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LINEAR CONVERGENCE OF PROXIMAL DESCENT SCHEMES ON
THE WASSERSTEIN SPACE

RAZVAN-ANDREI LASCU, MATEUSZ B. MAJKA, DAVID SISKA, AND LUKASZ SZPRUCH

ABSTRACT. We investigate proximal descent methods, inspired by the minimizing move-
ment scheme introduced by Jordan, Kinderlehrer and Otto, for optimizing entropy-
regularized functionals on the Wasserstein space. We establish linear convergence under
flat convexity assumptions, thereby relaxing the common reliance on geodesic convexity.
Our analysis circumvents the need for discrete-time adaptations of the Evolution Vari-
ational Inequality (EVI). Instead, we leverage a uniform logarithmic Sobolev inequality
(LSI) and the entropy “sandwich” lemma, extending the analysis from |27, [12]. The ma-
jor challenge in the proof via LSI is to show that the relative Fisher information I(-|r)
is well-defined at every step of the scheme. Since the relative entropy is not Wasserstein
differentiable, we prove that along the scheme the iterates belong to a certain class of
Sobolev regularity, and hence the relative entropy KL(:|w) has a unique Wasserstein
sub-gradient, and that the relative Fisher information is indeed finite.

1. INTRODUCTION

We consider the problem of minimizing an entropy-regularized flat-convex function

(1.1) min  F7(u), with F7(u) = F(p) + o KL(u|r),
peP2(R)

over the Wasserstein space (Pg(Rd), Wg), where F : Py(R?) — R is a function bounded
below on Pa(R?), ie., inf,cp,ra) F(p) > —oo, m € Pa(R?) is a reference probability
measure, ¢ > 0 is a regularization parameter and KL is the KL-divergence (relative
entropy). Such optimization problems are motivated by many applications in data science
and machine learning, including the task of training two-layer neural networks (NNs) in
the mean-field regime [26, [13, 24, 130, 134], generative modeling [18, 2] and reinforcement
learning [22, 140].

In this work, we tackle (ILT]) from the perspective of discrete-time stepping schemes by
proposing the following Jordan—Kinderlehrer-Otto (JKO)-based optimization methods:
proximal point, prox-linear and proximal gradientE for which we prove linear convergence
to the minimizer of F°, without requiring that I is geodesically convex. For 7 oc e7Y
with a sufficiently regular potential U : R? — R and F = 0, given a step-size 7 > 0 and
starting from p° € Py(R?), the JKO scheme, also called minimizing movement scheme or
proximal descent in the Wasserstein space, was originally introduced in [20] and constructs
a sequence (p"), .y C P2(R?) by the update rule

1
(12) 4™ = argmin {aKwa) +ne m>} ,
PEP (RY) 27
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'We maintain the terminology used for analogous methods in finite-dimensional optimization; see e.g.
[14,129]. Indeed, our naming convention is justified since the JKO step (I.2]) can be viewed as a proximal
operator on the Wasserstein space (P2(R%),W,).
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where W is the L?-Wasserstein distance. Note that, by replacing 7 in (L2) with e =V
for some function f : R? — R, and normalizing appropriately, (L2)) covers optimization
problems for functions of the form F7(u) = [o. fdu+ o KL(ule™Y).

Numerical methods for implementing the JKO scheme (L2]) were proposed in [19, 4].
A survey of these methods is also included in [33, Section 4.7]. Moreover, if the initial
measure 4° and the target measure 7 are both Gaussian, it is showed in [38, Section 3;
Example 5] that the update step in (L2) can be computed in closed form. Note that,
however, these works do not cover the case of non-linear F'.

1.1. JKO-based stepping schemes. A natural approach to solving (LL1]) for a general
F' is to start with the proximal point scheme

(13) st = anguin { F(0) + 0 KL) + 5 W(e )}
pEPs (RY) 27

However, this scheme requires one to solve, at each step, a convex but nonlinear minimiza-

tion problem and hence is mostly of theoretical interest. Its advantage on the theoretical

level is that it lends itself to a clean convergence proof with fewest regularity assumptions,

which is why we include analysis of this scheme.

A more practical scheme can be created by linearizing F' around p" and leveraging
the fact that the Wasserstein penalty term W3 (u, u") ensures that the linearization is
accurate enough, provided there is appropriate regularity of F. Thus, we define the
prox-linear scheme

n : 5F n n 1 n
)t = argmin { [ S8 G )0 - ) (a0) + 0 KL + W2}
pePy(®d) (Jra Opt 27
Since the map p fRd 5 (u", z)p(dx) is linear, by replacing 7 in (L2]) with appropriately

g
normalized e p 70 , we see that (L2)) covers (L4) as a special case (cf. the remark

below (L2))). In other Words, one could view (4] as corresponding to ([L2) with a

SF
relative entropy of the form KL(u|®[u"]), where ®[u"] oc e’ o)=Y Thus, (4] can
be implemented numerically as discussed in [33, Section 4. 7] More recently, [35] proposed
an algorithm for solving (I4) in the case where F(u) = 3 [ou [pa W p(dz)p(da’),
for an interactive potential W : RY x R? — R that satlsﬁes Wz, :U) = W(az x), for all
r, 7" € R Several numerical experiments were performed but no convergence rates for
the algorithm were proved.

Another natural approach is to consider the proximal gradient algorithm, which in our
context translates to updating p™ by a pushforward, which in fact we will show is an
optimal transport map for F' regular enough and sufficiently small 7, and updating the
resulting measure via a JKO step. Thus, the proximal gradient scheme is

Y = (I = 7V, F(u "><->>#m,

1 = argnin { KL(u) + W) |
pEP2(RY)

(1.5)

A proximal scheme related to (LH) was recently introduced in [31] for the case where
F = 0in (I). This method splits KL(u|m) into the sum of [,, Udp and the entropy
H(p) (cf. Subsection 2.1]) and then implements a gradient descent step on U and a JKO
update step for H, see the discussion in Section [L.4] for more details.

It is worth emphasizing that an “explicit” scheme in which both F' and KL(:|r) are

linearized around u™ is not expected to converge due to the non-smoothness of the relative
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entropy in the Wasserstein space [38, Subsection 3.1.1]. Recently, [39] provided two
counterexamples for which updating p" by the pushforward

p't = (Ig — 7V, KL(k"|7)) , 1",

fails to converge for u° and U appropriately chosen.

Utilizing techniques from optimal transport and the theory of gradient flows on the
space of probability measures, we prove that the iterates (u"),en generated by each of the
schemes (L3), (L4) and (LX) converge linearly to the minimizer of F'?. A notable aspect
of our proof is the application of the uniform LSI and a “sandwich” entropy lemma, which
makes our work a discrete-time counterpart to [27, [12].

1.2. Connection to the Wasserstein gradient flow. As 7 — 0, schemes (L3)), (L4)
and (L3) are expected to recover the Wasserstein gradient flow of F'?, given by

OF
(1.6)  Ou=V- ((Va(u, )+ O'VU) M) + AR, ptle—o = € Py(RY).
In continuous time, there are two potential approaches to show that (ILG) converges with
rate O(e™ "), for k > 0, to the minimizer p* of F?. The appropriate approach depends
on F.

On the one hand, assume that F' is geodesically convex and U is [-strongly-convex for
£ > 0. Then F? is op-geodesically convex, which implies that
0F° . o .

(he, ), T)ir — 1L + —5W§(ut,uo)7
5[L 2 d 2
L3, (RY)

Fo(s) — Fo(u) > <v

where T, [ZE’ : R? — R? is the optimal transport map from g, to u, provided that it exists.
Furthermore, by [1, Lemma 8.4.7] applied to (L), it holds that

1d
2dt

o

) i *
WS(”U”U) =V (Mta')aT;Zo —Iq .
op L2, (R4)

Hence one obtains the following Evolution Variational Inequality (EVI, cf. [1, Theorem
11.1.4))
s Ve e p5) < = (F7 () = F7(15)) = Wi (s 15),
which implies convergence of (L) to u in the Wasserstein distance with rate O(e=7%).
On the other hand, assume that F' is flat-convex, which implies that

(1.7 Fli) = Fu) = [ St s = (o)

and assume that the proximal measure ®[u] o e "5 )7V gatisfies the log-Sobolev

inequality (LSI) with a constant 6 > 0 for any pu € Po(R?). By (L), we obtain

(1.8) F () — F7(pg) < o KL | @[pae]),

which is the right-hand side of the “sandwich” entropy lemma (Lemma 7). Then via
the arguments in 27, [12] using the LSI and (L8], we have

L) = F7(2)) = —0*I(ua|®lr]) < —200° KL(pr B[]

dt
< =200 (F7 () — Fo(u2)) .



Hence, convergence of (IL6) to uf with rate O(e=2%?") is obtained from Gronwall’s lemma.

In this setting, the same rate of convergence in the Wasserstein distance then follows
immediately from Lemma 2.7 and Talagrand’s inequality since p = ®[u%].

We stress that the proof strategy via EVI fails if F' is not geodesically convex, and
that there are examples of applications where the assumption of geodesic convexity is
not satisfied, while flat convexity holds (cf. Example B3]). Motivated by this, in the
present paper we adapt the proof via LSI and the “sandwich” entropy lemma to discrete-
time stepping schemes, and prove linear convergence of (L3]), (IL4)) and (L.3) to . In
particular, our proof only requires the notion of flat convexity of F' instead of more
restrictive geodesic convexity.

A related line of research focuses on establishing LSIs for particle approximations of
the mean-field Langevin dynamics (L6). This has received significant attention lately
with positive results [11, 137, 25].

1.3. Our contribution. We propose JKO-based methods for solving the mean-field op-
timization problem (II]). Our contribution can be summarized as follows:

e In Theorem B.1] [6.1], [.2] we prove existence and uniqueness of the minimizer for
each scheme (IL3), (IL4) and (LH), respectively.

e In Proposition (.3 6.3] [C4, we prove that along the iterates generated by these
schemes the relative entropy KL(:|7) admits a unique Wasserstein subgradient,
and hence, in Lemma [£.4] [6.4] [Z.5 we show that the iterates satisfy first-order
optimality conditions.

e Finally, our main contributions are Theorem B.1]and Corollary [3.2 where we prove
linear convergence of (L3)), (L4)) and (LI) to the minimizer ) of F7, with respect
to Fo(-) — Fo(u}), KL(-|u2) and W3(-, p). In particular, we show that for each
of the schemes there exists x > 1 such that

0 < Fo(u") = F7(uy) < w7 (F7(u°) = F7 ()
for all n € N.

1.4. Related works. As discussed in the first part of the introduction, [31] considered
the case where FF' =0, 0 = 1 and 7 o< e~V in (ILT)), with U strongly convex, Ly-smooth
for some Ly > 0, and the proximal scheme
v = (Ig = TVU) , p",

(1.9) " = argmin {H (1) + isz(u, V"“)} :

peP)(R) 27
with step-size 7 > 0 and starting from p° € Py (R?), where H is the entropy (cf. Z1)).
Given that 7 < L', it is proved in [31, Corollary 11] that the iterates (u"),en generated
by (L) converge with linear rate with respect to u — W3 (u, 7) by establishing a discrete-
time variant of the EVI (see |31, Proposition 8]). One of the key ingredients in [31] for
proving the EVI is the geodesic convexity of fRd Udy, which follows from assuming strong
convexity of U.

As we have already mentioned, for problem (IL1I) the approach via EVI fails since F’
is not necessarily geodesically convex. Hence, we prove convergence of (L3), (L4]) and
(LH) with linear rate via the LSI and the entropy “sandwich” lemma. We work under
the assumptions that F' is flat-convex and U is strongly-convex. Moreover, since the JKO
step in (L) uses the relative entropy KL(-|7) instead of the entropy H, Ly-smoothness

of U is not needed.
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The setting of [31] was extended in [23] by assuming that U is non-convex but expressed
as U = U, — Uy, where Uy, U, : R* — R are convex, have quadratic growth and U, is
Ly,-smooth, for some Ly, > 0. In this setup, the proximal scheme considered in [23] is

= (Id + TVU2># Mn,

1
" = argmin {/ Up(z)dz + H(u) + ZWS(M’ Vn+1)} ’
R4

HeEP; (RY)

(1.10)

with step-size 7 > 0 and starting from px° € P3(R?). Under the assumption that
7 oc e~ (U1=U2) gatisfies LSI, it is proved in |23, Theorem 4.5 (ii)] that the iterates
(1")nen generated by (LI0) converge with linear rate with respect to u +— KL(u|m)
and p — W32 (u, 7). However, to apply the results from [23], one would need to verify
that 7 oc e~ (1=U2) indeed satisfies LSI, which is not immediate, and may require addi-
tional conditions on U; and U;. Although in our setting the potential a‘lg—i(u, )+ U

—16F
is also non-convex, we rigorously show that the proximal measure ®[u] o< e Vo w)=U

satisfies LSI for any u € Py(R?) due to the Holley—Stroock criterion.

Moreover, the existence and uniqueness of the minimizer for the JKO step in (L3
and (CI0) are just postulated as assumptions in both [31, Assumption B2] and [23,
Assumption 1 (iv)], respectively. In contrast, we provide a fully rigorous proof of the
existence and uniqueness of the minimizer for each of our schemes (L3)), (I.4) and (L.3).

We also cover the issue of Wasserstein sub-differentiability of the relative entropy
KL(:|7) at every step of each scheme (L3]), (I.4)) and (L5]). Since the relative entropy
is not Wasserstein differentiable (but only Wasserstein sub-differentiable), one needs to
prove that along each scheme the iterates belong to a certain class of Sobolev regularity,
and hence the relative entropy KL(-|r) has a unique Wasserstein sub-gradient at y given
by V log i—‘;. Moreover, within this class we are guaranteed that the relative Fisher in-
formation is finite. These two points, namely existence of unique minimizers for scheme
steps and Wasserstein differentiability are in fact technically the most challenging steps
of all our convergence proofs.

2. PRELIMINARIES AND ASSUMPTIONS

In this section, we introduce the necessary notations and assumptions used throughout
the paper, and recall some definitions and results.

2.1. Notation. By P,(R?) we denote the space of probability measures with finite second
moment. We equip Py(R?) with the 2-Wasserstein distance W, and as it is common in
the literature we refer to the metric space (PQ(Rd), Wz) as the Wasserstein space. Let
B(R?) denote the Borel o-algebra over R?. For any measures i, v on (R%, B(R%)) , we write
u < v if p is absolutely continuous with respect to v. The set of absolutely continuous
measures in Po(R?) with respect to v is denoted by Py(R?) = {p € Po(RY) : p < v}.
We denote by A the Lebesgue measure on R? For any measures u,v € Po(R?), the
map T}, : R? — R? denotes the optimal transport map from p to v. Let p € {1,2}.
For any ;1 € Py(R?), let (Lﬂ(Rd), | - ||Lﬁ(Rd)) be the space of B(R?)-measurable functions

f: R? = R? such that || f||p e = (fr |f(x)|p,u(d:p))% < 00. Note that the identity
map Iy : R? — R?, given by I(z) = x, for all z € R?, is an element of L2 (R?). For
any 1 € Po(R?), we denote by (-,-) 12(re) the inner product on the space Lz(Rd). Let

WiP(R?) be the weighted Sobolev space of B(R?)-measurable functions f : RY — R?
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such that f € LE(R?) and V f € LI(RY). Let W, .(R?) be the Sobolev space of B(R?)-
measurable functions f : R* = R? such that f € L} ,.(R?) and Vf € L} ,,.(R?). For any
f,g: R* — R4 the composition fog:R?— R? is denoted by f(g).

For the Lebesgue measure A on R%, the entropy H : Py(RY) — [0, 00] is given for any
4 € Po(RY) by

(0] dp x T A d
(2.1) H(p) = {{_Rgi g g5 (@)u(dz), ,uelie?% (R%),

For m € Py(RY), the relative entropy KL(:|m) : Po(RY) — [0, 00] with respect to 7 is
given for any p € Py(R?) by

KL (u|7) == {fRd log j_ﬁ(x)ﬂ(d@a p € PF(RY),

400, else,

and the relative Fisher information I(:|7) : Po(R?) — [0, c0] with respect to 7 is given
for any p € Po(RY) by

2

() = fRd ‘Vlog S—Z(x)‘ p(dz), p € PF(R?) and g—ﬁ € WHA(RY),
00, else.

Assumption 2.1 (Flat-convexity of F'). Assume that F € C' (cf. Definition [B.1)) is

convex on Py(R%), i.e., for any u/, u € Po(R?), it holds

F(u!) — F(u) > / d ﬁ—fm, D) - p)(da).

Assumption 2.2 (Lipschitzness and boundedness of the flat derivative). Assume that
F € C! and there exist Cp, Ly > 0 such that for all p, i/ € Po(R?) and all 2,2’ € RY, we
have

OF oF
(2:2) 5 W) = 5 o) < L (2 = 2] + Wa(id' 1)),
oF
2.3 — < Cp.
(2 )| <Cr
Assumption 2.3. Assume that 7(dz) oc e"Y®dz for a continuously differentiable func-

tion U : R? — R such that:
(i) U is bounded below and has at least quadratic growth, i.e.,

(2.4) essinf U(z) > —oo and liminf Ulz)

reR4 T—00 |Jj“2

> 0,

(ii) U is ay-strongly convex, i.e., there exists ayy > 0 such that for all ,y € R?, it holds
(2.5) aylr —y* < (z —y) - (VU(z) - VU(y)),

Assumption 2.1], and are standard in the mean-field optimization literature;
see e.g. [17, 127, 12, 9]. In particular, the last two allow us to establish existence and
uniqueness of the minimizer of ([LI]).

Proposition 2.4 (|9, Proposition 1]). Let Assumption[Z2 and (24) in Assumption 2.3
hold. Then F° admits a unique minimizer ' € Py (R?) given by

1 «
() = et K050y
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where Z (1) is a normalization constant.

Next, we recall the definition of the so-called proximal Gibbs measure which is a crucial
ingredient in proving convergence via LSI.

Definition 2.5 (Proximal Gibbs measure; [27, [12]). For any u € Ps(R%), define the
operator ® : P} (R?) — Py(RY) by
1 146F
(2.6) O[p](dx) = ¢ o o )@ g
Z(n)
where, for each p € Py (RY), Z (1) is a normalization constant. We call ®[u] the proximal
Gibbs measure.

It follows via (2.5]) in Assumption 2.3 and the Bakry— Emery criterion [3], that 7 satisfies
the LSI with constant ay > 0. This fact together with (2.3) in Assumption 2.2 and the

4Cp

Holley—Stroock criterion [16] imply that ®[u] satisfies the LSI with constant aye™ "=,
i.e., for any p € P (R?), it holds

(2.7) KL <M)CI)[,M]) < ;i]( ‘CD )

Furthermore, according to [28], since ®[u| satisfies (2.7, it also satisfies Talagrand’s
inequality, i.e., for any u € Py (R?), it holds

4aCp
2e
(2.8) WE (1 @[u]) < =KL (ps|[])
U
We also highlight that u} satisfies both (27) and (Z8) since u’ = ®[u}].

Remark 2.6. Condition (2.3)) in Assumption 2.2 that is used for the Holley-Stroock crite-
rion could be relaxed into Lipschitz continuity of the map z — & (u, x) uniformly over p.

Under this assumption, according to |8, Theorem 2.7 (2)], we obtam an upper bound on
the log-Sobolev constant of ®[u]. Thus, our results will still hold if we replace aUe_wTF

by that upper bound.

Using Assumption 211 [27, 12] proved the following entropy “sandwich” lemma, which
provides bounds for the distance between F” and the minimum value F'7(u}).

Lemma 2.7 (|27, 12]). Let Assumption 2.1, 2.2 and (2.4) in Assumption [2.3 hold. Let
wi € P (RY) be the unique minimizer of F°. Then, for any p € Py(R?), we have

o KL(p|pg) < F7(p) = F7(pz) < o KL(u|®[u]).

It is worth stressing that for proving linear convergence of (L3), (L4)) and (LH), it
suffices to show that for each scheme, there exists x > 1 such that

Fo(u") = F(pg) < 57" (F7(0°) = F (7))
for all n € N, where ("), are the iterates generated by (L3), (L.4) and (L3]), respec-
tively. Then convergence with respect to p +— KL(u|ps) and p— Wi (u, 1) will follow
immediately from Lemma [2.7] and Talagrand’s inequality (2.8). The dependence of other
constants on x will be made explicit in the statement of the convergence result.
The following standard assumptions are concerned with the Wasserstein regularity of

F, in particular the existence of its Wasserstein gradient understood as the Euclidean

gradient of the flat derivative, and the Lipschitz continuity of the Wasserstein gradient.
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Assumption 2.8 (Wasserstein differentiability of F'). Assume that, for any p € Py(R?),
the function R? > x g—i(u, x) € R is differentiable,

(i) there exists C} > 0 such that )Vg—i(u, SL’)) < Cf, for all (u,z) € Po(R?) x RY, and
(ii) the derivative Po(RY) xR 3 (pu, z) — V‘;—i(ﬂ, z) € R%is jointly continuous in (u, x).

Under Assumption 2.8 by [7, Proposition 5.48; Theorem 5.64], it follows that F' :
Py(RY) — R? is Wasserstein differentiable at u € Py(RY) (cf. Definition [B.4) and

V(1) () = Vi (1, ).

Assumption 2.9 (Lipschitzness of the Wasserstein gradient). Assume there exists L} >
0 such that for all u, ¢/ € Po(RY) and all 2,2’ € RY, we have

IV E (W) (") = VuF () ()] < L (Jo" — 2] + Wa(i', 1)) -
3. MAIN RESULTS

In this section, we present the main convergence results. There are three groups of
auxiliary results on which the convergence proofs are built, each corresponding to one
of the schemes (L3), (L4) and (LH), but these are deferred to Appendix Bl [ and [7]
respectively. Before we state the main results, we first outline the general proof steps
applicable to all schemes:

(1) Modifying the argument in the proof of [20, Proposition 4.1], we prove that given
p™ € Py (RY), each scheme (L3), (L4) and (LH) admits a unique minimizer p" ! €
Pr(RY).

(2) Then, leveraging results that connect the metric slope of the relative entropy and
the relative Fisher information, we prove that, for each scheme (L3)), (L4) and

(L5),

d
pte e = {m € P5(RY) : ik

e Wi (), [ wﬂm} |

dm

dm dm

Hence, by Theorem [A.5 we conclude that the relative entropy KL(:|7) has a
unique Wasserstein subgradient at "', and it is given by V log %.

(3) As a consequence of the previous result, we prove first-order optimality conditions
for each scheme (L3)), (L4) and (L3). The optimality conditions enable us to
connect the Fisher information relative to the proximal measures ® given by (2.6])
with the Wasserstein distance W3 (™, u™).

(4) Finally, for (L3), the convergence proof is concluded via the LSI and Lemma 271
For (L4)) and (LA), the proofs are concluded in the same way as for (L3]) but

they also require smoothness of F relative to Wi (u™*!, u™), and convexity along
(generalized) geodesics of KL(:|m).

Theorem 3.1 (Linear convergence of the schemes (L3), (L4)), [LH). Let Assumption[2]],
23, 2.3, 238 hold. Let u° € Py (R?). Then

(i) for the iterates (u"),~, of (L3), we have
Fo(u™) — Fo (i) < (1 + e—“cTFmaUy" (F7(u) — F7(u2)) , for alln € N.
(it) Let Assumption[ZQ hold. If T < 7, then for the iterates (u™),~, of (L), we have
F =

Toay (1 —27L%
1+ (7L})?

P - P < (1 ) () - o) Joraltn € T



(iii) Let Assumption[2.9 hold. If T < i, then for the iterates (u™),~, of (L3), we have

toay (1 —7L%) _acp\ " 0
FO' n _ FU * < 1 pe Fo- o FO— * .
(1") (1y) < ( + 1+ 4(rL})? e (F7(u") (1)), for alln € N

As mentioned in Section 2], once we have Theorem Bl the convergence with respect to
p— KL(u|pt) and pp— W3(p, pi) follows from Lemma 27 and the Talagrand inequality

Corollary 3.2 (Linear convergence in KL and W3). For k > 1 corresponding to each
rate in (i), (1) and (iii) in Theorem[31], we obtain

* 1 —n o o, %
KL (" |ig) < —n7" (F7(1°) = F* (1)) and

4Cp

277

W3 (", ) < K" (F7(u°) = F2 (i), for alln € N.

We finish this section by considering the example of an L?-loss function for a two-layer
mean-field NN and showing that, under regularity conditions on the activation function,
the loss function satisfies Assumption 2.1] 2.2] 2.]]

Example 3.3 (Two-layer mean-field neural network; [17]). Let v be a compactly sup-
ported measure representing the training data (y,z) € R x R4! let (w,b) € R™! x R
be the parameters of the neural network and let ¢ : R — R be a bounded, continuous,
non-constant activation function.

For z == (w,b) € R? and z € R%"!, define the function ¢(xz,2) = £(b)o({w, 2)), where
¢ :R — [-K, K] is a clipping function with clipping threshold K > 0. The training of
the two-layer neural network aims to find the optimal set of parameters {z;}¥, which
minimize the non-convex L?-loss function

N
1
31 F = —_ — D is
(3.1) wloran) = [ P

Instead of the non-convex minimization problem (B.1I), we consider the mean-field opti-
mization problem

ayo

2

v(dy,dz).

min  F(u), with F(u) = [ |y —EX*[@(X,2)]|" v(dy, d2).
pePs(R) R?
Observe that by linearity of the expectation in p and convexity of | - |2, the function F
satisfies the flat-convexity condition F((1 —e)p +eu') < (1 —e)F(u) + eF (1), for any
w, i € Pa(RY) and any € € [0, 1]. Hence, by [17, Lemma 4.1], F satisfies Assumption 211
We stress that F'is not geodesically convex in the Wasserstein space. If it were, then
this would require Fy to be convex, which is clearly not the case (see also [10, Remark
3.4] for more details).
Assume that V¢, V2, V¢, V2{ are bounded and continuous. Then
OF
Flna) == [ (= EY R0 ) oo o ),

VuF()a) = = [ (= EXHHX)]) Vapla, 2vldy, o),

and a straightforward calculation shows that F' satisfies Assumption 2.2 2.8 2.9, In view
of Remark (26]), note that the clipping function ¢ is not needed if Lipschitz continuity

of the map = — 5—5(%:5) uniformly over p is assumed instead of condition (Z3) in

5
Assumption 2.2
9



Before we give the proof of Theorem [B.I], for convenience, we give a short calculation

that we will repeatedly use in the proof. For F' satisfying Assumption 2.8, 7 oc e7Y, any

p € Po(RY) and any p' € Py (RY), it holds

du’ oF dp/
V. F(1) + 0V log 2= = Vi (41, ) + 0V log =

dr o dr
(32) , ,
= —oVlog e 7)) 4 gy log i’ = oV log du
dr dd[u]’

where the last equality follows from (2.6]).

4. PROOF OF THEOREM [3.1]

4.1. Proof of (i). First, note that by Proposition 53] the iterates (u"), .y C €. Since
™t € € is a minimizer of (L3), it follows that

1 1
(4.1) Fo(um) 4+ W3 (0 i) < F7(u7) + - Wa (' i) = F7 ().
By Lemma [5.4] the optimality condition for (L3) reads
dpntt 1 n
V. F(u" ™) (x) + oV log (x) = - (T:n+l(x) - x) , for p"tlae. .
By (B2) with ¢/ = pu = p™™!, we obtain
dpntt 1 n .
(4.2) V log W(az) =— (T:n+1(£17) - :c) ., for p"tlae. z.

Squaring both sides of (£2) and integrating with respect to u"*! gives

(4.3) I (u"“‘@[u"“]) = 21 W3 (" ™).

1202
Using (4.3) in (4.1) gives

1 To?
() < F7 () = oW ) = Fo () = S (| o))
[ea n O[U n n o n &U o n o *
< Fo(u") =70 w_FKL(u D[ “]) < F7(u") = 10— (F7(u"™) = F7(i3))
e o e o

where the second and third inequalities follow from (27)) and Lemma 27 respectively.
Let x =1+ 7zZ > 1. Rearranging the inequality above gives

FoO(u"t) = Fo(uy) < k7 (F7(W") — F7(ps) -

The convergence estimate follows by iterating over n € N.

4.2. Proof of (ii). First, note that by Proposition [6.3] the iterates ("), .y C €. Com-
bining Lemma with Lemma gives

- n+1 o n n dﬂn+1 ‘un-ﬁ-l ﬂn+1
Fo () = F* (") = ( Y, F (") + 0V log =5 (TM ),Tw s
T L2, (RY)

(4.4)

10



Using (3.2) with g = p™ and ¢/ = p"™!, observe that for u"-a.e. x, we have

d 7L+1 n+1
V. F(u")(x) + oV log - (Tﬂn* (:c))

dm K

= VP () (@) = VP () (T3 (@)

) + VL F (™) (T[j: * (x)) + oV log d‘é:l (T;j,? " (a;)>
=V, F(u")(z) — V. F(u") (Tg,?“ (x)) +oVlog % (T;?“ (x)) .

Hence, using (4.3) in (44]) gives

o(, n+1l g, n d”nJrl untl “w
Fo () = B () = (0 log g (Tun (:c)) Ny d
L2, (R)

n+

< L;“W22<,un+1a n") + <V“F(,LL")(:U) - VﬂF<:un) (Tl;j" (:L’)) ’Tll;" - [d>L2 (RY)

< LWE G i) + ||V F () = VP ) (T8

L2 (RY) L2y (RY)

n+1

< LpWi (™ w") + L | Tim - — I

= 2LIFW22(Mn+1’ un)a

2
Lin (R4)

where the second, third and last inequality follows from the Cauchy-Schwarz inequality,
Assumption [Z9 and Corollary [A3] respectively.
By Lemma [6.4] the optimality condition for (L4 reads

n+1 1

(z) == (T;‘:H (z) — :c) , for p"tlae. .

V. F(p")(x) +oVlog -

By Definition 2.5l for g = p™ and p/ = p"*, we obtain

,un+1 1 n 1
(4.7) V log 3] (x) = p (T:nﬂ(x) — x) , for p"-ae. .

Hence, using the fact that T[f:ﬂ o Tl’j,zl+1 = I;, p"-a.e., it follows that

d n+1 n 1 n
(4.8) V log dcg[/ﬂ] (T:nﬂ(x)) =— (aj — Tl +1(a:)) , for p"-a.e. x.
Using (4.8) in the third term on the left-hand side of (4.6]) gives

(4.9)

n+1
<JV log e ~ (Tﬁnﬂ) ,T;@H — [d> = —710°
K L2, (RY)

— —701 (@[] .

Also, squaring both sides of (A7) and integrating with respect to u"! gives

W) = 5W;

2

dﬂn+1 n+1
] (T“n )
V108 Gy U

L2, (RY)

n+1

(4.10) I (M"+1 W3 (", ).

202
11



Using (4.9) and (410) in (4.6) gives
Fo() < F7() = 70 (i

Dfur]) + 2L WE (Y, ")

(4.11) = Fo(u") = 70°1 (! o[u)

@[u"]) + 27202 LT (,u"“
<I>[u"]> :

Now, using again ([3.2)) with y/ = p = p™!, observe that (£8) can be equivalently written
as

=F7(u") — 70> (1 —27L%) I <,u"+1

(- @) = VuF () (157 @) + 0V log d’f;l (75" (@)

=V F () (T3 (@) = VP (et (T8 (@) + Vil () (107 (@)

n+1 1
+ oV log d’éﬂ (T*ﬁf @:))

w
n Mn+1 n+1 Mn+1 dl[,Ln+1 Mn+1
=V, F(u )(T (x)) — V. F(u )(Tw (x)) +oVlog qarn (Tw (x)).
By Minkowski’s inequality, we obtain

2
2] (MnJrl

<I>[/~L"“]) =0

d,un+1 ntl
Tiog ()
d[pn+1] \7 12, (RY)

<9 (HV“ Fumh (T;;E’“(x)) — V. F(u™) (T“"“( >)\

2 n+1

Hld iy

2
L2y (Rd))

Lin(Rd
9
2(Lip W3 (™ ) + §W§(u"“, ")
1
=2 ((Liw)2 + —2) ! (u"“ <I>[u"]) :
T

where the second inequality follows from Assumption and Corollary [A.3] while the
last equality follows from (4.I0)). Hence,

I (,un—f—l (I)[,un—f—l]) <2(1+72(Lp)A) I (Mn-i-l (I)[MnD .
Since 7 < i, using this inequality in (£I1]) gives
o2 (1—27L/ )
FO' n+1 < FO' ny __ ( ( n+1 (I) n+1)
(u") < F7(u") 2( ()7 ("]
(1 —27L%) 2« 1 1

<F0 n KL( n+ (I) n+ )
< F7(u") - 2(1+72(L,)) o [t ("]

o/ n TO (]' —27L} ) o/ n o[k
< F7(u") — L e (F7 (™) = Fo (i)

= TP
where the second and third inequalities follow from (2.7) and Lemma 2.7 respectively.

Let Kk =1+ M > 1. Then rearranging the inequality above gives

(1472(L)2)e r
FO(uh) = Fo(uy) < k71 (F7(u™) — F7 (i) -

The convergence estimate follows by iterating over n € N.
12



4.3. Proof of (iii). First, note that by Proposition [(.4], the iterates (y"), .y C €, and
by Lemma [T1] that ("),en C Ps(RY). By Proposition [Z.5] we have

d ntl 1 n+1
oV log i;r (x) = - ( :nL (x) — x) ., for p"ae. z.

By Corollary [T.3], exists a unique v"*!-a.e. optimal transport map T :: : R — R? such

+1 n+1
that T::+1 oT!. . = I, V" -a.e.. We thus have

n+1 d n+l n+1
(4.12) T =1, — 70V log [(; (Tfn; ) . vl
T

v

By convexity of KL(-|7) along generalized geodesics in the Wasserstein space [1, Theorem
9.4.10], taking p = p" !, 7 = p" and v = " in [31, Lemma 4] gives

Hn _ Hn+1
’TVn+1 Tvn+1 > ) :
L2, (RY)

n+1

i " dpmtt it
KL(p"" ) < KL(p"|7) — ( Vlog O (Tyn+1 )
T

By Corollary [7.3] we have Tfnnﬂ = (I; — TV, F(u™)(-)) ", v"-a.e.. Therefore,

n+1 o

KL ) < KL ) —( W iog 24— (22 (= r0,P ) - T> "
yn+1

Let us denote the pushforward from u™ to pu"*! by Pﬁ: o

n+1

P

Tt pntl pntt
=T, ol .ThenT) ., =

o (Iy— 7V, F(u™)~", and hence by [A] the last inequality is equivalent to

dmr H

d n+l n+1 n+1
(4.13) KL(p" ™ |7r) < KL(y"|7) — <v1og a (P%* ) g —Ph > .
L2, (RY)

n+1 n+1

Using @12) and P, =T/, o (Iq— 7V, F(u")), we have
dlun—f—l
= (

n+1
(4.14) P

n+1

=1;,— 7V, F(u") —10Vlog Pl

) . p'-a.e.,

n+1

Note that, for each n € N, 4" = (Id,Pffn
Then, by Minkowski’s inequality, we obtain

) u™ is a coupling between u" and p"ti.
#

(4.15)
dlun—f—l i1 2
2 n+1 n+1 _ 2 W
a[(,u lj ])—a Vlogi(Pn )
dPfprtt] A 12, (RY)
" dpmtt oy |2
= HVMF(M”H) (P[fnﬂ> +olog °H (P5n+l>
drm L2, (RY)
n+1 2 ]_ n+1 2
<2 ([ wur e (P = VuF e NP
< ( W (") ( Py (1) Lgnmdﬁﬂ =B |

n+1 2

n+1

<2 (2<L;>2W§<m+1, W)+ 2( L)

)
12, (RY)

where the first equality follows from ([B2) with 4/ = pu = p™*, first inequality follows

from (£14) and last two inequalities follow from Assumption 2.9 and ([A.2)), respectively.
13
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Multiplying (A.I3) by ¢ and using Lemma gives

1 /,Ln+1 n+1 n+1
Py < Fo(um) + ( VP (u")(-) + 0V log (p,gn ),P:n 'y
L2, (R9)

dm
+ Ly |- P )
7| La — Epn 2, R)
]_ n+1 2 n+1 2
= Fo(u") — |1 - P L ||1a = P ,
. Tl Lin<Rd>+ i L2, (R4)
where the equality follows from (4.I4]). Hence
1 n+1 2
Fo(u) < Fo(u) — (= — I/ HI —pe
oy <P = (7= ) =,
< FU([Ln) _ (l _ L/ ) 02 I (lun+1 @[anLl])
- ERVEICES NS
T0?
— Fo(y™) — (1 — L/ ]<n+1q) n+1>
2
< F(u) = (1—1Lp) e KL (u"“ <I>[u"“]> :

e o" (14 4(TL)?)
the first inequality follows from (£.I7]) and the fact that 7 < LL,, whereas the last inequal-
F

ity follows from (27)). Let
k=14 (1—7L%) == Tavg >1.
e (1+4(rL%)?)
Then using Lemma 2.7 in the previous inequality gives
Fo(umh) = F7(ug) < 570 (F7 (") = F7 () -

The convergence estimate follows by iterating over n € N.

5. PROXIMAL POINT SCHEME

In this section, we present the auxiliary results needed for the proof of (i) in Theorem
B We start by proving that (I3 admits a unique minimizer.

Theorem 5.1 (Existence and uniqueness of minimizer for (L3)). Let F € C' and As-
sumption[2.1), 23 hold. Given i° € Py (RY), there exists a unique minimizer u' € P (R?)
of

(5.1) PERY) 3 s Fl) = () + - W10, ).

The proof is a modification of the argument in the proof of |20, Proposition 4.1], and
before we present it we give an outline of the main steps:

Step 1. Firstly, we show that F is bounded below on P§(R%).

Step 2. Secondly, we show that any minimizing sequence (pu),cny C P3(R?) of F
contains a weakly convergent subsequence in L. (R?).

Step 3. Thirdly, we show that the weak limit of the converging subsequence is indeed
a minimizer of F.

Step 4. Finally, we deduce the uniqueness of the minimizer from the strict convexity
of KL(:|).

14



Proof. Step 1. By Jensen’s inequality since the map z +— zlog z is convex on [0, 00), it
follows that

(5.2) KL(u|7) >0, for all u € Py(R?).

Since 5-Wj (-, %) > 0 and the fact that F' is bounded below on P7(R?), by Assumption
2.2, it follows that F is bounded below on P3(R?), and thus inf,epgga) F(p) > —o0.
Step 2. Let (pk)reny € P5(R?) be a minimizing sequence for F, i.e., limy_oo F(py) =
inf,,cpy(ra) F(11). Then the sequence (F(ux)), is bounded on Pg(R?), i.e., there exists
Mz > 0 such that |F(u)| < Mg, for all k € N.
Thus, since 3=W3 (-, u%) > 0, it follows that

KL(ul) < O = ) < (Me = _int | F)) <o

HEPF (R)
and together with (5.2),
(5.3) (KL(px|)), is bounded.

From the inequality |y|? < 2|z|? 4+ 2|z — y|?, which holds for all z,y € R?, and (A2), it
follows that

64 [ P < [ JePa e £ 203000, for all i € PERY,
Again using (5.2 we obtain

1 1 1
My > Flu) > F(u) + W2 (e 1) > Flg) 4 — / () — / 2?0 (de
2T AT JRa 27 Ja

Hence, by Assumption 2.2]

[ leln(aa) < 7 (= Pu)) +2 [ JaPi(ae)

<At (Mg — inf F(p)|+2 21°(dx) < oo.
( ﬂGPIS(Rd) ( )> /]Rd|x| (dz)
and hence

(5.5) < /R ) |x\2uk(dx))k is bounded.

Note that there exists C > 0 such that
|min {zlog z,0}| < C, forall z > 0.

Hence, we obtain

(56) [ min { 010 0.0}

Furthermore, from (5.6]), we obtain

(5.7) (/R min{%(x) log %@),o}

Since max{zlog z,0} = zlog z + | min{zlog z, 0}, for all z > 0, it follows from (5.3) and

(E.1) that
du dpk :
</]Rd max{ I (x)log I (x),()} ﬂ(dx))k is bounded.

15
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Since H T ray = 1, for all & € N, we obtain that (dd“k) . is uniformly bounded in
LL(R?). As [0,00) 3 z — max{zlogz,0} is non-negative, increasing and has superlinear
growth together with (5.3]) implies via |5, Theorem 4.5.9] that (d“ ’“)k is uniformly inte-
grable. Consequently, according to the Dunford-Pettis theorem (see |5, Corollary 4.7.19]),
there exists u* € PJ(R?) such that (at least for a subsequence)

(5.8) i’l;k — % eakly in L. (R%) as k — oo,

ie.,
*

/ h() Y% () (dar) — h(x)‘if; (2)m(dz) as k — oo,

dm Rd
for all h € L(RY).
Step 3. Observe that any continuous bounded function g : R — R is in L(R?), and
hence, by (5.8)), we obtain as k — oo,

*

| s@mtan) = [ o0 Pe@ntan) = [ oI @ridn) = [ glos)

i.e., ur — p* weakly (with respect to the topology of probability measures convergence)
as k — oo.

Since KL(+|m) is lower semi-continuous with respect to weak convergence of probability
measures, it follows that

KL(p*|m) < lilgr_l)gf KL(pg| ).
By (5H) and continuity of Wy (see [36, Corollary 6.11]), we have
Wy (") = Tim W3 (u”, ).
Now, we show that limy . F(ux) = F(p*). Indeed, by Defintion [B.1], we have

. ! §F
P () = PO < [ | [ 5 Gnae) (e = (o)
0 [Jrd OH
where p, . = (1 — 1) + nu*. For every n € [0, 1], we have

) = (o)

[ e~ o)

+ /
Rd
6F

Since (1", +) is a bounded continuous function (cf. Definition B.1land Assumption 2.2)),

dn,

oF OF

E(ﬂn,kax) 5#(,“ )| (e + ) (d).

the weak convergence p, — p* (with respect to convergence of probability measures)
implies

lim =0.
k—o0

OF

- * _ * d
/Rd 5 (", @) (e — p*)(da)
For the second term, by Assumption 2.2, we have

. / 0F oF
lim sup
k—00 R4

@(Mn,k7x) - E(M 73:)
by (B.5) and continuity of W, (see [36, Corollary 6.11]). Finally, using Assumption 2.2]
we have, for any n € [0, 1],

(11 + 1) (dw) < 2Lp lim sup Wh (g, 1) = 0,

k—o00

[ ) = ()

16

SZCFa




thus we can apply the dominated convergence theorem, and obtain that as k& — oo,

! §F .
7 (e @) (py — ) (de) | dp = 0.
0 |Jrd Of
Putting everything together, we obtain
F(pr) < lilgninff(/,tk) = inf F(u).
—00

pEPT (RY)

On the other hand, from the definition of infimum, we have

F(p*) > inf  F(u).
(W) = et ()
Hence, F(u*) = inf, epgra) F (1), and therefore p* € P7(R?) is a minimizer of F, which
we shall denote by u!.
Step 4. The uniqueness of the minimizer of F follows from Assumption 2.1 convexity
of PF(RY) > p— W2(u, u°), and strict convexity of Py (RY) > p — KL(u|r). O
From Theorem [E.1] it follows inductively that, for each n € N, given u" € P7(R?), the
scheme (L3) admits a unique minimizer p"** € Py (RY). Hence, if u° € PF(R?), then
(1™),,en € P3(R?) along the scheme (L3). Therefore, via Theorem [A:2] we obtain

Corollary 5.2 (Existence of optimal transport maps along (L3)). Let v € Py(RY). Let
F € C' and Assumption 21, [Z2 hold. Given pu° € PF(R?), there exists a unique pu"-
a.e. optimal transport map T : R? — RY from p to v. In partzcular if v = "t

there also exists a unique p"*-a.e. optimal transport map T}Wr1 : R — R? such that

n+1 n+1 n
T”n+1 oT)n =g, p"-a.c and T}, o Tl’jnﬂ =1y, p"t-a.e..

The following proposition together with an induction argument guarantee that KL(-|r)
admits a unique Wasserstein sub-differential given by V log %%”’ where p™ is the iterate
generated by (L3)) at each step n > 1.

Proposition 5.3 (Wasserstein sub-differentiability class for KL(:|7) along (L3)). Let
Z4) in Assumption [2.3 hold. Let F € C' and Assumption 21, 22 hold. Given u° €
Pr(RY), the unique minimizer u' € Py(RY) of (BI) belongs to €.

Proof. Since 1u° € PF(R%), F € C!, and Assumption 2T}, 22 hold, Theorem [E.I] guarantees
the existence and uniqueness of a minimizer u! € Py(R?) for (5.1). We will now prove
that u' € €. By [1, Definition 1.2.4], the metric slope of the relative entropy KL(:|7) at
p € PF(RY) is defined by

[0 KL(+|m)| (1) = hrf_i?p (KL(M\7;\)}2;}{,;)(u|7r))Jr

Since p! € PF(R?) is a minimizer for (5.1)), it follows that for any p € Py (R9),

KL ) — KL(u|7) < © (F() ~ F() + 5 (W30 %) ~ WE (" 1))

270
/ [ )= e

(W (1 1) = Wa (i, 1)) Walp, 1) + Wa (i, 1))

27’0
1
/ / (ke @) (1 = ) (d)dn + =W, 1) (Wa (g, 1) + Walpt', 1))
]Rd

17



where the first equality follows from Definition Bl with p, = p+n(u' — p), and the last
inequality follows from the triangle inequality applied to W;.
By Theorem [A.2] there exists a unique optimal coupling v* € T',(u, 1), and hence

§F .
( (fs ) — 5—(un,y)) v (dx,dy)dn‘
Re xRd w

L1
(L.

1/2
gLF(/ \x—m%memﬂ — LeWh( i),
R4 xRd

where the penultimate inequality follows from the Cauchy-Schwarz inequality and the
fact that v* € Po(R? x RY), the last inequality follows from Assumption 22 and the last
equality follows from optimality of ~*.

Therefore, for any u # pt, dividing (59) by Wa(u, ut) gives

(KL(u'|m) —KL(ulm), _ Lp 1 (Walp, 1°) + Wa(p', 1)) .

/in, ) — pt)(d) dn‘
]Rd
oF

un, T) — E(un,y) v*(dz, dy)dn

2

oF

1/2
un, )—@(un,y) ’V*(d:c,dy)d'rz)

W(p, i) o 270
Taking limsup as p — p!' and using continuity of W, via [36, Corollary 6.11] yields
L
PKLUmI() < 25+~ Wh(!, i) < oo

Hence, using Theorem [AH it follows that % € Wklv’ﬁ)c(]Rd), — € LL(RY), and
M 2

O KL(-|7)[*(p') = I(pq|m). Since € L1 (R?) we have V % € L2(R%). In addition,

dTr

p! € PF(RY) implies 4/ % € L2(R%), and therefore we obtain that u! € €. O

From Proposition it follows inductively that, for each n € N, given u" € PF(R?),
the unique minimizer p"* of (IL3) belongs to €. Hence, if 10 € P7(R?), then (u"), o C €
along the scheme (L3).

Since KL(-|7) admits a unique Wasserstein sub-differential and F' is Wasserstein differ-
entiable by Assumption 2.8 |1, Lemma 10.1.2] allows us to write the following first-order
optimality condition for (L3]).

Lemma 5.4 (Optimality condition for (IL3))). Let F' € C', Assumption 21, [2.3, 2.8 and
24) in Assumption [Z3 hold. Given p° € Py(R?), then, for each n € N, the unique
minimizer u"t € € of ([L3) satisfies

dpmt o1 ( o

V. F(u" ™) (z) + oV log T () — :L‘) , for p"ttoae. x.

Proof. For each n € N| let us denote

Jn(p) = F(p) + o KL(p|T),

for all i € P (R?). Note that J,, is lower semi-continuous and J,, < +00. From Proposition

(5.3, we have that (I.3) admits a unique minimizer u"*! € €. By Corollary 5.2} there exists
18



a unique p"'-a.e. optimal transport map T[Z "R — RY from pmt! to p”. Hence, by
[1, Lemma 10.1.2],

1 n

p (Tlljnﬂ - [> S 87Jn<,un+1>a
where 0~ denotes the Wasserstein sub-differential (cf. Definition [B.3)). By Assumption
2.8 and using the fact that "' € € together with Theorem [A.5] we obtain

n+1
O Ju(u™th) = {VﬂF(,u”H) + oV log l(;r } ,
and hence the conclusion follows. O

6. PROX-LINEAR SCHEME

In this section, we present the auxiliary results needed for the proof of (ii) in Theorem
B We start by proving that (L4) admits a unique minimizer.

Theorem 6.1 (Existence and uniqueness of minimizer for (L4))). Let F € C! and [2.3)) in
Assumption [22 hold. Given p° € PF(RY), there exists a unique minimizer pt € Py (R?)

of

(6.1) P3(RY) 3 prs G(u) = W%gmﬁww—ﬁ%@@+aKMuMH5%”&%#%

Proof. The proof follows the same steps as the proof of Theorem Gl Observe that
arguin G(s) = avguin { [ 55 (0. )u(@e) + 0 KLl + 5800}
nePg () pepg (Re) LJRe Ot 27

and therefore it suffices to show that p' € P (R?) is the unique minimizer of the function
on the right-hand side, which we denote G. Note that, for any u € PF(R%),

oFr
R OfL

(1 aldo) + o KL(ulm) = 0 [ Joge 50" u(da) 4 [ tog P huta)
R4 Rd dﬂ'
= o KL (p|®[n"]) ,

where the last equality follows from (2.0). Hence, using (23] in Assumption 22] the
result follows from [20, Proposition 4.1]. O

From Theorem it follows inductively that, for each n € N, given p* € Py (R?), the
scheme (L4) admits a unique minimizer p"** € Py (RY). Hence, if u° € PF(R?), then
(1")pen € P3(RY) along the scheme (IL4). Therefore, via Theorem [A2] we obtain

Corollary 6.2 (Existence of optimal transport maps along (L4))). Let v € Py(RY). Let
F € C' and 3) in Assumption [Z3 hold. Given p° € PyF(RY), there exists a unique
p*-a.e. optimal transport map Ty R? — R? from p™ to v. In particular, if v = p™**
n+1

)

there also exists a unique j
Mn Mn+1
Tunﬁ»l o TM"

-a.e. optimal transport map T5:+1 : RY — R? such that

n+1 n
= Ig, p"-a.e and Ty o T}y = Iy, utoae..

The following proposition together with an induction argument guarantee that KL(-|r)
admits a unique Wasserstein sub-differential given by V log %, where p™ is the iterate
generated by (4] at each step n > 1.

Proposition 6.3 (Wasserstein sub-differentiability class for KL(:|7) along (L4)). Let
24) in Assumption[Z3 hold. Let F € C' and Assumption[2.2 hold. Given u° € Py (R?),
the unique minimizer u' € Py (R?) of (@) belongs to €.
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Proof. The proof follows the same steps as the proof of Proposition Since p® €

Pr(RY), F € C! and [23)) in Assumption 2.2 holds, Theorem [B.1] guarantees the existence

and uniqueness of a minimizer ' € Py (R?) for (6.1). We will now prove that u' € €.
Since p! € Pr(R?) is a minimizer for ([G.1)), it follows that for any u € Py (R?),

KL ) = KL(a) < 5 [ S )= ) ()
+ %V\@(M, 1) Walp, 1) + Wi (', 1))

By Theorem [A2] there exists a unique optimal coupling v* € T',(u, p!), and hence

5_F 0 1 / 5_F 0 _5_F 0 *
5w a—ian)| = | [ (Gt = 50w ) 7 (dnay)
/ oF oF
<
RdxRd
<(/
R x R4

E(MOJ) - @(MO,?/)
1/2
<ie([le-uPrnan) = Lo
Rdx R4
where the penultimate inequality follows from the Cauchy-Schwarz inequality and the
fact that 7* € Py(R? x RY), the last inequality follows from (2.2)) in Assumption and

the last equality follows from optimality of v*. The rest of the proof if identical to the
proof of Proposition 5.3l O

From Proposition it follows inductively that, for each n € N, given u" € PF(R?),
the unique minimizer " of (I4) belongs to €. Hence, if 4° € PF(R?), then (1), .y C €
along the scheme (L4)).

Since KL(-|7) admits a unique Wasserstein sub-differential and F' is Wasserstein differ-
entiable by Assumption 2.8 |1, Lemma 10.1.2] allows us to write the following first-order
optimality condition for (I.4]).

Lemma 6.4 (Optimality condition for (L4)). Let F € C', Assumption[22, [2.8 and [2.4)
in Assumption 23 hold. Given 1° € Py (R?), then, for each n € N, the unique minimizer

p"t e € of (L4) satisfies

V. F(u")(x) +oVlog

(6.2)

v*(dx, dy)

2

oF OF

1/2
i 0 o 0 *
o (W, ) 5 ()| v (dx,dy)>

d n+1 1 ”
. (z) = = <Tun+1(fb’) — x) . for p"Mae. x.
T

7
Proof. Identical to the proof of Lemma[G.4lonce we replace F' by [e. g—i (u™, x)(p—p™)(dx)

in J,. ]

Since F is linearized in ((L4]), convergence is not attainable without F' being smooth. As
in Euclidean geometry, where Lipschitz continuity of the gradients implies smoothness
with respect to the squared Euclidean distance, an analogue implication holds in the
Wasserstein space. In particular, as the following result shows, Assumption implies
that F' is smooth with respect to Wa3.

Lemma 6.5 (Lp-smoothness of F relative to W3). Assume F € C' and Assumption[2.3,
hold. Then, for any i, u € Po(R?), it holds

F() = F(u) = (VuP (). P = 1a) <
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where P;i‘/ : R? — RY is the pushforward of i1 onto 1. ]fP;i" 15 in fact an optimal transport
2
2 (R4) = WZQ(Mlv M)

Proof. Let p//, i1 € Po(R?). Then v = (I3, Plﬁ‘/)# i is a coupling between i and p/. For any
e €[0,1], set pu® =+ e(p’ — p). Then since F € C1, it follows by Remark [B.2] that

F(u') = F(p) = (VuF (1)), T2 — L)

map from u to ', then H_fd — P;i‘/

L2 (R4)

- / 1 / d i—fwa D) = ) dajde — | VF(() - (P () ) plae)

-[ [ (50 = G ) ) sfrdits = [ DuF ) - )9 (. ).

By Assumption 2.8 we have

//Rded< (15, y) — gi(ug,x)) ~*(dz, dy)de

= /0 /Rded /0 V. F (@) (@ +n(y — ) - (y — z) dpy(de, dy)de.

By Assumption 2.9 the Cauchy-Schwarz inequality and convexity of W,, we obtain
N _ p _
F() = FG) = (VuF )0 Py = L),
= [ [ SaFue s =) - aF @) - 2 s

Rd xRd
<t [ [ [ el Wit )y — ol i, ag)a
0 JRIxXRE JO

1 1
<L [ [ [l W) g — ol (o, dye
0 RexRe JO

I )
= 7F ly — x|2v(daf, dy) + 7FW2(M’, 1) / ly — x| y(dz, dy)
R4 x R4 R4 xRd
<1, ‘[ _pv
| ey

t

The following result is a consequence of the geodesic convexity of KL(-|7) in the Wasser-
stein space and combined with Lemma [6.5 it allows us to prove in Theorem B.1] (ii) that
(F7(u™)), decreases along (IL4]) as long as the step-size 7 is small enough. It can also be
viewed as a particular case of [31, Lemma 4]. However, our proof is slightly different.

Lemma 6.6. Let Assumption hold. For any i/, i € €, it holds

/

d ,
KL('|7) — KL(u|r) — <v1og a <T“) TV — Id> <0.
d L2 (Rd
7 (R%)

Proof. Let u', i € €. Then since € C PF(R?) and 7 € P5(R?), it follows by Theorem
that there exist unique p-a.e. and p'-a.e. optimal transport maps T[j’ :R? — R? from g
to p’ and T}, : R? — R from 4/ to p such that Tl o Tlﬁ‘/ = 14, p-a.e and Tlﬁ‘/ o T} = I,
W-a.e..
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Now we show that, for any ¢ € (0,1), I;+¢ (T:/ — Id) is the unique optimal transport
map from p’ to (Id +e (T Id))# i First, we observe that

}x+5 T/ () —x)’ w' (dzx) <2/ |z|? i/ (dz) + 22 Wi (i, 1) <

Hence, (Id +e (T — Id)) " p € Py(RY). Therefore, by Theorem [A4 it suffices to show

that Iy + ¢ (T:/ — [d) is the gradient of a convex differentiable p’-a.e. function. By
Theorem [A2 we have that T}, (z) = Ve(z) p/-ac. for a convex function ¢ : RY — R,
Hence, for p'-a.e. x,

i

:L’+6(T:,(:c)—x):(1—€)SL’+€T5/(37):V((1_ &) 5" 5 +ep(z ))

where the map R? > z — (1 — 6)@ + ep(z) € R is convex and p/-a.e. differentiable
for all € € (0,1). The uniqueness of I; + ¢ (T“ —1,) follows from Theorem [A2] since
' € P3(R?) and the fact that (I;+¢ (T Id))# W€ Pa(RY).
By Theorem [A.9] since y' € €,
du/
“ KL |7) = log — ;.
o KLfr) = { V1o 9 |
Hence, by (B.2]), we have
(6.4)
d /
KL ((Id +¢ (T — 1)) LT ’ ) > KL (¢ |7) —l—E/ V log ﬁ(:c) . (T;i‘,(a:) — ) p/(d)
d
"—O(WQ( ([d+€(T —[d))#,u>>
Now, by Corollary [A.3] we have
(6.5) Wi (i, (La+e (T = 1)) , 1) = Wl ).

By (2.3) in Assumption 23] 7 is log-concave, thus by [1, Theorem 9.4.10] the relative
entropy KL(+|7) is geodesically convex, and hence

(6.6) KL ((Id e (Tl — 1)) , | ’ ) (1 — ) KL(1/|7) + & KL(|).
Combining (), (63) and (@8) and using () gives

KL(ufm) ~ KLGeJ) 2 [ Vo %) (1400) — o) () + 22
:/ V log i—i(x) (T () - x) <T:'#,u (dz) + @
= /R Vo i—’i (T;;’ (x)) : (x - T;/(x)) p(dz) + @

Sending € — 0 and rearranging gives the conclusion. U
22



7. PROXIMAL GRADIENT SCHEME

In this section, we present the auxilliary results needed for the proof of (iii) in Theorem
B Before applying the same proof of Theorem [5.1] and to show existence and
uniqueness of a minimizer in the JKO step of (LH), we prove that the pushforward of "
by I; — 7V, F(u™)(-) is an optimal tranport from pu" to v = (I, — TVRE (")) 4 1"
and moreover that 1" € P5(RY). As we saw in the proofs of Theorem [5.1] and [6.1] the
previous step in the JKO update, in this case ™!, needs to be absolutely continuous.
This is proved in the following lemma, which is a generalization of [31, Lemma 2].

Lemma 7.1. Let Assumption[2Z38, (29 hold. Let pi € Py(R?), 0 > 0 andv = (I — TV EF (1) () 4 e
Ifm < Li,, the optimal transport map from p to v is given by
F

TY = 13— 7V, F(p)(-).
Moreover, v € P2 (R?).
Proof. Note that Assumption 2.8 together with that fact that p € Py (R?) imply that

|z — 7V, F () (z)]” p(de) < oo

R4

and hence v € Py(R?).
Since the map I; — 7V, F(u)(-) is a pushforward from g to v, by Theorem [A4] it
suffices to show that I, — 7V, F(1)(-) can be written as the gradient of a convex function.
Let u(z) = 3|z* — T‘;—i(u,x). Then, for any z € RY, Vu(z) = z — 7V, F(u)(z).
Moreover,

(z —y) (Vulz) = Vul(y)) = (@ —y) - (& =y = 7 (V. F (1) (2) = V.F (1) (y)))
=z =y’ =@ —y) (V. F(n)(2) = V. F (1)(1))
> |z =y = 7o =yl [V F()(@) = VuF (1) (y)]
> (1=7Lp) o —yl*

Since by assumption 7 < -~ it follows that u is (1 — 7L})-strongly convex and more-
F

over Vu is injective. By strong convexity of u and Theorem [A.4] we obtain that the
pushforward from p to v via Vu is an optimal transport map, and we denote it by

TV = 1s— 7V, F(p)(-).

By injectivity of Vu and strong convexity of u, we obtain from [1, Lemma 5.5.3] that
v € Py(RY). O

Now, since v"*! € P2 (R?) for a sufficiently small step-size 7, the existence and unique-
ness of a minimizer for (LH]) is a consequence of [20, Proposition 4.1].

Theorem 7.2 (Existence and uniqueness of minimizer for (L1l). Let Assumption [2.8,

and (Z4) in Assumption hold. If 7 < 2, given 1° € P3(R?), there exists a
F

unique minimizer it € Py (RY) of

1
(7.1) Pr(RY) 5 p H(p) = o KL(plm) + - We (. 1),
Proof. From Lemma [TTlit follows that given u® € Py (R?), we obtain v! € Py (R?). Hence,

by [20, Proposition 4.1], there exists a unique minimizer u! € Py (R?) for H. O
23



From Lemma [.1] and Theorem [Z.2] it follows inductively that, for each n € N, given
" € Py (RY), we obtain v € P3(R?), and hence p™*! € Py(RY). Therefore, if u° €
Py (R?), then (v, ™),y C Pa(RY) x P3(R?) along the scheme (LH). Therefore, via
Theorem [A.2] we obtain

Corollary 7.3 (Existence of optimal transport maps along (LH]). Let Assumption [Z.8,
and (Z4) in Assumption hold. If 7 < 4, given p° € P3(R?), there ewist unique
F

pur-a.e. and V" -a.e. optimal transport maps T:f“ :RY — RY and Tlf‘,ll : R4 — RY

from p™ to vt and from vt to ", respectively, given by T::H =1;— 7V, F(u)(:)

n 1 . .
and TV, = (I; =7V, F(u™)(-))" . Moreover, there also exist unique v"*'-a.e. and
. n+1 n+1
p"t-a.e. optimal transport maps T, : R* — R? and T R? — R such that
n+1 n+1 n+1 n+1
T OT:"“ = Iy, u" t-a.e. and T:nﬂ oTh .\ = I, v tloge..

The following proposition is a particular case of Proposition[5.3land [6.3]and guarantees
that H admits a unique Wasserstein sub-differential given by V log %\, where p" is the
iterate generated by (L)) at each step n > 1.

Proposition 7.4 (Wasserstein sub-differentiability class for KL(:|7) along (LH)). Let

Assumption [2.8, and 24) in Assumption [Z3 hold. If T < 2-, given p° € Py (R?),
F

the unique minimizer u' € Py (RY) of (TI) belongs to €.

Proof. Since 1° € Py (R?), Theorem [I.2] guarantees the existence and uniqueness of a min-

imizer pu! € Py (R?) for (Z)). Following either the proof of Proposition .3 or Proposition
will show that u! € €. l

Lemma 7.5 (Optimality condition for (LH)). Let Assumption [2.3, and (2.4) in
Assumption [Z3 hold. If 7 < 4, given pu° € P (R?), then, for each n € N, the unique
F

minimizer u" ! € € of the minimization step in (LH) satisfies

oV log a (x) = — < ”nill(x) — x) . for p" e x.
dr T\ H
Proof. The result follows from either Lemma [5.4] or Lemma with F' = 0. O

APPENDIX A. OPTIMAL TRANSPORT

In this appendix, we recall the fundamental results from optimal transport that are
used throughout the paper.

Definition A.1 (Pushforward of a measure by a map). Let T : R? — R? be a B(R?)-
measurable map. Then, for every u € Py(RY), we denote by Tyu € Py(R?) the pushfor-

ward measure of u by T, characterized by
(A.1)

/ f(T(z))pu(dx) = f(y) (Tp) (dy), for any measurable bounded function f.
Rd Rd

Consider the 2-Wasserstein distance W, : Po(R?) x Py(RY) — [0, 00), defined by

1

2

(A.2) W (s, v) = ( inf / \x—y|2fy(dx,dy)) :
el (1) JRdxRA
where T'(p, v) == {7 € Pa(R? x RY) : (P,) v = p, (P,) 7y = v} is the set of couplings be-
tween p and v, where P, : (z,y) — z and P, : (z,y) — y are the projections onto the first
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and second component, respectively. The set of optimal couplings for which the infimum is
attained in (A.2]) is denoted by T',(p, v) == {7 e D(p,v) : W3 (1, v) = [oa,pa |z — y|*7(dz, dy)}

Now we recall a standard result from optimal transport (see e.g. [15, Theorem 4.5] and
also [1,133]), which shall be essential throughout the paper.

Theorem A.2. Let i € Py(RY) and v € Py(R?). Then
(i) there exists a unique optimal coupling ~* = (Id,T:)#M which minimizes (A.2),
where T R? — R? is the unique p-almost everywhere (a.e.) optimal transport
map from p to v.
(it) Moreover, T} (x) = V(x) p-a.e. for a convex function ¢ : RY — R with ¢(z) =
s|z? = (z), where ¢ is a c-concave function
(iii) If v € P3(R?), then v* = (T}, Ia), v, where Tf : RY — R is the unique v-a.e.
optimal transport map such that

T)oT, =14 p-ae andT,oTl =14, v-a.e.
As a consequence of Theorem [A.2] we have the following

Corollary A.3. Let p,v € P2 (R?). Then
Wi (1, v / ’x—T” },udx / |z — TH(z)|* v(dx).

Theorem A.4 (|32, Theorem 1.48]). Suppose p € Pa(RY) and that u : R — R is a
convex and differentiable p-a.e. Set T := Vu and suppose [p, |T(x)]*p(dz) < co. Then
T is an optimal transport map from p to Ty .

Theorem A.5 (Subdifferential of KL(:|7); [1, Theorem 10.4.9]). The relative entropy
KL(:|7) has finite slope at u € PF(R?), i.e.,
(KL(p|m) — KL(v|7)),

0 KL(-|7)|(p) = lim sup < 00
[0 KL(:|m)[(1) nst Wl 1)

if and only ifi’i € W/\ L (RY) and V log ¢& du 12 > (RY). In this case, I(p|m) = [0 KL(:|7)[* (1)
and 0~ KL(u|r) = {Vlog L (cf. (l]ﬂl) in Deﬁmtzon [B.3).

APPENDIX B. DIFFERENTIAL CALCULUS ON P,(R%)

In this appendix, we recall the notions of linear functional (flat) differentiability [6]
and Wasserstein differentiability [7] used throughout the paper.

Definition B.1 (Flat differentiability on Pg(Rd)) We say a function F : Py(R?) — R
is in C!, if there exists a continuous function o Py(RY) x RT — R, with respect to
the product topology on Py(R%) x RY, called the flat derivative of F, for which there
exists k > 0 such that for all (u,z) € P(RY) x RY, g—i(u,x)‘ < k(1+|z|?), and for all
,u/ S PQ (Rd),

F(ps) — F(p) oF

B lm———— = W —(p,x) (W — p)(dz),  with p* = p+e(p’ —p),

and o g—i(ﬂ, z)p(dx) = 0.

2A function ¢ : R% — R is c-concave if and only if 2 +— 3|@|? —¢(x) is convex and lower semi-continuous.
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Remark B.2. One can show that if ' : Py(R?) — R? admits a flat derlvatlve L then for
all u, i’ € Py(R?), the function [O ]o2em f (uf) i 1s continuous on [0, 1] and dlfferentlable
on (0,1) with derivative < f(pf) = [q2E 5 (s ) (0 = ,u)(d:c) (see [21, Theorem 2.3]).
Hence, by the fundamental theorem of calculus, F (') — fo fRd o (uf,z) (' —
w)(dz)de, provided that € — [ g—i(ﬂe, x)(p — p)(dx) is mtegrable.

Recall that the tangent space of Po(R?) at p € Py(R?) is defined as
TuPa(RY) = {V¢: ¢ € O (R} C Li(RY),

where the closure is taken in L?(R?), see [1, Definition 8.4.1], and C2°(R?) denotes the
space of smooth functions with compact support in R

Definition B.3 (Wasserstein sub- and super-differential on Py(R%)). Let F : Py(R?) — R
and let p € Po(R?). Then
(i) a map & € T, P2(R?) belongs to the sub-differential 9~ F(u) of F at u € Po(R?) if
for all i/ € Po(R?),

B2 FG)ZF@+ sw [ (@) dilew) oWl ).
Y€ o (p,p') JREXRE
If 07 F(u) # 0, we say the function F is Wasserstein sub-differentiable at p.
(i) A map & € T,P2(R?) belongs to the super-differential O F(u) of F at pu € Py(RY)
if =& € 0 (=F)(u). If 07 F(u) # 0, we say the function F' is Wasserstein super-
differentiable at .

Then, we say that a function is Wasserstein differentiable if it admits sub- and super-
differentials which coincide.

Definition B.4 (Wasserstein differentiability on Py(RY)). We say that a function F :
Py(R?) — R is Wasserstein differentiable at € Py(RY) if 9~ F(u) N0 F(p) # 0.

If F: Py(RY) — R is Wasserstein differentiable at u € Py(R?) (cf. Definition [B.4),
then by [7, Proposition 5.63], there exists a unique map V,F(u) € T,P2(R?) such that
O F(u) = 0"F(n) = {V,.F(n)}, called the Wasserstein gradient of F at pu € Py(R?),
satisfying for any 1/ € Po(R?), and v € Ty(u, i),

F) = FG0 + [ | (FuF()(a).y =) dala.n) +0 Walpoi ).
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