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We investigated an orbital angular momentum (OAM) pointer within the framework of von Neu-
mann measurements and discovered its significant impact on optimizing superpositions of Gaussian
and Laguerre-Gaussian (LG) states. Calculations of the quadrature squeezing, the second-order
cross-correlation function, the Wigner function, and the signal-to-noise ratio (SNR) support our
findings. Specifically, by carefully selecting the anomalous weak value and the coupling strength
between the measured system and the pointer, we demonstrated that the initial Gaussian state
transforms into a non-Gaussian state after postselection. This transition highlights the potential of
OAM pointers in enhancing the performance of quantum systems by tailoring state properties for
specific applications.

I. INTRODUCTION

A Laguerre-Gaussian (LG) beam combines Laguerre
polynomials with a Gaussian function and describes
quantum states exhibiting spherical symmetry. The LG
mode, characterized by a zero-intensity central point
(ZIP), is called an optical vortex beam Nye and Berry
[1]. Researchers have proposed various generation meth-
ods and experimental implementations for these beams
[2–10]. In recent years, optical vortex beams have gained
significant attention due to their distinctive spatial struc-
ture, which is highly useful in quantum information sci-
ence [11, 12] for transmitting quantum states and gen-
erating quantum entanglement [13–15]. Allen et al. [16]
demonstrated that the LG beam—expressed by a phase
cross-section of exp(ilφ), where l takes integer values—
carries an orbital angular momentum (OAM) of lℏ. Here,
φ is the azimuthal angle, and l is the topological charge
(TC). OAM beams also have numerous potential ap-
plications, including optical manipulation [17], optical
communication [18–22], quantum cryptography [23, 24],
quantum memory [25], chirality characterization of crys-
tals [26], holographic ghost imaging [27], spiral phase con-
trast imaging [28], and particle control [29], among oth-
ers. For many of these applications, state optimization
processes are crucial. Quantum weak measurement tech-
niques [30], introduced by Aharonov, Albert, and Vaid-
man in the late 1980s, provide a promising pathway for
optimizing quantum states for specific tasks.

Researchers have confirmed the usefulness of quantum
weak measurements in enhancing the inherent proper-
ties of quantum states [31–38]. Numerous theoretical
and experimental studies have also explored the applica-
tion of orbital-angular-momentum (OAM) pointer states
[39–47]. Refs. [41, 42] introduced weak measurement
methods for determining the topological charge of OAM
beams and demonstrated that, for large orbital angular
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momentum l, these methods are more efficient compared
to earlier approaches [48–54]. One of us, in collaboration,
investigated high-order Laguerre-Gaussian and Hermite-
Gaussian (HG) mode pointers for postselected von Neu-
mann measurements [40]. They have found that high-
order LG and HG mode beams offer no advantage in pre-
cision measurements, as characterized by the signal-to-
noise ratio (SNR), compared to the fundamental Gaus-
sian beam. However, the superposition of high-order
LG and HG modes demonstrated advantages in precision
measurements due to interference effects between differ-
ent modes. To our knowledge, this proposal has not yet
been further explored.

In applications involving OAM pointers, optical vortex
beams often undergo superposition due to imperfections
in the generating apparatus and the presence of noise.
However, interference can sometimes enhance the state
quality and improve the resulting superposition. There-
fore, it is essential to investigate the impact of postse-
lected von Neumann-type states on the superposition of
OAM beams.

In this paper, we have investigated the effects of von
Neumann quantum measurements on the superposition
of the LG modes with l = 0 and l = 1. We perform mea-
surements on one mode of a superposition state composed
of two Laguerre-Gaussian (LG) beams, treating the spa-
tial and polarization degrees of freedom as the measured
system and pointer, respectively. The initial pointer state
is a typical Gaussian state whose Wigner function consis-
tently takes positive values. Without approximations, we
determine the final state of the pointer and analyze its as-
sociated properties, including quadrature squeezing, spa-
tial intensity distribution, second-order cross-correlation,
and Wigner functions. Our findings demonstrate that,
following postselected measurements, the properties of
the initial pointer state undergo significant changes when
appropriate coupling strength parameters and anomalous
weak values of the measured system’s observables are ap-
plied. Notably, the initial Gaussian state transforms into
a non-Gaussian state after the postselection process. We
anticipate that the scheme presented in this study could
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be an effective optimization method for optical vortex
beams, enhancing the efficiency of various OAM-based
applications.

The remainder of this paper is organized as follows. In
Sec. II, we describe the setup of our theoretical model.
Sec. III discusses the effects of postselected von Neumann
measurements on the quadrature squeezing of superposi-
tions of Gaussian and Laguerre-Gaussian states, demon-
strating that postselected weak measurements can alter
the squeezing of the initial state. In Sec. IV, we analyze
the spatial distribution of the final pointer state. The
influence of von Neumann measurements on the second-
order cross-correlation and the phase-space distribution
of the final state is explored in Sec. V. To evaluate the
advantages of the initial state in precision measurements
based on postselected von Neumann measurements, we
study the signal-to-noise ratio (SNR) for both postse-
lected and non-postselected cases in Sec. VI. Finally, in
Sec. VII, we present our conclusions and provide an out-
look on future work. Throughout this paper, we adopt
the natural unit system with ℏ = 1.

II. MODEL SETUP

The superposition of various states plays a pivotal role
in quantum theory, a well-established concept with sig-
nificant implications. The superposition of higher-order
OAM states also finds numerous applications [55, 56].
Researchers have developed a variety of experimental
techniques to generate such superpositions [55, 57–61]
. Among these, a straightforward method investigated
in Ref. [55] involves using a Mach-Zehnder interferom-
eter. In this approach, the initial beam splitter divides
the input beam into two paths. Each optical path passes
through a hologram, creating a superposition of Gaussian
and LG01 modes. This process is achieved by placing
a hologram with a dislocation in one arm of the inter-
ferometer, as shown in Fig. 1(a). The method offers
a distinct advantage: by attenuating each arm and us-
ing phase plates, one can produce arbitrary amplitude
and relative phase superpositions without modifying the
experimental setup. The interference pattern resulting
from the superposition of the LG00 mode and the LG01

mode demonstrates this capability. We can express its
mathematical expression as:

|Ψi⟩ =
1√

1 + γ2

[
|ϕ0⟩+ γeiφ|ϕ1⟩

]
, (1)

where |ϕl⟩ =
∫
dxdyϕl(x, y)|x⟩|y⟩ and the amplitude dis-

tribution of the LG modes with radial indices p = 0 is
characterized by

ϕl(x, y) = N [x+ iy sgn(l)]
|l|
exp

(
−x

2 + y2

2σ2

)
. (2)

Here, σ represents the variance for the case state with
l = 0, sgn(.) is the sign function, and N is a normalizing
constant ensuring that

∫
dxdy|ϕl(x, y)|2 = 1.

Figure 1. The setup for generating superpositions of the fun-
damental Gaussian mode and the LG01 mode, as investigated
in Ref. [55]

Meanwhile, the LG mode, which can be generated from
the fundamental Gaussian mode |0, 0⟩, is expressed in the
following form [62]:

|s, q⟩LG =
1√
α!β!

(
â†+

)α (
â†−

)β
|0, 0⟩HG , (3)

here, â± =
(
â∓ ib̂

)
/
√
2 and the integers α and β are de-

fined as α = (s+q)/2 and β = (s−q)/2. The parameters
s and q are related to the radial and azimuthal indexes of
the LG modes by the relations l = q and p = (s− |l|)/2.
Furthermore, â and b̂ denote the annihilation operators
corresponding to the a and b modes of the HG beam.
These operators act as follows: â|n,m⟩ = â|n⟩a|m⟩b =√
n|n − 1,m⟩ and b̂|n,m⟩ = b̂|n⟩a|m⟩b =

√
m|n,m − 1⟩.

Using Eq. (1), we can rewrite the state |Ψi⟩ in terms of
HG modes as:

|Ψi⟩ =
1√

1 + γ2

[
|0, 0⟩HG +

γeiφ√
2

(|1, 0⟩HG + i|0, 1⟩HG)

]
=

1√
1 + γ2

[(
|0⟩+ γeiφ√

2
|1⟩
)
|0⟩+ i

γeiφ√
2
|0⟩|1⟩

]
.

(4)

Here, the HG modes defined as

|n,m⟩ = 1√
m!n!

(â)
m
(
b̂
)n

|0, 0⟩HG . (5)

This is an entanglement state between two modes of the
HG beam. In this study, we explore the properties of
this state after a postselected measurement. We use the
spatial and polarization degrees of freedom of |Ψi⟩ as the
measuring system (pointer) and the measured system,
respectively.

For simplicity, in this work, we consider only a mea-
surement performed on one mode of the system. Accord-
ing to the standard measurement theory proposed by von
Neumann [63], the coupling between the measured sys-
tem and the pointer is:

H = g σ̂x⊗P̂x. (6)
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Figure 2. (a) Schematic diagram of the weak measurement
(WM) process. The standard procedure of WM involves four
key steps: (i) The initial state of the measured system is
prepared as |ψi⟩, and the measuring device is initialized in
the state |ϕi⟩. (ii) A weak interaction occurs between the
measured system and the measuring device, causing the com-
posite system to evolve. In this model, the weak interaction
is described by the Hamiltonian H = g σ̂x ⊗ P̂x, where the
coupling constant g characterizes the bilinear coupling. (iii)
After some evolution, the entire system is projected onto the
postselected state |ψf ⟩ of the measured system. This postse-
lection extracts the desired values of the system’s observable
by choosing a specific subensemble of samples before the fi-
nal measurement. (iv) The measurement result is determined
by analyzing the shifts in the pointer. In the postselected
weak measurement process, the observable value expressed
as a function of the weak value has its real part (ℜ) and
imaginary part (ℑ) extracted from the shifts in position and
momentum of the measuring device, respectively. The Fourier
transform (FT) is used to convert position space into momen-
tum space. (b) Schematic setup for preparing the state |Ψ⟩
via a postselected von Neumann measurement.

Here, the g represents the interaction coupling parameter
between the pointer and the measured system, and σ̂x =
|D⟩⟨D| − |A⟩⟨A| is the operator of the measured system,
where |D⟩ = 1√

2
(|H⟩+ |V ⟩) and |A⟩ = 1√

2
(|H⟩ − |V ⟩)

represent the diagonal and anti-diagonal polarizations in
the horizontal |H⟩ and vertical |V ⟩ polarization bases of
the beam, respectively. The operator P̂x denotes the mo-
mentum operator of the a mode of the pointer, which
is conjugate to X̂ =

∫
dx x|x⟩⟨x|, i.e.,

[
X̂, P̂x

]
= i.

Assuming that the initial state of the measured system
and the pointer are |ψi⟩ and |Ψi⟩, respectively, the state
|ψi⟩ ⊗ |Ψi⟩ evolves under the unitary evolution operator
Û(t) = exp

(
−i
∫ t

0
Ĥintdτ

)
to:

|Φ⟩ = exp

(
−i
∫ t

0

Ĥintdτ

)
|ψi⟩ ⊗ |Ψi⟩

=
1

2

[
(I+ σ̂x)⊗ D̂

(
Γ

2

)
+ (I− σ̂x)⊗ D̂

(
−Γ

2

)]
× |ψi⟩ ⊗ |Ψi⟩.(7)

Here, D̂(Γ/2) = eΓ/2(â
†−â) is the displacement operator,

I is the 2 × 2 identity matrix operator, and Γ = gt
σ is

the coupling strength parameter. In the derivation of
the above expression, we write the momentum operator
P̂ in terms of the annihilation and creation operators, â
and â†, as P̂ = i

2σ

(
â† − â

)
, where σ is the size of the

fundamental Gaussian beam. The parameter s is dimen-
sionless and can take continuous values, characterizing
the measurement strength. If 0 < Γ ≪ 1, the measure-
ment is weak, whereas Γ ≫ 1, is classified as strong.
The value of s can be controlled experimentally in three
ways, corresponding to adjustments in g, t, and σ. Ex-
perimental research [64] has shown that the simplest and
most direct way to adjust the coupling strength param-
eter s is by tuning the coupling duration t. Below, we
assume that the change in Γ comes from t, while g and
σ are fixed. For the implementation of the postselected
von Neumann measurement, the postselected state |ψf ⟩
is taken as in Eq. (7), and we can express the normalized
final state of the pointer as:

|Ψ⟩ = λ

[
(1 + ⟨σ̂x⟩w) D̂

(
Γ

2

)
+ (1− ⟨σ̂x⟩w) D̂†

(
Γ

2

)]
|Ψi⟩,

(8)
where the normalization coefficient λ is defined as

λ =

{
1

2

[
1 + |⟨σ̂x⟩w|2 +

(
1− |⟨σ̂x⟩w|2

)
Re[I1]

]}− 1
2

(9)

with

I1 =

{
1− 1

1 + γ2

[
i
√
2Γγ sin(φ) +

(γΓ)
2

2

]}
e−

Γ2

2 .

(10)
In Eq. (8), the ⟨σ̂x⟩w is the weak value of the measured
operator σ̂x. In this work, we assume the preselected
and postselected states of the measured system are given
by |ψi⟩ = cos

(
α
2

)
|H⟩ + eiδ sin

(
α
2

)
|V ⟩ and |ψf ⟩ = |H⟩,

respectively. For these states, the weak value ⟨σ̂x⟩w is
given by:

⟨σ̂x⟩w =
⟨ψf |σ̂x|ψi⟩
⟨ψf |ψi⟩

= eiδ tan
α

2
. (11)

Here, δ ∈ [0, 2π) and α ∈ [0, π). During the derivation of
|Ψ⟩, we used the mathematical definition of the displaced
Fock state:

D̂ (α) |n⟩ = e−
|α|2
2

∞∑
k=0

(
n!

k!

) 1
2

(α)
k−n

L(k−n)
n (|α|2) |k⟩ ,

(12)
where L(k−n)

n (.) are the generalized Laguerre polynomi-
als. Equation (8) represents the final state of the pointer
after the postselected von Neumann measurement. The
weak value above can exceed the normal range of ob-
servable values for σx when the pre- and postselected
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states are nearly orthogonal, and it can even take com-
plex values in the case where δ ̸= 0. As mentioned in
the introduction, anomalously large weak values amplify
tiny system information and can also be used to optimize
quantum states. Next, we examine the effects of anoma-
lous weak values of the measured system observable on
the intrinsic properties of |Ψ⟩.

III. EFFECTS ON QUADRATURE SQUEEZING

In this subsection, we study the effects of postselected
von Neumann measurement on the quadrature squeezing
of |Ψ⟩. To discuss the squeezing phenomenon, we define
the two-mode quadrature operators as [65]:

F̂1 =
1

23/2
(â+ b̂+ â† + b̂†), (13)

F̂2 =
1

23/2i
(â+ b̂− â† − b̂†). (14)

One can verify that these two operators satisfies the com-
mutation relation,

[
F̂1, F̂2

]
= i

2 , and the corresponding
uncertainty relation for their fluctuations is

∆F̂ 2
1∆F̂

2
2 ≥ 1

16
, (15)

where ∆F 2
i = ⟨F 2

i ⟩ − ⟨Fi⟩2 (i = 1, 2). The squeezing
parameter, which characterizes the quadrature squeezing
of the i-th component of |Ψ⟩ (superpositions of Gaussian
and Laguerre-Gaussian states), is defined as follows:

Qi = ∆F̂ 2
i − 1

4
. (16)

As we can see, the values of Qi are bounded by Qi ≥ − 1
4 ,

and the i-th component of the quadrature operators of
|Ψ⟩ is considered squeezed if − 1

4 ≤ Qi < 0. After some
algebra, we can obtain the squeezing parameters Qi for
the final state |Ψ⟩ as:

Q1,Φ′
f

=
1

4

[
⟨â†â⟩+ ⟨b̂†b̂⟩+ ⟨â†b̂⟩+ ⟨âb̂†⟩+ ⟨âb̂+ â†b̂†⟩

]
+
1

8

[
⟨â2 + â†2⟩+ ⟨b̂2 + b̂†2⟩

]
−1

8

[
⟨â+ â†⟩+ ⟨b̂+ b̂†⟩

]2
. (17)

Q2,Φ′
f

=
1

4

[
⟨â†â⟩+ ⟨b̂†b̂⟩+ ⟨â†b̂⟩+ ⟨âb̂†⟩+ ⟨âb̂+ â†b̂†⟩

]
−1

8

[
⟨â2 + â†2⟩+ ⟨b̂2 + b̂†2⟩

]
+
1

8

[
⟨â+ â†⟩+ ⟨b̂+ b̂†⟩

]2
. (18)

Here, ⟨· · · ⟩ denotes the average values of the associated
operators under the state |Ψ⟩, and Appendix A provides
the analytic expressions for these expectation values.

To clearly explain the effects of the postselected von
Neumann measurement on the quadrature squeezing of
|Ψ⟩, we rely on numerical analysis and the correspond-
ing results shown in Fig. 3. In Figs. 3(a) and (c), we
plot Q1 and Q2 as functions of r =

√
x2 + y2 for dif-

ferent coupling strength parameters Γ, while fixing the
weak value parameter at α = 8π/9. Initially, the state
|Ψi⟩ exhibits no quadrature squeezing effect across all pa-
rameter regions. Additionally, for large anomalous weak
values, such as ⟨σx⟩w = 5.671 (α = 8π/9), the resulting
squeezing effect is greater than that of the original state
(Γ = 0) in the weak measurement regime. This result
reflects the amplification effect of the weak value. Figs.
3(b) and (d) present the changes in Q1 and Q2 as func-
tions of the coupling strength parameter Γ for different
weak values while fixing r = 2. In the appropriate weak
measurement regime (small Γ), the squeezing of |Ψ⟩ in-
creases with the weak value. We investigate the effects
of the postselected von Neumann measurement on the
properties of the output state |Ψ⟩.

IV. EFFECTS ON INTENSITY DISTRIBUTION

Postselected weak measurements on the measured sys-
tem can alter the inherent characteristics of the pointer
due to weak value amplification. This effect has also been
confirmed in OAM-based pointer measurement problems.
In this section, we investigate the impact of a postselected
von Neumann measurement on the intensity distribution
of the state, defined by superpositions of LG modes, such
as in Eq. (7). We can rewrite the initial state |Ψi⟩ in the
coordinate representation as:

Ψi(x, y) = ⟨x, y|Ψi⟩

=
1√

1 + γ2

[
ϕ0(x, y) +

γeiφ√
2

1

σ
(x+ iy)ϕ0(x, y)

]
(19)

where

ϕ0(x, y) =

(
1

πσ2

) 1
2

e−
x2+y2

2σ2

This state is the two-dimensional Gaussian profile corre-
sponding to the fundamental mode of the HG and LG
states. As introduced in Sec. II, after the postselected
measurement, the state of the pointer is changed to |Ψ⟩
(see Eq. (8)), and its expression in the coordinate repre-
sentation is given by:

Ψ(x, y) =
κ√

1 + γ2
{t−M−s + t+M+s + t−T− + t+T+

+ t−K− + t+K+} (20)

where t± = 1 ± ⟨σx⟩x, s = Γ/2, M±s =

ϕ±s(x)ψ(y), K± = i
√
2y
σ γeiφϕ±s(x)ψ(y), and T± =
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Figure 3. Quadratic squeezing parameters Q1 and Q2. (a)
Q1 as a function of r for different coupling strengths Γ, with
the weak value fixed at α = 8π

9
, (b) Q1 as a function of the

weak value with coupling Γ at r = 2. (c) Q2 as a function
of r for different coupling strengths Γ, with the weak value
fixed at α = 8π

9
. (d) Q2 as a function of thee weak values

characterized by Γ at r = 2. Here, δ = 0 and φ = π
2
.

Figure 4. Intensity distribution after the postselected mea-
surement for different measurement coupling strength param-
eter Γ and weak value parameter α. Here we take φ = 0,δ =
0,σ = 1 and γ = 1.

γeiφ√
2

[
±(1−

√
2)s+ 2x

σ

]
ϕ±s(x)ψ(y) with

ϕs(x) =

(
1

πσ2

) 1
4

e−
s2

2 e
x2

2σ2 e
−( x

σ− s√
2
)2
, (21)

and

ψ(y) =

(
1

πσ2

) 1
4

e−
y2

2σ2 . (22)

To examine the effects of postselected von Neumann
measurement on the spatial intensity profile of the su-
perposition of LG modes defined in Eq. (1), we plot
the intensity distribution of the state |Ψ⟩ as shown in
Fig. 4. For comparison, in Fig. 4 , we present the in-
tensity distribution of the state |Ψ⟩ for small and large



6

weak values, as for different coupling strengths Γ. As
indicated in the first column of Fig. 4, for small weak
values, i.e., ⟨σx⟩w = 0.132, the spatial profile of |Ψ⟩ does
not change dramatically and retains its initial shape as
the coupling strength parameter Γ increases. As shown
in the second column of Fig. 4, after a postselected mea-
surement with a large weak value, i.e., ⟨σx⟩w = 7.596,
the spatial intensity distribution of the initial state |Ψi⟩
changes significantly as Γ increases. In particular, for
large weak values and Γ = 1, the intensity distribution
of |Ψ⟩ separates into two parts, with each part exhibit-
ing a zero-intensity region at the edges of the images,
similar to the initial case. From the above analysis, we
can confirm that the spatial intensity distribution of the
OAM state notably changes when considering large weak
values of the measured observable after a postselected
von Neumann measurement. This intriguing result also
suggests the potential applicability of postselected von
Neumann measurements, characterized by weak values,
in OAM-based state engineering processes.

V. SECOND-ORDER CROSS-CORRELATION
FUNCTION AND PHASE SPACE

DISTRIBUTION

To further investigate the effects of postselected von
Neumann measurement on the properties of |Ψ⟩, in this
section, we study the quantum statistics and phase space
distribution of |Ψ⟩ for different system parameters.

A. Second-order cross-correlation function

In this subsection, we study the second-order cross-
correlation function g

(2)
a,b of |Ψ⟩. The second-order cross-

correlation function of a two-mode radiation field is de-
fined as [66, 67]:

g
(2)
a,b,Ψ =

⟨â†âb̂†b̂⟩
⟨â†â⟩⟨b̂†b̂⟩

, (23)

here, ⟨â†âb̂†b̂⟩ represents the intensity-intensity correla-
tion between the two modes, and ⟨â†â⟩ and ⟨b̂†b̂⟩ denote
the mean photon numbers for each mode, respectively.
This correlation characterizes the relationship between
photons in different modes. If g(2)a,b,Ψ > 1, there exists a
correlation between the a-mode and b-mode of the two-
mode radiation field; otherwise, the modes are inversely
correlated. To analyze the properties of g(2)a,b,Ψ, we first
derive the average values of ⟨â†âb̂†b̂⟩, ⟨â†â⟩, and ⟨b̂†b̂⟩ un-
der the state |Ψ⟩. Appendix A lists their explicit, cum-
bersome expressions.

To examine how the postselected von Neumann mea-
surement affects the SOCC of the state |Ψ⟩, we plot g(2)a,b,Ψ
for different system parameters associated with the post-
selected von Neumann measurement. Fig. 5 presents the

Figure 5. (a) Second-order cross-correlation as function of r
for different coupling strengths Γ, with the weak value fixed at
α = 8π

9
. (b) Second-order cross-correlation as function of the

weak value α for different coupling strengths Γ, with r = 2.
Here, δ = 0 and φ = π

2
.

corresponding numerical results. The case Γ = 0 cor-
responds to no interaction between the pointer and the
measured system. Initially, we observe no correlation be-
tween the two modes of |Ψ⟩ (see the red-colored curves
of Fig. 5). Our numerical results indicate that after the
postselected measurement, no correlation occurs; how-
ever, as the weak value increases, g(2)a,b,Ψ approaches one.
This behavior is due to the signal amplification effects of
anomalously large weak values.

B. Wigner function

To deeply understand the effects of postselected von
Neumann measurements on the properties of |Ψ⟩, we
examine the phase space distribution by calculating its
Wigner function. The general expression for the Wigner
function of a state ρ = |Ψ⟩⟨Ψ| is [68, 69]:

W (α) ≡ 1

π2

∫ ∫ +∞

−∞
exp(β∗α− βα∗)CW (β)d2β. (24)
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where CW (λ) is the symmetrically ordered characteristic
function, defined as:

CW (λ) = Tr
[
ρeλâ

†−λ∗â
]
. (25)

Here, we use the notation λ′ and λ′′ for the real and
imaginary parts of λ, and set α = x + ip to empha-
size the analogy between the quadratic radiation field
and the normalized dimensionless position and momen-
tum observables of the beam in phase space. We can
rewrite the definition of the Wigner function in terms of
x, p and λ′, λ′′ as:

W (x, p) =
1

π2

∫ ∫ +∞

−∞
e2i(pλ

′−xλ′′)CW (λ)dλ′dλ′′. (26)

By substituting the final normalized pointer state |Ψ⟩
into Eq. (26), we obtain the explicit expression for
W (x, p). Due to its complexity, we have provided its
full expression in the Appendix B. To illustrate the ef-
fects of the postselected von Neumann measurement on
the non-classical features of |Ψ⟩ in phase space (SPACS),
we plot the corresponding Wigner function in Fig. 6 for
different values of r and the coupling strength Γ, with a
fixed weak value of ⟨σx⟩w = 5.671(α = 8π

9 ).
Each column, from left to right, corresponds to differ-

ent coupling strength parameters Γ = 0, 0.3, 0.5, 0.7, 1,
while each row, from top to bottom, represents differ-
ent values of r = 1, 2, 3, 4. The positive peak of the
Wigner function shifts from the center to the edge of
phase space, and its shape gradually becomes more ir-
regular as Γ increases. From the first column (see Fig.
6), we can observe that the original state |Ψ′⟩ is a Gaus-
sian state, and its Wigner function remains positive. In
the second to fourth columns, corresponding to nonzero
values of Γ, we see the phase space density functionW (z)
after the postselected von Neumann measurement. The
distribution exhibits squeezing in phase space compared
to the original state, and this squeezing becomes more
pronounced as Γ increases.

Furthermore, Fig. 6 shows an increase in the negative
regions of the Wigner function as Γ grows. The pres-
ence of larger negative regions indicates a greater degree
of nonclassicality in the state. From this analysis, we
conclude that after the postselected von Neumann mea-
surement, the phase space distribution of |Ψ⟩ not only
becomes squeezed but also exhibits enhanced nonclassi-
cality for appropriate parameter values.

VI. SIGNAL-TO-NOISE RATIO

In precision measurement, obtaining precise informa-
tion while suppressing the associated noise is crucial.
Previous studies [40] have investigated the advantages

of postselected von Neumann measurement using HG
and LG modes as pointers. These studies claimed that
higher-order modes of LG and HG beams do not offer
any advantage in precision measurement compared to the
zero-mean fundamental Gaussian beam, even with large
anomalous weak values. The superposition of states can
lead to interference phenomena and produce results that
single states cannot. To evaluate the superiority of the
state |Ψ⟩ over the fundamental Gaussian beam in post-
selected precision measurement, we explore the SNR ra-
tios between postselected and non-postselected measure-
ments [69]:

χ =
Rp

Rn
. (27)

Here, Rp represents the SNR of the postselected von Neu-
mann measurement, which is defined by:

Rp =

√
NPs|δx|
△x

(28)

with the variance of position operator

△x =

√
⟨Ψ|X̂2|Ψ⟩ − ⟨Ψ|X̂|Ψ⟩2, (29)

and the average shift of the pointer variable x after post-
selected measurement

δx = ⟨Ψ|X̂|Ψ⟩ − ⟨Ψi|X̂|Ψi⟩. (30)

Here, X̂ = σ
(
â+ â†

)
is the position operator, N is the

total number of measurements, and Ps is the probability
of finding the postselected state for a given preselected
state. For our scheme, this is given by Ps = |⟨ψf |ψi⟩|2 =
cos2 α

2 , where NPs represents the number of times the
system is found in the postselected state |ψf ⟩. By using
the expressions for the states |Ψi⟩ and |Ψ⟩ given in Eq.
(4) and Eq. (8) , we can obtain:

⟨Ψi|X̂|Ψi⟩ = 2σℜ [⟨Ψi|â|Ψi⟩] , (31)

⟨Ψ|X̂|Ψ⟩ = 2σℜ [⟨Ψ|â|Ψ⟩] , (32)

⟨Ψ|X̂2|Ψ⟩ = σ2{2⟨Ψ|â†â|Ψ⟩+ 2ℜ
[
⟨Ψ|â2|Ψ⟩

]
+ 1},

Furthermore, when dealing with non-postselected mea-
surements, there is no postselection process after the in-
teraction between the system and the pointer. Thus, the
definition of SNR Rn for non-postselected weak measure-
ment can be given as:

Rn =

√
N |δx′|
△x′

. (33)

with
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Figure 6. Wigner function of |Ψ⟩ for different system parameters. Here, we set φ = 0, δ = 0, and α = 8π
9

.

△x′ =
√
⟨Φ|X̂2|Φ⟩ − ⟨Φ|X̂|Φ⟩2, (34)

δx′ = ⟨Φ|X̂|Φ⟩ − ⟨Ψi|X̂|Ψi⟩. (35)

Here, ⟨Φ|X̂|Φ⟩ denotes the expectation value of the mea-
suring observable under the final state of the pointer
without postselection, which can be derived from Eq. (7).
To evaluate the ratio χ of SNRs, we need to calculate the
related quantities, and the corresponding expressions are
given as:

⟨Ψi|X̂1|Ψi⟩ = 2σℜ [⟨Ψi|â|Ψi⟩] , (36)

⟨Φ|X̂1|Φ⟩ = 2σℜ [⟨Φ|â|Φ⟩] , (37)

⟨Φ|X̂2
1 |Φ⟩ = σ2{2⟨Φ|â†â|Φ⟩+ 2ℜ[⟨Φ|â2|Φ⟩] + 1},(38)

where the expectation values of ⟨â⟩, ⟨â†â⟩ and ⟨â2⟩ under
the state |Φ⟩ are given as

⟨â⟩ =
γeiφ√

2(1 + γ2)
+

Γ

2
sinα cos δ, (39)

⟨â†â⟩ =
γ2

2(1 + γ2)
+

Γ2

4
, (40)

⟨â2⟩ =
Γ2

4
+

Γγeiφ (1 + sinα cos δ)√
2(1 + γ2)

, (41)

The ratio of SNRs between postselected and non-
postselected weak measurement is plotted as a function
of the coupling strength parameter Γ and r, respectively,
with the results shown in Figs. 3(a) and 3(b). As ob-
served in Fig. 3(a), the ratio χ increases and can be-
come greater than unity with increasing weak values in
the weak measurement regime. In Fig. 3(b), we plot
the ratio χ as a function of r for different weak values
while fixing the coupling parameter at Γ = 0.2. The nu-
merical results indicate that, in our scheme, anomalous
weak values are indeed helpful for increasing the SNR
in weak measurement regimes. From this result, we can
deduce that postselected measurements improve the pre-
cision of measurement compared to the non-postselected
case. Additionally, our superposition state |Ψi⟩ can be
used in the postselected von Neumann process consider-
ing large weak values of the measured observable.

VII. CONCLUSION AND OUTLOOKS

As investigated in Ref. [70], postselected measure-
ments have demonstrated advantages in quantum metrol-
ogy and are particularly useful in precision measurement
processes. In this work, our results based on the superpo-
sition of LG pointer states further confirm the effective-
ness of postselected measurements in state optimization
and precision measurements. We explored the effects of
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Figure 7. (a) The ratio χ as a function of the coupling strength
Γ for different weak values, with r = 2. (b) The ratio χ as
a function of r for different weak values, with the coupling
strength at Γ = 0.2. Here, we set δ = 0 and φ = π

2
.

postselected von Neumann measurements on the proper-
ties of superpositions of Gaussian and Laguerre-Gaussian
states. Throughout the work, we avoided approxima-
tions, providing precise analytical results for all related
quantities. First, we presented analytical and numerical
results for the quadrature squeezing of the final pointer
state. Our findings indicate that quadrature squeezing
increased significantly in the weak measurement regime
for anomalous weak values. By analyzing the second-
order cross-correlation function, we found no quantum
correlation between the two modes of the state |Ψi⟩, even
when signal amplification via large anomalous weak val-
ues was employed. We also investigated the phase space
distribution of the final pointer state |Ψ⟩. While the ini-
tial state |Ψi⟩ is a typical Gaussian state, its Gaussian-
ity changed after applying postselected measurements.
Specifically, the negativity of the Wigner function for the
superpositions of Gaussian and Laguerre-Gaussian states

increased with the coupling strength parameter and weak
values. In the phase space distribution, squeezing in two
quadratures was also observed after the postselected mea-
surement. These results demonstrate that postselected
von Neumann measurements can transform the state |Ψi⟩
from a classical state to a nonclassical one by selecting
appropriate coupling strength parameters and weak val-
ues of the measured system’s observables. Furthermore,
comparing the signal-to-noise ratio between postselected
and non-postselected measurement schemes shows that
the SNR in the postselected measurement scheme is sig-
nificantly higher than in the non-postselected scheme
within the weak measurement regime, particularly for
large weak values. Despite the low probability of success-
ful postselection, the amplification effect of weak values
plays a crucial role throughout this work. This study
contributes to the domain of state optimization using
postselected measurements. However, the most widely
used quantum state engineering method in quantum op-
tics remains the addition or subtraction of single pho-
tons to/from a light field [71]. This approach to state
optimization and manipulation can be applied to single
and multimode quantum states of light [72, 73]. Beyond
photon addition and subtraction, or their superpositions,
quantum catalysis is also a feasible method for generat-
ing nonclassical quantum states [74]. Compared to these
existing state optimization techniques, the postselected
von Neumann measurement-based method offers a uni-
versal approach applicable to diverse quantum states. A
von Neumann-type interaction Hamiltonian can always
be constructed by selecting two independent degrees of
freedom from the associated states. Consequently, it
would be interesting to investigate the effects of posts-
elected von Neumann measurements on other Gaussian
and non-Gaussian multipartite continuous-variable radi-
ation fields [75–77], including two-photon coherent states
[78–80], three-mode states [81, 82]and other multimode
radiation fields [83].
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Appendix A: Relevant expressions

The expectation values of some relevant operators un-
der the state |Ψ⟩ are listed below:

⟨â⟩ = |λ′|2

2

{(
1 + |⟨σx⟩w|2

) γeiφ√
2(1 + γ2)

+
(
1− |⟨σ̂x⟩w|2

)
II + (1− I2) Γℜ [⟨σx⟩w]

}
, (A1)



10

⟨b̂⟩ = |λ′|2i
√
2γeiφ

4(1 + γ2)

[
1 + |⟨σx⟩w|2 +

(
1− |⟨σx⟩w|2

)
e−

Γ2

2

]
+

|λ′|2γ2Γ
4(1 + γ2)

(⟨σx⟩∗w − ⟨σx⟩w) e−
Γ2

2 , (A2)

⟨â2⟩ = |λ′|2Γ
2

[(√
2γeiφ

1 + γ2
+ 2II

)
ℜ [⟨σx⟩w] +

(
1 + |⟨σx⟩w|2

) Γ
4

]

+
|λ′|2Γ2

16
[(1 + ⟨σx⟩∗w) (1− ⟨σx⟩w) I2 + (1− ⟨σx⟩∗w) (1 + ⟨σx⟩w) I1] , (A3)

⟨b̂2⟩ = 0, (A4)

⟨â†â⟩ = |λ′|2

2

(
1 + |⟨σx⟩w|2

)( γ2

2(1 + γ2)
+

Γ2

4

)
+ i

|λ′|2Γγ cos(φ)
2
√
2(1 + γ2)

ℑ [⟨σx⟩w] +
|λ′|2

4
(1 + ⟨σx⟩∗w) (1− ⟨σx⟩w) III+

+
|λ′|2

4
(1− ⟨σx⟩∗w) (1 + ⟨σx⟩∗w) III− +

|λ′|2Γ2

16
[(1 + ⟨σx⟩∗w) (1− ⟨σx⟩∗w) I2 + (1− ⟨σx⟩∗w) (1 + ⟨σx⟩w) I1]

+
|λ′|2Γ
8

[(1− ⟨σx⟩∗w) (1 + ⟨σx⟩∗w) (IV1 + II1)− (1 + ⟨σx⟩∗w) (1− ⟨σx⟩∗w) (IV2 + II2)] , (A5)

⟨b̂†b̂⟩ = |λ′|2

4

[(
1 + |⟨σx⟩w|2

) γ2

1 + γ2
+
(
1− |⟨σx⟩w|2

) γ2

1 + γ2
e−

Γ2

2

]
, (A6)

⟨â†b̂⟩ = |λ′|2

4

[(
1 + |⟨σx⟩w|2

) iγ2

(1 + γ2)
+ (⟨σx⟩w − ⟨σx⟩w)

iΓγeiφ√
2(1 + γ2)

(
1 + e−

Γ2

2

)
+
(
1− |⟨σx⟩w|2

) γ2

2(1 + γ2)
Γ2e−

Γ2

2

]
+

|λ′|2

4
[(1 + ⟨σx⟩∗w) (1− ⟨σx⟩w)B+ + (1− ⟨σx⟩∗w) (1 + ⟨σx⟩w)B−] , (A7)

⟨âb̂⟩ = |λ′|2

4

[
(⟨⟨σx⟩w + ⟨σx⟩∗w) + (⟨σx⟩w − ⟨σx⟩∗w) e−

Γ2

2

] Γiγeiφ√
2(1 + γ2)

+
|λ′|2

4

(
1− |⟨σx⟩w|2

) γ2

2(1 + γ2)
Γ2e−

Γ2

2 , (A8)

⟨â†âb̂†b̂⟩ = |λ′|2

4

Γ2γ2

4(1 + γ2)

[
1 + |⟨σx⟩w|2 −

(
1− |⟨σx⟩w|2

)
e−

Γ2

2

]
, (A9)

⟨â†2â2⟩ = |λ′|2

4
[(1− ⟨σx⟩∗w) (1− ⟨σx⟩w)M− + (1 + ⟨σx⟩∗w) (1 + ⟨σx⟩w)M+]

+
|λ′|2

4
[(1− ⟨σx⟩∗w) (1 + ⟨σx⟩w)M3 + (1 + ⟨σx⟩∗w) (1− ⟨σx⟩w)M4] , (A10)

⟨b̂†2b̂2⟩ = 0, (A11)

with

I2 =
e−

Γ2

2

1 + γ2
[1 + γ2 +

√
2Γγi sin(φ)− γ2Γ2

2
], (A12)

II =
γeiφe−

Γ2

2

√
2(1 + γ2)

, (A13)
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III± =
e−

Γ2

2

1 + γ2

[
γ2

2

(
1− Γ2

)
± γeiφ√

2
Γ

]
, (A14)

B± =
±iγe−Γ2

2

1 + γ2

[
γ

2
(1− Γ2)− e±iφ

√
2
Γ

]
, (A15)

M± =
Γ2γ2

2(1 + γ2)
± Γ3γ cos(φ)

2
√
2(1 + γ2)

+
Γ4

16
, (A16)

M3 = ΓT11 +
Γ2

4
(T21 + 4IV1) +

Γ3

4
(V1 + II1) +

Γ4I1
16

, (A17)

M4 =
Γ2

4
(T22 + 4IV2)− ΓT12 −

Γ3

4
(V2 + II2) +

Γ4I2
16

, (A18)

T11 =
γeiφΓ

1 + γ2

[
Γ√
2
− γe−iφ(1− Γ2

2
)

]
e−

Γ2

2 , (A19)

T21 =
Γ2

1 + γ2

[
1 + γ2

(
2− Γ2

2

)]
e−

Γ2

2 , (A20)

IV1 =
e−

Γ2

2

1 + γ2

[
γ2

2

(
1− Γ2

)
− γeiφ√

2
Γ

]
, (A21)

IV2 =
e−

Γ2

2

1 + γ2

[
γ2

2

(
1− Γ2

)
+
γeiφ√

2
Γ

]
, (A22)

V1 =
e−

Γ2

2

2(1 + γ2)

[
Γ2γeiφ +

√
2γe−iφ

(
1− Γ2

)
− 2Γ− Γγ2

(
1 +

2− Γ2

√
2

)]
, (A23)

V2 =
e−

Γ2

2

2(1 + γ2)

[
Γ2γeiφ +

√
2γe−iφ

(
1− Γ2

)
+ 2Γ + Γγ2

(
1 +

2− Γ2

√
2

)]
, (A24)

T12 =
γeiφΓ

1 + γ2

[
Γ√
2
+ γe−iφ(1− Γ2

2
)

]
e−

Γ2

2 , (A25)

T22 =
Γ2

1 + γ2

[
1 + γ2

(
2− Γ2

2

)]
e−

Γ2

2 , (A26)

Appendix B: Wigner function

The explicit expression of the Wigner function of our final pointer state |Ψ⟩ can be calculated as following:

W (α) =
|λ′|2

4
{|1− ⟨σx⟩w|2W+ + |1 + ⟨σx⟩w|2W−

+2ℜ [(1 + ⟨σx⟩∗w) (1− ⟨σx⟩w)W1]}, (B1)
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where

W± =
1

π

{
2 +

2γ
√
2

1 + γ2
[(2x± Γ) cos(φ) + 2b sin(φ)] +

γ2

1 + γ2

[
4p2 + (2x± Γ)

2 − 2
]}

e−2p2− (2x±Γ)2

2 , (B2)

W1 =
e−

Γ2

2

π

{
2 +

4γ
√
2

1 + γ2
[x cos(φ) + p sinh(φ)] +

2γ2

(1 + γ2)

(
2x2 + 2p2 − 1

)}
e−2x2− (2p−iΓ)2

2 , (B3)
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