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While the appearance of vortex zero-energy modes in first-order 2D topological superconductors
is well known, their possibility to appear in higher-order topological phase of 2D systems has not
been completely uncovered yet. Here we demonstrate the coexistence of the zero-energy vortex
modes and topological corner modes in the model of 2D second-order topological superconductor.
The model describes an interface between a normal layer supporting the topological insulating phase
and a superconducting layer, for which different symmetries of the superconducting order parameter
are considered: s±-wave, dx2−y2 -wave, as well as s+ dx2−y2 -wave. The conditions of coexistence of
vortex and corner zero-energy excitations are established and the interaction of vortex modes with
the edge and topological corner modes is studied.

I. INTRODUCTION

The development of the concept of topologically non-
trivial systems has led in recent years to an active study
of higher-order topological insulators and superconduc-
tors (HOTSCs) [1–6]. The spectrum of their both bulk
and edge states has a gap. In turn, topologically pro-
tected gapless excitations arise, being localized at the
boundaries of higher orders, i.e. at corners (corners and
hinges) in 2D (3D) systems [7]. It is important to note
that in case of 2D HOTSCs such states are Majorana cor-
ner modes (MCMs) which possess zero energy and can
be used for the braiding procedure [8–10] as obey non-
Abelian exchange statistics [11, 12], which can be used
for realization of quantum computation [13].
It is well known that Majorana zero modes formed near

the boundaries and Majorana zero modes localized at the
vortex cores correspond to each other in first-order topo-
logical superconductors (FOTSCs) [14]. It is supposed
that existence of one type of such excitations (edge or
vortex) guarantees presence of excitations of the other
type in the same system. The interplay between Majo-
rana edge and vortex states has been extensively studied
in different FOTSCs, such as triplet px + ipy-wave su-
perconductors [15, 16], superconducting structures with
spin-orbit interaction [17, 18], topological insulator and
superconductor heterostructures [19–21], spin-singlet su-
perconductors with noncollinear spin ordering [22] and
others. Considering the vector-potential of the magnetic
field modify the interaction between vortex and edge
modes, since the second Majorana mode (called “exte-
rior”) is localized in this case on the characteristic mag-
netic length from the vortex core hosting the first Ma-
jorana mode [23]. Therefore if the magnetic length is
less than the system size then the vortex and edge states
do not interact with each other. Otherwise, when mag-
netic length exceeds the system size the second Majorana
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mode is localized on the boundaries.
Nevertheless, the concept of such edge-vortex corre-

spondence breaks in HOTSCs. Since the edge spectrum
of HOTSC must be gapped it is natural to expect the
gapped excitations of vortex states from the point of
view of FOTSC. Yet, the coexistence of hinges modes
and zero modes localized on opposite ends of a vortex
line in 3D HOTSC is shown in [24], as well as vortex
and corner modes have been found simultaneously in a
system with the space group P4/nmm in the presence
of superconductivity and antiferromagnetic ordering [25].
Moreover, it has been proposed that bulk-vortex corre-
spondence should be considered to predict existence of
zero vortex modes in HOTSCs [26].
It should be noted that there are proposals of realiza-

tion of HOTSC state in FeTe0.55Se0.45 [27, 28], that is
usually considered as FOTSC [29–31]. There is experi-
mental evidence that helical hinge modes are realized in
FeTe0.55Se0.45 [32]. Moreover, this compound is an ideal
platform to experimentally study the zero energy vortex
modes [31], since the ratio of square of superconduct-
ing gap and Fermi energy, which characterize the energy
of vortex-localized Caroli–de Gennes–Matricon states, is
high (an order of 100 µeV) enough to resolve zero energy
modes by STM. Thus, the problem of coexistence of vor-
tex modes and corner or hinge modes in HOTSCs might
also be considered experimentally.
In the present study we describe the interplay of dou-

ble vortex modes and corner modes in the 2D model
of HOTSC describing an interface between a two-band
normal layer with spin-orbit interaction and a supercon-
ducting layer. Usually, a normal layer is considered as
a topological insulator with gapped bulk spectrum and
gapless edge spectrum [33, 34]. Superconducting pairings
can induce a Dirac mass in the edge spectrum and sup-
port formation of HOTSC state [35]. As it will be shown
in the present study the vortex modes are also gapped
in such regime. Therefore, we focus on the case when
the normal layer has one or two Dirac cones in the bulk
spectrum. In this case superconducting pairings induce
a gap both in the bulk and edge spectra and also lead to
formation of HOTSC state. The difference from the pre-
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vious case here is that such regime supports formation of
single or double vortex-localized modes with zero energy
that coexist with corner modes.

II. HIGHER-ORDER TOPOLOGICAL

SUPERCONDUCTING PHASE

To investigate the possibility of vortex zero modes ap-
pearance in HOTSC we consider the two-level Hamil-
tonian with spin-orbit interaction and singlet supercon-
ducting coupling [33]

H =
∑

fησ

(η∆ε− µ) c†fησcfησ (1)

+
∑

η

η




∑

〈fm〉x,σ

tx +
∑

〈fm〉y,σ

ty +
∑

〈〈fm〉〉,σ

t1



 c†fησcmησ

+iλ
∑

〈fm〉

[
τ̂αβ , efm

]
z
σ̂νη
x c†fναcmηβ

+


∆x

∑

〈fm〉x,η

+∆y

∑

〈fm〉y,η


 c†fη↑c

†
mη↓

+∆0

∑

fη

c†fη↑c
†
fη↓ +H.c.,

where cfησ annihilates an electron with a spin σ on an
A,B orbital (with η = ±1 correspondingly) at a square
lattice site f = (i, j); i, j = 1, ..., N ; ∆ε is an on-site
energy shift opposite for different orbitals; µ is a chem-
ical potential. The intraorbital nearest-neighbor tx,y as
well as next-nearest-neighbor t1 hopping parameters are
of opposite signs for different orbitals leading to the in-
verted bands. The parameter λ defines an intensity of
the interorbital Rashba spin-orbit coupling; efm is a unit
vector pointing along the direction of electron motion
from the mth to fth site. The parameters ∆0,x,y are in-
tensities of the intraorbital on-site and intersite singlet
pairing that results in overall s±-wave superconductivity
in the case ∆x = ∆y or s + dx2−y2-wave superconduc-
tivity in the case of ∆x = −∆y. The Pauli matrices σ̂n

and τ̂n (n = x, y, z) act in orbital and spin subspaces,
respectively.

The elementary excitations of the Hamiltonian (1) can
be classified by spin projections number σ and may be
written in the form

ασ =
∑

f

[
ufσcfAσ + vfσcfBσ + wfσc

†
fAσ + zfσc

†
fBσ

]
.

(2)

The bulk spectrum of the system in superconducting

and nonsuperconducting regime is defined as

εsc =
√
(εnosc ± µ)2 + |∆k|2, (3)

εnosc =
√
t2k + |λk|2,

tk = ∆ε+ 2tx cos kx + 2ty cos ky + 4t1 cos kx cos ky,

∆k = ∆0 + 2∆x cos kx + 2∆y cos ky,

λkσ = 2λ (sin ky − iσ sinkx) ,

This model is known to provide higher-order topolog-
ical phase. In the case sign(∆x∆y) = − sign(txty) and
t1 6= 0 or ∆ε 6= 0 this model supports topological cor-
ner states, induced by the change of the effective mass of
edge states at the corners [33–35].

In the case of t1 = ∆ε = 0 (as it will be discussed in the
next section, zero-energy vortex modes can exist in such
case) the procedure of defining the effective mass of edge
states, carried out previously, is not available, as the non-
superconducting bulk spectrum is not gapped any more.
On the other hand it is obviously that HOTSC phase
must be preserved, since the bulk in (3) and edge su-
perconducting spectrum remain gapped at t1 = ∆ε = 0
(see [34, 35]). To prove the presence of HOTSC phase in
this case one can calculate the polarization of the Wan-
nier bands and the quadrupole (the details of the pro-
cedure can be found in [36] and supplementary materi-
als of [8]), which are the bulk topological indexes and
cannot be changed, until the superconducting bulk gap
or Wannier bands gap closes. The numerical calcula-
tion in the case of |tx| = |ty|, ∆x = − sign(txty)∆y;
µ,∆ε → 0; t1,∆0 = 0 shows the Wannier band polariza-

tion to be (p
ν−

y

x , p
ν−

x

y ) = (1/2, 1/2) along with quadrupole

qxy = 2p
ν−

y

x p
ν−

x

y = 1/2 corresponding to the HOTSC
phase. At |∆0| > |∆x + sign(txty)∆y| these indexes be-

come trivial (p
ν−

y

x , p
ν−

x

y ) = (0, 0), qxy = 0 demonstrating
the trivial superconducting phase.

All the parameter space of the system, which is not
separated from the specified nontrivial point by the men-
tioned above gaps closure, corresponds to the HOTSC
phase providing topological corner excitations. In gen-
eral, there is a combination of two different mechanisms
of HOTSC phase destruction. The first is defined by
the superconducting coupling constants: if one starts
from the noticed before nontrivial point and increases
the ∆0 or changes the ratio ∆x/∆y, then one of the gaps
(bulk or Wannier bands gap depending on the specific
parameters) will close and reopen at critical value (for
∆ε = µ = t1 = 0 it is |∆0| = |∆x + sign(txty)∆y |)
and the system turns into a trivial superconductor. On
the other hand, increasing µ leads to the crossing of the
Fermi contour and ∆k nodal lines turning the system into
the nodal phase (for the parameters taken at the noticed

above nontrivial point it happens at |µ| = 2
√
2|λ|). The

exemplifying phase diagram for the investigated system,
obtained with numerical calculations of the bulk band
gap and topological indexes is depicted on the Fig.1(a).
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III. ZERO-ENERGY VORTEX MODES

FIG. 1. The topological phase diagram in variables chemical
potential µ - on-site superconducting coupling constant ∆0

for the 2D second-order topological superconductor (1). Pa-
rameters are ∆ε = t1 = 0, tx = −ty = 2, ∆x = ∆y = 0.5,
λ = 1.5.

To introduce the superconducting vortex we use the
modification of the superconducting coupling parameters
with the notation:

∆fm(r) = ∆fm exp (il arg [z(Rf)− z(Rm)]) · (4)

· tanh
( |Rf +Rm − 2Rv|

2ξ

)
,

where z(R) = x+iy, ξ is coherence length, l = ±1 for vor-
tex/antivortex, and the vortex is set at the position Rv.
While we use this notation for numerical calculations, the
analytical approach demonstrates, that the precise form
of the superconducting coupling modification does not
matter as long, as it is centrally symmetric vortex-like.
We start our investigation of the zero-energy vortex

modes with the case of ∆ε = t1 = 0 along with |tx| =
|ty| = t. This case corresponds to the gapless bulk energy
spectrum εnosc in (3) in the absence of superconducting
coupling with gap closure at the pair of high-symmetry
points: (0, 0), (π, π) or (0, π), (π, 0) for τ = sign(txty) =
∓1 correspondingly, which are the nodal points of the
spin-orbit interaction.
To obtain the zero-energy vortex modes solution for

the chosen parameters we use the wide-used procedure
[17, 19, 20, 37–39] with one difference: the investigated
system is two-level in our case. We make the expansion
of the energy terms in Eq. (3) in the vicinity of the spin-
orbit interaction nodal points

tk ≈ t sign(tx)cx(k
2
y − k2x) (5)

λkσ ≈ −2λcx(τky + iσkx),

∆k ≈ ∆0 + 2cx(∆x −∆yτ). (6)

with cx = cos k
(N)
x = ±1 referring to different nodal

points. Obviously that τ = −cxcy with cy = cos k
(N)
y .

As the spectrum is linear in quasi-momentum k around
the nodal points we as a first step neglect the quadratic
terms in tk and ∆k. We use the continuum approxima-
tion (kx, ky) → −i(∂x, ∂y) (with distances, measured in
the parameter of the unit cell), and include the modifica-
tion of superconducting coupling to describe the vortex

∆k → χ∆(r) exp(ilφ), ∆(r → ∞) > 0, χ = ±1. (7)

Here (r, φ) are polar coordinates with the origin at the
center of the vortex, and we separate out the sign of the
coupling constant at the nodal point by introduction of
χ. As we are interested in zero-energy modes the final
equations on coefficients (2) take the form




−µ λrσ σ∆∗
rφ 0

−λ∗
rσ −µ 0 −σ∆∗

rφ

σ∆rφ 0 µ λrσ

0 −σ∆rφ −λ∗
rσ µ







uσ

vσ
wσ

zσ


 = 0,

λrσ = 2λσcx exp(−iστφ)

(
∂r −

iστ

r
∂φ

)
, (8)

∆rφ = χ∆(r) exp(ilφ).

As it can be easily checked, these equations separate
at µ = 0 into two pairs, which are equivalent up to conju-
gation along with replacement σ → σ, which represents
that if the ασ is a zero-energy solution, then α†

σ is also a
solution.
The differential equation for uσ(r, φ), zσ(r, φ) parame-

ters can be written in the next form
[(

∂2
r − iστ

r2
+

1

r2
∂2
φ

)
−
(
∆(r)

2λ

)2

− (9)

−
(
d∆(r)/dr

∆(r)
− 1 + lστ

r

)(
∂r +

iστ

r
∂φ

)]
uσ = 0,

zσ = −2λχcx∆(r) exp(iφ(l + στ))

(
∂r +

iστ

r
∂φ

)
uσ.

This equation can be solved in the case of σ = −τl as
an exponentially decreasing (increasing) function corre-
sponding to the vortex-localized (boundary-localized) ex-
citation. However, this equations must be accompanied
with boundary equations to investigate the fate of the in-
creasing solution. Actually, the system of equations has
been extensively studied for FOTSCs [19, 20, 23, 38, 39].
The difference in our case is as follows: Usually it is
supposed for FOTSCs that exponentially increasing so-
lutions corresponds to an edge state, localized on the
boundary (with exception of [23], where it is localized
at finite radius). In HOTSC the edge states are gapped
and there is no such a zero mode counterpart. There-
fore, there is only a pair of vortex-localized zero-energy
excitations in (9) in our case. This solution has the form

[
uσ

zσ

]
=

1√
N

[
1
s

]
F (r), σ = −τl, (10)

F (r) = exp



−
r∫

0

dρ
∆(ρ)

2|λ|



 , s = cxχ signλ,



4

accompanied with a pair of their hermitian conjugated
counterparts (solutions for wσ and vσ). It is seen that
double zero-energy vortex modes appear due to two dis-
tinct nodal points with cx = ±1. Previously, the pos-
sibility of formation of multiply vortex zero modes was
discussed in [39] for crystalline FOTSCs.
One can notice that there is also a mathematical solu-

tion with σ = τl.
[
uσ

zσ

]
=

1√
N

[
exp(−ilφ)
s exp(ilφ)

]
F (r)

r
. (11)

While it has no physical sense at µ = 0, it represents a
necessary additive to obtain a solution for µ 6= 0. Making
the substitution of the combination of the first solution
(10) with a factor f(r) for uσ, zσ and the second solution
(11) with a factor g(r) for vσ, wσ (see Appendix A for
details) one can obtain the final form




uσ

vσ
wσ

zσ


 =

1√
N




J0 (rµ/2λ)
J1 (rµ/2λ) exp(−ilφ)
sJ1 (rµ/2λ) exp(ilφ)

sJ0 (rµ/2λ)


F (r),(12)

with σ = −lτ . It can be concluded that there are zero en-
ergy vortex modes only with one spin projection σ defined
by the vortex vorticity sign l. So at finite µ the system
still provides two zero-energy vortex-localized excitations
and their two hermitian conjugated counterparts, corre-
sponding to two nodal points, at which the nonsupercon-
ducting bulk energy spectrum (3) is gapless.
According to (12) the existence of the zero-energy vor-

tex modes at ∆ε = t1 = 0, |tx| = |ty| is insensitive to the
precise values of spin-orbit interaction λ, chemical po-
tential µ and superconducting couplings ∆0/x/y (apart
from the case of ∆k to be zero at nodal points), which is
confirmed with the numerical calculations.

IV. COEXISTENCE OF ZERO-ENERGY

VORTEX AND TOPOLOGICAL CORNER

MODES

Now we return to the generalized form of tk in (3) with
unrestricted parameters tx, ty, ∆ε, and t1, and make the
expansion up to quadratic terms in kx,y

tk ≈ ε̃− tcx sign tx(k
2
x − k2y)− (13)

− sign tx(cxδt− 2t1 sign ty)(k
2
x + k2y),

ε̃ = ∆ε+ 2 sign tx(2cxδt− 2t1 sign(ty)),

t = (|tx|+ |ty|)/2, δt = (|tx| − |ty|)/2.

The first term ε̃ in tk (13) opens a gap in the spectrum
εnosc at a nodal point and gaps out the vortex modes
(12). It is easy to see that size of the gap of the vortex
modes ∼ ε̃. The second term in the continuum limit
contains a combination of differential operators, which
does not influence on the zero-energy solution (12) due

to its specific dependence on φ, justifying neglecting this
term previously in Eqs (8) (see Appendix B).
Meanwhile, the effect of the third term is nonzero.

Consequently, the vortex modes remain gapless, if both
first and third terms in (13) are zero leading to the con-
dition

t1 = cxδt sign ty/2, (14)

∆ε = −2cxδt sign tx.

It is seen that for |tx| = |ty| = 0, δt = 0 we get ∆ε =
t1 = 0, the case of which is considered in the previous
section.
The parameter ratio (14) represents the condition of

appearance of zero-energy vortex modes in the system.
To obtain coexistence of topological corner modes and
vortex zero modes this condition must be satisfied with
the conditions of HOTSC phase formation. As it was
mentioned in section II, the necessary condition for the
topological corner modes to be realized is sign(∆x∆y) =
− sign(txty) ≡ −τ . It should be noted that such restric-
tion is absent for the vortex zero modes. Therefore, if the
equality (14) along with sign(∆x∆y) = −τ are satisfied,
then the coexistence of HOTSC state and zero-energy
vortex modes is characterized by the following conditions
for the other parameters: 1) chemical potential µ can not
lie in the nodal phase (see Fig. 1), where the bulk spec-
trum εsc in (3) is gapless and corner, as well as vortex
excitations are mixed with the bulk ones (this interval
of µ is mainly determined by the spin-orbit coupling pa-
rameter λ); 2) we can increase superconducting coupling
constant ∆0 from zero value or change the ratio ∆x/∆y

starting from the point −τ until the bulk or Wannier
bands gaps are not close (after reopening one of these
gaps the topological corner excitations disappear, as it is
seen from the topological phase diagram in Fig. 1, while
the vortex zero modes still exist).
The energy spectrum in the presence of corner zero

modes and double vortex modes for parameters ∆ε =
t1 = 0, tx = −ty = 2, ∆x = ∆y = 0.5, λ = 1.5, ∆0 = 0,
µ = 0.5 is shown in Fig. 2(a).
It has to be noticed, that in the case of |tx| 6= |ty|,

δt 6= 0 and satisfying the relations (14) the bulk non-
superconducting energy spectrum εnosc in (3) is gapless
only at one nodal point, while the gap at the second
nodal point remains finite. Therefore, only single zero-
energy vortex mode can exist at |tx| 6= |ty|. The energy
spectrum for this case and parameters δt =, τ = −1,
∆x = ∆y = 0.5, λ = 1.5, ∆0 = 0, µ = 0.5, and t1, as well
as ∆ε determined from the relations (14) is presented in
Fig. 2(b).
To examine the interaction between corner and vortex

zero modes we calculate the spectrum of the finite square-
shaped system with different positions of the vortex core:
in the bulk, near the edge and near one of the corners.
The interaction of the vortex modes with the boundary,
when the vortex core is approaching the edge, leads to
the appearance of the gap in the vortex modes spectrum
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FIG. 2. a) The energy spectrum of the square-shaped system at ∆ε = t1 = 0, tx = −ty = 2, ∆x = ∆y = 0.5, λ = 1.5, µ = 0.5,
∆0 = 0 (green point in Fig. 1) with a vortex located at the center of the system and characterizing by l = 1, ξ = 4. Blue dots
correspond to the topological corner modes, red dots — to the vortex zero modes. b) The energy spectrum corresponding to
formation of the single vortex mode instead of double vortex modes as in a). Parameters are tx = 2, ty = −1.8; t1 = −0.05 and
∆ε = −0.2 are obtained from the relation (14), the other parameters are the same as in a). c),d) The corresponding spatial
distributions of corner and vortex excitations for the parameters in a), red dashed line depicts the circle of radius ξ around the
vortex center.

(Fig.3). Although the spectrum of the vortex modes be-
comes gapped, the topological corner excitations remain
gapless even when the vortex core locates at one of the
corners. Similar result is obtained in [24] when a vortex
line approaches to hinges of 3D HOTSC.

V. SUMMARY

We investigated the possibility of appearance of zero-
energy vortex-localized excitations in the 2D second-
order topological superconductor. To obtain the result
we used the two-orbital model, which is known to pro-
vide topological corner states, with spin-orbit interaction
between different orbitals and superconducting coupling
with the enhanced s-wave or s+dx2−y2-wave symmetries.

We analytically demonstrated, that if the bulk energy
spectrum in the absence of superconducting coupling is
gapless and has Dirac cones, then there can appear one or
two zero-energy vortex-localized excitations in the pres-
ence of superconductivity, according to the number of the

initial Dirac points. The vortex excitations have only one
spin projection defined by the vortex vorticity l = ±1.
Contrary to the first-order topological superconductors,
there is no boundary-localized zero-energy counterpart
for the vortex-localized modes, as the edge spectrum is
gapped.

It was shown that different regimes in the parameter
space of the considered model can be realized: HOTSC
phase with the only topological corner modes, the region
with the only zero-energy vortex modes (double or sin-
gle), the region of coexistence of such vortex-localized
and corner-localized excitations, and the trivial phase
where any zero-energy localized excitations are absent.
The analytically obtained results were confirmed by the
numerical study of the finite-size lattice. The coexistence
of the topological corner and zero-energy vortex exci-
tations was shown for the predicted parameters in the
case of the vortex core locating away from the bound-
aries. If the vortex core approaches the boundary, then
the vortex-localized excitations become gapped due to
their interplay with the boundary modes. Meanwhile, all
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FIG. 3. Dependence of excitation energy of the square-shaped
2D topological superconductor on the vortex position, which
moves through the closed path: bulk center (B) → corner (C)
→ edge center (E) → bulk center. Red line - vortex modes
with minimal energy, blue line - topological corner modes.

topological corner excitations remain gapless even in the
case of vortex core located at one of the corners.
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Appendix A: Zero-energy vortex modes at finite µ

The combination of solutions with allowed r-dependent
coefficients for σ = τl may be written in the form




uσ

vσ
wσ

zσ


 =

1√
N




f(r)
g(r) exp(−ilφ+ iθ)
sg(r) exp(ilφ+ iθ)

sf(r)


F (r),(A1)

Substitution this anzats to (9) reduces them to a pair of
equations

∂rf(r) = βg(r), β =
µ

2λ
τlcx exp(iθ),

∂r(rg(r)) = −βrf(r). (A2)

In the case µ = 0 this leads to f(r) = const, g(r) =
const/r. Otherwise this pair of equations reduces to the
recurrent relations for Bessel functions

(
1

x

d

dx

)m

[xnJn(x)] = xn−mJn−m(x), (A3)

with x = βr, n = 0, 1, m = 1, if β is real, thus leading to
the final form of the zero-energy excitation (12).

Appendix B: Kinetic operators extension

The second term of (13) in the continuum limit con-
tains the differential operator combination

(∂2
x − ∂2

y) = cos 2φ

(
∂2
r − ∂r

r
−

∂2
φ

r2

)
+ (B1)

+ 2
sin 2φ

r

(
∂φ
r

− ∂r∂φ

)
.

Obviously, due to specific φ dependence its effect on zero-
energy vortex solutions (12) Ψ†(∂2

x − ∂2
y)Ψ = 0. Mean-

while the third term

(∂2
x + ∂2

y) = ∂2
r +

∂φ
r

+
∂2
φ

r2
, (B2)

has no such dependence, thus leading to the finite gap, if
it is present in the Hamiltonian.
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