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Abstract

Existing methods to summarize posterior inference for mixture models focus on
identifying a point estimate of the implied random partition for clustering, with den-
sity estimation as a secondary goal (Wade and Ghahramanil [2018; Dahl et al., 2022]).
We propose a novel approach for summarizing posterior inference in nonparamet-
ric Bayesian mixture models, prioritizing density estimation of the mixing measure
(or mixture) as an inference target. One of the key features is the model-agnostic
nature of the approach, which remains valid under arbitrarily complex dependence
structures in the underlying sampling model. Using a decision-theoretic framework,
our method identifies a point estimate by minimizing posterior expected loss. A loss
function is defined as a discrepancy between mixing measures. Estimating the mixing
measure implies inference on the mixture density and the random partition. Exploit-
ing the discrete nature of the mixing measure, we use a version of sliced Wasserstein
distance. We introduce two specific variants for Gaussian mixtures. The first, mixed
sliced Wasserstein, applies generalized geodesic projections on the product of the Eu-
clidean space and the manifold of symmetric positive definite matrices. The second,
sliced mixture Wasserstein, leverages the linearity of Gaussian mixture measures for
efficient projection.
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1 Introduction

We propose an approach to summarize the posterior distribution on the random mixing
measure in Bayesian nonparametric (BNP) mixture models (Ghosal and van der Vaart,
2017). By focusing on the mixing measure, the method fills a gap in the existing litera-
ture which focuses on summarizing the posterior distribution of implied random partitions
of experimental units (Wade and Ghahramani, 2018; |Dahl et al.| 2022)). The proposed
approach requires only posterior Monte Carlo samples of random mixing measures as in-
put and provides a well-defined summary of these measures. Importantly, the approach is
model-agnostic, accommodating any prior distributions on the random mixing measures,
including those with dependent structures such as dependent Dirichlet process (Quintana
et al., [2022; MacEachern, [1999)). Using the resulting point estimate of the mixing measure,
if desired, one can derive an estimate of the density function and the partition.

Most approaches to posterior summarization for BNP mixture models assume a con-
text of density estimation, conditioning on a sample {Y3,...,Y,} from a mixture. Latent
indicators ¢;, ¢ = 1,...,n that link the data with atoms in the mixing measure define a
random partition p = {Sj,...,Sk} of [n] := {1,...,n} into subsets Sj of matching ¢;.
Methods then aim to summarize p(p | Y1,...,Y,), or equivalently, p(c | Y3,...,Y,) for
c=(c1,...,Cn).

Proceeding under a decision-theoretic framework involves minimizing the posterior ex-

pectation of a chosen loss function to define the Bayes rule:
pr =argminE[L(p,p) | Y1,...,Y,] or ¢ =argminE[L(c,¢)|Y:,...,Y,], (1)
p ¢

where L is a loss function that can be expressed using both the partition or the cluster
label notation. |Lau and Green (2007) propose the use of Binder loss (Binder, 1978).

Wade and Ghahramani| (2018) use variational information (VI) loss (Meila), 2007) as an



alternative. Other information-based distances include normalized variational information
(NVI), information distance (ID), normalized information distance (NID) (Vinh et al.
2009)), and one minus adjusted Rand index (omARI) (Rand, |1971). In addition to selecting
the loss function, various search algorithms have been proposed to solve the optimization
problem in , including binary integer programming (Lau and Green,, 2007)), greedy search
based on the Hasse diagram (Wade and Ghahramani, 2018)), the R & F algorithm (Rastelli
and Friel, [2018]), and the SALSO algorithm (Dahl et al., 2022).

Even when the primary inference target is a posterior summary of p, density estimation
(for the mixture or the mixing measure) can still be reported in a second step. However,
in applications where the density function plays a crucial role, such as anomaly detection
and data generation, it may be more appropriate to focus directly on the density function.
Consider then a general BNP mixture model: Y7,...,Y, il F, F=fxG, G~pQ),
where f is a kernel and * denotes the convolution operator, we propose to find a summary
for p(G|Yi,...,Y,). From a point estimate @, one can directly obtain a point estimate of
the density F by convolving it with the density kernel f. And if desired, one can obtain a
point estimate p (or cluster labels ¢) induced by G. For the sake of easy exposition, in the
upcoming discussion we assume i.i.d. sampling. But we do so without loss of generality.
The only assumption is that posterior inference is provided as a posterior Monte Carlo
sample of GG. The details of the sampling model or prior model can be arbitrary.

We continue to use a decision-theoretic approach by minimizing a posterior expected
loss. However, targetting G, we require a loss function that quantifies the discrepancy
between two measures. Given the discrete nature of the random measure G, optimal
transport distances (Villani, [2009; Peyré et al. 2019) are a natural choice in this context.
Specifically, we choose sliced Wasserstein (SW) distance (Rabin et al., 2012; Bonneel et al.)
2015) due to its computational and statistical scalability with respect to the number of

support points. With a near-linear time complexity in the number of support points, the



SW distance facilitates efficient and accurate truncation of mixing measures.

For the common special case of Gaussian mixture models, we introduce two novel ver-
sions of SW, working with measures supported on the product of the Euclidean manifold
and the manifold of symmetric positive definite (SPD) matrices. The first variant, called
mixed SW (Mix-SW), uses generalized geodesic projection instead of the conventional linear
projection used in standard SW. Consequently, Mix-SW preserves more geometric infor-
mation compared to SW with a vectorization approach. The second variant, named sliced
mixture Wasserstein (SMix-W), compares mixing measures by evaluating the induced mix-
ture of Gaussian measures. By leveraging the linearity properties of mixture of Gaussian
measures, SMix-W achieves a reduction in projection complexity compared to traditional
SW while still being geometrically meaningful. Finally, we discuss basic properties of the
proposed distances including boundedness and metricity.

The remainder of the article is organized as follows: In Section [2| we introduce the
approach for summarizing the posterior of random mixing measures. Section [3| presents
the two novel distances for Gaussian mixing measures, accompanied by a discussion of
their theoretical and computational properties. In Section [4, we conduct an empirical
analysis using simulated data and the Old Faithful Geyser dataset, employing a truncated
Dirichlet Process Gaussian mixture model to assess proposed approach in both clustering
and density estimation. Additional materials, including technical proofs, are provided in

the appendices.

2 Point estimation of random mixing measures

In this section, we present a new approach for obtaining a point estimate of random mixing
measures. As discussed, without loss of generality we consider the following Bayesian
nonparametric (BNP) mixture model as an example: Y3, ... Y, iLd. F, F=/fxG, G~

p(G), where f is a kernel and p(G) denotes a prior on the random mixing measure G. Our



objective is to report a point estimate G. The point estimate can then be used for any
downstream data analysis. We first define the problem in Section [2.1] and then discuss

current options for optimal transport distances that can be used as the loss function in

Section 2.2

2.1 Problem Setup

Under a decision-theoretic framework, the point estimate of the mixing measure G* mini-

mizes posterior expected loss:
G* = argmin E[D(G, G) | Y,..., Y, (2)
G

where D : P(O) x P(©) — R, represents a distance on the space of measures sup-
ported on ©, which is the support set of the mixing measure . Since the posterior is
usually intractable, the expectation in is approximated using Markov chain Monte

Carlo (MCMC) methods. Given M posterior Monte Carlo samples, G1,...,Gy ~ p(G |

Yi,...,Y,), the optimization problem can be approximated as
N 1 X N
G* = argmin — D(Gp, G). 3
i 37 32 PG, €) 3)

We use a simple greedy procedure to solve the optimization problem in (3|). Specifically,
we construct an M x M matrix, where the entry at row ¢ and column j represents the
distance between the i-th and j-th posterior samples, i.e., D(G;,G;). We then identify
the index i* that minimizes the average distance across columns, 5 Zj\il D(G;, G;), and
return Gy« as the greedy solution. This is equivalent to selecting the best posterior sample
from the posterior Monte Carlo sample.

In practice, truncating the mixing measure G can accelerate computation, improve

convergence and simplify implementation (Ishwaran and James, 2001). Specifically, we can



use the following truncated version of G: G = Zszl ardg, with 0 < K < oo. Ideally,
we want to choose the largest feasible value of K to minimize the approximation error
introduced by truncation. We then approximate the distance between two measures by the
distance between the truncated versions, i.e., D(G1,Gy) ~ D(Gy, Gs).

A point estimate of the mixing measure @, implies a point estimate of the density by
convolution of G with the kernel f, = f* G. To estimate the partition, we determine
the cluster membership indicator ¢; for a data point ¢ by maximum a posteriori (MAP)

estimation:
¢ = argmgxp(ci =k|G, ). (4)

Here x generically denotes the observed data. When using truncation, i.e., G~ Zle W04, ,

this becomes:
éi:argm,?Xp(ciZk\?f)h---ﬂf)Kvélw-wéK’x)' (5)

While there are alternative methods to obtain a point estimate ¢ given the mixing measure,
MAP is perhaps the most natural and computationally efficient approach.

In the optimization in , after truncation, we are left with two discrete mixing mea-
sures that may have disjoint supports. Traditional f-divergences (Ali and Silvey] 1966),
such as the Kullback—Leibler (KL) divergence, Jensen—Shannon (JS) divergence, and oth-
ers, cannot be used directly because they require access to the density ratio, which may
be undefined in this context. Consequently, optimal transport metrics become a natural
choice in this scenario. Next, we will brifely discuss currently available optimal transport

distances.



2.2 Optimal Transport Distances for the loss function

Wasserstein distance. Let G1,G; € P(O) and d : © x © — R" be a ground metric.
The Wasserstein-p (p > 1) distance (Villani, 2009) between two measures G; and Go is

defined as follows:

WiGn G = _inf [ d(ag)delan) )

where II(G1,Gs) = {1 € P(O x0O) | m(A,0) =G1(A), 7(0,B) =G2(B) YA,B C O} is
the set of all transportation plans/couplings. When G and G, are discrete measures, i.e.,

_ Kl _ K2 . . . .
Gy =) ;0 aidy, and Gy = ) %) B;0,,, the Wasserstein distance can be rewritten as:

W (Gla G2 Werlr“norélﬁ) Z Z d Li, y_] 7sz7 (7>
i=1 j=1

where the set of transportation plans becomes I'(«, 5) = {7r € RleKQ |71l=03, 7’1 = a}.
The computation of Wasserstein distance is often performed using linear programming (Pey1é
et al., 2019), with a time complexity of O((K;+ K3)? log( K+ K3)). Alternatively, it can be
approximated using the entropic regularization approach (Cuturi, [2013), which has a time
complexity of O (K;K;log(K, + K»)/¢€), where € > 0 is the precision level. Consequently,
using Wasserstein distance becomes impractical for large values of K7 or K. Therefore,
using the Wasserstein distance might in an undesirable way limit the truncation level K

and K.

Sliced Wasserstein (SW) Distance. SW distance exploits the availability of a closed-
form expression for Wasserstein distance on the real line. Specifically, for two distributions

G1,Gy € P(R), the Wasserstein-p distance with the ground metric defined as d(x,y) =



|z — y| is expressed as follows (Peyré et al.| 2019):
1
WJ(G1.G) = Wi(Gr.G) = [ ICDFG! (1) = CDFGL(0)P . (®)

where CDF(_;} and CDF&; denote the inverse cumulative distribution functions (quantile
functions) of G; and Gs, respectively. When G, and G9 are discrete measures i.e., G3 =
Zf{:ll a;0,, and Gy = z]K:ll f;6,, (assumed that supports of two measures are sorted), the

inverse CDF's can be defined as

K i—1 i Ko j—1 J
CDFG (t) =Y wiI{) a; <t <Y o5}, CDFGL(t)=> yI{) B<t<) B}
=1 7j=1 7j=1 7=1 =1 =1

Solving in this case has the time complexity of O((K; + K»)log(K; + Ks)).

To leverage the closed-form solution of one-dimensional Wasserstein distance in high-
dimensional settings, SW distance (Bonneel et al., 2015) is introduced. The central idea of
SW is to randomly project two original measures onto two one-dimensional measures and
then computes the expected value of the one-dimensional Wasserstein distance between
the two projected measures. The conventional SW employs a linear projection, defined
as P,(r) = (v,z) for v € S¥71 where v represents the projection direction. The sliced
Wasserstein-p distance (p > 1) between G and Gy, using the ground metric d(z,y) =

|z — y|, is defined as follows:
SWIf(Gl, Gg) = ]EvNu(Sd—l) [Wﬁ(PvﬁGl, PUﬁGQ)], (9)

where P,1G, and P,1G, are the push-forward measures of G; and G5 through the function
P,, and U(S* ') denotes the uniform distribution over the unit hypersphere.
The expectation in sliced Wasserstein (SW) distance is intractable, thus Monte Carlo

estimation is often employed to approximate SW. Specifically, let vy, ..., vp Ky (S4-1)



represent the projecting directions. The Monte Carlo estimation of SW is given by:

L
e 1
SWi(Gl,GQ) = Zzwg(PvlﬁGthlﬁGZ)- (1())

=1

The overall time complexity of SW is composed of the time required for sampling
projecting directions, the time for applying the projection operator P,, and the time for
computing one-dimensional Wasserstein distances. When G; and GGy are discrete measures
supported by K; and Ky atoms, respectively, and L Monte Carlo samples are used, the
time complexity of SW is: O(Ld+ Ld(K; + K») + L(K; + K>) log(K, + Ks3)) = O(Ld(K; +
Ky)+ L(K, + K3) log( K + K3)), where O(Ld) accounts for sampling projecting directions,
O(Ld(K, + K3)) is for the projection, and O(L(K; + K»)log(K; + K3)) is for computing
L one-dimensional Wasserstein distances. Additionally, the projection complexity of SW is
O(Ld), which corresponds to the memory required for storing the L projecting directions.
We can see that SW is very scalable in terms of the numbers K; and K, of support points.

It allows accurate truncation with large K; and K.

3 Sliced Optimal Transport Distances for Gaussian
Mixing Measures

For Gaussian mixing measures G; and Go, we use the parameter space © = R? x S7F(R),
where S;*(R) is the manifold of all symmetric positive definite matrices. Conventional
SW distance can not directly be applied in this context, as it is defined for measures on
vector spaces. We first discuss an approach to apply SW using vectorization in Section [3.1]
We then propose two novel variants of SW that preserve geometry. In Section we start
with a new variant of SW based on generalized geodesic projection onto the product of
manifolds, which we call Mixed SW (Mix-SW). Finally, we introduce another variant of

SW for finite Gaussian mixing measures by comparing their induced mixture measures,



which we call sliced mixture Wasserstein (SMix-W).

3.1 Vectorized Sliced Wasserstein

We are aiming to compare measures on the product of the Euclidean manifold and the
manifold of symmetric positive definite (SPD) matrices, denoted as © = R? x ST (R),
using the Sliced Wasserstein (SW) distance. However, SW is defined on vector spaces. A
straightforward approach is to convert measures on R? x S (R) into measures on a vector
space. For any 6 = (u,3) € R? x STT(R), we can arrange the entries of ¥ to obtain
a vector representation, which can then be stacked with p. For simplicity, we define the
transformation V() = (u, XV, ..., X@) where X is the i-th row of the matrix ¥. With

this transformation, we can redefine SW distance as

SW2(G1, Gy) = B, _yygaan-n [WE(PAVEG, PAVEGS,)], (11)

for any G1,Gy € P(R? x S;"(R)). Despite the appealing simplicity of this approach,
there are two main complications to consider. The first is that vectorization destroys the
geometry of the space, which may result in a distance that lacks geometric meaning. In
contrast to the Wasserstein distance, where the ground metric can be flexibly designed, the
ground metric in SW is constrained to exist in a one-dimensional space. The second issue

d+1)-1 " which may require

pertains to the high-dimensional projection direction space, S
increased computation and memory to achieve accurate approximations via Monte Carlo
estimation. The time complexity of vectorized SW is given by O(Ld*(K, + K») + L(K; +
K5)log(K; + K>)) and the projection complexity is O(Ld?), both of which are quadratic

in dimensions.
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3.2 Mixed Sliced Wasserstein

To address the loss of geometric information, we propose a new variant of SW distance using
geodesic projection on the product manifolds R? x S *(R). In summary, we define a notion
of projecting a support point (1, 2) € R?x 57 (R) onto a curve with the associated velocity
vector V,, = (w1 A, weA) in a way that the projection is easy to evaluate. From the new
projection, the desired SW is defined as the expectation of the projected one-dimensional
Wasserstein distance under the uniform-law of random curve parameters (v, A, w).

We begin by reviewing some basic definitions relevant to Riemannian manifolds, includ-
ing the inner product, geodesics, length, geodesic distance, and the exponential map, as
detailed in Appendix . Additionally, we review the concept of geodesic projection (Bonet
et al., [2024)) and explore certain properties of the manifold of symmetric positive definite

matrices S T (R) (Pennec et al., 2019).

Geodesic Projection Let v be a curve on the manifold M, and denote A as the set of
all points belonging to that curve. The projection of a point z € M onto the curve 7 is
defined as: P,(z) = argmin,c d(z,y), where d is the geodesic distance. If we constrain
v to be a curve that passes through the origin (denoted as o) with unit velocity v (i.e.,
(v,v), = 1), then we have I' = {exp,(tv) | t € R}, where exp,(+) is the exponential map at
the origin. The coordinates of the projection can be determined by solving:

Py, ., (x) = P,(r) = argmind(z, exp,(tv)). (12)

Product Manifold of R? x S (R). From (Pennec et al., [2019), the origin of S} *(R)

is the identity matrix I, and the tangent space is the space of all symmetric matrices.

The exponential map is given by exp;(A) = exp(4) = Y oo 4:. While there are mul-

n=0

tiple geodesic distances on S;*(R), we focus on the Log-Euclidean metric defined as:

drp(31,%2) = || log X1 — log 3| p, where log X = A if exp(A) = X. Since X is a symmet-

11



ric positive definite matrix, we can use spectral decomposition: X = QAQT, which gives us
log X = Qdiag(log Ay, ...,log \s) QT The origin of the manifold R? x S} *(R) is 0o = (0, 1),
where 0 is the d-dimensional zero vector. The exponential map in this manifold is defined

as exp,((p, X)) = (u,exp(2)). The geodesic distance of the product manifolds is defined

as follows (Gu et al., [2019): d((p1,21), (2, X2)) = /|11 — 2|12 + dre(X1, X2)2.

Generalized Geodesic Projection. The geodesic projection and the corresponding SW
distance for measures on S; " (R) have been investigated in (Bonet et al., 2023). While the
geodesic projection for the product of manifolds was introduced in (Bonet et al., [2024), it
has not been explicitly derived for any specific case. In this work, we extend the notion of
geodesic projection to a generalized geodesic projection by projecting onto a generalized
curve with adjusted velocity vectors for each marginal manifold. This adjustment is es-
sential for achieving the identity of indiscernibles in the subsequently defined SW metric.
Furthermore, we demonstrate that the generalized geodesic projection has a closed-form

expression on R? x ST (R).

Definition 1. Given a product manifolds My x Moy with the origin o = (01,09), a gen-
eralized curve passing through the origin with the velocity vector Vi, = (wqivq,wqvy) with
(V1,01)0, = 1, (2, v2)0, = 1, and w} + w3 = 1, the generalized geodesic projection onto the

generalized curve created by V,, is defined as:
Py, (z) = arg Igll]él d(x,exp,(tVy)), (13)
€

where d is the geodesic distance on the product manifold.

Proposition 1. The generalized geodesic projection onto a generalized curve passing through
the origin with the velocity vector V, = (wiv,weA) (|[v]|3 = 1, |AlZ = L, w? + w3 = 1)
on the product manifold of R? x ST+ (R) has the following form: Py, ((p, 2)) = w1 (u,v) +

wyTrace(AlogY).

12



The proof of Proposition 1 is given in Appendix [A.2] It turns out that the generalized
geodesic projection is a weighted combination of the geodesic projection on the Euclidean

manifold and the geodesic projection on the manifold S;*(R).

Mixed Sliced Wasserstein. From the generalized geodesic projection, we now can de-

fine the mixed Sliced Wasserstein (Mix-SW) distance.

Definition 2. Given two measures Gy and Gy belonging to P(R? x ST (R)), p > 1, the

Mized Sliced Wasserstein distance is defined as follows:

Miz-SWE(G1, G2) = E(w,p a)us)cusi-neus.w) IWh (P, G, Py, iG2)],

where V,, = (w10, woA) andU(X) is the uniform distribution over the set X e.g., S,S% 1, Sy(R).

Mix-SW is similar to hierarchical hybrid sliced Wasserstein (H2SW) (Nguyen and Hol,
2024)) i.e., they combine projections from marginals. However, Mix-SW comes from gen-
eralized geodesic projection for a specific product of manifold while H2SW comes from
randomly combining two general types of Radon transforms. In addition, H2SW is only

introduced for the product of the Euclidean manifold and the hypersphere.

Proposition 2. If fRded**(lR) d((p1, 1), (po, X0))PdGy (1, X1) < 00
and fRde++(R) d((pt0, X0), (112, $2))PdGo(1,31) < o0 for any (po, Xo) € R x SFH(R) with

d((p1, 1), (2, B2) = /Nl — p2l3 + [log Xy — log Ba|3, then Miz-SWP (G, Ga) < oo.

We first show that Mix-SWP(G1, Go) is bounded as long as the expected geodesic dis-
tances with respect to G; and G5 to any point (ug, Xg) are bounded. The proof of Propo-

sition 2] is given in Appendix [A.3] Next, we will show that Mix-SW is a valid metric.

Theorem 1. Mized Sliced Wasserstein is a valid metric on the space of measures which

belong to P(R? x S7T(R)) and satisfy the constraint in Proposition @

13



The proof of Theorem [I] is given in Appendix [A.4] which extends the technique of the
proofs in (Bonnottel 2013; Nadjahi et al., 2020; Bonet et al., [2023|) with the usage of the

generalized geodesic projection.

Corollary 1. By the identifiability of finite mizture of Gaussians (Proposition 2 in|Yakowitz

and Spragins (1968)), Miz-SW is also a metric on space of finite mizture of Gaussians.

Corollary [1| suggests that Mix-SW can also be used to compare two finite mixtures of
Gaussians created by two mixing measures on R? x S (R).
On the computational side, the expectation in Definition [2] is intractable. We there-

fore employ Monte Carlo estimation to approximate Mix-SW. Specifically, we sample

iid

(wy,v1, Ay, ..., (wp,vp, AL) X US) @U(STY) @ U(S4(R)). The Monte Carlo estimate of

Mix-SW is then defined as:

Mix- SW Gl,GQ = PV ﬂGl,PV ijg) (14)

IIMh

where V,,; = (wpv, wpd;). When G; and Gy are discrete measures with K; and Ky
supports, respectively, the time complexity of Mix-SW is O((K;, + Ky + L)d® + L(K,; +
Ky)d*+ L(K,+K;)log(K,+K>)), which arises from sampling A ~ U(S3(R)) (see Algorithm
1 in (Bonet et al., [2023)), computing the matrix logarithm, projecting the samples, and
solving one-dimensional Wasserstein distances. The projection complexity of Mix-SW is

O(Ld?) since it requires storing L projection matrices Ay, ..., Ar.

3.3 Sliced Mixture Wasserstein

Mix-SW compares measures belonging to P(R? x S;(R)). But it is not specifically de-
signed for Gaussian mixing measures. To leverage the structure of Gaussian mixing mea-
sures, we introduce a variant called the sliced mixture Wasserstein (SMix-W) distance,

which compares Gaussian mixing measures via their induced mixture of Gaussian mea-

14



sures. SMix-W is inspired by the Mixture Wasserstein distance (Delon and Desolneux,

2020)), which is specifically for comparing mixtures of Gaussian measures.

Mixture Wasserstein distance. Given two discrete measures G; and G5 belonging to
P(R?Yx S7H(R)), and a Gaussian kernel f(z | 1, X), we define F; and Fj as the correspond-
ing mixtures of Gaussian measures, i.e., F; = f * Gy and Fy = f * (G5, where *x denotes
the standard convolution operation. The Mixture Wasserstein (MW) distance (Delon and

Desolneuxl, 2020)) is defined as:

MW3(F, Fy) = in / e — gl dr(z, y), (15)
Rdx R4

well(F1,F2) N GMMayg(00)

where GMMy,4(00) denotes the set of all finite Gaussian mixture distributions in 2d dimen-
sions. When G; = S5 0, 5,) a0d Gy = Zj{ﬁl Bi6(us;,5;), the Mixture Wasserstein
distance simplifies to: min,er,g) ZZ ) ZJ 2 iiWa (N (paiy B14), N (2, X25)) , Using the
closed-form expression of the Wasserstein-2 distance between two Gaussian distributions,

we can rewrite this as: min,ecp(q,g) ZZ 1 Z] i (i — p2513 + Te(21;) + Tr(y))
T ((Z175,517)12) ).

One-dimensional Mixture Wasserstein distance. In preparation of the upcoming
definition of sliced MW by comparing one-dimensional projections of mixtures of normals,
we note the special case of one-dimensional MW distance. When G| = ZK L0, o2 and

K . . . . .
Ga =32 ﬁj(s(MQj,O'gj) are one-dimensional mixtures of Gaussians, we have:

K1 K>
MWs(F, F) 75%“%22%,3 pi = p2j)* + (01 — 09)°) =
=1 j=1

15



which implies that the Mixture Wasserstein distance between one-dimensional Gaussian
mixtures behaves like a two-dimensional Wasserstein-2 distance on the mixing measures,
with a square root scaling applied to the variances. It is important to note that the one-
dimensional MW distance does not offer computational advantages, as it is not equivalent

to a one-dimensional Wasserstein distance.

Linear projection of mixture of Gaussians. When G; = Zfill Qi0(yy, 5, and Gy =
ijl Bi0(ua;,50;), We have Fy = fxGy 1= Zfill N (p15, ¥15) and Fy = fxGy := ZJK; BiN (1125, X;).
For a vector v € R? and P,(x) = (z,v), we have P {F, := ZZK:H ;N ((v, ), v E1v) and
PiF, = Zfﬁl BiN ({v, p12;), v Xajv), which are two one-dimensional Gaussian mixtures

with the mixing measures P/§G; and P/$Gy with P/(u, %) = ((v, p), v Zo).

Sliced Mixture Wasserstein. After applying linear projection to the mixture Gaussians
(or P/ on the Gaussian mixing measure), we can use one-dimensional MW in (16) to

(2

compare them i.e.,

B, yisi-1) [MW3(PAFL, PotFy)] = By gy W3 ((Id, /)i PLEGy, (Id, \/)§P3G2)].  (17)

However, MW does not have a closed-form expression, as discussed. Since MW is equivalent
to the Wasserstein-2 distance between mixing measures, we can replace it with the SW
distance to achieve computational benefits, as SW is equivalent to the Wasserstein distance
under a mild assumption (Bonnotte, 2013)). This replacement leads to a novel variant of

sliced Wasserstein distance for mixtures of Gaussians and their mixing measures.

Definition 3. Given two finite discrete measures Gy and Go belonging to P(R% x ST+(R)),

p>1, and P, (1, X) = wi (v, p) + wolog(VvTX0), the sliced mizture Wasserstein (SMix-

16



W) is defined as follows:
SMix—W;(Gl, GQ) = E(w’v)wu(g)@)u(gdfl) [Wg(Pv,wﬂGla Pv,wﬁG2>];

U(X) is the uniform distribution over the set X e.g., S,S%71.

We can rewrite

SMix-W2(Gh, Ga) = By gyqsi1y [Swg ((Id, log o\/J4P/£G1, (Id, log o\ﬂﬁP;ﬁGQ)]

which replaces MW in ([17) with the SW distance, incorporating a logarithmic transfor-
mation to adjust the standard deviation as a geodesic projection. Compared to SW and
Mix-SW, the projection space of SMix-W is smaller, specifically S*! x S, as it utilizes a

single projecting direction v for both the mean p and the covariance matrix .

Proposition 3. If fRde++ )d((ul, Y1), (1o, X0))PdG1(p1, 21) < 0o and
fRdejﬂR) d((110, X0), (2, 32))PdGa(p1,X1) < oo for any (uo, Xo) € R x SFH(R)) with
d((p1,21), (2, 22)) \/||u1 pa||3 4+ 0.2510g(Mnaz (X1, 22))? Amae (X1, X2) is the largest

eigenvalue of the generalized problem ¥1v = A\Xyv), then SMiz-W} (G, Ga) < 00

The proof of Proposition [3| is given in Appendix [A.5] After showing the Smix-W is

bounded, we show that SMix-W is a valid metric for discrete measures on P(R? x S (R)).

Theorem 2. SMiz-W is a valid metric on the space of finite discrete measures on P(R? x

SHT(R)) which satisfy the constraint in Proposition @

The proof of Theorem [2] is given in Appendix [A.6] It is worth noting that SMix-W is
metric for only finite discrete measures on P(R? x S;*(R)) since the proof of identity of
indiscernibles of SMix-W relies on the identifiability of finite mixture of Gaussians (Propo-
sition 2 in [Yakowitz and Spragins (1968)). In addition, from the identifiability, SMix-W is

also a metric between finite mixtures of Gaussians measures.
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On the computational side, the expectation in Definition [3]is also intractable. As before,
we use Monte Carlo estimation to approximate the value of SMix-W. In particular, we
sample (wy,v1), ..., (wr,vL) i U(S) @U(SY). The Monte Carlo estimation of SMix-W

is defined as follows:

L
SN TV}(G1, Go) = 7 S WE(Pyu G, Py 1G). (18)

=1

When G7 and G4 are discrete measures with K; and K, supports, respectively, the time
complexity of SMix-W is O(L(K; + Ky + 2)d*> + L(K, + K»)log(K; + K3)), due to the
computation of the projections and the solving of one-dimensional Wasserstein distances.
The projection complexity of SMix-W is O(Ld), as it only requires storing L projections
of (wy,v1),. .., (wg,vr). We observe that SMix-W reduces the time complexity from O(d?)
of Mix-W to O(d?) by exploiting the linearity of mixtures of Gaussians. Compared to
vectorized SW and Mix-SW with O(d?) in projection complexity, SMix-SW has a better
projection complexity of O(d), making it more scalable with respect to the number of
dimensions. Furthermore, a lower-dimensional projection space for SMix-W may lead to a

reduced number of projections L required for a good approximation.

4 Empirical Analysis

We assess clustering and density estimation under two alternative summarization ap-
proaches: summarizing random partitions versus the proposed novel method of summariz-
ing random mixing measures. For the first approach, we utilize the SALSO package (Dahl
et al. [2022) with its greedy search algorithm to obtain point estimates of the random parti-
tion using Binder loss, VI loss, and omARI loss. For the proposed new methods, we employ
vectorized SW, Mix-SW, and SMix-W (all are approximated with L = 100 projections) to

obtain point estimates of the random mixing measures. For evaluation, we use Binder loss,
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VI loss, and omARI loss to assess clustering performance, while we employ approximated
Total Variation (TV) and approximated SW (with L = 1000 projections) computed on a

grid over the data space to evaluate the density estimates.

Model and data. The proposed approach remains valid for any BNP mixture models
with arbitrary prior structures and sampling models. For easier exposition and to facilitate
the comparison we work with the conjugate truncated Dirichlet Process Gaussian mixture

models (Ishwaran and James, 2001). We assume

k—1
Bl?"'aﬂK ]awBeta(l,a), wkzﬁkH(1_6J)7 (19>
j=1

Zi‘wb <oy, WK ™ MUZtinomial(wla s ,UJK), (:U’Za Zz) | Ko, )\7 ‘117 v~ NIW(:U’O7 >\7 ‘117 V)J

Ui | pik, Sk, z =k~ N (g, Sg), t=1,...,n,

where K > 0 is the truncation level, and NZW denotes the Normal Inverse Wishart
distribution. The inference of the above model can be carried out efficiently by a Blocked
Gibbs sampler (Ishwaran and James, 2001)), which simulates from the joint distribution
P(Br.Ks 1K, 21 21:m, Y1n)-  Lhe blocked Gibbs sampler defines transition probabilities
defined by sampling from the following complete conditional posterior distributions (1)
p(zi =k | Brk, i, Sk, ¥i) o< weN (Yilpe, Bi); (2) By ~ Beta(l + ny, a + 325, n;); and
(3) ik, X ~ NIW (W—Z:gk, At W30 (v — i) (v — k)

+/\)-\:L7fk (U — o) (U — Mo)T, v+ nk>,

where nj is the number of members of the k-th clusters given a partition, g, =

1
ng

in Section , and for the Old Faithful geyser dataset (Azzalini and Bowman), [1990) in Sec-

Z?Zl Yi0,,—k is the mean of cluster k-th. We implement inference for a simulated dataset

tion .21
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Figure 1: The figure shows the simulated data, the true generating density, the true cluster indices, the
density and cluster indices of different loss functions in the two summarization approaches. For the prior
approach of summarizing the partition (Binder loss, VI loss, and omARI loss), the posterior mean of the
density conditioned on the reported point estimate of the partition is shown. For the proposed approach
of summarizing the random mixing measure, the density is obtained via convoluting the point estimate of
the mixing measure with the Gaussian density kernel, and the cluster indices are obtained via MAP given
the the point estimate of the mixing measure.

4.1 Simulated data

Data generation and inference. Let V = 1.52 - [,. We sample 200 i.i.d data

g KON ((2,-2), V) IV (2,22, V) + N (-2,2), V) + A ((2,2),V)),
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‘ | k; | E[B(2,2)] | B(2,2*) | E[VI(2,2)] | VI(2,2*) | ElomARI(Z, 2)] | omARI(Z, 2*) |
Binder | 3 0.3476 0.3808 1.4548 2.0433 0.7022 0.7452
VI 1 0.4536 0.7478 1.0211 1.9936 1 1
omARI | 4 0.3484 0.3536 1.5213 1.9641 0.7 0.7119
SW 2 0.3506 0.3724 1.4399 1.9719 0.7079 0.7324
Mix-SW | 2 0.3529 0.3338 1.4322 1.8838 0.709 0.6724
SMix-W | 2 0.3529 0.3338 1.4322 1.8838 0.709 0.6724

Table 1: The table shows the clustering performance on simulated data of different loss
functions in the two summarization approaches. The columns from left to right are the
number of unique clusters, expected Binder loss, Binder loss to the true cluster indices,
expected VI loss, VI loss to the true cluster indices, expected omARI loss, and omARI loss
to the true cluster indices. Lower losses are better.

| | E[TV(F,F)) | TV(F, F*)

E[SWy(F, F)) | SWo(F, F*) |

Binder 0.34195 0.4468 0.324 0.6278
VI 0.2745 0.4325 0.3112 0.6404
omARI 0.3423 0.4525 0.3264 0.5978
SW 0.2531 0.3742 0.2775 0.488
Mix-SW 0.2453 0.4143 0.261 0.5932
SMix-SW 0.2453 0.4143 0.261 0.5932

Table 2: The table shows the density estimation performance on simulated data of different
loss functions in the two summarization approaches. he columns from left to right are
expected Total Variation loss, Total Variation to the true density, expected SW5 loss, SW,
loss to the true density. Lower losses are better.

| | E[SW,(G,G)) | SWa(G,G*) | EMix-SWa(G, G)) | Mix-SW,(G, G*) | E[SMix-W»(G, G)) | SMix-Wy(G, G*) |

SW 1.3471 1.6524 0.8207 1.0518 0.7464 0.9288
Mix-SW 1.406 1.6576 0.8099 0.9898 0.7333 0.9122
SMix-SW 1.406 1.6576 0.8099 0.9898 0.7333 0.9122

Table 3: The table shows the estimating the mixing measures performance of the proposed
approach with SW, Mix-SW, and SMix-SW on the simulated data. The columns from left
to right are expected SWs loss, SW5 loss to the true mixing measure, expected Mix-SWy
loss, Mix-SWj loss to the true mixing measure, expected SMix-Ws loss ,and SMix-W5 loss
to the true mixing measure. Lower losses are better.

i=1,...,n = 200. We run 10000 blocked Gibbs sampler iterations (9000 burn-in itera-
tions) with the following hyperparameters py = (0,0), ¥ = diag((1,1)),A = 1,v =4, a =
1, K = 100.

Figure [1| plots the simulated data, the true generating density, the true cluster indices,
and the density and cluster indices obtained under different loss functions in the two sum-

marization approaches. We evaluate the density on a 100 x 100 grid, with the range defined
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by (miny; — 1, maxy;+1). For the first approach, starting with a point estimate of the par-
tition, we first determine ¢ (using Binder, VI, or omARI loss), and then evaluate E{F | ¢}
by using 10 more iterations of the MCMC simulation to update F' (freezing c).

Clustering. Table [1| reports the expected losses and the relative loss, relative to the
simulation truth, using Binder loss, VI loss, and omARI loss. We note that summarizing the
random mixing measures yields comparable expected Binder loss and expected omARI loss,
compared to the conventional approach of summarizing the partition first. In particular,
summarizing the random mixing measures with SW results in only a 0.86% increase in
expected Binder loss compared to the best expected Binder loss (using Binder loss in the
optimization) and only a 1.13% increase in expected omARI loss compared to the best
expected omARI loss (using omARI in the optimization). In this simulation, both Mix-SW
and SMix-W yield the same point estimate of the random mixing measure. This is the case
because we only search among the visited MCMC samples, as discussed in Section 2] They
incur only a 1.53% increase in expected Binder loss relative to the best expected VI loss
and only a 1.13% increase in expected omARI loss compared to the best expected omARI
loss. The only loss for which the proposed approach leads to a considerable increase is VI
loss, with an increase of about 40%. From a frequentist perspective, Mix-SW and SMix-W
demonstrate the best clustering performance, as they have the smallest losses relative to
the simulation truth. Overall, we conclude that with respect to the reported point estimate
¢ the approaches that start with a point estimate of the random mixing measure perform

comparable to approaches that start with the random partition.

Density estimation. Table 2 reports expected losses and relative losses, relative to the
simulation truth using total variation loss and SW; loss. For the approachs that first
summarize the partitions (based on Binder, VI, or omARI loss), the losses are averaged

AN

over 10 Monte Carlo samples of F' (freezing the point estimate ¢). Naturally, the proposed

22



| ky | E[B(2,2)] | EVI(Z,2)] | ElomARI(Z,2)] |

Binder | 8 | 0.0296 0.2588 0.0594
VI 3 0.0333 0.246 0.0667
omARI | 8 | 0.0296 0.2588 0.0594
SW 4 0.0303 0.2602 0.0607
Mix-SW | 3 0.0306 0.2678 0.0614
SMix-W | 3 0.0306 0.2678 0.0614

Table 4: The table assesses clustering for the Old Faithful dataset when using different loss
functions in the two summarization approaches. The columns from left to right are the
number of unique clusters, expected Binder loss, expected VI loss, and expected omARI
loss. Lower losses are better.

| | E[TV(F,F)) | E[SW,(E, F)) |

Binder 0.2128 1.0568
VI 0.2102 1.0301
omARI 0.2128 1.0568
SW 0.1901 0.868
Mix-SW 0.1852 0.7768
SMix-SW 0.1852 0.7768

Table 5: The table shows the density estimation performance on the Old Faithful dataset
of different loss functions in the two summarization approaches. The columns from left to
right are expected Total Variation loss and expected SW loss. Lower losses are better.

approach of summarizing the mixing measures first results in lower losses. In particular,
the best partition summarization method is 11.9% higher in expected total variation loss
and 19.23% higher in expected SW loss compared to Mix-SW and SMix-W. Both Mix-SW
and SMix-W outperform all partition focused approaches from a frequentist perspective in
a comparison versus the known simulation truth. SW performs well in this, demonstrating

expected losses nearly as good as those of SMix-W and Mix-SW.

Mixing measure estimation. Table |3 reports expected losses and relative losses, rela-
tive to the simulation truth, using SWj loss, Mix-SW5 loss, and SMix-W5,. Not surprisingly,

inference under each loss performs best when used for its intended evaluation.
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Figure 2:  The figure shows the Old Faithful geyser data, the estimated density and partitions using
different loss functions under the two summarization approaches. For the approaches targeting ¢ first
(Binder loss, VI loss, and omARI loss), the figure shows the estimated density conditional on €. For the
approaches targeting the mixing measure G first, the plots show the convolution with the Gaussian kernel,
and the cluster indices are obtained as MAP given G.

| E[SW2(G, Q) | EMix-SW»(G, G)) | E[SMix-W»(G, G)) |

SW 3.1211 1.4876 1.4831
Mix-SW 3.7917 1.3186 1.3091
SMix-W 3.7917 1.3186 1.3091

Table 6: The table shows the estimating the mixing measures performance of the proposed
approach with SW, Mix-SW, and SMix-SW on the Old Faithful data. The columns from
left to right are expected SW5 loss, expected Mix-SW5 loss, and expected SMix-W5 loss.
Lower losses are better.
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4.2 Old Faithful Geyser dataset

The Old Faithful geyser dataset contains 272 data samples in 2 dimensions. We run 10000
blocked Gibbs sampler iterations (9000 burn-in iterations) with the following hyperparam-
eters pp = (3,70), ¥ = diag((4,26)),\ = 1,v = 4, = 1, K = 100.  Figure [2| shows
the data, along with the density estimate and estimated partition obtained under different
loss functions using the two summarization approaches. We use the same visualization
techniques for the density as described in Section [4.1]

Table [4] reports the expected losses using Binder loss, VI, and omARI loss. We note
a similar overall pattern as in the simulation: summarizing the random mixing measures
yields comparable expected Binder loss and expected omARI loss compared to partition-
focused approaches. In particular, summarizing the random mixing measures with SW,
Mix-SW, and SMix-SW results in only about a 3.38% increase in expected Binder loss
compared to the best expected Binder loss, and only about a 3.37% increase in expected
omARI loss compared to the best expected omARI loss. For VI loss, the proposed approach
results in an increase of about 8.86% in expected VI loss compared to the best expected
VI loss. Table 5| reports the expected losses using total variation and SWs loss for the
density estimation. For the partition-focused approaches (using Binder, VI, or omARI
loss), the losses are averaged over 10 Monte Carlo samples of F', as under the previously
described simulation study. Again, we summarizing the mixing measure first naturally
leads to better density estimates than summarizing partitions first. In particular, the best
partition-focused method reports a 13.5% higher expected total variation loss and 19.23%
higher expected SW loss compared to Mix-SW and SMix-SW. Furthermore, we find that
SMix-SW and Mix-SW compare favorably to SW, highlighting the benefits of structured
projection.

Finally, in Table [] we report the expected losses under SW, loss, Mix-SWj loss, and

SMix-Ws for estimating the mixing measure. Again we ovserve similar patterns as in
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the simulation study. Inference under each loss function performs best when used for its

intended evaluation.

5 Conclusion

We present a new approach for Bayesian analysis of Bayesian Nonparametric (BNP) mix-
ture models, focusing on summarizing the posterior distribution on the mixing measures.
Our method minimizes the posterior expected loss using a discrepancy between measures
as the loss function, utilizing the computationally scalable sliced Wasserstein distance. For
Gaussian mixture models, we introduce two variants: mixed sliced Wasserstein (Mix-SW)
and sliced mixture Wasserstein (SMix-W). Mix-SW uses generalized geodesic projection
on the product of the Euclidean manifold and the manifold of symmetric positive def-
inite matrices, providing a meaningful metric for comparing Gaussian mixing measures.
SMix-W leverages the linearity of Gaussian mixtures for efficient projection. Empirical
analyses show that our summarization approach yields more accurate density estimates
while maintaining a good partition summary.

Limitations of the proposed approach include the restriction to truncated mixtures
and the potential suboptimality of the reported point estimate of the mixing measures,
as the solution is limited to the Monte Carlo set of posterior samples. The simple sliced
Wasserstein distance might not be optimal for all mixture models; therefore, different
variants should be designed to exploit specific geometry, as we do for Gaussian mixtures.

Future work will focus on refining the search algorithm to achieve better point estimation

and extending the approach to more generalized Bayesian nonparametric (BNP) mixtures.

26



References

Ali, S. M. and Silvey, S. D. (1966), “A general class of coefficients of divergence of one
distribution from another,” Journal of the Royal Statistical Society: Series B (Method-

ological), 28, 131-142.

Azzalini, A. and Bowman, A. W. (1990), “A look at some data on the Old Faithful geyser,”

Journal of the Royal Statistical Society: Series C' (Applied Statistics), 39, 357-365.
Binder, D. A. (1978), “Bayesian cluster analysis,” Biometrika, 65, 31-38.

Bonet, C., Drumetz, L., and Courty, N. (2024), “Sliced-Wasserstein Distances and Flows

on Cartan-Hadamard Manifolds,” arXiv preprint arXiv:2403.06560.

Bonet, C., Malézieux, B., Rakotomamonjy, A., Drumetz, L., Moreau, T., Kowalski, M.,
and Courty, N. (2023), “Sliced-Wasserstein on symmetric positive definite matrices for

M/EEG signals,” in International Conference on Machine Learning, PMLR.

Bonneel, N., Rabin, J., Peyré, G., and Pfister, H. (2015), “Sliced and Radon Wasserstein

Barycenters of Measures,” Journal of Mathematical Imaging and Vision, 1, 22-45.

Bonnotte, N. (2013), Unidimensional and evolution methods for optimal transportation,

Ph.D. thesis, Paris 11.

Cuturi, M. (2013), “Sinkhorn distances: Lightspeed computation of optimal transport,” in

Advances in Neural Information Processing Systems.

Dahl, D. B., Johnson, D. J., and Miiller, P. (2022), “Search algorithms and loss functions for

Bayesian clustering,” Journal of Computational and Graphical Statistics, 31, 1189-1201.

Delon, J. and Desolneux, A. (2020), “A Wasserstein-type distance in the space of Gaussian

mixture models,” SIAM Journal on Imaging Sciences, 13, 936-970.

27



Ghosal, S. and van der Vaart, A. W. (2017), Fundamentals of nonparametric Bayesian

inference, volume 44, Cambridge University Press.

Gu, A., Sala, F., Gunel, B., and Ré, C. (2019), “Learning mixed-curvature representations
in products of model spaces,” in International conference on learning representations,

volume 5.

Ishwaran, H. and James, L. F. (2001), “Gibbs sampling methods for stick-breaking priors,”

Journal of the American statistical Association, 96, 161-173.

Lau, J. W. and Green, P. J. (2007), “Bayesian model-based clustering procedures,” Journal

of Computational and Graphical Statistics, 16, 526-558.

MacEachern, S. N. (1999), “Dependent Nonparametric Processes,” in ASA Proceedings
of the Section on Bayesian Statistical Science, Alexandria, VA: American Statistical

Association..

7

Meila, M. (2007), “Comparing clusterings—an information based distance,” Journal of

multivariate analysis, 98, 873-895.

Nadjahi, K., Durmus, A., Chizat, L., Kolouri, S., Shahrampour, S., and Simsekli, U. (2020),
“Statistical and topological properties of sliced probability divergences,” Advances in

Neural Information Processing Systems, 33, 20802-20812.

Nguyen, K. and Ho, N. (2024), “Hierarchical Hybrid Sliced Wasserstein: A Scalable Met-
ric for Heterogeneous Joint Distributions,” Advances in Neural Information Processing

Systems.

Paty, F.-P. and Cuturi, M. (2019), “Subspace Robust Wasserstein Distances,” in Interna-

tional Conference on Machine Learning.

Pennec, X., Sommer, S., and Fletcher, T. (2019), Riemannian geometric statistics in med-

ical image analysis, Academic Press.

28



Peyré, G., Cuturi, M., et al. (2019), “Computational optimal transport: With applications

to data science,” Foundations and Trends@®) in Machine Learning, 11, 355-607.

Quintana, F. A., Miiller, P., Jara, A., and MacEachern, S. N. (2022), “The dependent

Dirichlet process and related models,” Statistical Science, 37, 24-41.

Rabin, J., Peyré, G., Delon, J., and Bernot, M. (2012), “Wasserstein barycenter and its
application to texture mixing,” in Scale Space and Variational Methods in Computer
Vision: Third International Conference, SSVM 2011, Ein-Gedi, Israel, May 29-June 2,

2011, Revised Selected Papers 3, Springer.

Rand, W. M. (1971), “Objective criteria for the evaluation of clustering methods,” Journal

of the American Statistical association, 66, 846-850.

Rastelli, R. and Friel, N. (2018), “Optimal Bayesian estimators for latent variable cluster

models,” Statistics and Computing, 28, 1169-1186.
Villani, C. (2009), Optimal transport: old and new, volume 338, Springer.

Vinh, N. X., Epps, J., and Bailey, J. (2009), “Information theoretic measures for clusterings
comparison: is a correction for chance necessary?” in Proceedings of the 26th annual

international conference on machine learning.

Wade, S. and Ghahramani, Z. (2018), “Bayesian Cluster Analysis: Point Estimation and

Credible Balls (with Discussion),” Bayesian Analysis, 13, 559-626.

Yakowitz, S. J. and Spragins, J. D. (1968), “On the identifiability of finite mixtures,” The

Annals of Mathematical Statistics, 39, 209-214.

29



A Appendices

A.1 Review on Riemannian Manifolds

A Riemannian manifold (M, G) of dimension d is a space that behaves locally as a linear
space diffeomorphic to R?, named a tangent space. For any z € M, the associated tangent
space is defined as T, M which supports an inner product (-, ), : T,M x T,M — R i.e.,
(u,v), = u'G(z)v. The joint space of the manifold and the tangent space is called the

tangent bundle TM = {x € M,v € T,M}.

Geodesics. Given two points =,y € M, the smooth curve v : [0,1] — M such as

7(0) = z,7v(1) = y is called geodesic if it minimizes the length:

L(v) = 1 ()7 ()0,
[V

where +/(t) is the derivative of the curve 7(t) with respective to ¢, which belongs to the
tangent space 7% M for any t € [0,1]. The length of the geodesic line is the geodesic

distance.

d(z,y) = inf L(7).

Yy (0)=z,v(1)=y

Exponential Map. Let z € M, for any v € T, M, there exists a unique geodesic vy with
7(0) = z and +/(0) = v, denoted as v,,. The exponential map exp : TM — M maps
v € T, M back to the manifold at the point reached by the geodesic v(1). In particular, we

have the following definition of the exponential map:

V(z,v) € TM,exp,(v) = Ya0(1)
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A.2 Proof of Proposition

By Definition [T}, we have:

Py, (1, %)) = argmin d(z, expy(tV,y)) = argmin d*(z, exp(tVi,))
= argmin || — twyv[|; + [ log © — log exp(twz A)| »
= argrtréiﬂg | — twiv]|3 + || log X — twa Al p
= arg rtrglg |3 + wit? — 2wit{p, v) + wit? + Trace((logx)?) — 2wyt Trace(Alog X)
= arg 1%15 I 1ell5 + 1% — 2w t{p, v) + Trace((log2)?) — 2wyt Trace(Alog X))

= argmin /(1)

Taking the derivative £ f(t) = 2t — 2wy (u, v) — 2woTrace(AlogX), then set it to 0. We

obtain: Py, (6) = t* = w1 {pu, v) + wyTrace(AlogY), which completes the proof.

A.3 Proof of Proposition

Since Py, (1, %)) = wi{p,v) + woTrace(AlogX) is a Borel meansurable, using Lemma 6

in (Paty and Cuturi, 2019), we have:

v, EH(Py,, 4G1, Py, 1G2)

WP(Py 4Gy, Py iGa)] = inf / & — yPdmy, (2, y)
RxR

= inf

/ | Py, (h1, 21) — Py, (12, o) [Pdm((p1, 31), (pr2, X2)).
rell(G1,G2) Rix ST (R)xRIx STT(R)
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Using the Minkowski’s inequality, we have:

Wf(PVwﬁGh vaﬁG2)] < inf 2r—t (|va(u17 21) - Py, (,LLO, 2o)’p

T mell(G1,G2)) /Rde;Jr(R)XRdXS;{Jr(R)

+| Py, (p0, Xo) — Py, (2, X2)F) dry, dr (g, 1), (p2, X2))

= 2r! </ | Py, (11, X1) — Py, (po, Xo)[PdG1(p1, X1)
Rix ST (R)

+ / | Py, (ko, Xo) — va(M2722)|pdGz(M2,22)> :
RIxSTT(R)

Moreover, from the Cauchy—Schwarz’s inequality, we have:

[Py, (11, 1) = Py, (o0, %o)|

= |wy (1, v) + weTrace(Alog X1) — w1 {pg, v) — waTrace(Alog )|
= |wi {1 — po,v) + wa(Trace(Alog ¥y) — Trace(Alog Xy))|

< Jw? + w3/ (g — pio, v)2 + (Trace(A(log X1 — log Xp))?

= /{1 — po, v)2 + (Trace(A(log ¥; — log )2

<\ Iel3lm — poll3 + 1A% log 51 — log Solf%

= \/||M1 — poll3 + [ log X1 — log Zo||% = d((p1, 21), (o, X0))-

From the assumption, we get:

WE(Py, 4G, Py, 1Gs)] < 207 (/R d((p1, 21), (o, Xo))PdG1(p, 1)

dxSTT(R)

+/ d((MmEO),(M%Ez))pd@(m,&)) < 00,
RIxSTT(R)

which completes the proof.
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A.4 Proof of Theorem

Symmetry and Non-negativity. The symmetry and non-negativity of Mix-SW follows
directly the symmetry and non-negativity of the Wasserstein distance (Peyré et al., |2019)

since it is the expectation of projected Wasserstein distance.

Triangle Inequality. Let consider three measure Gy, G5, Gz, using the triangle inequality

of Wasserstein distance, we have:

3=

MiX—SWp(Gl, Gz) == (E(w,v,A)Nu(S)®M(Sd—1)®L{(Sd(R)) [W;(vaijl, PVwﬁGg)] |>

RSl

< (B o ayuu©)0us-1)0uu(sa8) (W (Py, G, Py, 8G3) + Wy ( Py, Gs, Py, 1G-))"))

Using the Minkowski’s inequality, we get:

RS

Mix-SW,(G1, G2) < (Ewwayueust1eusm) Wy (PrdGr, P, tGs)l)

S =

+ (B0, a)u)susi-sus, @) WE (Pr, 4Gs, Py, 1G>)]|)

= MiX—SWp(Gl, Gg) + MiX-SWp(Gg, GQ),

which completes the proof of triangle inequality.

Identity of indiscernibles. When G; = (5, we have directly Mix—SW;’(Gl, Gs) = 0.
We now prove that if Mix-SWP?(G1,Gs) = 0, we get G = G. We first rewrite Py, (¢, ¥)
as a composition of two function i.e., Py, (u,2) = P, o Py(p,%). In particular, Py :

R x STH(R) — R? ie., Py(p,X) = ({u,v), Trace(AlogY)) (V = (v, A)) and P, : R* - R
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ie., P,(x) = (w,z). We then can rewrite mixed Sliced Wasserstein distance as:

Mix-SWE(G1, G2) = By o ayuus)ustsus.@) (WE (P, 4G, Py, iG)]
= Ep st su(s®) [Buwais)WE (Pot PriGr, PuiPyiGy)]]

= Ep st susar) [SWE(PAGL, PriGs)] .

When Mix-SWP(G1,Gs) = 0, it means that SWP(PyiGy, PyiGy) = 0 for U(S™!) @
U(Sq(R))-almost every (v, A). Using the identity of indiscernibles proptery of SW (Bon-
notte, 2013), we have Py#G; = Py4Gy for U(SY) @ U(Sy(R))-almost every (v, A). Let
denote F[PytG;] and F[Py#Gs] as the Fourier transform of Gy and G respectively, we
have F[Py iG] = F[PyiGs] for U(ST1) @ U(S4(R))-almost every (v, A). Moreover, for all

y € R?, we have:

FIPAG(y) = | e 2™ d(PyiGy)(x)

T

€—2i7r(y1 (v,p1)+y2(A,log El>F)dG(l (,Ul , El)

I
—

RIxSTT(R)

/ e—2i7r(<y1v,ﬂl>+<y2A7logEl>F)dG1 (,Uh El)
RIxSTT(R)

sl A0 d( (14, log 4G ) (s, 51)
RexSHT(R)

Fl(1d,1og)iG1](y1v, y2A).

Therefore, we obtain F[(Id,1og)tG1](y1v, y2A) = F[(Id,1og)iGs](y1v, y2A) for U(S) @
U(S4(R))-almost every (v, A). By injectivity of the Fourier transform, we get (1d, log)tG; =
(Id,log)tGs. Since the function f(u, ) = (i, log ) is injective i.e., f~1 (1, ) = (u, exp(X)),

we obtain GGy = G2, which completes the proof.
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A.5 Proof of Proposition

Since P, (1, Y) = wi(v, ) + welog(vVoTXv) is a Borel meansurable, using Lemma 6 in

(Paty and Cuturi, 2019), we have:

WE(PyuiCh, Pt )] = inf / & — yPdmo(z,y)
RxR

WU,TUEH(P’U,’U}ﬁG17P’U,wﬁG2)

= inf

/ | Py (11, 21) = Pouo (2, Bo)[Pdm (111, 21), (pa, X))
rEll(G1,G2) RixSHH(R)xRIx ST (R)

Using the Minkowski’s inequality, we have:

W]?(Pv.wﬂGla Pv.wﬁGQ)] S inf

2p—1 va 72 _Pv.w 72 P
ﬂEH(Gl,G2)) /RdXS;-‘—(R)XRdXS;JF(R) (l . (:ul 1) (MD 0)’

+[ Py (H0; Xo) = Poaw(piz, X2)|P) dry, dr((p1, £1), (p12, X2))

= 2r! (/ | Py (11, 1) — Pow(pho, X0)|PdG1 (11, X4)
RIxSTT(R)

+ / | Py (0, 20) — Py (pi2, X2)[PdG2 (s, E2)> .
RIxSTT(R)

Moreover, from the Cauchy—Schwarz’s inequality, we have:

|Pv4w<,u17 E1) - Pv.w(/JJO, 2O)’
= w1 (v, 1) + walog(v/ v E1v) — wi (v, po) + welog(v/v T 3gv)|

v Y
w1</'bl — Mo, U> + 0511)2 log (UTEIU> ‘
0

/ 9 2 2 v
< wi + w; <:u1 — Mo, U> +0.25 lOg ™

(% ov

ADYRIAN
= — 240.251
\/<” o+ 0z5is (1)

) ) v )2
<A/ olzl = pollz + 0.2510g | max

v v

= \/H,Ul - /LUH% +0.25 log()‘maw(zb 22))2 = d((:ula 20)7 (/L(J? ZO)))
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where A\ (X1, Xo) is the largest eigenvalue of the generalized problem X0 = A¥gv. From

the assumption, we get:

WE(Py G, PowtGa)] < 2071 </R d((p1,%1), (pto, X)) dGy (p1, X1)

dej*(R)

+/ d((M0a20)7(#2,22))%@2(#2722)) < 00,
RIxSTT(R)

which completes the proof.

A.6 Proof of Theorem [2

Symmetry, Non-negativity, and Triangle Inequality. The symmetry, non-negativity,
and triangle inequality of SMix-W can be obtained by following the proof for Mix-SW in
Appendix [A.4] In this section, we focus on the proof of identity of indiscernibles for SMix-

W.

Identity of indiscernibles. When G| = G5, we have directly SMix-WP(G1,Gs) = 0.
We now prove that if SMix-W?(G1,G2) = 0, we get Gy = G5. From the definition of

SMix-W in Definition [3, we have:

SMiX-Wg(Gl, Gg) == E(w,v)wu(S)(@L{(Sd*l) [Wg(Pv,wﬂGla Pv’wﬂGg)}

= E, -1 [SWP((Id, log o/ )4 PG, (Id, log o/ )4 PEGo)].

When SMix-W?(G1, Go) = 0, it implies SWZ((Id,log o\/)§ P3G, (Id,log o\/)§PGs) = 0
for U(S%!)-almost every v. Since log(z) is an injective function, it leads to the fact
that SW?((Id, \/) PGy, (Id, \/)§Pi§G2) = 0 for U(S*!)-almost every v. By the identity
of indiscernibles of SW (Bonnotte, [2013), we have (Id,\/)iP/tG, = (Id,+/)4P/4Gy for
U(S?1)-almost every v with P! (u,X) = ({(v, ), v Xv). Since the square root function also

injective on R*, we have P/#G, = P'#G which is equivalent to P,{Fy = P,iF;, for U(S41)-
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almost every v with P,(z) = (v,z) and F; = f* G and Fy = f % Gy (f is the Gaussian
density kernel). Let denote F[P,tF] and F[P,fF,] as the Fourier transform of F; and Fj
respectively, we have F[P,4F] = F[P,fF,] for U(S*!)-almost every v. Moreover, for all

t € R, we have:

/ 672i7rted(PvﬂF1> (E) — / €f2i7rt<v,z> dFl(SC)
R2

R4

- / e 2N dF, (x) = FIR(tv).

Therefore, we get F[Fi](tv) = F[F|(tv) for U(S?!)-almost every v. By the injectivity
of Fourier Transform, we get F) = F, which leads to G; = G5 due to the identifiability
of finite mixture of Gaussians (Proposition 2 in (Yakowitz and Spragins| 1968)), which

concludes the proof.
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