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Abstract— In a multi-modal system which combines thruster
and legged locomotion such our state-of-the-art Harpy platform
to perform dynamic locomotion. Therefore, it is very important
to have a proper estimate of Thruster force. Harpy is a bipedal
robot capable of legged-aerial locomotion using its legs and
thrusters attached to its main frame. we can characterize
thruster force using a thrust stand but it generally does not
account for working conditions such as battery voltage. In this
study, we present a momentum-based thruster force estimator.
One of the key information required to estimate is terrain in-
formation. we show estimation results with and without terrain
knowledge. In this work, we derive a conjugate momentum
thruster force estimator and implement it on a numerical
simulator that uses thruster force to perform thruster-assisted
walking.

I. INTRODUCTION

Many schemes exist for estimating external forces. A
thorough overview and analysis of them is given in [1]. The
most well-established method is the so-called momentum
observer [2]–[4]. Momentum observer removes the need to
estimate the state’s acceleration which is generally noisy in
nature. It also removes the need for inversion matrices which
can lead to numerical inaccuracy. Due to these advantages, it
has been widely used in many applications such as human-
robot interaction [5], [6], estimating ground contact force
in legged locomotion [7]–[9] and estimating the collision
force in flying drones [10]. Recent work has explored the
application of thruster and posture manipulation in state-of-
the-art robots such as the Multi-modal mobility morphobot
(M4) [11]–[13] and LEONARDO [12], [14]–[19].

The M4 robot aims to enhance locomotion versatility
by integrating posture control and thrust vectoring, thereby
enabling walking, wheeling, flying, and loco-manipulation.
Similarly, LEONARDO, a bipedal quadcopter, is capable of
both quasi-static walking and flying. However, neither robot
fully achieves dynamic legged locomotion and aerial mo-
bility. The integration of these modes presents a significant
challenge due to their conflicting requirements (see [11]).

To execute dynamic maneuvers, it is crucial to have an
accurate estimate of the thruster force. While thruster stands
can be used to characterize the generated thruster force
under ideal conditions, it is challenging to account for test
conditions such as battery voltage drop. Therefore, onboard
thruster force estimation is essential and can be utilized by
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Fig. 1. Illustrates the Harpy platform, a legged-aerial bipedal robot, and
its kinematic chain and components.

controllers such as Model Predictive Control (MPC) and
Quadratic Programming (QP).

A commonly used method for estimating thruster forces in
aerial manipulators involves focusing solely on the dynamics
of the flying platform and treating the forces exerted by
the manipulator arm as external disturbances. This approach
enables the use of single-body estimation techniques to esti-
mate thrust forces [20]. However, this method is not suitable
for thruster-assisted bipedal robots because the dynamics of
the flying and manipulator components are coupled. Another
method proposed for thrust estimation framework for the
multi-link robot iRonCub [21], a multibody robot with jet
propulsion attached to its back and hands, proposes an Ex-
tended Kalman Filter (EKF) based on centroidal momentum
and propeller models. This framework cannot be directly
implemented as their robot is in a flying state, and during
contact ground reaction forces are given force sensor.

This work proposes the use of the Momentum Observer
methodology to estimate the thruster force in our multimodal
platform, Harpy. By implementing this approach, we aim
to achieve more precise control and enhance the overall
performance of the robot in dynamic environments.

In this study, we employ a detailed model of Harpy
(depicted in Fig. 1) using Matlab to evaluate our estimator’s
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Fig. 2. Illustrates Reduced-order, variable length model with a point-mass
and mass-less link subjected to thruster force.

effectiveness. Harpy is equipped with eight custom-designed
high-energy density actuators for dynamic walking, along
with electric ducted fans mounted on its torso sides. Harpy’s
height measures 600 cm and weighs 4 Kg. It hosts a
computer based on Elmo amplifiers for real-time low-level
control command executions.

Harpy’s design integrates advantages from both aerial and
dynamic bipedal legged systems. Currently, the hardware
design and assembly of Harpy have been completed [22],
and our primary goal is to explore various control design
strategies for this platform [19], [23], [24].

In this work, we aim to design a conjugate momentum-
based estimator to estimate thruster forces. The main con-
tributions of this paper are: a) Formulation of Conjugate
momentum-based observer for thruster forces. b) Compar-
ison of estimate with and without knowing the terrain infor-
mation.

This work is structured as follows: we present brief over
view of modeling where it show dynamic model, complaint
ground model and reduced-order model. Next, we present
a conjugate momentum observer followed by results and
conclusion.

II. DYNAMIC MODELING AND CONTROL

This section contains a brief overview of the dynamic
model used in this paper for simulation, which is followed
by a reduced-order model (ROM) and controller design.

Figure 1 illustrates the degrees of freedom (DoF) of the
robot’s leg, which includes three actuated joints: hip frontal
(Pelvis P), hip sagittal ( hip H), and knee sagittal (knee K)
joints. Combined with the robot’s body, the system has a
total of 12 DoF.

The thrusters are designed to rotate about the body’s
sagittal axis. However, for simplification, we assume that the
thrusters can provide forces in any direction, and the thruster
dynamics are ignored. The model is further simplified by
assuming that the mass is concentrated at the body and the
joint motors, resulting in a simpler model where the lower

leg (shin and foot) is massless. The foot is considered small
and modeled as a point foot, simplifying the ground force
effect on the system at the cost of reduced stability due to
the smaller support polygon.

The dynamic model of Harpy, used in the numerical
simulation, is derived using the Euler-Lagrangian dynamic
formulation. The body rotation is derived using the modified
Lagrangian for dynamics in SO(3) to avoid gimbal lock or
singularity present in the Tait-Bryan representation of the
rotation matrix. Let x be the system states, defined as follows:

xxx = [rrr⊤B ,qqq
⊤,φKL ,φKR ,ωωω

B⊤
B , q̇qq⊤, φ̇KL , φ̇KR ]

⊤, (1)

where qqq = [ppp⊤B ,γhL ,γhR ,φhL ,φhR ]
⊤ represents the dynami-

cal system states other than (RB,ωωω
B
B). [γh,φh] represents the

hip frontal and hip sagittal joint angle in the order [L,R].
The knee sagittal angle φk, which is not associated with
any mass, is updated using the knee joint acceleration input
uuuk = [φ̈kL , φ̈kR ]

⊤. Then, the system acceleration can be derived
as follows:

Maaa+hhh = B j uuu j +Bt uuut +Bg uuug (2)

here uuu j is the joint actuation input, uuut is the thruster forces
and uuug is the GRF. each of these input are separated into
the left and right components. Mapping matrix for joint is
B j = [06x6, I6x6]. Bt and Bg are used to map the thruster and
GRF to generalized coordinates, respectively. uuug and uuu j is
modelled in the further section

Bt =

(∂ ṗppTL
/∂vvv

∂ ṗppTR
/∂vvv

)⊤

02×6

 , Bg =

(∂ ṗppFL
/∂vvv

∂ ṗppFR
/∂vvv

)⊤

02×6

 . (3)

A. Compliant Ground Model

For simulation, GRF is modeled using the compliant
ground model with undamped rebound, while friction is
modeled using the Stribeck friction model, defined as fol-
lows:

ug,z =− kg,p pF,z − kg,d ṗF,z

ug,x =−
(

µc +(µs −µc)exp
(
− |ṗF,x|2

v2
s

))
fz sgn(ṗF,x)

−µv ṗF,x,

(4)

where inertial foot position is defined by pF,x and pF,z.
Spring and damping stiffness for the ground is denoted
by kg,p and kg,d . µc, µs, and µv are the Coulomb, static,
and viscous friction coefficients, respectively, and vs is the
Stribeck velocity. kg,d is set to 0 if ṗF,z > 0 for the undamped
rebound model, and friction in the y direction follows a
similar derivation to ug,x. Then, the ground force model uuug
is defined as follows:

uuug = [uuu⊤gL
H(−pFL,z), uuu⊤gR

H(−pFR,z)]
⊤, (5)

where H(x) denotes the Heaviside function, while uuugL and
uuugR represent the left and right ground forces, which are
formed using their respective components ug,x, ug,y, and ug,z.



B. Reduced-Order model

The thruster controller was developed using the VLIP
model. In this model, the center of pressure (CoP), repre-
sented as ccc, is calculated as the weighted average position of
the feet: ccc = λL pppFL

+λR pppFR
, where λi = ugi,z/(ugL,z +ugR,z)

for i ∈ {L,R}. In the Harpy full-dynamics model, which em-
ploys a point foot, ccc corresponds to the stance foot position
during the single support (SS) phase. The VLIP model is
underactuated without thrusters, but adding thrusters makes
the system fully actuated, allowing for trajectory tracking.
Consequently, the VLIP model is derived as follows:

mp̈ppB = mggg+uuut,c + J⊤s λλλ (6)

where m represents the mass of the VLIP model, which in
this case is the total mass of the system, and uuut,c denotes
the thruster forces about the CoM. The constraint force J⊤s λλλ

is established to maintain the leg length r equal to the leg
conformation, utilizing the following constraint equation:

Js (p̈ppB − c̈cc) = ur,

Js = (pppB − ccc)⊤,
(7)

which is designed to maintain the leg length’s second deriva-
tive equal to ur. This constraint force also constitutes the
GRF as long as the friction cone constraint is satisfied.
Assuming no slip (c̈cc = 0), the inputs to the system are ur,
which controls the body position about the vector rrr = pppB−ccc
by adjusting the leg length, and the thrusters uuut , which
control the remaining degrees of freedom.

C. Controller design

The joint controller is designed to follow the desired foot
positions by employing inverse kinematics to determine the
target joint angles. Let q = [γH ,φH ,φK ]

⊤ represent the joint
angles of the legs. Given the trajectory qqqt , the joint controller
uuu j can be derived using a simple PID controller. The trajec-
tory to be tracked is developed through optimization on a
2D version of the dynamic model shown in 2. However, this
trajectory is unstable when applied to the full 3D system,
necessitating the use of thrusters to stabilize the dynamics.
The controller uses thruster force to stabilize the roll and
yaw motion of the robot according to the following law:

uuut,L = [uyaw,0,uroll ], uuut,R =−uuut,L (8)

Here uuut,L and uuut,R are the left and the right thruster force,
respectively. uyaw and uroll are simply PD controllers to track
zero roll and yaw reference angles. Combined thrust forces
are formed by combining uuut in (6) and (8)

uuut = [uuu⊤t,c,uuu
⊤
t,c]

⊤/2+[uuu⊤t,L,uuu
⊤
t,R]

⊤ (9)

III. CONJUGATE MOMENTUM OBSERVER DESIGN

The approach of estimation using generalized momentum
was presented in [1], [25], and [2], driven by the aim to
avoid inversion of the inertia matrix and estimation of states
acceleration.n We use this approach to estimate the thruster
force uuut . Consider observer dynamics as,

M̂ ˆ̈qqq+ ĥhh = B̂g λ̂λλ + B̂t ûuut + B̂ j ûuu j (10)

Fig. 3. An overview of the estimator algorithm.

where, ĥhh = Ĝ(q̂qq)+ Ĉ
(
q̂qq, ˆ̇qqq

)
ˆ̇qqq is function which depends

on full system states. M̂ is the sysmetric, positive definite
matrix. Ĉ

(
q̂qq, ˆ̇qqq

)
represents Christoffel symbols and Ĝ(q̂qq) is

the gravity vector. λ̂λλ represents ground reaction force. The
generalized momentum of robot is

p̂pp = M ˆ̇qqq

By differentiating the generalized momentum we get

ˆ̇ppp = M̂ ˆ̈qqq+ ˆ̇M ˆ̇qqq (11)

Combining equation (10) and (11)

ˆ̇ppp =−ĥhh+ ˆ̇M ˆ̇qqq+ B̂g λ̂λλ + B̂t ûuut + B̂ j ûuu j

= β̂ββ + rrr+ B̂t ûuut + B̂ j ûuu j
(12)

In this context, rrr = B̂t ûuut represents the estimated thruster
force. The term β̂ββ is defined as β̂ββ = −ĥhh+ ˆ̇M ˆ̇qqq, where ĥhh is
derived from the Lagrangian dynamics, and ˆ̇M is numerically
computed as [(Mk −Mk−1)/∆t]. Under ideal conditions, we
assume M̂ = M and β̂ββ = βββ . Consequently, the dynamic
relationship between the estimated generalized thruster force
rrr and the actual generalized thruster force Bt uuut is defined as

ṙrr = KKK0 (Bt uuut − rrr)

= KKK0
(

ṗpp(t)− ˆ̇ppp(t)
) (13)

Equation (13) shows that rrr is low pass filter of thruster force.
[1], shows that as K0 → ∞ =⇒ rrr ≈ Bt uuut . We can obtain the
estimated GRF by integrating equation (13)

rrr(t) = KKK0

(
ppp(t)

∫ t

0

(
βββ + r(s)+ B̂g λ̂λλ + B̂ j ûuu j

)
ds− p̂pp(0)

)
(14)



Fig. 4. Illustrates body frame estimated thruster forces. GRF information
is given by ground model

Further, it is possible to estimate the body frame thruster
force by using jacobian Jt = [Jt,L,Jt,R].

ûuut = [J⊤t Jt ]
†J⊤t rrr (15)

From equation (14), it is evident that the estimation of
thruster force necessitates the knowledge of ground reaction
forces. There are two primary methodologies for estimating
ground reaction forces: (1) employing force sensors attached
to the foot, or (2) utilizing a contact constraint model. In the
subsequent section, we will employ the contact constraint

A. Contact constraint model

To estimate the ground reaction force, we constraint the
stance foot acceleration to zero and we get Jcq̈qq = J̇cq̇qq. By
using this constraint and robot’s dynamical acceleration (2),
we get

λλλ =
(

JcM−1J⊤c
)† (

JcM−1(−rrr− B̂ j ûuu j +hhh)− J̇q̇qq
)

(16)

where (.)† is the Moore-Penrose pseudo-inverse and Jc
is the matrix of stacked foot contact Jacobians. During
the double support phase, JcM−1J⊤c is not full rank and
this makes the estimation of the ground forces inherently
inaccurate.

Fig. 5. Illustrates estimated generalized thruster force from Conjugate
momentum observer and terrain information from constraint model

IV. RESULTS

The numerical simulation and Observer design are done
in the Matlab. We used RK4 scheme to propogate the model
forward. Fig. 8 shows the position, velocity and orientation
of the robot while performing thruster assisted walking.

A. Simulation Specifications

In this section, all units are in N, kg, m, s. The left
leg of robot as following dimensions: lll1 = [0,0.1,−0.1]⊤,
lll2 = [0,0.5,0]⊤, lll3 = [0,0,−0.3]⊤ and lll4 = [0,0.1,0]⊤. The
right side has the y axis component inverted. The following
mass and inertias were used for simulation: mB = 2, mH =
mK = 0.5, IB = 10−3 and IH = IK = 10−4. Finally, ground
parameters were µs = 0.8, µc = 0.64, µv = 0.8, kg,p = 8000
and kg,d = 268.

B. Results and Discussion

As discussed previously, To estimate the thruster force,
we need to have information about the ground terrain.First
method is to install force sensor on the foot which essentially
allows to measure uuug directly. Fig. 6 shows estimation of
thruster force by inputing the ground reaction force from
complaint ground model (4). Observer gain used for estima-
tion were K0 = diag(1,1,1,1,25,25,25,25,25,25). General-
ized force and torque fairly matches apart from generalized
torque in y direction which is due to filter lag. Second method
is to use constraint model. By using (15), we found the body
frame thruster force shown in fig. 7.

Fig. 3 show the flow chart for estimator dynam-
ics when constraint model is used. The algorithm indi-
cates that the constraint model relies on the estimated



Fig. 6. Comparison of GRF from ground model and Constraint model.
Constraint model uses estimated generalized forces

thruster force rrr and the observer dynamics terms β̂ .
Consequently, any error in these estimations will result
in a greater error in the ground reaction force estima-
tion. To mitigate this, we can increase the observer gain.
Fig. 5 show the generalized thruster force estimation us-
ing constraint model (16) and Observer gain were set as
K0 = diag(1,1,1,1,800,1200,60,3000,800,500). General-
ized force in Fx, Fy and Fz matches fairly well, while in τx
it oscillates about the actual. Generalized Torque τy and τz
matches with closely with actual torque. Finally fig. 6 shows
the comparison between estimated GRF from constrained
model with estimated thruster force rrr as input.

To evaluate the performance of our model, we calculated
the Root Mean Square Error (RMSE) and subsequently nor-
malized it to facilitate comparison across different datasets
and scales. This normalization process yields a value between
0 and 1, where values closer to 0 indicate a better fit of the
model to the data. By normalizing the RMSE, we ensure
that the error metric is dimensionless and comparable across
various contexts, providing a more robust assessment of
model performance. Table I shows NRMSE for generalized
forces and torque. This is for case where we use conjugate
momentum with constraint model. The values are closer to
zeros which shows the effectiveness of the method. The
largest NRMSE is for Fz which is due to use of constraint
model.

V. CONCLUSION

In this work, we presented a conjugate momentum-based
observer design for estimating thruster forces. Both the
observer and simulation were running on a Matlab numer-

Fig. 7. Illustrates estimated generalized thruster force from Conjugate
momentum observer given terrain information from ground model

TABLE I
NORMALIZED RMSE VALUE BETWEEN ACTUAL AND ESTIMATED

GENERALIZED FORCES AND TORQUES.

Data Normalized RMSE
Fx 0.115586
Fy 0.049212
Fz 0.194566
τx 0.110182
τy 0.134201
τz 0.123929

ical simulator. We showed stable thruster-assisted walking
simulation. While the robot is performing thruster-assisted
walking, the observer is able to accurately tracked the
thruster force. Since it is a low pass filter, the accuracy of the
estimator highly depends on the ground reaction force infor-
mation. The observer can accurately track the thruster forces
given complete knowledge of ground forces. Alternative, we
can also estimate the ground reaction force by using contact
constraint. But, in doing so the accuracy of the estimator
decreases. Our results demonstrated that the NRMSE values
were consistently low, indicating a high degree of accuracy
and reliability in our model’s predictions. This normalization
process not only facilitated a more comprehensive evaluation
but also highlighted the model’s effectiveness in various
contexts In future work, we will improve the accuracy of the
estimator by introducing a second-order filter. Further, we
will use these estimated thruster forces to perform dynamic
maneuvers.



Fig. 8. Illustrates the simulated robot states.
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