, applicable to nonspinning,
spin-aligned, and spinning-precessing BBH systems. In
astrophysical environments, BBHs in eccentric orbits are
prevalent. Under the influence of the orbital effect, some
remnants from these mergers may experience changes in
mass, angular momentum, and recoil velocity, which have
important implications for understanding the dynamic
formation channels of BBHs.
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