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ABSTRACT: In the standard V' = (4,4) AdS3/CFTy with sym’¥ (7%), as well as the N = (2, 2)
Datta-Eberhardt-Gaberdiel variant with sym™(7%/Zs), supersymmetric index techniques
have not been applied so far to the CFT states with target-space momentum or winding.
We clarify that the difficulty lies in a central extension of the SUSY algebra in the momen-
tum and winding sectors, analogous to the central extension on the Coulomb branch of 4d
N = 2 gauge theories. We define modified helicity-trace indices tailored to the momentum
and winding sectors, and use them for microstate counting of the corresponding bulk black
holes. In the N = (4,4) case we reproduce the microstate matching of Larsen and Martinec.
In the N = (2,2) case we resolve a previous mismatch with the Bekenstein-Hawking formula
encountered in the topologically trivial sector by going to certain winding sectors.
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1 Introduction

Semi-classical considerations imply that black holes carry entropy [1, 2]

_ Area(horizon)

- 1.1
S e (1.1)

Statistical derivation of this formula through Boltzmann’s relation S = log {2 requires a model
for the underlying microstates Q. In a landmark paper, Strominger and Vafa [3] provided
such a microscopic model for certain five-dimensional BPS black holes in string theory using
D-branes [4]. The near-horizon geometry of these black holes involves the three-dimensional



BTZ black hole [5], therefore in modern parlance their work can be considered an instance of
black hole microstate counting in AdS3/CFTs [6].

The Strominger-Vafa setup consists of a D1-D5 system wrapping an S!, as well as an
My in the case of the D5 branes, in type IIB string theory. This system has an AdSg in
its near-horizon geometry (~ AdS3 x S3 x M,), and admits a CFTy dual in the form of a
symmetric orbifold with seed target-space My. Addition of D-brane momentum along the S!
direction excites the brane system to a black hole, and the near-horizon AdSs to a BTZ. The
BTZ microstates can then be counted in the CFT5, and in particular those in the BPS sector
can be counted via a 2d superconformal index [7-9].

In the present work we consider the standard N = (4,4) case where My = T* [7], and
its N' = (2,2) variants discussed in [10-13] (see also [14, 15]). In these cases, the usual 2d
superconformal index, namely the elliptic genus, vanishes due to target-space fermionic zero-
modes. One must therefore consider modified (or helicity-trace) indices, involving additional
fermion-number insertions inside the trace to soak up the zero-modes. This was done in the
M, = T* case by Maldacena-Moore-Strominger (MMS) [7], and in the N = (2,2) variants
involving Zj orbifolds of T* in [13]. While MMS found the modified index to reproduce the
entropy of the bulk rotating BTZ black holes, the modified indices in [13] reproduced only a
fraction 1 — % of the bulk entropy. This mismatch motivated the present work.

The works [7, 13] considered only the states without additional charges. In an attempt to
shed light on the mismatch found in [13], here we explore the states carrying charges associated
with the momenta and windings on T* (or its orbifolds). We refer to these as topologically
charged states. In the T* case, the microstate counting of such topologically charged black
holes was first discussed by Larsen and Martinec [16], but without using supersymmetric
indices. Our approach here involves a natural extension of the MMS work [7] to the topological
sectors, and thus complements that of Larsen and Martinec [16].

In most of this paper we develop the (modified) SUSY index approach to the topologically
charged states in the standard T* case, reproducing the results of [16] via a simple extension
of [7]. Section 6 then applies the machinery to the simplest of the NV = (2,2) cases where a
mismatch was found in [13], and resolves the mismatch in certain charged sectors.

A conservative lesson to take from this analysis would be that the mismatch encountered
in [13] arose likely due to large cancellations in the topologically trivial sectors; large acci-
dental cancellations that are absent in other sectors with nonzero topological charge studied
here. That large accidental cancellations in SUSY indices may underlie black hole microstate
counting mismatches was also suggested in [17].

In the rest of this section we briefly review the bulk/boundary mismatch of [13], in the
simplest and best understood case (with & = 2), which we refer to as the HSy duality. We
arrive at the mismatch through a “modularity argument”, which highlights the significance
of the topologically charged states. This motivates our analysis of these states in the BPS
sector, which we present in the following sections, first for the standard N’ = 4 symmetric
orbifold with seed T#, and then in Section 6 for the A/ = 2 symmetric orbifold with the
hyperelliptic seed HSy = T*/Zs.



The HS; index in the uncharged sector, its modularity and growth

The setup is the N' = (2,2) AdS3/CFTs duality between type IIB string theory on AdSs X
(83 x T*)/Zs, and the symmetric orbifold CFTy with target sym® (T 4/ ZQ). The Zy acts on
T* by reflecting two of the circles and shifting the other two, while on the bulk S3 (C C?) it
acts as diag(1,—1) [10, 11].

We are interested in the SUSY index of the symmetric orbifold CFT. However, let us
begin with the index of the seed HSy = T%/Zy. By the supersymmetric index we here mean
the first helicity-trace index defined as (see [13])

(c/»{leut(z7 T) = 8372“‘3“((]’ v, q, §)| (1.2)

=1

with Z%% obtained by suppressing the contributions of the topologically charged states to
Z(4,y,4,9) = Trra(—1)"grom /2 qhomc/2hy2 g2, (1.3)

Here Lg, Lo, Jo, Jo are the bosonic quantum numbers of the N = (2,2) superconformal alge-
bra, and F := 2(Jy — Jp) is our fermion number. The helicity insertion (or 827‘37:1) in (1.2)
soaks up the fermionic zero-mode of the HS9 target. The index &; was studied in detail in [13]
(paralleling MMS [7] who considered the N'=4 T* CFT and studied its 2nd helicity-trace
index to soak up the two fermionic zero-modes of T4).

Denote the index of the seed HS2 by Hi(z,7). It turns out that Hi(z,7/2) is a weak
Jacobi form of weight —1 and index 2 [13]:

01(2,7) O2(2,7)
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Hi(z,7/2) = —ip-12(7, 2) N R A s (¢%) (1.4)

That is to say, it enjoys the modular transformation property
e 2T W (2)7, —1/27) = Ha(2,7/2). (1.5)

Combined with the low-temperature result Hy(z,7) = y~! — y + O(q), we deduce’

Hi(z,T) =0 - exp[ig(—%2 +2)], z€(0,1/2). (1.6)

Now, according to DMVV [18], the—fermion-number weighted—degeneracy d(n, N, j) of
the states with A = n, £ = j encoded in the index Ut [symN HSQ] of the symmetric orbifold,

is (modulo number-theoretic subtleties discussed in Appendix D of [13]) equal to é1(Nn, j).
Here ¢1(n, 7) is the Fourier coefficient of H;. Thus, the degeneracies encoded in the index &

'For z € (1/2,1) a different expression applies [13], whose derivation via modularity require knowledge of
the O(q) term in the low-temperature expansion of H1.



can be extracted via a saddle-point analysis as follows:
. _ DMVV&(1.6) (1 1 i NN — 22 i
d(n, N, j) ~ dr | dz e M TATIETEMI ST S (1.7)
0 0

Extremizing the integrand we find a saddle point at

1 .
20 = Z - %’7’0, T0 = 71 = (1.8)
44/Nn — I
The maximized exponent then turns out to have real part
/ 2
g 1
Sindex =2m\/ Nn — Z . 5 (19)

The saddle-point entropy also has an imaginary piece —imj/2, signalling unobstructed phase
oscillations in d.

The above entropy is half of the one implied by Cardy’s formula, and half of the Bekenstein-
Hawking entropy of the bulk BPS black holes [13]. Therefore, it appears that due to large
bose-fermi cancellations, the index encodes far (exponentially, to be specific) fewer protected
states than expected.

Significance of the topologically charged states

The derivation of the mismatch as just described, makes it clear that the peculiar modular
property (1.5) is responsible for the conflict: usual elliptic genera or modified indices that
correctly reproduce the Bekenstein-Hawking entropy are weak Jacobi forms of index 1 (for
the four-real-dimensional Kahler seed, or of index N = ¢/6 for its sym’"), whereas here the
index (with 7 rescaled by a factor of two) is a weak Jacobi form (WJF) of index 2.

How does the peculiar modular property (1.5) arise? We argue that it comes from
suppressing the contribution of the topologically charged sectors to Z.

The full partition function Z has on general grounds the modular property (see e.g. [19])

[

-z2 c -z ¢
) =T oe T8 Z(1,2, 7). (1.10)

For example, for the N = 4 sigma model with target 7% and ¢ = 6, we have

01(z,7) 4
3

Z|T' =™ (1.11)

The transformation property (1.10) can be easily confirmed by separating the modular in-
variant combination ©7" /|n(7)[8, and the product of weight 0 index 1 WJFs |6, (2, 7) /n(7)[*.
To get a holomorphic supersymmetric index, MMS [7] restricted to the topologically



trivial sector and considered the 2nd helicity-trace index:

d2
Epeut — d—ﬁZne“t\gzl — ¢_21, (1.12)
where ¢_2 1 is the weight —2 index 1 WJF associated to the N'=4 T* CFT frequently cited
in the literature. Note that suppression of the topologically charged sectors effectively sets

o™ -1, (1.13)

which in turn modifies the modular property from that of Z in (1.10) to that of ¢_5 1: since
as mentioned below (1.11), the combination 7" /(n(7)*n(7)*) is modular invariant, and since
7 has weight 1/2 and index 0, the replacement (1.13) reduces the left and right weights by 2,
leaving the index of the WJF intact. It thus yields ¢_o 1.

In the NV = 2 cases with target HS = T%/Z;, the restriction to the uncharged (or
topologically trivial) sector has a more destructive effect on Z, which is not so easy to track
as in the N/ = 4 case just described. However, since in these cases we have to suppress e’
[13], we expect (possibly vector-valued) weak Jacobi forms of weight —1, and indeed this is
what we have for HS. More importantly, the fact that H;[HSs] transforms in the peculiar
form (1.5) (and not as an index-1 WJF as we may have wishfully anticipated) must also be
due to the suppression of the topologically charged sectors.

Inclusion of the topological sectors
A quick and dirty way of incorporating the topological sectors is to simply relax the restriction

to the neutral sector in (1.2) and (1.12). For instance, in the T* case we can consider

o d? 1 d
E=—7|. = (——)Z|._,. 1.14
2 dgjz ’y—l (27Tl di) ‘Z—O ( )

Using the modular property of Z as in (1.10), we then get

1 d

%y (-1 z/7

o d2/7_') |z70( /7_7 Z/T, Z/T)
1 d

= 72

ﬁ@)Z(627ri§(z2/7722/7")2(7_, z, 2))'

Ex(~1/7,2/7) = (
(1.15)

=72 emigeT Ea (T, 2).

This would yield the right asymptotic to match with the Cardy (or Bekenstein-Hawking)

entropy. But as the factor of 72 above indicates, the & defined via (1.14) is not holomorphic.

Therefore it is unclear whether the states counted as such are protected.

The more methodic approach in the body of this paper illustrates how a minor variation
puts (1.14) on the right track. We will leverage the modified, centrally extended, SUSY alge-
bra in the topologically charged sectors, which is analogous to the centrally extended SUSY
algebra arising in Coulomb branch physics of 4d V' = 2 gauge theories [20]. In the T* case,



the corrected variant leads to a somewhat trivial re-organization of the MMS computations
in [7], and reproduces the results of [16]. In the HSy case, on the other hand, it amounts to
more than a re-organization: a Zy twisted sector absent in (1.2) ends up playing the key role,
and restores the match with the Bekenstein-Hawking entropy.

Outline of the paper

The rest of this article is structured as follows. In Section 2, we discuss the modified (centrally
extended) supersymmetric algebra in the topologically charged sectors of the N' = (4,4)
T* sigma model. The SUSY algebra provides a shortening condition which is discussed in
Section 3, where we also compare with the shortening condition arsing in the large N' = 4
algebra. We moreover explain how to go from the shortening condition and the BPS bound
in T%, to those in sym™ (7). In Section 4, we discuss the supersymmetric index that encodes
the topologically charged BPS states in the N = (4, 4) sigma models with target 7% or (via
the DMVV formula [18]) sym® (T%). In Section 5, we compute the microscopic entropy via a
saddle-point analysis of the index of sym® (7), reproducing the Bekenstein-Hawking entropy
of the charged black holes in the bulk, corroborating the Larsen-Martinec derivation [16].
Section 6 extends the analysis to the N = (2,2) case of HSy and sym® (HSs). We finish the
article with a discussion of future directions in Section 7. Some technical details regarding
the DMVYV formula with the inclusion of the topological charges, and the derivation of the
topological contributions to the HSy partition function, are relegated to the appendices.

2 DModified SUSY algebra in the seed topological sectors

In this section we study the U(1)® extended N' = (4,4) superconformal algebra governing
N = (4,4) supersymmetric sigma models such as those with 7% or sym® (T*) target space.
The U(1)® extension is due to the momentum and winding sectors of each of the four circles
(or their overall-acting counterparts in the case of sym” (7%)). We focus on the case of T*,
and explain in the following sections how the corresponding results for sym® (7%) can be
obtained.

In the conventions of [21], the four real right-moving fermions ;, @ = 1,2,3,4 of the
T* sigma model can be written as doublets ¢®4:

(607 = s+ e + i), 2.1)
(W) = (s — i, —thr + ). (2.2)

V2

The index @ = (+,—) corresponds to the R-symmetry group SU(2)gr, while the index
A = (4, —) corresponds to the subgroup SU(2) of the rotations of the tangent space of



T*. Similarly, the 4 real right-moving bosons X1, Xs, X3, X4 can be grouped into

(2.3)

Xy i= F=Xi0i = —= . .
AA “ Xy +iXy — X5 +iX,

1 1 X3 +1Xy Xq1—1Xo
V2 V2 '

Here 0; = (0g,iI).

We consider the right-handed algebra, which is a U(1)* extended N/ = 4 superconformal
algebra. The following rescaling of the right-handed supercharges allows us to go from the
(anti-)commutators obtained in [21] to those of MMS [7]:

Gi™ —iV2GT, Gy —iv2G,T,
Git = V2GiT, Gy = V26, T,
Qi —iQg~, QpT —iQpT.

With this rescaling, the Ramond sector zero-mode algebra of the right-handed sector can be

written as
{G§T,Gy 7} = 2Ly, {G§,Gy T} = 2Ly,
{QiT.Q =1, {Qi.Q =1,
{Ge",Qy ) = —%(ﬂl—kiﬂg), {Geh, Q0 ) = %(ﬂ3+iﬂ4),
(G17.Q 7} =~ 5m + im), (G1.Q0 1} = 5+ i),
TG = 4G T} GE) = 456G
Q] = 5 Qh Q5] = 505" (2.4)

Here G’gﬁi are the supercharges, with the first 4+ superscript indicating the charge under jg
of SU(2)g. The operators Qi are the fermionic partners of the U(1)* current algebra. The
chiral charges
U; = % —w; Ry, (2.5)
are real. Here m; and w; correspond to momentum and winding charges of a compact boson
with radius R;. The algebra in the zero momentum and winding sectors is obtained simply
by setting @; = 0 (see Eq. (3.9) of [7]). The most non-trivial part of the algebra is the anti-
commutators of G and @ in the non-zero momentum and winding sectors, which is derived
in a similar but simpler setting in Section 6.1. The algebra with nonzero u; can be thought
of as a central extension of the SUSY algebra with all u; = 0.
The algebra can be written as a fermionic mode algebra if we identify as fermion creation
operators (denote them bj) the generators Gar+, G’g -, 73 +, Qar*, and as annihilation oper-
ators (denote them b;) the generators Gy —, Gg+, Qg —, @y 7. Then the first four lines of the



SUSY algebra (2.4) reduce to

{bi,b;} =0, {bl,b} =0, {b;,bl} =M. (2.6)

The matrix M;; can be written as

2L 0 — Lty + itg) §(ts + itia)
M= | 0 | 2Ly —%(uy +its) 3(Us + itia) . (2.7)
5(uy —iug) 5(uy — iug) 1 0
%(’&3 — Zﬂ4) %(ﬂg — ifL4) 0 1

The convention for winding and momentum that we used is the usual convention often
used in string theory (see Polchinski 8.2.4 [22] with o/ = 1)

0X (2) :4(%)1/2 > % ap = \}5(2+wR). (2.8)

m=—0oQ

All other non-trivial anti-commutators (in the right-handed Ramond sector) can be found
from (2.4) via the Hermitian conjugation:

Gy =67, (@) =ef (2.9)

3 Shortening condition and BPS states

We begin in this section with the SUSY algebra in the Ramond sector with the inclusion of
the topological states (called “charged states” throughout the article). With their inclusion,
we will see that there is a BPS bound on the right movers given by Ly > % Z?Zl(af), where
U; 1= (% — w; R;) are the “anti-holomorphic” combinations of the momenta m; and winding
w; quantum numbers, which can be thought of as the chiral charges of the right-handed U (1)*
algebra. We will define an index that counts states satisfying Lo = S (@2), and vanishes
on the long representations (of right movers). This index improves on the 2nd helicity-trace
index introduced in [7] which counted only states with Ly = 0.

We can diagonalize the M;; matrix and find the eigenvalues

_ 1 - - _
1, 2Ly, 3 <—\/4Lg—4L0+2a%+2u§+za§+zaﬁ+1+2Lo+1),

1 = = _
3 <\/4Lg—4L0+2a§+2a§+2a§+2a§+1+2L0+1>. (3.1)
We see that when
I: - 1(—2 —2 —2 —2 3 2
0—4U1+U2+U3+U4)a (3.2)

one of the eigenvalues becomes zero. We thus get a “shortening” condition.



The states satisfying (3.2) in the N' = (4,4) T* sigma model are (right-handed) BPS.
When at least one @; is nonzero, we will refer to these BPS states as (topologically) charged
BPS states.

For a U-duality perspective on such BPS states see [23, 24].

3.1 Side note: connection with the large A/ = 4 algebra
The large N' = 4 algebra has bosonic subalgebra su(2);, x su(2),_ x u(1)r,+r_ [25]. Its BPS

2
states satisfy

1 2 2
> — — . .
h> k+%_k_[k+€_-Fk_€+-+1L + oy —b) (3.3)

In the k_ — oo limit, the group manifold SU(2) decompactifies, and we expect to recover
from s1(2)y_ X u(1) s, +x_ part of our U(1)* extended small N = 4 algebra [26]. Keeping k.

2
fixed and setting ¢4 = 0 to focus on the su(2);_ x u(1)x, +»_ sector, we find from (3.3):
2
Lro o, 2, 2
hzk—_[u +£m+£y+€4, (3.4)
where we have written ¢2 = fﬁ + Eg + 62. Rescaling u, £y . — \/%u, %fx,y,m we have

1
hziﬁ+@+@+@, (3.5)
which is compatible with (3.2), up to a change of normalization.

3.2 From the seed to the symmetric orbifold

In the seed (supersymmetric) 7% sigma model, every state lacking right-handed oscillators
is a BPS state. These lead to a diverse set of BPS states in various twisted sectors of the
symmetric orbifold CFT with target (T#)" /Sy . An efficient approach to understanding the
symmetric orbifold BPS states is through partition functions and the DMVV formula, which
will be discussed in the next section. Here we only discuss the BPS bound in the topologically
charged sectors of the symmetric orbifold.

It is easiest to see the BPS bound in the symmetric orbifold by writing (see e.g. [27]):

(THYN /Sy = ((THN/Sn) /U)K = UL)R . (3.6)

Here the level of the AKM algebra U(1)® is denoted as subscript. The above rewriting
separates the oscillators from the topologically charged modes of the symmetric orbifold.
The right-handed energy carried by the topological modes is given by the Sugawara energy

L o o o _
Eé%ugawara = m(u% + u% + u?’) + ui) : (37)



Turning on left-handed oscillators will not change the right-handed energy. So the BPS bound
takes the form

1
LO AN (Ul + U2 + U3 + U4) (38)

To see which twisted sector of the symmetric orbifold realizes the bound, consider the
symmetric orbifold Hilbert space structure [18]:

H=EPH; =PRSS H. (3.9)
(9]

g] n>0

Here H(er) stands for the Z,, invariant subsector of the Hilbert space H,) of a single string on
T* x S! winding n times around the S'. Alternatively, we have a long string of length 27n
for H(n), on which Z, acts via a 27 shift. The N,, are subject to En nN,, = N.

It is straightforward now to see that the bound (3.8) arises in what may be called the
maximally twisted sector, with Ny = 1. The N in the denominator of (3.8) arises in this
picture due to the length of the long string being 27rN

Note that while the twist operator has dimension % (N — &) = O(N) in the NS sector,
our computations are in the Ramond sector and hence our bound is O(1/N).

4 Encoding the BPS states into partition functions

4.1 Defining an index

The following index vanishes on the long representations of the (right-handed) U (1)* extended
N = 4 superconformal algebra, and is therefore protected [7]:

Tr (—1) 7279 (2J3)2 . (4.1)

However, it needs to be regulated, due to the trace over an infinite-dimensional Hilbert space.
In the topologically trivial sectors, a natural regulator is ¢, associated with the gener-
ator Lg in the left-handed algebra. A further refinement using yQJg then gives

ggop.triv. (q’ y) _ Trtop. v (_1)F(2j )QqLo y2J0 (42)

with F = 2J3 — 2J3. This is the (helicity-trace) index of Maldacena-Moore-Strominger [7].

In the topologically non-trivial sectors, labeled by m;, w;, the refinement with yQJO3 is still
possible. One can even go to a canonical ensemble with respect to the topological charges
by introducing associated fugacities (;, &;, further refining the index. However, a regulator is
still needed.

Introducing ¢%o

would unfortunately make the index somewhat unconventional. That is
because the Ly quantum numbers receive contributions from m;/R; and w;R;, which would
introduce R;-dependence in the index. This is undesirable since R; are part of the Kahler
moduli that conventional indices should not depend on.

,10,



For the seed sigma model, one possible fix would be to introduce ¢“0°", with L the
oscillator part of the left-handed energy:

o ms, W;
Lgsc. = Lo— (4)’ (43)
where A
o(mg,w;) = Zu?, (4.4)
i=1

with u; 1= % + w;R; . (We can similarly define §(m;, w;) := Z?:l u?.)

More generally, for the symmetric orbifold sym® (T%), instead of L$** we can write?

5(mi, wl)

L_
0 AN )

(4.5)
compatibly with (3.8).
(mi,w;)

The combination Ly— 5T commutes with the supercharge underlying the index (4.1),

so introducing the fugacity qLO_% is perfectly allowed. Because this involves conserved
charges and N, it is slightly better than ¢%0", but still the appearance of N and the specific
function §(m;, w;) make it unfortunately very specific to the sym® (7%) symmetric orbifold
sigma model (and the universal character of the index is lost).

Our proposal would then be

4

3_973 . = _ 8(mj wy) 3 m; ew;
E2(q,y,Gin &) = Tr (=1)>0 20 (2.73)2gPo =3 2% [T (¢7g™) - (4.6)
1=1

To keep the notation light, below we will often suppress the products H?Zl such as the one
on the right-hand side above.
Alternatively, in the microcanonical ensemble with respect to the topological charges:

. = _ S(my,w;)
E5 U, y) = Trimy, (1) (205)2gP0m a8 %, (4.7)

Let us now compute the index £ of the T* sigma model. We begin with the well-
known non-holomorphic partition function

2(¢,9,,9) := Trpr(—1)F gro—c/2gho=c/24y2Jo52J0 (4.8)

2This can be seen clearly from the DMVV formula discussed below. From (4.19) in the sector s = N/n we
have m;, w; multiplied by N/n. So the topological charges are %mi, %wi. On the other hand, the topological

ﬂm' ﬂw . .
excess energy in that sector follows from (4.19) to be 5("211”” x N = W‘ Therefore indeed removing

0/4N leaves us with only the oscillator energy.

— 11 —



given for the N = (4,4) T* sigma model by [7]:

_ _ PLJ”R
Z(¢,0,9,9) =) a4 q

74,4

01(z,71) 4
3

(4.9)

Here I'** is the lattice of the momentum and winding modes. We will pick the simplest
lattice, with four perpendicular circles of radii Ry 2 34. The left and right moving momentum
vectors are P? = >R+ w;R;)* = §(m;, w;) and P} = >R — wiR;)% = 0(my, wy).

To compute the index, we first consider the contribution of a specific topological sector
to the partition function:

01 (Za 7_) !
7]3

m; 2 my 2
Dilgtwilt)® Eilgy —wilt)
1

Z"MY(q,q,y,9) = q z q

(4.10)

Comparison of the partition function (4.8) and the index (4.7) shows that the index can

be obtained by setting ¢ = 1 in Z, removing 6(m;, w;)/4 from Lo, and finally taking® 182 ‘y 1

to implement the insertion of (2.J3)2. The result is
mi,W; 14 01 (Za 7_) 2
52 v l[T ] - 73 . (411)
n
In other words, the index is the same irrespective of the topological sector. This is not

surprising, since it simply counts the oscillator excitations on top of topological “vacua”
|m;, w;). In particular, it coincides with the MMS index [7] for the excitations on top of |0, 0).

4.2 From the seed to the symmetric orbifold via DMVV

Writing the seed partition function as

_ _ 5§ ALS 7 ) )
Z(0: 09 0,6.6) = Y oA AL ELmg,w) ¢t iRy gt (412)
AyA7€7Z7mi7wi

the DMVYV formula gives the symmetric orbifold partition function as (see Appendix A):

00 !
1
Z(p,4,0,9,9: G &) = € H 11 T .
24228 i cwi )\ C(A,AL L w;
n=1 AR L Dm0, (1 —p"qn+4 qn m; ’gul)C( mi,w;)
(4.13)
The prime in the product refers to the restriction (A — A+ )" m;w;) € nZ. In the BPS

sector where A = 0, this translates to

A+> mjw; enl. (4.14)

i

3The factor of % in %85}?;:1 is inserted to simplify some of the following expressions, but it is completely
irrelevant for our purposes.
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Explicit calculation for sym™7T*

For the 7% sigma model, we also have Z(X)|j=1 = Z(X)'|y=1 = 0. This is due to the 7"
fermion zero modes. Hence we have the following relations for the coefficients

Z (A, AL 0, mg,w;) =0,

4
ZZC(A>A7&E miawi) = 07
L
ZEQC(A,A,E, l,mi,wi) =0, for A>0. (4.15)

These relations can be explicitly checked by expanding the partition function (4.10) of the 7%
sigma model and taking the appropriate derivative. With this preparation, we will compute
the second derivative of Z[My]. From Eq. (4.13) we get for the first derivative

1
8Z[M4 H H A, 6 _ALG 7 A7

R=L ALA LG, (1 _ pnq;—&-@q;—kﬂyégzgﬂiggﬂi)c(A,A,Z,Z,mi,wi) it
! X Ay s ALS

. Z f (A,A,g,f ml,w,)p Qn+4anL an ye Iszé-’LUz [M4]

- ALS A5, 5om,

AL (1 —prgn Tangn Tanytytd™me™) g=1
(4.16)

Above we have used the 2nd line of (4.15). Now, we take the second derivative with respect
to g. If the extra derivative hits Z on the second line of (4.16) then it will not contribute
anything because the first derivative is zero when § = 1. To get a non-vanishing result the
derivative needs to act on the sum. When we set the y = 1, then according to the 3rd line of
(4.15) only the term with A = 0 will contribute. With some minor manipulations as done in

[7], we get
L5 3
1 Ea( A, 0y, wy)pla'n i gany (g
502l =22 2 X B U pyve— (4.17)
n>1 A>0,m; w; L€EZ (1 —ptgnTinqin y)
The new counting function ¢ above is defined as
e (A 0 my, wy) == ZEQ (A,0,0,,m;,w;). (4.18)

We will actually take advantage of the fact that the T* result (4.11) does not depend on
mg, w;, to write éa(A, ¢) instead of éa(A, ¢;m;, w;) below.
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After expanding out (4.17) we get

1 Slmgwy) _Bmiws) g m, gy s s
52l = D s(phgnt g yeCME ) e (AL 1) (4.19)

s7n7A)e?m'L 7w’L

where we have s,n > 1,A > 0,¢/ € Z. Now, we will also restrict the sum to a particular
topological sector as in the definition of the index (4.7):

NzS(mZ w;) 7Ng(mi’wi) Ne Nm; Nuw; .
Y S TR T ) a(A 0) .(4.20)

p nGFacN AL, w;

,32

Note that defining m € Z through

4.21
- (421)
in the nth sector, we can trivialize the symmetric orbifold constraint (4.14), and write instead

(Nmi Nw;

- S XS (P T - St

nEFacN ml,m;,w;

2
iay y= 1

(4.22)
This suggests that another potentially interesting index can be defined by removing (q(j)ﬁ
from the partition function. In the interest of conceptual transparency, however, we stick to

the definition (4.7). Focusing on the presumably dominant contribution from n = N, we get

EY Vi sym™N T ~ Z gy é2(A,0) qu_ Nyl ey (Nm — Zmz‘wz’a@- (4.23)
Al J

Note that in the n = N sector: N

To summarize, the degeneracy of the states with

Lo —m — &% 9 I

S R Ay (4.25)
Ly=

0_4N7

and ¢ = j, encoded in &' [sym™T*], is (up to the n < N contributions) given by

Ea(Nm =) " maw;, 5). (4.26)

%

Now the goal is to compute éo(Nm—>) ", m;w;, j). We first define the single-copy counting

— 14 —



function co through

T = ZCQ(A,Z; mi, w;) g™yt (4.27)
AL

The function ¢ is, up to an O(1) coeflicient, equal to the single-copy counting function cs.
More explicitly, upon expanding

01(z,7)2 4
_ | =g+ -2, 4.28
500 o~ U (4.28)
and evaluating (4.18) using (4.15), one finds
62(Nm—2miwi,j) ICz(Nm—Zmz‘wz’,j)- (4.29)
i i

Here again we have made explicit the independence of the oscillator spectrum from the charge
sector m;, w;. Next, we will calculate co(Nm — ), m;w;, j) using the saddle-point method.

5 Saddle-point analysis and black hole entropy

The degeneracy d(m, N, j,mi,w;) = co(Nm — 3, mjw;,j) can be calculated via contour
mq, W4

integration of &""'[T%], which for simplicity we denote by Ha(q,y). We have
1 1 . ..
éa(Nm — Zmiwi,j) ~ / dT/ dz e 2rT(INmM=30 mawi)=2mijz 91, (g 4)). (5.1)
y 0 0
_ 01(2,7) O01(2,7)

Hala) = Sy )

Following the analysis in [28] we notice that the saddle-point value of |7| is small, but that

of z can be large. We can take Rez fixed inside (0,1). Then we expand the Jacobi theta
function around these asymptotic values of 7 and z to get

~ 1 1 . .. . .
d(m, N, j, mi7wi) ~ /(; dTA dz 6727T1(Nm721 Mw; ) T—2mijz—2miz? [T+2miz /7'(7_)2. (52)

After extremizing the integrand we find a saddle point at

1 . .
20 = 5 - %To, 0O = ! = (53)
2\/Nm — Y maw; — 4
The maximized exponent at this saddle point has real part
j2
Sindex =2, [Nm — Z mi;w; — Z (54)
(]
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This Cardy entropy matches the Bekenstein-Hawking entropy of the bulk black holes [16].

What is different compared to the usual uncharged 7% case in [7]? Here, the index
calculates the entropy of a black hole that has (Lo, Lg) = (m,0) + (%, g). In particular, for
m;,w; ~ O(N), it has Ly = §/4N ~ O(N), instead of zero as in MMS [7]. The nonzero Lo
is entirely due to the topological charges however. In both cases, the exponential degeneracy
is given by the usual oscillator modes.

6 Extension to N = (2,2) AdS;/CFT;

In this main section of the paper, we study the topologically charged states in the HSy case.
Upon the inclusion of charged states, the index will give the right Cardy entropy for a given
central charge, resolving the puzzle raised in [13]. In that paper, we looked at the uncharged
states (with zero momentum and winding) and found huge bose-fermi cancellations in the
index. We got an entropy Sindex = %SCardy from the index for the HSs case, and similarly
found a factor of 1 — % difference in the other Zj orbifolds. Although we focus on k = 2 here,
we expect that similar conclusions can be drawn for other k.

Analogously to the N' = (4,4) case, we will derive the Ramond sector zero-mode algebra,
including the topological contributions for the N' = (2,2) theories with momentum and
winding charges. Using the Ramond zero-mode algebra, we define a new index, akin to the
N = (4,4) case, that counts the charged states. We will then compute that index in the HSo
sigma model as well as its symmetric orbifold.

Recall that HS = T%/G, where T* = C x E, and G = Z;. The orbifold action is

[10, 11, 29]
%2 _ (ot %;TC) . (6.1)
¢34 6271'7,/k (;534

Here ¢12 and ¢34 are two complex scalars which parametrize C' and E.

In the & = 2 case, the action of G = Z3 on the supersymmetric T* sigma model is as
follows. On E, the Zg acts as a reflection (both on the bosonic and fermionic coordinates).
On C, it acts via target-space translation (it does not act on the fermionic superpartners).

Eberhardt [11] has argued that these orbifolds reduce the susy from (4,4) to (2,2). In the
T* theory, we have U(1)* global symmetry, which upon orbifold projection becomes U(1)2.
To see the origin of this U(1)?, note that the orbifold acts on C only via translation. Hence,
we are left with an A" = (2,2) theory with current algebra given by U(1)2. We will label the
fermionic super partners of these U(1)? currents by Qar , Qa . These superpartners are nothing
but the fermions in the (2,2) theory. One can see this by the action of the supersymmetry
generator on the fermions as described below, to conclude Q{f = 1/?()_ and Qa =1y .

6.1 Modified SUSY algebra in the seed topological sectors

In this section, we write the mode algebra for the N' = (2,2) theory following [30].

,16,



Let us start with light-cone coordinates as #* =t 4+ . The partial derivatives are then
0y = (2 4+ 9
+ =29t ~ 90/

The expressions for the anti-holomorphic supercharges are*

Gy = / o260y, (6.2)
Gt = / do26;,47 0_ 1. (6.3)

The + label on the supercharges are the eigenvalues of R-symmetry generator Jy. These
charges generate the SUSY variation of the fields as:

(ST,bf = —2i€+6,<p, 5?1)7 = 2’L.6+87Q5, (64)
0p =eph —e Wy, 0p=—Eph +E Py

Let us also write the canonical commutation relations for the bosons and fermions:

[7"(0"), X!(0)] = n/"é(0 — o), oy, an] = mn b, —n, (6.6)
{li(0), ¥B(0')} = 2méapn d(o — '),  {¥h. ¥} = 0" 0nsm,o,
where A, B = +. Here 1}, is the mode of 4" (7, 0) defined as
Y= Y e, G = 3 remintt=a) (6.9

nez neZ

The mode can be obtained via

1 . /
o / do’ i em(t=o"), (6.9)
where we have used the identity 5>, eo=") = §(g — o).
We have
Qs =
Qo =q (6.10)
{QS_’ Qa} = 17

and the action of the R-symmetry charge on @’s is
7 A- LA 7 At Loy
0. Q5) = =5Q5+ 1o Q] = +5Q0 (6.11)

The non-trivial anti-commutator of G with @@ can be worked out as follows. First, we set

“Note that unlike in [30] we use bar to indicate worldsheet (rather than target-space) anti-holomorphic
parts. Also, we use G for the supercharge, rather than the supercurrent.
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the convention for momentum and winding modes. We write the mode expansion for a single

compact scalar and then find the momentum and winding modes:

¢(t,0) = or(t —0) + oLt +0),

¢) B (vb —in(t—s
dr(t—0) = 02 0 ﬁ(t—UpR—l-Z\/inan (1=s),
ort+o0) = %;”bo \}i(t+0)pL+ ] %Edne”"(t“). (6.12)

_ 1 _ _ 1 i
AbovepL—ﬁ(%—i—wR)—% andpR—T(——wR) %
The commutation relation for the constant modes can be written as

[qb(]apO] = ia [qb()aﬁ(]] = 1.
Here pg and pg are operators, while their eigenvalues are
m A~
polm,w) = E|m,w>, polm, w) = wR |m,w).

With this understanding, and defining the complex scalar ¢ = %@1 + i), we can
evaluate

(Go. Q) = 5 [ do2io-e -1 - [ o061~ i0n

ff [(ml wiR1) — z’(% — wyRy)

_xf

The second line of the above equation follows directly from the mode expansion of the compact

(a1 — iug). (6.13)

scalar (6.12). Similarly, we can work out the other anti-commutator as

mq

{G07Qo}_/d0590_ = L\[ (——w1R1)+Z(R—2—w2R2)

5 (i +itig) (6.14)

In equations (6.13), (6.14), we have treated the scalar ¢ as if it stands for the un-orbifolded
torus scalar. To adapt the results to the Zy orbifold setting, we impose that w; are integer-
valued in the untwisted sector, and half-odd-integers in the twisted sector. Later we also
adapt the results to the symmetric orbifold setting via the DMVV formula.

,18,



In summary, the algebra of interest can be written as

{G,Gy} =2Ly, {G;,Qf}) = (u1—zu2)

g

{Q5.Qsy =1, {G{ Qo}——f(ulﬂ‘@),

g

_ 1 -
[Jo, G5 = £5G7

o 1 -

[Jo, Q5] = 500 (6.15)

6.2 Shortening condition and BPS states

Now let us identify the creation operators d;f as C_Jar, Qa“ , and the annihilation operators d; as
C_Ja, Qa. We expect to find

{divdj} =0, {dT dT} =0, {di, ]} M;j, (6.16)

177
with a 2 x 2 Hermitian matrix M;;. The matrix M;; is found through explicit calculation as

21_/0 —%(ﬂl + iﬂz) )
o . (6.17)
<ﬁ<

Uy — i) 1

The (anti-chiral) topological charges u; = (% — w;R;) are real. Recall that Ry are the
un-orbifolded radii, while w; are integers in the untwisted sector and half-odd-integers in the
twisted sector. Diagonalizing this M;; matrix, the eigenvalues are found to be

1 /= - 11 = - _
{—2\/4L3—4L0+2u%+2u§+1+Lo+2,2<\/4Lg—4L0+2u%+2ug+1+2L0+1>}.
(6.18)

When Loy = %(@% + u2), one of the eigenvalues becomes zero. We thus get a ”shortening”
condition. The BPS bound is hence

(@ +13), (6.19)

=

with 4; = (g” w;R;).
It is straightforward to check that the fermionic creation operator becoming null on the
BPS states is

U1 + U2

Qf =Gy
Q0 +i(—=— v

)Q5 - (6.20)
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From the seed to the symmetric orbifold

Similarly to Section 3, the BPS bound in the N-fold symmetric orbifold is N times smaller
than that in the seed: ]
Lo > m(a? + 3. (6.21)
We are interested in counting the states saturating the above bound in sym® (HS,), in
an arbitrary momentum and winding sector labeled by m1 2, w1 2.

6.3 Encoding the BPS states into partition functions

Considerations similar to those in Section 4 force us to settle for the following analog of the
first helicity-trace index used in [13]:

3(m;,w;)

ET (g, y) = Tty (—1)207200 2] ghom T3 4200, (6.22)

We emphasize that we have chosen to define of the quantum numbers m; 2, w; 2 with respect
to C C T* (and extend to sym™HS,, first via the Zy orbifold (B.4), and then via DMVV).
In other words, our m;, w; are not defined intrinsically with respect to HSs (or sym”™ HSs).

Explicit evaluation of £ starts again with the partition function, which is already com-
puted for the HSs case in [13]:

1 g |61(z,7)]* 05(z, 7) |? T2 01(z,7)|?
Z[HS,] = —eT ’ ’ : rtion ’
[ 2] 2 ,’73 05 (7_) w/ G-insertion ,'73
94('277_) ? 2 01(277-) ?
+2 0, (7_) g/ 1/2-shifted lattice 773 (623)
93(2, 7-) ? T2 01(2, T) ?
+2 05 (7_) " Yw/ G-insertion, 1/2-shifted lattice ’ 7]3

There are four terms in the partition function, corresponding to the untwisted (first line)
and twisted sector (second and third lines). We know the asymptotic properties of these
Jacobi theta functions (see e.g. Appendix C of [13]). It turns out that for the BTZ saddle
(¢ =1,d = 0—here ¢, d label the SL(2,Z) family of saddles), the term in the second line of
(6.23) (twisted sector but no G insertion) will give the maximum growth in the Cardy limit
7 — 0.5 Hence, we will focus on this term:

04(z,7) 2
04(T)

01 (Za 7-)
773

Z[HSy) D2

2
2
(95/ 1/2-shifted 1attice> : (624)

®We have analyzed all other terms and they all are subleading compared to the third term which gives the
leading Bekenstein-Hawking/Cardy entropy.
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Let’s write the shifted lattice explicitly (details can be found in Appendix B):

72 _ 1 ZICRE HwiR)? o X (R —wiRi)?
@w/ %—Shifted lattice ~ Z q4 i q4 i (625)
wi€Z+5
m;EZL
The radii R; in the above expression are those of the original T%.
Committing to a specific topological sector we get
wr 04(z,7) % |61(2,7) ]2 152 (Mi R 1Y2 (M, o2
mewz , —’ , 7 =9 ? . ? 1 i=1\R, idvi )™ g i=1\R; [Rars
(¢:4:y,9) e pe q

— 94(277—) 2 01(277-) ? 33
=m | e | T (6.26)

Here we have defined § = Z?Zl(% + w;R;)?, and analogously for 6.

Comparison of the partition function (6.26) and the index (6.22) shows that the index

can be obtained by setting § = 1 in Z™%i  removing the ¢°/*, and finally taking Ogly=1 to

implement the insertion of 2.Jy. The result is

91(2’,7’) 94(2, 7')

WG] S 2
SIS T )

—2(y 2 —y2) + 0(¢"?), (6.27)

where we have emphasized by D that only one term in (6.23) is considered. Note that, as
in the T case, the contribution of our interest to £/""**[HSy] is the same irrespective of the
topological sector. Again, that is because it simply counts the oscillator excitations on top of
a topological “vacuum” |m;, w;).

Next, we consider the symmetric orbifold.

From the seed to the symmetric orbifold via DMVV
We write out the above partition function as
Zm (g, gy = S oA A 4Dy g e (6.28)
AALL

We will calculate the 1st helicity-trace index of the symmetric orbifold theory with target
space symVHS,. We start with the generating function of the symmetric orbifold theories
given by the DMVYV formula as

’

Z[My] = H 11 T (6.29)
n=1 A A 0,0 m; w; (1 —p'gn d

A*A+Zi m;w;
n

The prime on the product means that A, A are restricted such that € 7. Again
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in the BPS sectors where A = 0 we have

A+ zz m;w;

Z. 6.30
1T (6:30)

We also keep in mind that the states of our interest have w; € Z + %
The coefficients c(A, A, ¢, ) represent the coefficients of the seed partition function (6.28).
From Eq. (6.29) the derivative of Z[My] with respect to 7 gives

1
Iy Z My =1 H H AL mi gw;

+ —
n=1 A A L Lmsw; (L= Pqn g

y=1
’ _ — — A, 5 A5 _j_
B Z EC(A,A7£7£)pnqn+4nQn+4ny£y£ 1€:nz€ZUzZ[M] (6 31)
= . - 1 n é_}_i é i Z My W4 4 Y
AR w; (L= prgnTinge Ty i e !

/

A n —i mg ¢W;
S G1(A, Op"g *in giny' Mg,

Ay 6 4 Mg ¢W;
neN,ASOLmiw; 1 — P A qan gyt g

In the third line we have used Z [M4H = 1, which follows from having the fermion zero

mode. We have also used

=1

> le(A A 00 =0, for A>0, (6.32)
l

and defined

=3 " le(A,0,6,0). (6.33)

The first identity can be explicitly verified at low values of A in the twisted sector by working
out the expansion. It also follows from the SUSY algebra (6.15) by using the fact that G§ , Qg
actually commute with Lg, Lo, Jo. After expanding out Eq. (6.31), we get

A~ n A — My Wi\ S
Oy Z[Mu]|,_, = Yoo a0t gy e, (6.34)
s,nEN,A>0,0,m;,w;

Here we have s,n > 1,A > 0, € Z. We now restrict to a single topological sector as
prescribed in (6.22), and also take s =1 and n = N:

052[Md]|,_

:Z (qm_wqﬁﬁ%yq 61(Nm—2miwi,€). (6.35)
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In the second line above, we have taken A = Nm —) . m;w;, m € Z, to trivialize (6.30).
To summarize, the degeneracy of the states with

Ly=m—="——+ —=m+——,
I AN AN (6.36)
[o=
0 — 4N7

™My, W;

and £ = j, encoded in & [sym™HSs], is (up to the n < N contributions, and up to the
terms dropped in (6.27)) given by

er(Nm =Y~ maw;, ), (6.37)

assuming w; € Z + %
Now the goal is to compute ¢;(Nm — >, mw;, j). We first define ¢; through

EMPUIHS) =D ea(A, 6 ma, wi) g™y (6.38)
AL

Similarly to Section 4, the function ¢ is, up to an O(1) coefficient, equal to the single copy
counting function ¢1(Nm — ), msw;, j).
Next, we will calculate ¢; ~ ¢ by the saddle point method.

6.4 Saddle-point analysis and black hole entropy

The degeneracy function J(m,N,j,mi,wi) = ¢1(Nm — Y, mw;, j), will be calculated via
contour integration of £"*[HS,], which for simplicity we denote by H;(g,%). We thus have

~ w¢€Z+% 1 1 omir(N w0 ) — 2 ~
d(m,N,j,mi,w;) =~ / dT/ dz e 2miT(Nm=3_; miw;)=2mijz Hi(q,y), (6.39)
0 0

~ Os(z,7)O1(2, T
Hi(q,y) = Zi(ﬂ) 7172(7)),

up to an irrelevant overall numerical factor.

Following the analysis in [28] we notice that the saddle-point value of |7| is small but
that of z can be large. We can take Rez fixed inside (0,1). Then we expand the Jacobi theta
function around these asymptotic values of 7 and z we have

~ . wiGZ-‘—% 1 1 il N o i iz i
d(m, N,],mi,wi) ~ / dT/ dz e” i m_zi myws)T—2mija—2miz® [T+2miz [T T. (640)
0 0

i

Extremizing the integrand we find a saddle point at zy = % — %7’0 , T = — .
2\/Nm—zi myw; — L

4
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At the saddle the maximized exponent has real part

72

Sindex = QW\/NT)’L - Z mi;w; — jz . (641)
[

This is the Cardy entropy for the symmetric orbifold theory with HSs seed.

7 Discussion

In this work we extended the modified supersymmetric indices of [7] and [13] to the nonzero
momentum and winding sectors. In the V' = (4,4) T* case we reproduced the results of [16],
while in the N = (2,2) HSy case we resolved the black hole microstate counting mismatch of
[13] by going to the charged sectors with w; € Z + % The resolution is due to the counting
function in (6.27), arising from the 3rd term on the RHS of (6.23), taking over for w; € Z+ }
(instead of the problematic (1.4), which takes over for w; € Z, and which arose in [13] from
the 2nd term of (6.23)).

The corresponding charged black holes are extremal and BPS, but have Ly > 0. This
makes them unusual from the point of view of supersymmetric indices (which usually count
states with Ly = 0). We thus had to slightly tweak the usual definition of helicity-trace
indices to encode the charged states into protected quantities. In particular, the corresponding
supercharge is deformed in the charged sectors as in (6.20). The tweak is, however, analogous
to the one needed in the context of BPS state counting on the Coulomb branch of 4d N = 2
theories, where the SUSY algebra also receives central extension, somewhat similarly to the
algebras in Sections 2 and 6. We leave clarification of the relation with the N = 2 gauge
theory context (as in e.g. [31]), through dimensional reduction, for future work.

Despite the satisfactory resolution to the mismatch of [13] that we have found in the
charged sectors with w; € Z + %, the mismatch in the uncharged sector, and more generally
in sectors with w; € Z, still calls for a bulk explanation. It would be interesting if there is a
connection with the @5 constraints reviewed in Section 4 of [13].

The boundary explanation for the mismatch of [13] appears to be bose-fermi cancellations
(c¢f. [17]): the 1st helicity-trace index does not see the BPS states in the first term on the
RHS of (6.23), due to the extra fermionic zero-mode which that term effectively has (as it
descends from T#). It may be that protected variants of the 1st helicity-trace index of [13],
with additional phase insertions inside the trace, corresponding to various symmetry-twisted
boundary conditions, can obstruct the bose-fermi cancellations underlying the mismatch and
resolve it in the sectors with w; € Z. We leave investigation of that possibility to the future.

Finally, it is tempting to speculate that the erratic dependence of the microscopic degen-
eracy on the momentum and winding charges, is another face of the erratic BPS spectrum
in the topologically trivial sector of sym’ (HSs) as a function of energy, encountered in Ap-
pendix D of [13]. These might signify BPS chaos [32]. It would in any case be interesting to
study sym” (HSz) in connection with [32].
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A DMVYV formula with the inclusion of topological charges

In this appendix, we incorporate the topologically charged states carrying target-space mo-
menta and windings, into the DMVV formula.
Define the grand-canonical free energy F via

ZIMy) =Y pN Z[sym™ My] = 7 M, (A1)
N>0

One can write F(q,q,y,¥y) in terms of Hecke operators (generalizing the construction of [18]
to include anti-holomorphic fugacities g, y, as well as the topological sectors)

Fla.qy.9) = Y p"Inx(M;q,y,4.5)- (A2)
N>0

The action of Hecke operators T on the seed partition function can be written as

1 ar+b at+bd

TNX(Qa y?@)@) = Z NX( d 7Taazaa2)' (A3)
ad=N
bmodd
The seed partition function x(q, g, y, y) has Fourier expansion
§_38 X = A 07
X@qGu.0) = > a1qr Y oA 6Dy (A4)

My, W; AALE

Here 6 = (gt + w;R;)? and § = >R — w;R;)%. The action of Hecke operators on the
seed partition function will have the Fourier expansion

1 - - a a apnyasd 3 ; A
Tvx= Y = > oA D)gEtEIgEA el (b (o5
ad=N a AA L M w;
bmodd

Now, we are going to make the following choice
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With this choice, the sum over b can be trivially done and it cancels with the factor of d in
the denominator. We are now left with

1 ANy a § an,ad 7
T — - A A E 37_3A+37 aﬁ—af' A
Nx= D0 o D DA LIt gty (A7)
ad=N A A LLm;w;
Hence, the free energy can be written as

F ZZZ% S oA A Oprlgatt gttty eyl
d>0a>0 A ALLm;w;
A )7 d Ay o Ay d g p
==> " > dA AL D)log(1 —plgatiagatiayty’). (A-8)
d>0 A,A,Z,tzmi,wi

Note that the constraint ad = N is already imposed as p®?
Incorporating (;, &; is straightforward, and the generating function can be written as

00
1
Z(qa(Ly?y’ClafZ)E ]::H H A, S é )

f Zcmszz) AAEZmZ,wZ)

(A.9)
The prime in product refers to the restriction that we have in (A.6), with d replaced by n.

B Topological sector contributions in the HS, partition function

In [13] partition functions were computed for N = (2,2) orbifolds HSg := T%/G [11], with
G = 7, for various specific choices of k. The T* can be written in the form of a two complex-
dimensional manifold as 7% = C' x E. The Z;, action is then

27rR(1+7'C)
912 _ (12 ) (B.1)
®34 ¢ 34
Here ¢12 and ¢34 are the complex scalars which parametrize C' and E respectively. Our focus

here will be on G = Zs, where the action is the target space reflection on E but translation
on C. We first write down the partition function for HSs and then explain the details:

1 _gal|61(2,7) 4 O2(z,T) 2 T2 01(z,7) 2
Z[HSQ] = 59 773 +2 92(7_) w/ G-insertion ,,73
0s(z,7) > o 01(z,7)|?
g | A% od e © | B.2
+ 94(7_) w/ 1/2—shifted lattice n ( )
49 O3(z,7) 2 T2 01(z,7) 2
03(7_) w/ G-insertion, 1/2—shifted lattice 7]3

— 26 —



The partition function is derived in Appendix B of [13]. The Jacobi theta functions and
Dedekind eta function in the above expression come from the oscillator modes of compact
bosons and their superpartner fermions. The topological contributions, which are central to
this paper, will be elaborated on below.

Let’s start with the first line of (B.2). The first line is the contribution from the untwisted
sector of the Zy orbifold. The first topological term is a standard T contribution®

T Zi(%+1UiRi)2 Zi(%_wiRi)z
0" = > "¢ i q i . (B.3)

mq,W;

The contribution is written as the sum over m;, w;, where i = 1,2, 3, 4 labels the four cycles of
the T%. Here m;, w; are the vertex and vortex quantum numbers (or momentum and winding
numbers) for each St inside T.

Let us now discuss the second topological piece @5; This comes from the

G-insertion*
untwisted sector but with the non-trivial element G of Z, inserted in the trace, as is standard

in orbifold calculations, where the orbifold partition function is evaluated as
1 1
Trop = §Tr+(1 +G)+ §Tr,(1 +G). (B.4)

Here +/— indicates the sectors with untwisted /twisted boundary conditions along the spatial
circle. The first factor (1 + G)/2 projects onto the G-singlets. The second factor (1 + G)/2
also projects to the singlets, but in the twisted Hilbert space.

We can understand the topological © contributions from the orbifold picture. The com-
pact scalar which is 2w R periodic, upon the action of G becomes wR periodic. The group
acts as G : ¢ — ¢ + mR. This action simply changes the radius from R to R/2. Therefore
we simply find the partition function of the orbifolded bosons by replacing R with R/2 in
the standard result known in CFT literature (for instance Eq. (10.61) in [33]). But we will
decompose this orbifold partition function as a trace as emphasized in (B.4), having untwisted
and twisted sectors. Consider the partition of the compact boson with radius R/2:

1 2 R?|(m/2)T —m' /2/?
Z(R/2) = 5 | RZbes(7) > exp- T
m,m’€Z
1
=3 ((m even,m’ even) + (m even,m’ odd) + (m odd,m’ even) + (m odd, m’ odd)) .

(B.5)

5This convention is a little different from that of the Yellow Book [33]. One can go from the Yellow Book
convention to ours by a simple rescaling \/ﬁRyb = R;.

— 27 —



In the second line, we have split the sum into four sectors. The interpretation of the four terms

-1
) VImr|n(7)[?’
the topological contributions ©° are defined as the factor multiplying W in first term

aligns exactly with the four terms written in (B.4). With the expression Zys(7) =

(m even,m’ even) in the second line of (B.5). We have

R 2 R?|mT — m/|?
o5 = > - . B.6
ImTt e P 2ImT7 (B.6)
m'eZ

Here we have summed over m,m’ € Z by replacing m/2 — m, and m’/2 — m’. Then using
the familiar Poisson resummation over m’ in the sum, we get

05! = Y g/ REmR) /4gle/RomRY* 4 (B.7)

meZ
ecZ

Indeed we have gotten the expected 1st term on the RHS of (B.4) from the 1st term on the
second line of (B.5).
Now, the second term with (m even, m’ odd) in the sum on the second line in (B.5) gives

g1 R 2 R:|mt —m/' /2|2
®W/ G-insertion — m Z exp — oM . (B8)
Z
mn’l(e)dd

Here we have used the m even constraint to redefine m/2 — m and sum over all integers.
For m/ odd we write D",/ cad = Dom/ — 2m/ even- Lhen we use Poisson resummation for the
m’ sum in (B.8), which gives

st _ —4nR?m? 19 /4 —dm (24 2be — I (g242b2)
@W/ G-insertion — E : e E e dmi/ — € a 2mi . (Bg)
meZ ecZ € odd

Here 7 =1 +im, a = 2R? /272, and b = 2rmR%m /T2. Upon further simplification we get

6\?\11/ G-insertion — Z ( Z - Z ) q(e/R+mR)2/4q(e/R—mR)2/4. (BlO)

meZ e even e odd

This formula is also consistent with our expectation that when G acts on states of e even
gives +1, and when acting on the states having odd e it gives —1.

The third and fourth terms in the sum of (B.5) can be analyzed with similar manipula-
tions. For the third term we have m € odd,m’ € even in the sum. For the even m’ we will

— 928 —



replace m’/2 — m' and do the sum over all the integers. For the odd m we write

T R2|(m/2)T — m/|?
o R Ll B

w)/ g-shifted lattice — e 2Im7
méeodd,m

Then we can do the sum over m’ € Z using the Poisson resummation formula. We get

St _ e/R+mR/2)?/4 -(e/R—mR/2)?/4
ew/ %-shifted lattice Z q( / 2 q( / 2 ’ (B12)
meeeoiid

Here m € odd implies m/2 € Z + 1/2, justifying the name ‘%—Shifted lattice’.

Finally, we analyze the fourth term in (B.5) having both m and m’ odd. By following a
similar reasoning as above we get

@§v> G-insertion, 1/2-shifted lattice — Z ( Z - Z ) q(e/R+mR/2)2/4q(e/Rme/2)2/4' (Bl?))

méeodd e even e odd

This term gives a contribution in the orbifold language as a twisted sector with G inserted.
This justifies the labeling of the lattice in the above equation.

This concludes our analysis for the Zs shift orbifold of S'. We need the orbifold of
¢12 = T? as written in (B.1). The orbifold action suggests that the two S* of T2 (labeled
there as ¢12) are independent and g acts independently on both S!'. Hence, the orbifold of
the T2 or more precisely of ¢19 are just the product of the results for the orbifolds of the two
S1. In summary, the topological contributions can be summarized as

2
O = 37 T gle/Retmeto? /agles/ Bummiko? /4, (B.14)

m;EZ i=1
e, €L

@gj Guinsertion = Z ( Z - Z ) ﬁq(ei/Ri+miRi)2/4q(ei/RimiRi)2/4’ (B.15)

m;EZ e; even e; odd =1

2
T? — (ei/Ri+m;iR;i/2)? /4 ~(e;/Ri—miR;/2)? /4
®w/ 1 _shifted lattice — Z H(] ‘ q ’ (B'lﬁ)
m¢€chld =1
e; €

2
T _ _ (e1/ RitmiRi/2)2/4 —(es/ Ri—m; Ri /2)2 /4
®w/ G-insertion, 1-shifted lattice Z ( Z Z ) H q q )

m;€odd e;even e;odd =1

(B.17)

The above sums are over e;, m;, withi = 1,2. Here i represents the two circles in C' = T2.
In (B.2), each of the four terms in (B.4) are included as a product of a contribution from C
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containing topological sectors as explained above, and a contribution from E which contains

topological contributions only through the first term in (B.4) (see e.g. [33]). This concludes

our discussion of the HSy partition function with the inclusion of topological sectors.
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