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ABSTRACT. The flux vector splitting (FVS) method, employed for solving hyperbolic con-
servation systems, is frequently observed in finite difference and finite volume schemes,
where it serves to reconstruct the numerical fluxes at the interfaces of adjacent cells. This
method now has been incorporated into the discontinuous Galerkin (DG) framework for re-
constructing the numerical fluxes required for the spatial semi-discrete formulation, setting
it apart from the conventional DG approaches that typically utilize the Lax-Friedrichs flux
scheme or classical Riemann solvers such as HLL and HLLC. The FVS method inherently
does not introduce any error. Consequently, the control equations of hyperbolic conserva-
tion systems are initially reformulated into a flux-split form. Subsequently, a variational
approach is applied to this flux-split form, from which a DG spatial semi-discrete scheme
based on FVS is derived. When solving hyperbolic conservation laws, DG schemes are prone
to numerical pseudo-oscillations, necessitating the incorporation of limiters for correction.
Initially, the smoothness measurement function .S from the WENO limiter is integrated into
the TVB(D)-minmod limiter, constructing an optimization problem based on the smooth-
ness factor constraint, thereby realizing a TVB(D)-minmod limiter applicable to arbitrary
high-order polynomial approximation. Subsequently, drawing on the “reconstructed poly-
nomial and the original high-order scheme’s L2-error constraint” from the literature [1],
combined with our smoothness factor constraint, a bi-objective optimization problem is for-
mulated to enable the TVB(D)-minmod limiter to balance oscillation suppression and high
precision. The aforementioned constrained optimization-type TVB(D)-minmod limiter has
been extended to two-dimensional scenarios. When solving hyperbolic conservation systems,
limiters are typically required to be used in conjunction with local characteristic decompo-
sition. To transform polynomials from the physical space to the characteristic space, an
interpolation-based characteristic transformation scheme has been proposed, and its equiv-
alence with the original moment characteristic transformation has been demonstrated in
one-dimensional scenarios. For variable-coefficient and nonlinear equations, the transfor-
mation matrix utilized in characteristic transformation must be determined through local
freezing. To achieve this, we employ the arithmetic mean or Roe average of the integral
means on the common interface of adjacent cells for local freezing, rather than the con-
ventional approach of using the arithmetic mean or Roe average of the cell integral means
of each adjacent cell for this purpose. Finally, the concept of “flux vector splitting based
on Jacobian eigenvalue decomposition” has been applied to the conservative linear scalar
transport equations and the nonlinear Burgers’ equation. This approach has led to the red-
erivation of the classical Lax-Friedrichs flux scheme and the provision of a Steger-Warming

flux scheme for scalar equations.
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1. INTRODUCTION

The Hyperbolic Conservation Law (HCL) is a homogeneous hyperbolic system of quasi-
linear divergence form equations, which can be uniformly represented as follows:

QU +V-FU)=0 in QcCR (1.1)
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here, d denotes the spatial dimension, and U can represent either a scalar or a vector.

In the one-dimensional case,

For higher-dimensional scenarios,

FU) = (F(U), BU), ..., Fa(U)),

i=d
V-F(U) =) 0. F(U).

Hyperbolic conservation laws are utilized to describe physical phenomena where the incre-
ment of extensive quantities within a system is balanced by the net flux passing through the
system’s boundaries [3]. Common examples of hyperbolic conservation laws include scalar
transport equations, Euler equations, and source-free shallow water wave equations.
Numerical solutions to equation (1.1) commonly employ schemes such as the finite differ-
ence method (FD), the finite volume method (FV), and the discontinuous Galerkin method
(DG). These methods share a common characteristic in that they are all ”local” approxima-
tion schemes: first, the FD method, which is derived from a Taylor expansion around the
grid framework points, inherently belongs to a local approximation technique; second, the
FV method can be regarded as a special case of the DG method when using PO polynomial
approximation, and in the DG method, the basis functions are entirely discontinuous, i.e.,
they are piecewise defined according to the grid cells, allowing for different orders or types
of basis functions on different grid cells. Accordingly, the DG method independently and in
parallel carries out variation on each grid cell, ultimately yielding a series of weak equivalent
integral equations that are as numerous as the grid cells. To distinguish from the global
variational process of traditional finite element methods, we refer to this as local variation.
The F'D scheme, when reconstructing the flux value F; 2 at the midpoint of the grid, faces
the issue of choosing which side of the cell interface to use for interpolation based on the grid
framework points. In both FV and DG schemes, each cell generates boundary integral terms
during the variational process. However, due to the local nature of the variational form,
the flux function F is multivalued at the common interface of adjacent cells. Numerical
flux techniques are employed in local approximation schemes to ensure the uniqueness of
the flux at the common interfaces of neighboring cells. That is, numerical flux techniques
map a multivalued function to a single-valued function, thereby restoring the mathematical
structure and physical connection of the field functions within different cells. Let the mesh
be partitioned as 7,. Consider any cell , € T, with its boundary denoted by 0€). Let
['x denote any part of the boundary 0€), such that I'y C 0€. Denote C(I'y) as the set
of all cells sharing the boundary segment I'y, and suppose there are ¢ cells sharing I'y, i.e.,
|C'(T'x)| = ¢. The numerical solution Uy is a multivalued function on the cell interface T,
with ¢ states (OU,,0Us, -+ - ,0U,,--- ,0U,), where OU . = U,(LC) L€ € C(I'y). The numerical
k
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flux T is a single-valued function, such that

{ Uh|1"k = (aUh&UQu T 78U67 e 7aUq), CcE C(Fk)7 ( )
1.2

ﬁi Uh’l‘k — j"\—rk, VI € 0€.

Upwind numerical flux formats are one of the common numerical flux techniques, and
this method of constructing numerical fluxes originates from the characteristic line theory
of hyperbolic equations: along the reverse direction of the characteristic line (which we refer
to as the upwind direction), the state quantities located in the dependency domain of the

hyperbolic equation are selected to participate in the calculation of the numerical flux. The

upwind direction is easy to determine for scalar hyperbolic equations: since % = %g—g,

the upwind direction can be determined based on the sign of g—{;. Of course, considering
variable coefficients and nonlinear cases, the upwind direction itself is also a local concept,

meaning that the trend of characteristic lines, and thus the upwind direction, is different in

different computational regions. However, for systems, since % will be a matrix, which we

refer to as the Jacobian matrix, the aforementioned approach of “judging the wind direction

of »
oUu

involve only a single characteristic wave, but the Jacobian matrix of a hyperbolic conservation

based on the sign of cannot be directly generalized. Scalar hyperbolic conservation laws
system has more than one eigenvalue, corresponding to multiple characteristic waves. Thus,
the propagation direction of each characteristic wave can be entirely inconsistent. As long
as the Jacobian of the system’s flux function is indefinite over the entire flow field (the
eigenvalues of the flux function’s Jacobian at some point in the flow field are not all of
the same sign), then from a global flow field perspective, each conservation variable U @)
corresponds to a flux F;) that is composed of two scalar sub-fluxes with opposite propagation
directions {.7-' j), .7-"(;) }:T Here, i is the system component index, and m is the dimension of
the system’s state. Therefore, applying the "upwind philosophy” to hyperbolic conservation
systems can be achieved by splitting the flux F into two sub-fluxes with opposite propagation
directions, ™ and F~, and then constructing corresponding upwind schemes for each sub-
flux.

Flux splitting techniques, commonly seen in FD schemes and FV schemes, include two
categories: flux vector splitting (FVS) and flux difference splitting (FDS) [4, 5]. Flux Vector
Splitting (FVS) schemes can be further divided into two categories: those based on Jacobian
eigenvalue splitting and those based on Mach number splitting. The former requires the flux
function to satisfy homogeneity, i.e., F = g—g - U. The latter is designed for some practical
fluid control equations, such as the compressible Euler equations and shallow water wave
i
In the Jacobian-FVS scheme, the Jacobian matrix A is diagonalized by a similarity trans-

equations. Let A = where A is referred to as the Jacobian matrix of the flux function F.
formation, and then its eigenvalues are split to obtain AT and A~, which satisfy positive
definiteness and negative definiteness, respectively. This allows the flux F to be split into

positive flux F'* and negative flux F'~ [6], and subsequently, numerical fluxes are constructed
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for each according to their respective upwind directions. Some hyperbolic conservation sys-

tems do not satisfy F = g% - U, such as the shallow water wave equations. We forcibly

modify the wave speed to a* = \/% to satisfy the homogeneity requirement of the flux
function, and then perform flux splitting based on the modified Jacobian eigenvalues [7].
Regardless of whether the flux function of a hyperbolic conservation system satisfies the ho-
mogeneity requirement, the Mach-FVS scheme can be employed. In the Mach-FVS scheme,
the characteristic wave propagation direction is no longer determined by the eigenvalues of
the Jacobian matrix. Instead, the local Mach number M, = % (where a is the local speed
of sound) is used to determine the characteristic propagation direction at that point: when
M, > 1, the characteristic propagates in the positive direction; when M, < —1, it propa-
gates in the negative direction; and when |M,| < 1, both positive and negative characteristic
waves coexist. Similar to the Jacobi-FVS splitting of the Jacobian eigenvalues, a natural
idea is to achieve flux vector splitting by splitting the Mach number M,. Depending on
whether the pressure term is split separately, the Mach-FVS can be further divided into the
van Leer splitting method [4, 5] and the AUSM splitting method [8]. The former includes
the pressure term in the flux function for splitting, while the latter separates the pressure
term from the flux function for individual splitting.

Reed and Hill [9] proposed the first Discontinuous Galerkin method in 1973, for solving
the neutron transport equation. Since then, the DG method has developed rapidly, with
the emergence of local discontinuous Galerkin methods (LDG) [10], direct discontinuous
Galerkin methods (DDG) [11], and ultra-weak discontinuous Galerkin methods (UWDG)
[12] for solving higher-order equations. In addition, semi-Lagrangian discontinuous Galerkin
methods (SLDG) [13] and Euler-Lagrange discontinuous Galerkin (ELDG) [14] have been
developed based on the characteristic line theory of hyperbolic equations from a Lagrangian
perspective. These methods exhibit high-order structure-preserving and unconditional sta-
bility (large time-step stability) characteristics when solving transport equations. The DG
method discussed in this paper is the Runge-Kutta Discontinuous Galerkin (RKDG) method.
RKDG [15, 16, 17, 18, 19] is a commonly used DG scheme for solving hyperbolic conservation
systems such as the compressible Euler equations. It employs explicit and nonlinearly sta-
ble high-order Runge-Kutta methods for temporal discretization and uses DG methods for
spatial discretization. The former ensures the nonlinear stability of the method regardless
of accuracy, while the latter integrates the concepts of numerical fluxes and slope limiters
from high-resolution FD and FV schemes. The resulting RKDG method is stable, high-order
accurate, and highly parallelizable [20], capable of easily handling complex geometries and
boundary conditions. The RKDG method has the advantages of local conservation, arbi-
trary triangular meshing, good parallel efficiency, h-p adaptive capability [21], and certain
superconvergence properties [22, 23, 24, 25, 26].

Even if the initial conditions are smooth, hyperbolic conservation law equations may

develop discontinuities during their evolution. When calculating discontinuous problems,



FLUX VECTOR SPLITTING RKDG METHOD 7

high-order schemes such as the RKDG method can exhibit numerical pseudo-oscillations
(non-physical oscillations) near discontinuities, which can lead to instability in the numerical
scheme. To suppress numerical oscillations, a common practice is to introduce limiters.
There are currently two types of common limiters: TVD/TVB-type limiters [1, 27] and
ENO/WENO-type limiters [2, 28, 29, 30, 31, 32].

TVD (Total Variation Diminishing) limiters initially decompose a high-order scheme into a
first-order upwind scheme and a linear sum of a correction term (the first-order scheme has
sufficient dissipation to automatically satisfy the non-oscillation property). Subsequently,
according to Harten’s lemma [33], the correction term is restricted. The requirement is that
in smooth regions, the limiter does not affect the correction term, while near discontinuities,
the limiter sets the correction term to zero, thereby automatically degrading to a stable, non-
oscillatory first-order upwind scheme. TVD limiters tend to lose accuracy near extremum
points, leading to the development of TVB (Total Variation Bounded) limiters, which only
require that the average total variation be bounded. WENO (Weighted Essentially Non-
Oscillatory) limiters utilize several stencils composed of the troubled cell and its neighboring
cells. Based on the cell integral mean, several template polynomials are obtained through
interpolation. Subsequently, a template smoothness measurement function is introduced
to non-linearly weight and combine the various template polynomials to obtain the final
reconstructed polynomial on the troubled cell. The smoother the stencil, the greater the
weight of the corresponding template polynomial, thereby achieving a smooth filtering of
the pseudo-oscillations near discontinuities [28, 34].

From the above, it is known that limiters should act near discontinuities; using limiters in
smooth regions can easily lead to loss of accuracy and increase unnecessary computational
time costs. Therefore, a discontinuity indicator can be introduced to identify troubled cells,
i.e., those that contain discontinuities. Accordingly, the steps for using the limiter are: (1)
The discontinuity indicator identifies troubled cells; (2) The limiter is applied to troubled
cells.

It should be noted that some limiters, such as the TVB(D)-minmod limiter, have built-in
discontinuity indication functions, while WENO limiters require additional configuration of
a discontinuity indicator [35]. An obvious idea is to remove the slope correction part of
the TVB(D)-minmod limiter and keep the remaining part as a discontinuity indicator for
WENO. In addition, a commonly used discontinuity indicator is the KXRCF discontinuity
indicator [36]. This indicator is based on the conclusion that “DG algorithms have strong
superconvergence on the outflow boundaries of each cell in smooth areas”. If a cell contains
a discontinuity, then its strong superconvergence on the outflow boundary will be destroyed,
which in turn can determine that the cell is a troubled cell.

When applying limiters to a system of equations, there are typically two implementation
methods: (a) reconstruct each component individually; (b) in conjunction with characteristic
decomposition [37]. The former is easy to implement in a program; reconstructing directly

by component is essentially assuming that the components are already decoupled, but in the
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original system of equations, the unknown components are usually coupled, hence the actual
effect may not be good. The latter leverages the Jacobian of the flux function to transform
the system of equations into the characteristic space to achieve true decoupling, and then
reconstructs each component individually.

The main work of this paper is as follows: For the first time, the FVS method is introduced
into the DG scheme. By utilizing F = F* + F~, an equivalent flux-split form of the original
differential equation is obtained: Uy + V - Ft +V - F~ = 0. A variation is then performed
based on the flux-split form of the original equation, leading to the derivation of a numerical
flux format based on flux vector splitting within the DG framework. Specifically, for the
two-dimensional hyperbolic conservation system, flux vector splitting is implemented using
normal fluxes in the outward normal direction on the interfaces of cells. In terms of lim-
iters, we have introduced the smoothness measurement function IS from the WENO limiter
into the TVB(D)-minmod limiter. An optimization problem based on the smoothness factor
constraint has been constructed, realizing a TVB(D)-minmod limiter applicable to arbitrary
high-order polynomial approximation, which we refer to as the IS-TVB(D)-minmod lim-
iter. Thanks to the constraint of the smoothness factor IS, the IS-TVB(D)-minmod limiter
possesses strong capabilities in suppressing numerical oscillations, but correspondingly, it is
prone to losing high-order accuracy. To address this issue, we have adopted the approach
from the literature [1], introducing the L*-error between the reconstructed polynomial and
the original high-order scheme into the objective function. We have constructed a “smooth-
ness factor IS-L2-error constraint dual-objective optimization” problem to further improve
the TVB(D)-minmod limiter, which we refer to as IS-L%-TVB(D)-minmod limiter. Further-
more, when reconstructing for the hyperbolic systems, it is often necessary to accompany it
with local characteristic decomposition, and the transformation matrix required for charac-
teristic decomposition is determined by local freezing techniques. To this end, we propose
to use the integral mean on the cell interfaces instead of the traditional approach of using
the cell integral mean to achieve local freezing. After obtaining the characteristic transfor-
mation matrix, it is necessary to transform the DG polynomials from the physical space to
the characteristic space. The traditional approach is to construct a column vector of modal
coefficients for the same degree terms of each system component’s DG polynomial, and then
perform characteristic transformation through matrix-vector multiplication, referred to as
“moment characteristic transformation”. In contrast, we have constructed an interpolation-
based polynomial characteristic transformation to achieve characteristic decomposition, and
in the one-dimensional case, we have proven the equivalence of the interpolation-based char-
acteristic transformation with the moment characteristic transformation.

The structure of this paper is organized as follows: In Section 2, a review of the Runge-
Kutta Discontinuous Galerkin (RKDG) method is presented. Subsequently, Section 3 intro-
duces two implementations of Flux Vector Splitting (FVS) for one-dimensional hyperbolic
conservation systems, exemplified by Jacobian eigenvalue-based splitting and Mach number-

based splitting. Considering that characteristic reconstruction necessitates the use of local
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freezing techniques, and that local freezing for variable-coefficient or nonlinear equations
requires the employment of some form of averaging, Roe’s averaging is introduced in Section
4. Section 5 details the flux vector splitting formulation for the RKDG scheme applied to
one-dimensional hyperbolic conservation systems, while the construction process for the two-
dimensional case is elaborated in Section 6. Section 7 focuses on the improvements made to
the TVB(D)-minmod limiter. Section 8 is dedicated to showcasing our unique perspectives
on local characteristic decomposition. The effectiveness of the aforementioned work is val-
idated through carefully designed numerical experiments in Section 9. Finally, Section 10
provides a summary of the work presented in this paper.

Note that a detailed explanation of the symbols and operational rules used in the definition
of the FVS-DG weak solution process in Section 5 and Section 6 must be referred to Appendix
A. Furthermore, Appendix B provides the FVS-DG formulation for the shallow water wave
equations. Lastly, Appendix C re-examines the construction process and working principles
of the classical Lax-Friedrichs flux scheme from the perspective of Jacobian-FVS. Inspired by
the Steger-Warming splitting method for systems, Appendix C presents the Steger-Warming
flux scheme for scalar transport equations and the Burgers’ equation, and proves that this
flux scheme satisfies compatibility, Lipschitz continuity, and monotonicity, thereby ensuring
that the weak solutions obtained for scalar transport equations and the Burgers’ equation
using this flux scheme meet the cell entropy inequality and L?-stability.

2. OVERVIEW OF RKDG

Let the computational domain be Q C RY, where d = 1,2,---. The mesh partitioning
is denoted as 7, = ; UQy U --- U Qp, with the property that €, N Q; = &, for all 4,j €
{1,2,--- ,N}.

The definition of the local orthogonal basis functions on an arbitrary domain €2; is as
follows:

Definition 2.1 (Normative Orthogonal System). Let { (()D), (1D), e ED)} (where { is finite
or £ € o) be a set of functions defined on a bounded domain D, with d),ED) € L*(D), for
i=t
all v = 0,1,2,--- , 0. We refer to {(;SZ(D)} as an normative orthonormal system on the
=0
bounded domain D, if
(D) (D)> _ D40 qx =g, = O TFE 21
(6P.0) o = | 87 w=d T 2.1)

where, X € R4, d=1,2,....

Let PX(€;) be the space of polynomials of degree K defined on ;. It can be spanned by
on it. The set {(b%)} satisfies:

any normative orthonormal system {¢$,?}
m=0

m=0

() m=K
. {gb%)} is an normative orthonormal system in P¥(€;),
m=0

o Vg€ PR(Q), 3{an}izy CR, st g = Y= anol.
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On this basis, the space VE(Q), where the DG weak solution resides, can be defined:

Definition 2.2 (DG Weak Solution Space).
VEQ) = {vel*Q):v g, € PE(Q,), Y € Tn}
here, Ty, is a partitioning of Q C RY.
Thus, for Equation (1.1), the definition of the DG weak solution is as follows:

Definition 2.3 (DG Weak Solution). In the DG weak solution space, a unique polynomial
function Uy, € VE is determined such that for all V € VE and for all ; € Ty, the following
18 satisfied:
/ Vo, (Up) dX = / F(U) - (VV)dX — j—"\VVda. (2.2)
Qi Qi

0%
Here, j—": is the numerical normal flux, which is a single-valued function on 0$2; and satisfies

F,~n- F(Uy), where n is the unit outward normal vector on 0%;.

Remark 2.1. The construction of the numerical flux .7-': to approzimate n - F(Uy) is key
to the spatial discretization in the DG algorithm. The literature [38, 39] introduces a variety
of typical numerical flux formats, while our work involves the introduction of flux splitting
methods from FD/FV schemes, especially the flux vector splitting method, to construct j-";
in the DG scheme.

o, € PE(Q;), then we have
UP(X, 1) = ol ()¢l (X), (2.3)

£=0

Let U,Ei) =U,

The aéi) is referred to as the ¢-th moment or the /-th modal coefficient of U, ,Ei), satisfying

o = (U, 2

Note that the set {gbéi)}‘ézé{ is normative orthonormal.
On §, take the test function V = ¢{”. Note that the basis function gbg) depends only on
X, that is, it does not evolve with time. Thus, we have

/Q | $8,(U,) dX = /Q | 60, (UF) ax = Zzlo(at (o) - (o, ¢§>>L2(Q . (2.5)

7

Utilizing the orthogonality (2.1), it immediately follows that

/ 6D ,(Uy) dX = 8, (o). (2.6)
Q;
From equations (2.2) and (2.6), the following semi-discrete spatial format can be derived:
d, , ;
= (o) = DG (Uf"). (2.7)

where i =1,2,--- ,N; r=0,1,--- , K.
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The following presents the third-order Total Variation Diminishing (TVD) Runge-Kutta
(RK) temporal discretization scheme (TVD-RK3), the fourth-order four-stage non-Strong
Stability Preserving (non-SSP) RK temporal discretization scheme (RK4), and the 10-stage
fourth-order SSP RK temporal discretization scheme (SSPRK(10,4)): Let At > 0, and
partition the time domain as ¢, = n- At, for 0 <n < M = T/At. Let L; be some spatial
discretization operator, such as the previously mentioned Discontinuous Galerkin spatial
discretization scheme DG(-). Then,

e TVD-RK3
uM =u" + At- Ly, (u";tn) \
@_3n 1 o, 1 @
u? = qu a2 AL Ly (u b + A
SR 1 (2.8)
u® = gu" + gu(g) + gAt Ly, (u(g); bn + §At> ’
Wt = U(S).
e RK4
1 3
(@) _ g 4 L i, 4
1
u(g) — u" + At - Ly (u(2);tn + §At) , (29)

u® = (—u" + ut + 20 + u(g)) + 1At - Ly, (u(S); tn + Al)

6
unJrl G )

S Wl
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o SSPRK(10, 4)

1

ut = u" + aAtLh (u";tn),

@ _ 1, 1 5 1
u'? =u' + EAtLh u'st, + éAt ,

® _ @ 4 1 @) 1
u =u + gAtLh uws ty, + gAt ,

@ _,® 1 3) 1
u = u'" + éAtLh u';t, + §At ,

3 2 1 2

) = Sy + Zu® + AL, (ut, + SAt

u 5u+5u +15 h(u,n+3 )
’

u® =u® + ~AtL, <u(5), by + —At> :
uD =u® + ZAtL, <u(6), t, + —At> ,

) _ 1 L ) 2
u'™ =u'" + aAtLh u'st, + gAt ,

) _ 8 1 (®) b
u'” =u'® + aAtLh u'™;t, + éAt ,

1 9 3 3 2 1

=y W Su® 4 AL, (uWit, + SAL) + AL, (u®t, + AL) .

u 25u +25u +5u +50 h(u ’”+3 +10 h(u ytn + ))
(2.10)

By combining the RK-type temporal discretization schemes such as (2.8), (2.9), or (2.10)
with the DG spatial discretization format (2.2), one obtains the fully discrete RKDG scheme,
which allows the evolution of U to U;*'. This is succinctly denoted as

Ut = RKDG (U}) . (2.11)

To suppress numerical pseudo-oscillations, it is necessary to introduce a limiter AIl}, to

restrict U]} before the temporal evolution from ¢, to ¢,.1, yielding (7,’}, that is,
Ur = AIl, (U}). (2.12)
Using U » in the temporal evolution gives
Ul = RKDG (ﬁ;;) . (2.13)
Lastly, for convenience, we take the explicit Euler temporal discretization scheme as an ex-

ample to provide a complete description of the spatial discretization, temporal discretization,

and limiter correction processes in the DG algorithm:
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Determine a unique polynomial function U™ € VX in the DG weak solution space such
that for all V' € VE and for all ; € T, the following is satisfied:

n+l _ 717n ~ —n
/ U = Uf dX:/ ;(U}¢> (VW) dX - | F"Vdo, (2.14)
Q At Q o0

where U = AIT, (UD), and 7, is the normal numerical flux at time t,.

3. OVERVIEW OF FLUX VECTOR SPLITTING FOR HYPERBOLIC CONSERVATIVE SYSTEM
IN ONE-DIMENSION

This section introduces the flux vector splitting method using the one-dimensional hyper-
bolic conservation system as an example. In general, homogeneous systems can be split based
on the eigenvalues of the Jacobian matrix of the flux function, with the goal of obtaining
both a positive definite matrix and a negative definite matrix whose sum equals the original
Jacobian matrix. This allows the flux function to be divided into positive and negative flux
components, where the positive flux corresponds to characteristic waves propagating in the
positive direction of the coordinate system, and the negative flux corresponds to character-
istic waves propagating in the negative direction. Consequently, the upwind direction for
both can be clearly defined, and a stable upwind scheme can be employed for computation.
For practical fluid equations such as the compressible Euler equations or shallow water wave
equations, the Mach number M, (or the Froude number F, for shallow water waves) can
be introduced to rewrite the flux function as a linear function of M,, thereby achieving flux

function splitting through the splitting of M,.

3.1. Based on Jacobian eigenvalue Splitting. The purpose of splitting the flux function
through Jacobian eigenvalue splitting is to construct an upwind-type numerical flux scheme.
This method requires that the flux function itself be a homogeneous function. The following
provides the definition of a homogeneous function:

Definition 3.1 (Homogeneous Function). A function f is homogeneous if it satisfies f(ou) =
af(u), for all w € D(f), where D(f) is the domain of f, and « is any constant such that
for a given u, au € D(f).

It is easy to see that homogeneous functions satisfy f'(au) - u = f(u).

By taking o = 1, we obtain
flu) = f'(u) - u. (3.1)

Consider the following one-dimensional homogeneous system 0,U + 0, f(U) = 0, where

U = (ui,uz,us,- ,up)", and f(U) = (f1(U), f2(U), f3(U), -+, fin(U))", with the prop-
erty that f(U) = 2L . U. Let A= 2L then f = AU.
The general process of Jacobian-FVS is as follows:

e Stepl. First, the flux function needs to be rewritten as f(U) = A(U) - U.
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Remark 3.1. if f(U) is a homogeneous function (e.q., Euler equations), then take

AU) = 2L

Remark 3.2. The flux function f of the shallow water wave equations is not a
homogeneous function and requires special preprocessing. For example, the wave speed

a = +/gh may be forcibly modified to a* = \/%. For more details, see Appendiz B.

e Step2. Diagonalize A by similarity transformation.

T YAT = A,
A=TAT ' = RAL.
Note: RL = I;(identity matrix), T =R, T~' = L. A, R, L, A are all matrix-valued

functions of U.
e Step3. Split A.

A=AT+ A,
satisfying
A(AT) >0, A(AT) <0,

that is, A™ is positive definite, A~ is negative definite.
e Stepd. Split A.

A=R(A*+A")L=RA'L+RAL=A"+A",
A*"=RATL, A~ =RA L,
satisfying
A(AT) >0, (A7) <0,

that is, AT is positive definite, A~is negative definite.
e Stepb. Split the flux vector f.

f=fr+f ., [ff=40, [ff=AT

There are two common schemes to implement Step 3, namely the Steger-Warming splitting

scheme and the Lax-Friedrichs splitting scheme. They are introduced separately below.

Remark 3.3. The flux function for the 1D-Euler equations, given by f = (pu, pu®>+ P, (E +
uw)P)T, and the normal fluz function for the 2D-Euler equations, given by F,, = n,-F+n,-G,
are homogeneous functions of the 1-dimensional conservative vector U = (p, pu, E)T and the
2-dimensional conservative vector U = (p, pu, pv, E)T, respectively.



FLUX VECTOR SPLITTING RKDG METHOD 15

3.1.1. Steger-Warming Splitting. The Steger-Warming splitting scheme (S-W Splitting) is

as follows:
,\::A’H_—‘)‘k’ : )\];:)‘k——‘)‘k’ k=12 .m. (3.2)
2 2
Then,
1 _ 1
AT =SAFIAD AT =S (A— A, (3.3)
Hence,
A+ |A 1 A—|A 1
AJF:R%L: §(A—|—|A\) , AT :R%L: 5(14— |A]). (3.4)

Here, |A| = R|A|L, where |A| denotes taking the absolute value of the elements in A.
If smoothness is considered, it can be improved as:

4 AL+ |)\k’2+52 -~ )\k_\/|>\k|2+52

where § is a small positive constant, for example,  can be taken as 1075,

3.1.2. Laxz-Friedrichs Splitting. The Lax-Friedrichs splitting scheme (L-F Splitting) is as fol-

lows:

)\,j:/\“;M, Ak:M#,M>O. (3.6)
Local L-F splitting:
M, = max A (x)]}. (3.7)
Global L-F splitting:
M = max max { e (z5)}. (3.8)
Therefore,
A = %(A ML), A= %(A M1, (3.9)
Note that RL = I, hence
AJF:RWL:%(A+MICI) , AT :RWL:%(A—MICI). (3.10)

Remark 3.4. From this, it can be seen that the L-F flux vector splitting is a “simplified”
verston of the S-W fluxz vector splitting, as L-F replaces the individual moduli of all eigen-
values with a common upper bound of their moduli, using this upper bound uniformly in the
splitting process. Conversely, S-W provides more precise control over artificial viscosity than
L-F (S-W has less dissipation than L-F), because S-W involves the splitting with the modulus

of each eigenvalue itself, rather than a simplified treatment using a single upper bound value.
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Remark 3.5. The S-W flux vector splitting and local L-F flux vector splitting possess adap-
tivity, meaning that at each cell boundary, the corresponding |\|iy1/2, Miv1/2 are taken. In
contrast, the global Lax-Friedrichs flux vector splitting scheme abandons this adaptivity, but it
1s more convenient to implement and introduces greater artificial viscosity, which is beneficial

for suppressing numerical oscillations (at the cost of reduced accuracy).

Remark 3.6. Noticing the similarity between the Laz-Friedrichs splitting method and the
common Laz-Friedrichs fluz format in DG schemes, we may also attempt to develop the
Steger-Warming splitting method into a flux format for scalar equations. Details can be

found in Appendiz C.

3.2. Based on Mach Number Splitting. For practical fluid control equations, such as the
compressible Euler equations and shallow water wave equations, a dimensionless parameter,
the Mach number, can be defined as the ratio of the fluid velocity to the local speed of sound,
denoted as M, = . The Mach number determines the characteristic propagation direction.
This section illustrates the concept using the 1D-Euler equations as an example, and for the
Mach-FVS related to the shallow water wave equations, please refer to Appendix B.

The eigenvalues of the Jacobian for the one-dimensional (1D) Euler equations are given
as follows:

AM=u =u—a A=u+ta. (3.11)

Note that the speed of sound a = % > 0, where 7 is the specific heat ratio.

o if M, > 1, then u>a >0,

hence u > 0,u —a > 0,u + a > 0.

This implies that all three characteristic waves propagate in the positive direction.
Consequently, there is no negative flux in the flux vector F, that is F = F*, F~ = 0.
o if M, < —1, then u < —a < 0,

hence u < 0,u —a < 0,u + a < 0.

This implies that all three characteristic waves propagate in the negative direction.
Consequently, there is no positive flux in the flux vector F, that is F =F~, F* = 0.
e If |M,| < 1, the situation can be discussed in the following two cases:

Case 1: w>0,u—a<0,u+a >0 (both positive and negative fluxes exist);

Case 2: u<0,u—a<0,u+a>0 (both positive and negative fluxes exist).

Remark 3.7. When |M,| > 1, that is, M, > 1 or M, < —1, it is referred to as supersonic;

when |M,| < 1, it is referred to as subsonic.

3.2.1. wan Leer Splitting. The split fluxes f* and f~ of the Steger-Warming scheme are not
continuously differentiable near the sonic point, which can lead to errors in calculations. In

contrast, the van Leer split fluxes are continuously differentiable near the sonic point [4].
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Rewrite the flux function F of the 1D-Euler equations in the van Leer form:

I U pU pu
F=| p2+P | = pu? + P — pu? + P
1.9 P 192 AP
| (BE+P)u (50“ +ﬁ+P>“ <§Pu +%>u
[ pu paM,
— pu? + %2 — paMu + g
(%pu2+-;%1%?)ii (%Afﬂi*-;%f)pau
M,
=pa | uM, +a/y : (3.12)

u?M,/2 + au/(y — 1)
Then achieve the splitting of F by splitting M,.
e When M, > 1 (characteristics propagate to the right, flux is positive),

F=F" (F_ = O) . (3.13)
e When M, < —1 (characteristics propagate to the left, flux is negative),
F=F (F'=0). (3.14)
o |M,| <1, thatis, —1 < M, < 1:
1
F=F"+F , F*= [(7 — Du £ 2a] /v - paMF, (3.15)
[(v = Du+2a]?/ [2(y* = 1)]
here,
M, +1)° M, — 1)
Mj:L=il,Ag:—L=—l, (3.16)
4 4
satisfying
M, = M+ M, . (3.17)

3.2.2. Liou-Stenffen Splitting (AUSM-type Methods). The fundamental idea of the AUSM
(Advection Upstream Splitting Method) scheme is to consider the advection waves (related
to the characteristic velocity u, linear) and the acoustic waves (related to the characteristic
velocities u + ¢ and u — ¢, nonlinear) as physically distinct processes. Therefore, the inviscid
flux is split into advection and pressure flux terms for separate treatment. In terms of
scheme construction, the AUSM scheme is an evolution and improvement of the van Leer
scheme. However, it distinguishes between linear and nonlinear characteristics, splits the
pressure term and the advection flux, obtains the “upwind” property by judging the specially
constructed interface Mach number, and accurately captures shocks through the careful

design of a unified sound speed in the adjacent cells at the interface. From the analysis of its



18 ZHENGRONG XIE, XIAOFENG CAI, AND HAIBIAO ZHENG

dissipation term, this is a composite scheme of FVS (Flux Vector Splitting) and FDS (Flux
Difference Splitting). The AUSM scheme theoretically distinguishes between the linear field
(related to the characteristic velocity u) and the nonlinear field (related to the characteristic
velocities u &+ ¢) in the flow’s advection characteristics and splits the pressure term and the
advection flux separately.

The flux function F of the one-dimensional (1D) Euler equations, in the Liou-Stenffen

form, is given as follows:

pU pu paM, 1 0
F=| pu>+P = | pu*+P | =| paMu+P | =paMa|u |+ | P |, (3.18)
u(E + P) puH paM,H H 0
—_————
Fo FP

where F¢ is referred to as the advection flux and F¥ as the pressure flux, satisfying F =
F* +FP.
The Mach number M, is split to thereby split the advection flux:

M, =M+ M,
where,
(M, . M, > 1
M= (M,+1)?%/4 , |M]<1
0 , M, < -1
(0 . M, > 1
My = —(My—1)" /4, |M| <1
(M. , M, < —1
Thus,
1
F% = paM* u |- (3.19)
H

Splitting the pressure term thereby leads to the splitting of the pressure flux:

P=Pt4+ P, (3.20)
where,
(P, M, >1
pr=g HM) o)< (3.21a)
\ 0 , M, < —1
( 0 , M, >1
pm = PM) o)< (3.21h)
\ P , M, < —1
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Thus, there is

0
Fl=P| 1]|. (3.22)
0
In summary,
F=F"'+F | F*=F.L+FL (3.23)

Remark 3.8. The van Leer splitting method and the Liou-Stenffen splitting method (a class
of AUSM methods) share a consistent approach to the splitting of the Mach number M,.

4. ROE AVERAGE

For control equations of a system, the limiters introduced typically need to be used in
conjunction with local characteristic decomposition. For variable-coefficient equations or
nonlinear equations, local freezing techniques are required to determine the characteristic
transformation matrix before performing local characteristic decomposition. A simple ap-
proach is naturally to take the arithmetic average of the left and right states (in 1D) or the
internal and external states of the cell (in 2D), but a more effective method, or one that is
more in line with the physical process, is the Roe average. The approach of Roe averaging
is as follows: by utilizing the constant states of the left and right functions, U* and U%, a
reasonable constant matrix (UL U R) is constructed to approximate the original A(U).
This transformation simplifies the complex nonlinear problem into a linear one. Roe [40]

achieved this construction by ensuring that @) (UZ.LJr 1, Uﬁ 1 > satisfies
2 2

R Lo\ _ L R R L
P(Uf;) - F(Uhy) =Q(Uhy UL (U, - UL,). (4.1)
thereby completing the construction. (Here, F(U) is flux function in hyperbolic systems.)

In the Roe scheme, the matrix Q (UL Ui i > is a linear approximation of the Jacobian
2

it17
matrix A at a certain state U7 _,. The state U, is referred to as the Roe average of UiL—i- 1
2 2 2
R
and U; e

In the subsequent sections, when employing characteristic reconstruction in the FVS-
RKDG scheme for the hyperbolic systems, Roe averaging is used to achieve local freezing.
Therefore, in this section, we provide the Roe averaging formulations for the compressible
Euler equations in 1D and 2D/3D as examples.

The Roe averaging scheme for the 1D-Euler equations is given by:

V7o = (VoL + om) /2.
\/ﬁ w = (prur + prur) /2,
\/%-ER%Z <\/p_L[TIL+\/p_RﬁIR> /2.)

Note: H is the specific enthalpy.

)

~

(4.2)
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The pressure ?Roe, speed of sound @’**¢, and total energy E™ are computed indirectly

—Roe
from pf°¢, wf¢, and H  as follows:

(@) = (y - 1) (ER‘” . WR“)?) | (1.3)

—Roe —Roe
B =pteH - P

J

Note: FROE, af¢. and E"™ are not obtained by directly averaging P, a, and F with density
but are computed indirectly.
The Roe matrix A%°¢ is constructed as:

FrRoe —Roe (—=Roe —Roe\ T-Hoe T
U :<pR7(pR -a" )7E ) )

ARoe _ 4 <ﬁRoe) _ R <ﬁRoe> A <ﬁRoe> I (ﬁRoe> _ pftoe ffoe .ZRoe’ (4.4)

:diag< ) J

For the 2D/3D case, the following additional formulas are included:

@Roe — (\/p_LUL + \/p_RUR) )
VPL+ /PR

wRoe — (\/EUJL + \/p_RwR) (45)

VPL+ PR

URO@ _ [(-Roe (=Roe --Roe —Roe  —~Roe —Roe  —Roe ERO@ T
= (p™, (™ -w™), (p7° - ™), (p7 - W), y

—Roe

‘ARO€| _ ERO@ . ‘A ~Roe

f A )\1 )\_QRoe ) )\_SROG

Y

Roe ‘ —Roe
)

Remark 4.1. In the 2D case, the Roe averaging scheme for the compressible Fuler equations
presented in this paper is based on the normal flux, that is, the normal velocity g, = u-n, +

v -y 18 introduced. For details, please refer to Section 0.2 below.

Remark 4.2. The specific form of the Roe average may vary for different fluid motion
models. For instance, in the case of the shallow water wave equations, the Roe averaging
scheme can be referred to in [41]

5. DG BASED ON FLUX VECTOR SPLITTING IN ONE DIMENSION (1D-FVS-DG)

This section will present the flux vector splitting scheme for one-dimensional hyperbolic
conservation systems within the DG framework. Flux vector splitting itself does not in-
troduce any error; therefore, one can first perform a functional split on the flux term in
the original control equation and then define the weak solution through variation. Based
on the physical interpretation of the split sub-fluxes and considering the characteristic line
theory and the stability of the discrete scheme, the corresponding upwind-type numerical
flux format can be derived.
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Consider the one-dimensional hyperbolic conservation system
0,(U) 4+ 0,(F(U)) = 0. (5.1)
We perform the following splitting on the flux vector F'
F(U)=F"(U)+F (U), (5.2)

where F™ denotes the positive flux, which is the flux carried by characteristic waves prop-
agating in the positive direction of the one-dimensional coordinate system; F~ denotes the
negative flux, which is the flux carried by characteristic waves propagating in the negative
direction of the one-dimensional coordinate system. The construction methods for F* and
F~ are discussed in Section 3.

Thus, we have

0:(F(U)) = 0,(F7(U)) + 0:(F~(U)), (5.3)

8,(U) + 8, (F*(U)) + 0,(F~(U)) = 0. (5.4)

Multiplying both sides of equation (5.4) by an arbitrary test function V € V& and inte-
grating by parts over the cell I; yields

(0.(U). V) 12y + (0u(FF(U)). V) o 4 (0:(F~(U)). V)

= (0(U), V) — (FHU),00(V)) 1oy — (F(U),00(V)) 1oy + (F+@V)”1j§ + (P~ @V)jﬂg
= (0,(0). V) 2y — (FH(U) + F(U).0,(V)) oy, + EH O V)V (B0 V)V

= (0,(U), V). —<F<U>,am<v>>m) +(Frov) N+ (FoV)=0. (55

Thus, the definition of the DG weak solution U; based on flux vector splitting can be given:

Definition 5.1 (Weak Solution U, for 1D-FVS-DG). If U, € VE and for all V, € VK it
satisfies

ULV oy — (B (UL, 0.V
+ [<F+Z+1/2 ® (Vi )z+1/2) - (15/‘11'*1/2 © (Vﬁ)iq/z)]
+ |:<F/‘:i+1/2 © (Vh)i+1/2> — (F/‘:i—1/2 © (Vf)i_l/z)] =0, (5.6)

where FE are the numerical fluxes, then Uy, is referred to as the weak solution of the original
equation (5.1) in the sense of FVS-DG.

Let

A~

Fiji0 :=Fti10+ F g1y, (5.7)
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then we have

<at<Uh)th>L2(1i) - <F(Uh>»aac<vh)>L2(Ii) + (ﬁi+1/2 © (V{:)Z‘H/Q) - <ﬁi—1/2 © (Vf)i—l/2> = 0.
(5.8)

In actual calculations, after obtaining F+ and F- at the same interface, the two are super-
imposed scalarly to obtain f‘, which is then substituted into equation (5.8) for computation.

Based on the characteristic line theory of hyperbolic equations and the stability of the
discrete scheme, an upwind numerical flux can be employed, which takes the interface state
on the reverse side of the characteristic propagation direction as the numerical state. This
numerical state can be split into two numerical sub-fluxes with opposite directions, and the
sub-flux that is consistent with the characteristic propagation direction under consideration is
taken as the final numerical flux for this interface in that characteristic propagation direction.

From the definitions of F* and F~, the following can be immediately obtained:

Ftijip = Ffﬂ/ga Ftii1p= FZ‘LLY/27 (5.9a)
Fiy10 = Fii;/w Fii10= Fiz/g- (5.9b)

Remark 5.1 (DG Based on Jacobian Matrix Eigenvalues Splitting). In the Steger- Warming
and Lax-Friedrichs splitting schemes, we have F* = ATU and F~ = A~U, so we obtain

Frivi2 = AL’+(UiL+1/2)UiL+1/2> F¥i 12 = AL’+(UiL—1/2)U¢L_1/27 (5.10a)

Foitp = AR’_(Ui1/2)Uﬁ1/27 Foiip= AR’_(Uilm)UﬁUz (5.10b)

6. DG BASED ON FLUX VECTOR SPLITTING IN TWO-DIMENSION (2D-FVS-DG)

Consider the two-dimensional hyperbolic conservation system
0,(U) 4+ 0,(F(U)) + 0,(G(U)) = 0. (6.1)
Let
H = (F,G), (6.2)
the original equation can be written as
(U)+V-H=0. (6.3)
Now, introduce the normal flux of the two-dimensional hyperbolic conservation system as
F,=n-H (6.4)
that is

F,=n,-F+n, G (6.5)
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Remark 6.1. For high-dimensional problems, the DG scheme cannot discretize space di-
mension by dimension like F'D or F'V schemes, especially on triangular meshes, where the
concept of “dimension-by-dimension discretization” is invalid. Therefore, we introduce the
outward normal flux on the cell interfaces, transforming the multi-dimensional problem into
several one-dimensional problems along the outward normal directions of the mesh inter-
faces (the number of normal one-dimensional problems depends on the number of numerical
integration points arranged on the interfaces).

6.1. DG Based on Flux Vector Splitting in Two-dimension. In the two-dimensional

hyperbolic conservation system, there are flux functions F and G in the x and y directions,

respectively. By using the outward normal vector on the cell interfaces, F and G are com-

bined into a single flux function, namely the normal flux ,,. On the basis of the normal flux

function F,, the Jacobian matrix eigenvalue splitting or Mach number splitting is achieved.
Consider the two-dimensional hyperbolic conservation system

0,(U) + 0,(F(U)) + 8,(G(U)) = 0,

following the one-dimensional case, split the flux vectors in each dimension (F is the flux
vector in the z direction, G is the flux vector in the y direction):

F=F"+F , G=G"'+G". (6.6)

F* represents the flux component in the x dimension along the +z direction; F~ represents
the flux component in the z dimension along the —z direction; G represents the flux
component in the y dimension along the +y direction; G~ represents the flux component in
the y dimension along the —y direction. The construction methods for F*, G* are discussed
in Section 3.

Let
HY .= (F",GHT | H = F,G)", (6.7)
hence
H=H'+H", (6.8)
then
0,(U)+V -H"+V-H =0. (6.9)

Multiply both sides of equation (6.9) by an arbitrary test function V € VX and integrate
by parts over €2; to obtain

<at( ) >L2(Q ) + <v H* (U) ’V>L2(Q¢ + <V -H™ (U) ’V>L2(Qi)

= (0:(U), V) 12q,) — (H* (U) - VV>L252) (H™ (U): VV>L2Q)+/QV.(H-F(U)@V)dX—i-/Q‘V-(H_

= (0:(U), V) 20y = (HT(U) : VV) 1) = (H (U) 1 VV) o 00

f
=(0:(U), V) 20, — (H" (U): VV>L2(§271) - (H™ (U): VV>L2(Q ) +/d

08

(H* (U)-n) ® Vdl + / (H~ (U) -

(U) © V)dX

(H* (U) © V) - ndl + / (H™ (U)® V) - ndl

n) ® Vdl
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= (0:(U), V) 12(q,) — (H" + H~ (U);VV>L2(Q”+/M(H+ (U)~n)®le+/8Q(H7 (U)-n)oVdl

= (0:(U), V) 120 —<H(U):VV)L2(Qi)+/(99 (H+ (U)-n)@le—i—/a (H~ (U)-n) ® Vdl = 0. (6.10)

: Q;
Let
Fr=H'n , F,:=H -n (6.11)
Note that the outward normal vector has been incorporated into the numerical fluxes.
Obviously,
Fr=nF"+n,G" |, F, =nF +n,G, (6.12)
and it holds that
F,=F +F,. (6.13)

Remark 6.2. Given the physical significance of F*, G*, it is understood that F represents
the flux flowing from the cell interior to the cell exterior in the direction of the unit outward
normal vector n. Conversely, JF, represents the flux flowing from the cell exterior to the
cell interior in the direction of the unit outward normal vector n.

Now, the definition of the DG weak solution Uj, based on flux vector splitting is given:

Definition 6.1 (The weak solution of the 2D-FVS-DG). If U, € VX and for all V,, € VK,

it satisfies

(01(UR), V) oy — H(UL) : YV ooy + | Fo - Vidl+ | F, - Vidl =0, (6.14)
8Q1‘ 891’

where FE are the normal numerical fluzes, then Uy is referred to as the weak solution of
the original equation (6.1) in the sense of FVS-DG.

Let

F,=F +F, (6.15)

In actual calculations, the following form is used:

—~

((‘)t(Uh),V>L2(Qi)—<H(Uh):VV;JLQ(Qi)—i-/ F, - V,dl=0. (6.16)
0Q;

Similar to the one-dimensional problem, and still due to considerations of characteristic lines

and stability, based on the physical meaning of F7, it can be obtained that

Fi = n,FHUM™) 4 0, GT(UM™), (6.172)
F, = n,F (U 4 1, G~ (U<, (6.17b)

Here, “int” denotes the interior of the cell, and “ext” denotes the exterior of the cell.
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6.2. Normal Roe Average Employed by DG in Two-dimension. Roe average can
be adopted for local-freezing when local characteristic decomposition discussed in Section
8. Similar to previous approach in Subsection 6.1, Roe average along the outward normal
direction on the cell interfaces is utilized to handle multi-dimensional cases. Here, we provides
the specific implementation details of the noraml Roe averaging.

Firstly, review that the Roe average along the coordinate vectors:

\/,0» (\/Pint + \ Pext) /2,
ERO@ _ (M . uint + /pext . uext) /27

/pRoe
/ﬁRoe —hRoe _ (, /Pint * Vint -+ \ Pext * Uezt) /27
—Roe

/—Roe

-H = (\/ Pint ﬁint + /Peat ﬁewt) /2.

Note: H iS ‘he Speciﬁc en‘ halpy
—Roe Y — 1 _ ~ Roe 1 —Ro
P (pRoe ll (pR 6)2) ,

(@) = (v — 1) (H _ %(HR06)2 _ %(6306)2) 7

Note that P ‘, @™*, and E™ are not obtained by directly averaging P, a, and E with
density but are computed indirectly.
Then, the normal Jacobian and its eigenstructure are substituted as follows:

—R —R —R \
qn oe = oen +/U OeTLy7

~Roe ~—Roe R ~Roe R R ~Roe R —R
)\1 — )\2 =7 oe )\3 oe oe )\4 oe L g oe

n > = {n —a 5 = (n

A—nRoe _ An <ﬁRoe> _ Rn (ﬁROB) ) An <ﬁRoe) ] Ln (ﬁR%) _ R—nRoe ) A—nRoe ] L—nRoe’

’A—nRoe _ R—nRoe . ’A—nRoe . L—nRoe7 ’A—nR ( )\ ~Roe ’ )\—ZRoe : )\ ~Roe )\4Roe ) .
Vs
(6.18)
Remark 6.3. The normal Roe flux for the 2D-FEuler equations is given by:
F»,Ijoe _ % (szt + F;nt) . % |A_n‘ (Ue:ct . Uznt) 7 (619)
where
P~ F, (U%) = F (U) -0, + G (U) -, (6.200)
=, (U) < F (U) 0, 4G (U7) (520

Roe flux is a kind of Riemann solvers, which is diffrenet from our FVS-based flux schemes
introduced in Section 5 and Subsection 6.1.
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7. A NoveEL TVB(D)-MINMOD LIMITER FOR NUMERICAL PSEUDO-OSCILLATION
TREATMENT

This section will introduce the discontinuity indicators firstly and then focuses on some
improvements we have made to the TVB(D)-minmod limiter.

7.1. Commonly Used Discontinuity Indicators. In this subsection, we introduce two
types of discontinuity indicators used in the subsequent numerical experiments, namely
the TVB(D)-minmod discontinuity indicator and the KXRCF discontinuity indicator. The
TVB(D)-minmod discontinuity indicator is applicable to 1D/2D scalar equations as well as
1D/2D systems. We employ this type of limiter solely on rectangular (arbitrary quadrilat-
eral) meshes; The KXRCF discontinuity indicator is used exclusively on triangular meshes
for the control equations of fluid systems. It is important to note that when discontinuity
indicators are applied to system control equations, each component’s troubled cells should
be inspected individually.

7.1.1. TVB(D)-minmod Discontinuity Indicator. The TVB(D)-minmod limiter is a slope
limiter that compares the jump between the average of the troubled cell and the averages of
the neighboring cells with the jump between the average of the troubled cell and the average
of the boundary integrals of the troubled cell. The smaller of these absolute values is taken
as the revised average of the boundary integrals of the troubled cell, thereby reducing the
average slope of the approximate solution curve within the troubled cell. When used as a
discontinuity indicator, the working principle of the TVB(D)-minmod limiter is as follows:

e 1D-TVB(D)-minmod Discontinuity Indicator

The deviation of the cell left boundary value from the cell average (left deviation) is given
by

[7@' = Uz — Uitb
2
hence,
U+ 1 = Uz fj\z

U; U;% - U,
hence,

The forward difference between neighboring cell averages is
A, - UZ - Uifl-

The backward difference between neighboring cell averages is

Ay =Uip — Ui

=
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The modified left deviation is calculated as
Um4 = minmod (UZ», A, A+> .

The modified left boundary value is then

The modified right deviation is calculated as
[7;”“[ = minmod <[71, A, A+) .
The modified right boundary value is then
Ut =T+ U,

If the modification is not equal to the orlgmal, it indicates that the cell is a troubled cell,
that is:
if ﬁim‘)d #+ (71 or ﬁimOd + l:jZ then I; is a troubled cell.

Remark 7.1 (Correct the end-point values of the troubled interval and implement the

TVB(D)-minmod limiter). According to U 7 and U +m°d, we can correct the DG poly-
2

nomial on the I; cell. Fxecuting this comunon step can implement the TVB(D)-minmod

limiter (if not, then it just work as a discontinuity indicator).

e 2D-TVB(D)-minmod Discontinuity Indicator
The 2D rectangular cell integral average is given by

— 1
1l Ja, 7

The left boundary (L) integral average is

=

—IL =L 1
U,:=Upsq =7 ui;(x,y)dl.
J 0825 |anL]| aQiLj ]( )

The right boundary (R) integral average is

—R =R 1
Ui =Usq.. = =57 wij(z,y)dl.
J 0825 |aQ£| 8ij': J
The bottom boundary (B) integral average is
=B =B 1
Ui =Usq.. = =57 wi;(z,y) dl.
J 0825 |aQ£| 89% J
The top boundary (T) integral average is
=T =T 1

09| Joar
The left difference between adjacent cell averages is

AL = Uij — Ui—l,j~
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The right difference between adjacent cell averages is

Ap=Uip1;—Uij.

The bottom difference between adjacent cell averages is

AB = Uij —Ui’jfl.

The top difference between adjacent cell averages is

Ar=U;j — Uy
The left deviation of the boundary average from the cell average is

L
K

S =

hence,

The right deviation of the boundary average from the cell average is
R J—

UZI} :U - Uij;

ij
hence,

Uy =T, +UE.
The bottom deviation of the boundary average from the cell average is

B
15

hence,

—B JR— ~

77"

The top deviation of the boundary average from the cell average is

hence,
U, =0+ 0"
i = Uig + Uy

The modified left deviation is

ﬁgmod = minmod ((75, Ay, AR> .
The modified right deviation is

ﬁg,mod = minmod ((75‘, Ap, AR) .
The modified bottom deviation is
[/ji?,mod = minmod (ﬁg, Apg, AT) .

The modified top deviation is

ﬁg’mOd = minmod (U.T Ap, AT> .

YR



FLUX VECTOR SPLITTING RKDG METHOD 29
The 2D-rectangular mesh TVB(D)-minmod discontinuity indicator is as follows:
. 73 L,mod 3L 77 R,mod TR B ,mod T mod
if Uij #* Uij or Uij =+ U,L»j or 7é or 7£

then €);; is a troubled cell.

7,]7

Remark 7.2 (Correction of Boundary Integral Averages using the 2D Rectangular Cell
TVB(D)-minmod Limiter).

Ufj,mod _ Uij + ﬁi?,mod7
Ug,mod _ UU + ﬁ;‘];,mod’
UiB;,mod _ U” + ﬁlg,mod’
Uz;,mod _ U” + ﬁg,mod

Ezecuting this correction step can implement the TVB(D)-minmod limiter (if not, then it

Just work as a discontinuity indicator).

As mentioned in the “Introduction”, the TVB(D)-minmod discontinuity indicator is ob-
tained by omitting the slope correction step from the the TVB(D)-minmod limiter. All
computational processes of the TVB(D)-minmod discontinuity indicator are naturally also
the main steps of the TVB(D)-minmod limiter.

7.1.2. KXRCF Discontinuity Indicator. Let the inflow boundary of the solution be denoted
as 02~. The KXRCF indicator is defined as follows:

. Uagz u’ﬂ_ u’ﬂ de|

- k+1 .

0927 - [lulq

If Jo > 1, then 2 is identified as a troubled cell. Here, €1, refers to the neighboring cell

72

sharing the inflow boundary d2~ (not all neighboring cells), K is the highest degree of the
piecewise polynomial, and A is the radius of the cell.

e 1D-KXRCF Discontinuity Indicator: For the 1D fluid systems, if v-n < 0, it is considered
an inflow boundary; otherwise, it is an outflow boundary. Here n is the unit outward normal
vector; For 1D scalar case, we define v, taking its value from inside the cell [; as f'(u) and
take u as the indicator variable.

e 2D-KXRCF Discontinuity Indicator: For the 2D fluid systems, if (v;,v,) -n < 0, it is
classified as an inflow boundary; otherwise, it is an outflow boundary. Here n is the unit
outward normal vector; For 2D scalar case, we define vy, vy, taking their values from inside
the cell Q; as f'(u), ¢'(u) respectively and still take u as the indicator variable.

7.2. Constrained Optimization-based TVB(D)-minmod Limiter Compatible with
High-Order Polynomial Approximation. In the context of high-order P¥-polynomial
approximation (K > 3), the original TVB(D)-minmod limiter results in indeterminate cor-
rection equations with non-unique solutions. Direct use of the least squares solution for

the above indeterminate correction equations will result in noticeable numerical oscillations
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when using higher-order polynomial approximation (Please refer to Figure 1). The primary
goal of employing the TVB(D)-minmod limiter is to suppress numerical oscillations. To
better achieve this goal, we select the solution from the set of indeterminate solutions that is
“the smoothest,” serving as the DG solution modified by the TVB(D)-minmod limiter. To
address the ill-posed problems between the original TVB(D)-minmod limiter and high-order
polynomial approximation, we introduce the smoothness measurement function 1.5 from
WENO reconstruction as the objective function to construct an optimization problem. Ad-
ditionally, while suppressing numerical oscillations, it is essential to maintain the solution’s
high accuracy. The approach taken in [1] is to introduce an L?-error term to characterize
the difference between the corrected solution and the original high-order scheme. By mini-
mizing the “L?-error between the corrected solution and the original high-order scheme,” we
ensure the accuracy of the solution modified by the limiter. Consequently, a natural idea is
to combine the aforementioned constraints to form a bi-objective optimization problem that
balances oscillation suppression and precision.

—o— original TVB + KXRCF Indicator |
Exact Solution

—e— original TVB + TVB Indicator
Exact Solution

—e— original TVB + no Indicator
Exact Solution

(a) (b) (c)

FIGURE 1. 1D-Burgers’ equation ut+(%u2)z = 0 with initial condition ug(x) = sin(z). The simulation
is performed up to time t = 2.0. P3-polynomial approximations and uniquely spaced 32 cells. TVB
parameter M = 1. The v for KXRCF indicator in scalar case is taken as ;41,2 from inside the cell I;:
(a) classical TVB-minmod limiter without discontinuity indicator; (b) classical TVB-minmod limiter with
TVB discontinuity indicator; (c) classical TVB-minmod limiter with KXRCF discontinuity indicator

7.2.1. Smoothness Factor IS Constrained TVB(D)-minmod Limiter: One-Dimensional Case.
The one-dimensional smoothness measurement function is defined as:

S(QF (2)) = llij / %””2 N (w)zm. (7.1)

? l
Ti—1/2 Ox

old

[

Let the original DG weak solution on interval I; without the limiter be denoted as u

i.old i,0ld _i,0ld _i,0ld _i,0ld i,0ld i,0ld T
- 1 1 7,0 — ) ) ) ) ) )
with modal coefficients given by a»*¢ = [040 Lo s g e agf ] . An op-

timization problem for the DG weak solution u; on interval I; is constructed as follows:
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min 1.5 (u;)
1 -
mf[LT ( )dl’ +Ud (72)
s.t. u; (@ 1/2) =U" {'/“2’
mod
i (Tiv1je) = Uii1)2

Let the solution to problem (7.2) be u™? with modal coefficients

ai,mod _ 046 ;mod azl mod 0412 ,mod ag mod’ aszold7 OéleOd] T 7 (73>
such that
(=K
uot = oy mod g’i). (7.4)
=0
The integral mean remains unchanged, i.e., o mod — hold which allows further simplification
g g 0
to
min /5 (u;)
+,mod
st Ui (%—1/2) U; %gd (7.5)
Ui (xi+1/2) Uz+1/2

For the sake of brevity in notation, we omit the cell indices for the modal coefficients and
the basis functions. It is known that

u; = @) (x) + aadh(2) + asdiy(x) + - - + axdi(z),
u; = gy () + azdy(w) + -+ -+ ag (),
) = gl (2) + -+ + axold (),

™ = aro1dl S (@) + axsg (@),
ul(-K) = amﬁﬁf) ().

Define

04p; 0%y, 4 (d
M — A 2d1/ J . dr = A 2d—1 () (d) 7.6
ik - T T x <¢ k >L2(I¢) ) ( )

J L oxd  Ord J o

then the smoothness factor is given by

A=Kz, @ 9 d=K K K d=K
_ 2d—1 _ d _ d
IS; = E / Az; (uz > dx = 5 E Mo 0, = E M]joz] + E E
d=1 v %i-1/2 d=1 j=1 k=1 d=1 j=1 k=j+1

(7.7)
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The corresponding relationship between coefficients is as follows:

Q1K —1

L 1K

[ My
2M{y

QM1

2]\411K71

2Miy

a3
2
Q203 a3
)
2
Q20K -1 Q30 K—1 - Of_1
2
Q20K Q30K o OK-10K Q|
1 2
1 2 1 2 3

2 (M21K—1 + M22K71) 2 (M:%KA + Mix 1 + M33K71)

2 (Msg + M3x) 2 (M3 + M3 + M3y )

A= Mg + Micg + -+ MEk.

From this point on, we restore the cell indices. Define

Mi =

[ o0ty
2Mi,

QM1

2Mi g

2 (Msy + M5,)

2 (Ms3 + M3s) 2 (M3s + M35 + M3s)

2Mip_, 2 (M21K—1 + M22K71) 2 (M;%Kﬂ + Mg 1 + M??Kfl)

2 (Mg + M3) 2 (M3 + M3k + M)

(7.8a)

M g+ My e q+ o+ Mg,

2 (Mll(—lK +Mpg g+ + M;((:f;()

(7.8b)

(7.8¢c)

A

2 (Mig_1g—1+ Mg q+---+ Milf(:llK—l)

2 (M _yje + Mpg i+ + MEZ{g)

(7.9)

Note that each ]L/ fk, of Ml; belongs to the cell I;. The matrix M is decomposed as follows:

M; =L; + Dy,

Let

Define the matrix M!® as

M!® = L; + D; + U,

(7.10)

(7.11)

(7.12)

2 A
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Additionally, define

é_i,mod — |:()éi’m0d, Oé,mod, é,mod7 . 705?(”10161, ?{mod] T ’ (713>
T
@), = | O () Ga(mye) o (mye) | an
o1 (5’72’+1/2) P2 (Sﬁ'z‘+1/2) Ok ($i+1/2)
(A7) =N (7.15)

To solve the constrained optimization problem (7.5), the Lagrangian is constructed as follows:

Li(&i, aé, ceey a’}(, )\17 )\2) = ISZ + )\1 . <U1 (372;1/2) — Uj—t,;n/;d) + )\2 . <’LL1 ($i+1/2) — U;r{,;gd> .
(7.16)

mod aé")ld, at™mo)  should satisfy the saddle-

The solution to problem (7.5), denoted as u
point equation, that is:

Oy L
Oy L
MFared + @] [A']
VL; = 5 I - kK:O "G (%io1/2) — U:f;l;d =0 (7.17)
_ ,a,K, ,Z _ K i,mod —, mod
9 I o Q) Ok (Ii+1/2) - Ui+1/2
A i
O, Li
L @t g )
Taking into account that o)™ = a5”? is known, the matrix form of the saddle-point
equation is given by:
AISXIS = pls) (7.18)
where
MiS | [,
AIS = | ZEoLtT (7.19a)
(@]} 1 02
0K><1
IS mo %,0 i
b;” = Uzt,l/Qd — g™ ((JI) (zi1y2) | (7.19D)
—,mod i,0ld (I;
U’i+1/2 - (() )($i+1/2)
émod
D CLIE . (7.19¢)



34 ZHENGRONG XIE, XIAOFENG CAI, AND HAIBIAO ZHENG
Thus, the DG modal coefficients modified by the IS-TVB(D)-minmod limiter can be obtained

T
mod __ i,0ld [zmod] T
a; = [040 5 [ai }

7.2.2. Smoothness Factor IS Constrained TVB(D)-minmod Limiter: Two-Dimensional Case.
We consider the DG weak solution on the rectangular element €:

(z,y,1 Zak )ok(2,y), (2,y) € Q. (7.20)
Let D be a multi-index of spatial partial derivatives, then
U(D (x,y,t) Zak gbk z,Y). (7.21)

In the two-dimensional case, the computation of the smoothness measurement function 7.5
is as follows:

SQ(z,y) = > QP! / (0P Qx(x,y))” dady. (7.22)
1<|D|<K fx
We denote
My = |Qlc|2|d‘71 Z <¢;(€d)7¢l(d)>L2(Q,<), (7.23)
|d|=|D|

where d is a multi-index of spatial partial derivatives.
Thus, we have

IS(Up) = ) [P / (OPU,)? dzdy

1<|D|<K e
K 2
= ¥ |Q,C\2|D_1/ > arey” | dady
1<|D|<K Qe \ k=1
K K
2|D|-1 D D
= Z QP! ZZ%M(@E L)) 2o
1<|D|<K k=1 =1

K K
= D DD ey
) _K K—1
= (ZakMkk—i— Z Z 20zk0qul>
<DI<K

1 k=1 l=k+1

K
= Z Mkk+ Z Z Z 2akalel
=1

1<|DI<K k=1 I=k+1

K K—1 K
:Zai~ Z M2 +Z Z 20,01 Z Mg - (7.24)

k=1 1<|D|<K k=1 l=k+1 1<|D|<K
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Note that when |d| > min(k,[), it holds that ¢I(;ig](k‘l) =0,

we have
YooM= > M, (7.25)
1<|D|<K 1<|D|<min(k,])
therefore,
K K-1 K
]S(Uh):Zaﬁ- Z MR +Z 220%061' Z MR
k=1 1<|D|<k k=1 I=k+1 1<|D|<min(k,)
K K-1 K
=>ai- | D> MR +Y D 204 | D> MY (7.26)
k=1 1<|D|<k k=1 I=k+1 1<|D|<k
h ~D ah ~(L+U), L=UT i
Note that unlike the 1D case,
MR = > (6 0 e (7.27)
|d|=|D|

The remaining derivation is similar to the 1D case.

7.2.3. TVB(D)-minmod Limiter under Dual Constraints of Smoothness Factor 1S and L*-
Error. The TVB(D)-minmod limiter provides three (or two) correction conditions that
inherently suppress numerical oscillations, optimizing for the smoothness factor still only
serves to further suppress numerical oscillations, but over-suppression of numerical oscil-
lations is clearly detrimental to accuracy: the smoothness measurement function is in the
form of a sum of squares, with 0 being its optimization ideal point (extreme value). Ob-
viously, 0 is quite unfavorable for accuracy (large dissipation, with the numerical solution
curve tending towards a horizontal line).

Numerical oscillations are generally more prevalent in high-order schemes, Considering
that the TVB(D)-minmod limiter’s three (or two) correction conditions have already played a
role in suppressing numerical oscillations, we should select the solution with higher precision
from the weakly oscillatory solution set provided by the original TVB(D)-minmod limiter.
Therefore, it is appropriate to make the corrected numerical solution as close as possible
to the oscillating numerical solution of the original high-order scheme under the premise of
weak oscillations. Hence, one can choose the L?-norm to characterize the “closeness” of the
corrected solution to the original high-order scheme’s solution. This is the approach taken
in the literature [1].

It is worth noting the following observations:

e For the computation of the Burgers’ equation using P3-polynomial approximation, the
“smoothness factor constraint” is superior to the “high-order scheme L?-error constraint.”
(Please refer to Example 9.4 in Subsection 9.2.)

e In the 1D-Euler Lax shock tube problem, the “smoothness factor constraint” is superior
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to the “high-order scheme L2-error constraint” (the “high-order scheme L?-error constraint”
may lead to a “blow-up”).

The shock tube problem is an example that is relatively extreme and demanding, hence
stability (suppression of oscillations) is more important than accuracy. The “smoothness
factor constraint” introduces additional conditions to suppress oscillations beyond those
provided by the TVB(D)-minmod limiter (equivalent to additional artificial viscosity), thus
yielding better results. On the other hand, the “high-order scheme L?-error constraint” may
lead to computational divergence due to insufficient suppression of oscillations.

Therefore, we can further consider the combination of the two and construct and solve
the bi-objective optimization problem according to “Linear Weighted Sum Method” from

optimization theory.

B One-dimensional case
A common approach to multi-objective optimization is to form a new objective function

by taking a linear convex combination of several objective functions, i.e.,

min {wls . ]S(uzm’d) + wre2 - Hug’“)d — UfldHLz(m}

ﬁ [ u i (x)de = U,

(7.28)
mo __ r7+,mod
st Ui ! (xi—1/2) - Ui—1/2
mo o —,mod
! (xiﬂ/?) =Uir)2
The integral mean remains unchanged, hence o™ = a5, which allows further simplifi-
cation as follows:
min {wIS . IS(uZmOd) + wre - Hu?wd — ufldHLQ(m}
uped (zicay2) = U (7.29)
s.t.
mo o —,mod
! (xi+1/2) = U)o
We continue to use the notations from the previous Section 7.2.1:
A ) : . . T
é;(nOd ,: |:a/7fmod’ CY;,mod’ agmod’ . az],(niold’ az[,(mad} ’
T
I I I
I e R T
i I I I ’
¢>§ ) (ﬂfi+1/2) ¢g : ($z‘+1/2) ¢>§{) ($i+1/2)
* x 1T
[A"] = [AT, A]
The solution u**¢ to problem (7.29) satisfies the following saddle-point equation:
AISHEEX ST — plo+l? (7.30)
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where
AISHEE — | EJ{SMZI?:‘:({ ,QM,’ i L ,[(Ii]i |, (7.31a)
[®]" | 020
wrs * O x1 + wye - 2ab0ld
b£s+L2 | U+T;gd B (z;o;d;b((:li; (793;:1/72; 7 , (7.31b)
Ut — ol (11111)
XI5+12 | %gfoil . (7.31c)
[A7]
Note:
MF = diag(2) k. (7.32)
giokd _ [iold qiold piold iold aij{old] * ‘ (7.33)

T
Finally, the optimal solution to problem (7.29) can be obtained a/**¢ = [ag(’ld, [armed] T] :

B Two-dimensional case
For the DG weak solution U;; on the two-dimensional rectangular element €2;;, the following

o)

bi-objective optimization problem is constructed:

min {wls IS(UI) + wyga - || U7 — U2

v

8QL Umod LL’ y dl Ugﬂmod _ UL ,mod
mod +—=R,mod +—=R,mod
/aszR, Ui @y =Usa,” = Uy (7.34)

s.t.
—B,mod —B,mod

/aQB Ui’?"d(z,y)dl UaQ = Uz'j

—T,mod —T,mod

/BQT Ui@'wd(% y)dl = UaQ =Ujy

For conservation requirement, it still holds that 7™ = {9

Here, we denote

.. .. .. T

~old .__ (i7),0ld _(ij),old (i5),0ld

Ag) [al] oy’ ""704(IJ<+1)(K+2)/2—1} > (7.35)
.. .. .. T

~mod .__ (i3),mod (i3),mod (i3),mod

Aig) = [“17 sy o ey 1} ; (7.36)
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\

Fﬁv(ij) = ¢(ZJ ( ) ng(ll) = gbé”)(x,y)dl
aQL agg

0P [ oy, TP = [ o @y (0 (737)
aQB aﬂg

k=0,1,2,3,--- ,(K+1)(K—|—2)/2—1

_Ff7(ij) Fg(m e Fflj((iji)(KJrZ)/Qfl_
R,(ij R,(ij R,(ij
[l = FLEZ FZEZ? N ngg)(mwﬂ ’ (7.38)
I I T F(K+1)(K+2)/2—1
_FlT’(ij) Fg’(m T F?fc(fgi)(KJrQ)/Q—l_
[A] = [N A5 A5 AT (7.39)

The saddle-point equation is given by:

IS+L2~rIS+L2% _ 3 1S+L2
Ay Xy =Pay (7.40)

where

T
wisM{S) + wr2Mf;) [F](m

2
arser | <15t Tty gac) , (7.41)

wrs - 0(K+1)(K+2)/2—1 x 1+twre - 25‘(’%

2 —R,mo ij),0 ij
bIS‘FL — Uiv d - Oé((]])’ ldrgv( J) , (741b>
Uﬁ,mod . aéij),oldFOB,(ij)
] UZ;mOd _ a(()l])7Olng7(Z]) |
amnod
ng;rﬂ — |2 | (7.41c)
[A7]

Note that in the two-dimensional case, M(U = diag(2) (k+1)(K+2)/2-1 x (K+1)(K+2)/2—1, While
M(I 5) must be derived based on the conclusions equations (7.26) and (7.27) in Section 7.2.2,
following the process equations (7.8) to (7.12) outlined in Section 7.2.1.

(i)

We denote the limiter based on the bi-objective optimization problem concerning the 1.5
function and L2-error as the IS-L?-TVB(D)-minmod limiter. It is worth noting that when
setting wr2 = 0 and wrg = 1, the IS-L2-TVB(D)-minmod limiter degenerates into the IS-
TVB(D)-minmod limiter discussed in the previous sections 7.2.1 and 7.2.2; On the other

g T
Then, a@j?)d = [aé” Jold [ém?d] } is just the optimal solution to problem (7.34)
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hand, if we take wy2 = 1 and wrg = 0, then the IS-L2:-TVB(D)-minmod limiter degenerates
into the L?-TVB(D)-minmod limiter originated from literature [1].

8. RECONSTRUCTION IN CHARACTERISTIC FIELD

When applying limiters to a system of equations, there are typically two implementation
methods: (a) directly reconstructing each component in the original physical space; (b) per-
forming local characteristic decomposition in conjunction to transform into the characteristic
space and then reconstructing each component individually.

The former is easier to implement in a program. Directly reconstructing by component is
essentially assuming that the components are already decoupled. However, in the original
system of equations, the unknown components are usually coupled, so the actual effect may
not be satisfactory. The latter method uses the Jacobian of the flux function to transform
the system into the characteristic space, achieving true decoupling, and then proceeds to
reconstruct each component individually.

The basic principle of characteristic reconstruction is as follows (taking a one-dimensional
hyperbolic conservation system as an example):

Consider the equation

o, U+ 0.(f(U)) =0,
%, and assume it is diagonalizable, that is, A = RAL and RL = I;. Then the

above equation can be rewritten as

where A =

8, U + RALO,U =0, (8.1)

When A is a constant matrix ( R, A, L are all constant matrices), introduce the characteristic
variable V = LU, and multiply both sides of the equation by L to obtain

OV + A9,V = 0. (8.2)

Since A is a constant diagonal matrix, the above equation is a completely decoupled set
of N independent constant-coefficient single-wave equations ( U € R? ). Thus, V can be
reconstructed component by component to obtain {f, and then the inverse transformation
using R is applied to return to the original physical space, that is, U= R{/, which completes
the characteristic reconstruction.

Considering the variable coefficients and nonlinear characteristics of the equations (where
A, R, A, and L are function matrices), local freezing must be introduced to fix A, R, A, and
L. Similar to the point values in the FD method and the cell-averaged integrals in the FV
schemes, the DG scheme also requires determining the “values at which” to substitute into
the Jacobian of the flux function and its characteristic structure, i.e., the “values at which”
to implement local freezing.

Furthermore, in the DG scheme, each component of U is a polynomial function; there-
fore, special attention is needed on how to use the eigenstructure of the Jacobian (L, R) to

transform the polynomial into the corresponding characteristic space.
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Currently, regarding the two aforementioned issues, for 2D systems, the existing practice
is to use the arithmetic mean of the area-weighted average of the troubled cell and the
area-weighted average of its adjacent cells as the local freezing value to determine the char-
acteristic transformation for (L, R). Note that for each edge of the troubled cell, there is an
adjacent cell, thus it is necessary to traverse all edges of the troubled cell, perform multiple
characteristic reconstructions, obtain multiple characteristic reconstruction polynomials, and
finally synthesize the final characteristic reconstruction result according to certain weights.
Of course, the Jacobian of a 2D hyperbolic conservation system on a certain edge can still
be implemented using the normal Jacobian following the idea of F'VS as discussed earlier.
As for the characteristic transformation of the polynomial, although matrix transformation
cannot be applied to a single polynomial, since the overall transformation of U to the char-
acteristic space involves transforming multiple polynomials simultaneously, considering that
polynomial functions can be uniquely determined by their degree and coefficients, one can
form a column vector of coefficients in front of each like term (by traversing all degrees, a
coefficient matrix can be obtained). By sequentially applying the left eigenvector matrix L
to these like term coefficient column vectors, the characteristic transformation of the poly-
nomial can be completed. Since the coefficients of the DG polynomial are usually referred to
as “moments” (also known as “modal coefficients”), this paper refers to the aforementioned
characteristic transformation process as “moment characteristic transformation” (or “modal
coefficient transformation”).

Specifically, the general procedure for characteristic reconstruction in 2D systems is as
follows:

Let the troubled cell be denoted as €y, with its boundary composed of 9Qy = U5 T, and
the neighboring cells adjacent to €y across T'§ are denoted as €, ¢ = 1,2,--- L. The

outward normal vector on I'§ is n’ = (nf:, ng), and the Jacobian in this direction (the normal
Jacobian) is AL = nf - 8E + nf - 58 with its eigenstructure being Rf, L.

e stepl. Generate A} and its eigenstructure (L, R}) using the arithmetic mean of the cell
integral means of g, Qy, i.e., (U + W) /2.

e step2. Perform the characteristic transformation of the template polynomials using !, for
each edge.

e step3. In the characteristic space, perform reconstruction component by component.

e setp4. Use the corresponding R to inverse transform back to the physical space, obtaining

L characteristic reconstruction polynomials ug®**, ¢ =1,2,--- L.
e step5. The final result of the characteristic reconstruction is uf*? = >, wy - ud vt If it s
a uniform grid, then w; = 1/L£; if it is a non-uniform grid, then w; = Zﬁml:g i

0=11%%¢

Remark 8.1 (The process of characteristic reconstruction for a one-dimensional system).
Let the troubled cell be I;, with its left and right nodes at xj_1/o and xji1/2, respectively.
The adjacent cells are I;_y and I;1,. At the left and right nodes, the arithmetic mean of

the integral averages of the troubled cell and its neighboring cell sharing the node is used to
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generate the locally frozen Jacobian and its eigenstructure:

{L1 <uj_12+ uj> R, <uj_12+ uj) }; {M (uj +2uj+1) R, <u]~ +2uj+1> }

Two characteristic transformations are then performed using Ly and s, i.e., ]5; =L;P, i =
1,2, where Py is the stencil polynomial used for the reconstruction. Reconstruction is executed

twice in the characteristic space, and the inverse transformations via Ry and Ry are applied
mod,1 mod,2
J J

. For uniform grids, wy, = we = 1/2; for

to return to the original physical space, yielding u and u . The final reconstruction

d,1 d,2
ol = wy - ul +wy - u "

non-uniform grids, the weights are proportional to the lengths of the stencil intervals. For

21l Wy — — i+l
[Li—1l+[Lj41]” 27 LGl +H Il

result is given by u

example, in Stimple WENO, w;, =

Below, the one-dimensional hyperbolic conservation system is taken as an example to
introduce the “moment characteristic transformation” (“modal coefficient transformation”)
process:

Consider 9,U + 9,F(U) =0, U = (uy, ug, Uz, -+ , Up)".
Let J = al:;_gj) = RAL. Note: RL = I;(identity matrix); J,R, A, L are all matrix-valued
functions of U.

The approximate solution for the i-th component u; is given by:

k=K
_ E : (4)
U; = Q. ¢z’,k,
k=0

where ¢ denotes the ¢-th component, K represents the highest degree of the basis functions
(polynomials), ¢; represents the k-th basis function (polynomial) of the i-th component,
and 04,(;) is the k-th moment (or k-th modal coefficient) of the i-th component. Form a
column vector with the basis functions of all orders for the i-th system component

[(I)(i)} = [¢10: Gis Pis - Bikc] - (8.3)
Now, partition the left eigenvector matrix I column-wise, such that
i he ha - him
loy lop loz -+ lom
L= l3l l32 l33 te lgm = (L17 L27 L37 e 7Lm) . (84)
lml lm2 lm3 e lmm

Form a row vector consisting of the modal coefficients of the i-th system component, denoted
as [a(i)} . The modal coefficients of all components constitute the following modal coefficient
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matrix
o) o o) ... o )"
2 2 2 2 T
04[() ) ag ) ag ) 043() [a@)]
A=| o o® of .. o® |=| [ (8.5)
m m m m m T
_a(()) aﬁ) aé) ozg()_ [a( )]

When the left eigenvector matrix I acts on the modal coefficient matrix A, it produces the
matrix of characteristic modal coefficients B, given by

B=LA=(L,Ly Ly Ly) | [a®]"

[am]"
=Ly [aD]" + 1L, [a®]" + Ly [a®]" + - + L, [a™]" (8.6)
The characteristic modal coefficient matrix B has its i-th row denoted as B(3, :), satisfying

B(i,:) = Ly (i) - [a®]" + Ly(i) - [a@]" + Ls(i) - [@®]" + -+ L,(i) - [a™] . (8.7)

Let
O] =B, ), (8.8a)
By = [bO]" (k) = B(i, k) (8.8b)
Define
k=K
v = [b(i)]T [‘I’(i)} = ﬁ](;)gbi,ka (8.9)
k=0

then the polynomial v; is the projection of the polynomial u; in the original physical space

onto the characteristic space.

Remark 8.2. The procedure for the inverse characteristic transformation is analogous to

that of the characteristic transformation; it only requires substituting I with R.
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8.1. Local Freezing Based on Cell Interface Integral Mean. It is noted that limiters
ultimately serve to correct the interface fluxes, which are calculated on the boundaries of
cells. Therefore, it is reasonable to choose the integral average values of the field functions
on the grid edges as candidate states (the cells on either side of an edge can each provide
an edge integral average value). In fact, in the 1D problem FD framework, characteristic
reconstruction uses the arithmetic average or Roe average of the left and right states at
the grid midpoint to achieve local freezing. In one-dimensional problems, grid boundaries
collapse to nodes, so in higher dimensions, they should revert to curve (surface) integral
average values. Based on this, we make the following modifications to the local freezing
scheme during the characteristic reconstruction process for high-dimensional systems: each
adjacent cell calculates the line (surface) integral average value of the field function on the
common edge (face), and then takes the arithmetic average or Roe average as the local
freezing value.

Consider two adjacent cells, Qg and €2, sharing a common boundary I'§, with DG solutions
uo and wuy, respectively. The integral averages of ug and u, on I'§ are computed component-

wise as follows:

_ 1 .
Toli, Q) = 7 [ ulldl, i=1,2,---,m
FO‘ g

1 ; :
F(z Q) = | E‘ /uy)dl, i=1,2,---,m
4
Here, m denotes the total number of system components (the total number of unknown
: : : =0, . =l
field functions). Next, compute the arithmetic or Roe average of I'y(i, Q) and T'0¢(i, /)

component-wise, and use these averages to generate the normal Jacobian.

Remark 8.3 (Improved Scheme for Local Freezing in 1D Systems). Consider the troubled
cell I; with its left and right nodes at w;_1/2 and ;. /2, respectively. The adjacent cells are
I,y and I;41. At each of these nodes, the local freezing Jacobian and its eigenstructure are

generated by taking the arithmetic average of the left and right state values at the node:

Uijl/Q + Uijl/Q Uijl/Q + Uj}EI/Q . U]+1/ U j+1/2 Ujljrl/Q + U j+1/2
]L’l 9 7R1 2 ) IL‘Q 9 7R2 9 .

Alternatively, Roe averages of the left and right states can also be used.

8.2. Interpolation-based Characteristic Transformation. Distinct from the “moment
characteristic transformation” mentioned earlier, this paper proposes an “interpolation-based
characteristic transformation”, and illustrates the process using a one-dimensional hyperbolic
conservation system as an example.

Let the set of sampling points be X = (zg, x1, 22, - , = )T. Correspondingly, the sampled
\T .
values for the i-th component are Y = (y(() ), y§ ), yé’), J/&?) , where y,(;) = u;(xg). The
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sampled values of all components together form the sampling point matrix Y:

vy’

Y= [Yy®]" |. (8.10)

o)

Transform the sampling point matrix to the characteristic space

Y=LY= (L;,Ly, Ly, -, L) [ [Y®]"

L [YO 4 L [YO] 4 Ly [YO] ' - 4 L, [Y™] (8.11)

The i-th row of the characteristic sampling point matrix Y is denoted as ?(z, 1), satisfying

e T

V(i) = La(i) - [YO] +Lo() - [YO]' +La(i)- [Y®] 4o +L,(0) - [YU]' . (8.12)

Let

YO =Y, )T =Li(3) - YV + Lo(i) - Y® + Lg(d) - YO - 4 L, (4) - Y™, (8.13)

then Y@ is the projection of the original physical space’s Y onto the characteristic space.
In other words, Y® represents the values of the characteristic projection u; of the original
physical space’s u; at the same set of sampling points X = (g, x1, za, - - - ,xK)T.

At this point, the polynomial u; in the characteristic space that satisfies the interpolation

data set (X, ?(i)> is determined using the method of undetermined coefficients.

Let the modal coefficient set of the characteristic polynomial @; be a®¥, so that

K
U= a g with &) =al(k).
k=0
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Let

®ip (56’0) Gi1 (560) Gip (360) o Qik (330)
¢i,0 (931) ¢i,1 (1'1) ¢z‘,2 (xl) T Cbi,K (351)
PY = Gio (x2)  Pin (2)  Pip(w2) -+ Gir (w2) |- (8.14)

sz‘,o(ﬂl?K) ¢i,1 (!EK) ¢i,2(901<) ¢i,K($K)

The characteristic polynomial u; should satisfy

(X)) =Y®, (8.15)
hence
PO =y, (8.16)
and thus
a0 = [p0] 7 70, (8.17)

With this, the projection of the polynomial u; from the original physical space onto the
characteristic space, u;, can be obtained.

8.3. Equivalence of Interpolation-based Characteristic Transformation and Mo-
ment Characteristic Transformation.

Proposition 8.1 (Equivalence of Interpolation-based Characteristic Transformation and
Moment Characteristic Transformation when Basis Functions are Identical). When all com-
ponents of the system share the same set of basis functions, that is, K1 = Ko = K3 =--- =
Ky = K and ¢14(-) = dox(r) = d34(-) = -+ = dmi(), Yk € {1,2,3,--- K}, it follows
that PO = P@ = PO = ... = P thus the interpolation-based characteristic transfor-
mation is equivalent to the moment characteristic transformation, i.e., a0 = b®, Vi €
{1,2,3,...,m}.

Taking the one-dimensional hyperbolic conservation system as an example, Proposition
8.1 is proven.

Proof. By substituting equation (8.13) into equation (8.17), we obtain

0T = ({F(i)}—l ?(z‘))T _ [?(i)r ([]p(i)}_l)T _ [?(i)]T ({Ip(i)f>_l

= (Ly(i) - YD £ Ly(i) - YO 4 - 4 Ly (i) - Y(m))T <[P(i)}_1>

=L,(3) - [Y(l)}T ({]P’(i)}_l) + Ly (i) - [Y(Q)}T ([p(i)}_l)

T T

+ooe o L) - [YO]" (W)}_l)T'
(8.18)
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From equations (8.7) and (8.8), it is easy to know

b =1y(0) - [aV]" + L) - [a®]" + Ly(i) - [a®]" + -+ + Lo (i) - [a™] . (8.19)
Note that in the original physical space, it holds that u;(X) = Y@, similar to equations
(8.15) and (8.16), we have

PDa® =YY@ =12 ... m (8.20a)
a® = [PO] YD =12 . m (8.20b)

By substituting equation (8.20b) into equation (8.19), we get

[b(i)}T _ L) [Y(l)}T ([IP)“)}_1>T (i) - [Y(z)]T ([P(Q)}—1>T 4o+ Ly (4) - [Y(m)}T ([p(m)] —1>T

(8.21)

Comparing [ﬁ(i)]T and [b(i)}T, and noting the superscripts of the matrix P,

it can be seen that

if p1p = Pok =3k == Omp, Yk € {1,2,3,--- , K},

then PO = PR = PG = ... = pm)

and thus a® =b® i =1,2,3,--- ,m.

That is, at this point, the “moment characteristic transformation” and the “interpolation-

based characteristic transformation” are equivalent. O

9. NUMERICAL RESULTS

This section first conducts a accuracy test on the FVS-DG method for the compressible
Euler equations and the shallow water wave equations, including one-dimensional and two-
dimensional test cases. Subsequently, it demonstrates the advantage of the IS-L>-TVB(D)-
minmod limiter in suppressing numerical oscillations near discontinuities on the linear scalar
transport equation, the nonlinear Burgers’ equation, and the non-convex Buckley-Leverett
equation. Finally, we solve several classical Riemann problems for the compressible Euler
equations and the shallow water wave equations using the FVS-DG method coupled with
the IS-L2-TVB(D)-minmod limiter, including the Sod problem, Lax problem, Shu-Osher
problem, Blast problem, three typical Riemann test cases from the literature [42], and the
Dam Break problem for the shallow water wave equations [43].

In all numerical experiments of this section, the adiabatic index for the compressible Euler
equations is set to v = 1.4 (simulating the dynamical process of air), and the acceleration
due to gravity for the shallow water wave equations is set to g = 9.8120 m/s%.

All numerical experiments in this section use a uniform mesh partitioning, where the

two-dimensional test cases include both rectangular and structured triangular meshes.

9.1. Accuracy Tests for FVS-DG.
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9.1.1. One-dimensional Test Cases.

Example 9.1. 1D-Fuler Compressible Equations.
Control Eqgs:

p pu

0 0 2 |

ol e | Tag| Pt = 0;
E uw(E + p)

Computational domain:
Q x [0, Tena) = [0, 1] x [0, 1];
1Cs:
po(x) =1+ 0.2cos(mx), wup(x)=-0.7, Py(z)=1,;

BCs: periodic boundary conditions;

True solutions:
p(x,t) =1+0.2cos(m(x +0.7t)), wu(x,t)=-0.7, P(zx,t)=1

e Numderical fluz format: AUSM;
Temporal discretization format: TVD-RKS3;
CFL=0.1.

L, L?, L' numerical errors and convergence orders for conservative variables p, pu, E

with P?- and P3-polynomial approzimations are summarized respectively in Table 1
and Table 2.

o Numderical flux format: Steger-Warming;
Temporal discretization format: TVD-RKS3;
CFL=0.1.

L, L?, L' numerical errors and convergence orders for conservative variables p, pu, E

with P?- and P3-polynomial approximations are summarized respectively in Table 3
and Table /.

Example 9.2. 1D-Shallow Water Wave Equations.
Control Eqs:

h hu 0
3t ‘I’ ax =

hu hu? + Lgh? —gh (20),
Bottom elevation:
Zy = sin®(mx);
Computational domain:
Q x [0, Tena) = [0, 1] x [0,0.075];

Note: The equation will develop a discontinuity neart = 0.1. To test for accuracy, we set the

simulation time to t = 0.075, at which point the solution is still smooth. This example does
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TABLE 1. P2.FVS(AUSM)-DG using equally spaced cells. 1D-Compressible Euler Equations with
smooth initial conditions: po(z) = 1 + 0.2cos(wz), up(z) = —0.7, Po(z) = 1. L, L2, L' errors and

convergence orders for conservative variables p, pu, E.

Mesh 10 20 40 80 160

L% -error 1.1024E-03 1.4025E-04 1.7693E-05 2.2156E-06 2.7701E-07
L*°-order — 2.9746 2.9868 2.9974 2.9997

p L2%-error  2.4787E-04 3.1521E-05 3.9607E-06 4.9575E-07 6.1989E-08
L%-order — 2.9728 2.9925 2.9981 2.9995
L'-error 1.8559E-04 2.3295E-05 2.9126E-06 3.6395E-07 4.5479E-08

L'-order — 2.9940 2.9997 3.0005 3.0005

L>®-error  5.3448E-04 6.692/E-05 8.4195E-06 1.05/3E-06 1.8184F-07
L>®-order — 2.9974 2.9907 2.9975 2.9994

pu  L2-error  2.4737E-04 8.1521E-05 8.9607E-06 4.9575E-07 6.1989E-08
L2-order — 2.9723 2.9925 2.9981 2.9995
Ll-error  1.8559E-04 2.3295E-05 2.9126E-06 3.6895E-07 4.5{79E-08

L'-order — 2.9940 2.9997 3.0005 3.0005

L% -error 8.2911E-04 1.0494E-04 1.3268E-05 1.6616E-06 2.0772E-07
L*°-order — 2.9819 2.9836 2.9972 2.9999

E  L%-error  2.4737E-04 3.1521E-05 3.9607E-06 4.9575E-07 6.1989E-08
L?%-order — 2.9728 2.9925 2.9981 2.9995
L'-error 1.8559E-04 2.3295E-05 2.9126E-06 3.6395E-07 4.5479E-08

L'-order — 2.9940 2.9997 3.0005 3.0005

not have an analytical true solution; instead, we use numerical solutions on finer meshes as

references to obtain the errors and convergence orders of the algorithm.
1Cs:

sin(cos(2mx
ho(z) =5+ ecos(2me) up(w) = 5EFT(S(2M3)5

BCs: periodic boundary conditions;

Numderical flux format: van Leer;

Temporal discretization format: TVD-RKS3;

L>, L%, L' numerical errors and convergence orders for conservative variables h, hu with

P2-polynomial approximation are summarized respectively in Table 5.

9.1.2. Two-dimensional Test Cases.
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TABLE 2. P3-FVS(AUSM)-DG using equally spaced cells. 1D-Compressible Euler Equations with
smooth initial conditions: po(z) = 1 + 0.2cos(wz), up(z) = —0.7, Po(x) = 1. L, L2, L' errors and

convergence orders for conservative variables p, pu, E.

Mesh 10 20 40 80 160

L% -error 4.1850E-05 2.7313E-06 1.7220E-07 1.0778E-08 6.7472E-10
L*°-order — 3.9376 3.9875 3.9978 3.9977

p L2-error 7.8755E-06 4.9119E-07 3.0563E-08 1.9097E-09 1.1935E-10
L%-order — 4.0030 4.0064 4.0004 4.0001
L'-error 5.4508E-06 3.3906E-07 2.0980E-08 1.3095E-09 8.1857E-11

L' -order — 4.0069 4.0145 4.0019 3.9998

L% -error 2.83771E-05 1.5271E-06 9.6370E-08 6.0382E-09 3.7818E-10
L*®-order — 3.9604 3.9861 3.9964 3.9970

pu  L2-error 7.8755E-06 4.9119E-07 3.0563E-08 1.9097E-09 1.1935E-10
L%-order — 4.0030 4.0064 4.0004 4.0001
L'-error 5.4508E-06 3.3906E-07 2.0980E-08 1.3095E-09 8.1857E-11

L' order — 4.0069 4.0145 4.0019 3.9998

L% -error 3.2236E-05 2.0668E-06 1.2930E-07 8.097T4E-09 5.0454E-10
L*°-order — 3.9632 3.9986 3.9971 4.0044

E  L%-error 7.8755E-06 4.9119E-07 3.0563E-08 1.9097E-09 1.1935E-10
L?%-order — 4.0030 4.0064 4.0004 4.0001
L'-error 5.4508E-06 3.3906E-07 2.0980E-08 1.3095E-09 8.1857E-11

L' order — 4.0069 4.0145 4.0019 3.9998

Example 9.3. 2D-Compressible Fuler Fquations.
Control Eqgs:

p pu pu
9| pu . 9 pu? +p . El UV 0
ot o ox o dy ov? 4 p ’
E u(E + p) v(E +p)

Computational domain:
Q x [0, Tena) = {]0,2] x [—1,1]} x [0, 1];
ICs:

po(x,y) =14 0.2cos(mz + 7y), wo(z,y) =—0.7, wvo(z,y) =0.3, Py(z,y) =1,
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TABLE 3. P2-FVS(Steger-Warming)-DG using equally spaced cells. 1D-Compressible Euler Equations
with smooth initial conditions: po(x) = 1+ 0.2cos(nz), ug(z) = —0.7, Po(x) = 1. L=, L2, L' errors and

convergence orders for conservative variables p, pu, E.

Mesh 10 20 40 80 160

L®-error 1.1728E-03 1.5873E-04 2.0237E-05 2.5390E-06 3.17/7E-07
L®-order — 2.8853 2.9716 2.9947 2.9996

p  L2-error  2.7279E-04 3.6698E-05 4.6856E-06 5.8895E-07 7.3721E-08
L2-order — 2.8940 2.969 2.9920 2.9980
Ll-error  2.0508E-04 2.7383E-05 3.4908E-06 4.3859E-07 5./89/E-08

L'-order — 2.9048 2.9717 2.9926 2.9981

L®-error 5.2307E-04 6.8032E-05 8.5503E-06 1.0695E-06 1.8369E-07
L®-order — 2.9427 2.9922 2.9991 3.0000

pu  L2-error  2.7279E-04 3.6698E-05 4.6856E-06 5.8895E-07 7.3721E-08
L%-order — 2.8940 2.969 2.9920 2.9980
Ll-error  2.0508E-04 2.7383E-05 3.4908E-06 4.3859E-07 5.489/E-08

L'-order — 2.9048 2.9717 2.9926 2.9981

L®-error 8.8839E-04 1.21/8E-04 1.5573E-05 1.9591E-06 2.4527E-07
L®-order — 2.8705 2.9636 2.9908 2.9978

E  L2-error  2.7279E-04 8.6698E-05 .6856E-06 5.8895E-07 7.8721E-08
L%-order — 2.8940 2.969 2.9920 2.9980
Ll-error  2.0508E-04 2.7383E-05 3.4908E-06 4.3859E-07 5./89/E-08

L'-order — 2.9048 2.9717 2.9926 2.9981

BCs: periodic boundary conditions;

True solutions:

[ p(z,y,t) =1+ 0.2cos(m(z + 0.7t) + 7(y — 0.3t)),
) u(z,y,t) = —0.7,

v(x,y, ):03

P(z,y,t) =

e Numderical fluz format: AUSM;
Temporal discretization format: TVD-RKS3;
CFL=0.025;
L*, L?, L' numerical errors and convergence orders for conservative variables p, pu, pv, E
with P?-polynomial approximation are shown in Table 6.
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TABLE 4. P3-FVS(Steger-Warming)-DG using equally spaced cells. 1D-Compressible Euler Equations
with smooth initial conditions: po(x) = 1+ 0.2cos(nz), ug(z) = —0.7, Po(x) = 1. L=, L2, L' errors and

convergence orders for conservative variables p, pu, E.

Mesh 10 20 40 80 160

L% -error 3.6110E-05 2.3683E-06 1.4967TE-07 9.3550E-09 5.8578E-10
L*°-order — 3.9304 3.9840 3.9999 3.9978

p L2-error 6.6707TE-06  4.1281E-07 2.5558E-08 1.5954E-09 9.9687E-11
L%-order — 4.0143 4.0189 4.0015 4.0004
Ll-error  4.6767E-06 2.8866E-07 1.77/3E-08 1.1087E-09 6.9260E-11

L' -order — 4.0180 4.0240 4.0003 4.0008

L% -error 2.1895E-05 1.4053E-06 8.8435E-08 5.5424E-09 8.4715E-10
L*®-order — 3.9616 3.9901 3.9960 3.9969

pu  L2-error 6.6707TE-06  4.1281E-07 2.5558E-08 1.5954E-09 9.9687E-11
L%-order — 4.0143 4.0189 4.0015 4.0004
Ll-error  4.6767E-06 2.8866E-07 1.77/3E-08 1.1087E-09 6.9260E-11

L' order — 4.0180 4.0240 4.0003 4.0008

L>®-error  2.4615E-05 1.5544E-06 9.65/4E-08 6.0{18E-09 3.7597E-10
L>®-order — 5.9851 4.0090 5.9981 4.0063

E L%-error  6.6707E-06 4.1281E-07 2.5558E-08 1.595/E-09 9.9687E-11
L2-order — 4.0148 4.0189 4.0015 4.0004
Ll-error  4.6767E-06 2.8866E-07 1.77/8E-08 1.1087E-09 6.9260E-11

L' order — 4.0180 4.0240 4.0003 4.0008

e Numderical fluz format: AUSM;
Temporal discretization format: RKJ4;
CFL=0.01;
L>, L?, L' numerical errors and convergence orders for conservative variables p, pu, pv, E

with P3-polynomial approzimation are shown in Table 7.

o Numderical flux format: Steger-Warming;
Temporal discretization format: TVD-RKS3;
CFL=0.05;
L, L?, L' numerical errors and convergence orders for conservative variables p, pu, pv, E

with P%-polynomial approzimation are shown in Table S.

From the accuracy test results of the aforementioned one-dimensional and two-dimensional
examples, it can be seen that both the PX-FVS-DG scheme based on the Jacobian eigenvalue
splitting and the PX-FVS-DG scheme based on the Mach number splitting can achieve the
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TABLE 5. P2-FVS(vanLeer)-DG using equally spaced cells with TVD-RK3 and CFL=0.01. 1D-Shallow
sin(cos(2mx)) Lo 12 I

i i initi itions: — (2 _
Water Equations with smooth initial conditions: ho(z) = 5+e°5(27%)  yq(z) = Sccos(2na)

errors and convergence orders for conservative variables h, hu.

Mesh 50 100 200 400 800

L -error 2.0111E-02 6.3551E-03 2.0769E-03 2.9931E-04 4.3458E-05
L -order — 1.6620 1.6185 2.7947 2.7840

h L2%-error  2.9568E-03 5.3791E-04 9.2442FE-05 1.1241E-05 1.4/936E-06
L%-order — 2.4584 2.5407 3.0397 2.9119
L'-error 1.0235E-03 1.83895E-04 2.0637E-05 2.6006E-06 3.5516E-07

Ll-order — 2.8809 2.7518 2.9883 2.8723

L -error 7.4667E-02 2.5399E-02 8.3407E-03 1.2216E-03 1.7540E-04
L -order — 1.5557 1.6065 2.7714 2.8000

hu  L2-error 1.3649E-02 2.4733E-03 4.0608E-04  4.7905E-05 7.1252E-06
L%-order — 2.4643 2.6066 3.0885 2.7492
L'-error 5.6059E-03  7.4207E-04 1.0431FE-04 1.3226E-05 1.8956E-06

L'-order — 2.9178 2.8307 2.9795 2.8026

optimal spatial convergence order of (K +1). In addition, The examples for the Euler system
and the shallow water wave system demonstrate the universality of the FVS-DG for general

hyperbolic conservation laws.

9.2. Performance of the IS-L?-TVB(D)-minmod Limiter for Scalar Conservation
Law. In this subsection, IS-L?-TVB(D)-minmod Limiter is applied to 1D/2D-scalar equa-
tions, including inviscid Burgers’ equation (Example 9.4 and Example 9.6), non-convex scalar
Buckley-Leverett problem (Example 9.5) and linear variable coefficient transport equation
(swirling deformation flow in Example 9.7).

9.2.1. One-dimensional Test Cases for Scalar Equations. To compare IS-L*-TVB(D)-minmod
Limiter with other classical limiters, we choose local Lax-Friedrichs (LLF) flux format for
all of them. The LLF flux format is given as follows:

) 10 a0,
o= e {1 (0l T ) = (min {u®, o} max {u,u"})

o If f(u)=c-u then f'(u)=c, a=|c|

o If f(u)=c-iu? then f'(u)=c-u, a=|c[ max{|u’],

uf|}.

The relationship between Local Lax-Friedrichs splitting method previously mentioned and
LLF flux format here should be referred to Appendix C.1.
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TABLE 6. P2-FVS(AUSM)-DG using uniform structured triangular meshes. 2D-Compressible Euler
Equationswith smooth initial conditions: po(z,y) = 1 4 0.2cos(wz + 7y), wo(z,y) = —0.7, vo(z,y) =

0.3, Py(z,y) = 1. L, L2, L' errors and convergence orders for conservative variables p, pu, pv, E.

Mesh 8x8 16x16 82x 32 64x 64

L>®-error  8.9167E-04 1.2842E-04 1.5657E-05 1.9642E-06
L*®-order — 2.8530 2.9786 2.9948

p  L%-error  7.0277E-04 9.0059E-05 1.1425E-05 1.4834E-06
L2-order — 2.9641 2.9787 2.9947
Ll-error  1.12{9E-03 1.4124E-0/ 1.7661E-05 2.2048E-06

L'-order — 2.9936 2.9995 3.0018

L>®-error  5.5158E-04 7.6466E-05 9.7164E-06 1.2195E-06
L>®-order — 2.8507 2.9763 2.9942

pu L%-error  4.5169E-04 5.7971E-05 7.3577E-06 9.2826E-07
L2-order — 2.9619 2.9780 2.9944
Ll-error  7.2709E-04 9.1365E-05 1.1470E-05 1.4332E-06

L'-order — 2.9924 2.9938 3.0005

L°®-error  3.4939E-04 4.5836E-05 5.8122E-06 7.3063E-07
L% -order — 2.9303 2.9793 2.9919

pv  L2-error  2.6454E-04 38.4709E-05 4.4310E-06 5.5688E-07
L%-order — 2.9301 2.9696 2.9922
Ll-error  4.2518E-04 5.4671E-05 6.8958E-06 8.6307E-07

L'-order — 2.9590 2.9870 2.9982

L -error 4.1011E-04 5.2523E-05 6.6514E-06 8.3368E-07
L% -order — 2.9650 2.9812 2.9961

E  L2-error  8.2336E-04 4.2374E-05 5.4071E-06 6.7950E-07
L%-order — 2.9319 2.9702 2.9923
Li-error  4.9739E-04 6.5928E-05 8.3778E-06 1.0506E-06

L'-order — 2.9154 2.9762 2.9954

Example 9.4. 1D inviscid Burgers’ problem with smooth wnitial conditions and a shock
during the evolution.

Control Eq: u, + (3u?), = 0;

Computational domain: Q x [0, T,,q4] = [0, 27] x [0, 2.0];

ICs: up(x) = sin(x);

Note: a discontinuity occurs at t = 1 and x = 7 under this given initial condition;

BCs: periodic boundary conditions;

True solutions: u(x,t) = ug(z*), x* satisfies ©* + ug(x™) - t = x;
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TABLE 7. P3-FVS(AUSM)-DG using uniform structured rectangular meshes. 2D-Compressible Euler
Equationswith smooth initial conditions: po(z,y) = 1 4 0.2cos(wz + my), wo(z,y) = —0.7, vo(z,y) =

0.3, Po(z,y) = 1. L, L2, L' errors and convergence orders for conservative variables p, pu, pv, E.

Mesh 10x10 20%x 20 40x40 80x 80

L>®-error 1.5814E-04 9.0975E-06 5.6476E-07 3.2868E-08
L*®-order — 4.0782 4.0098 4.1029

p  L%-error  1.2555E-04 8.8175E-06 5.9757E-07 2.8805E-08
L2-order — 3.8317 35.8832 4.3747
Ll-error  2.0791E-04 1.4274E-05 1.0451E-06 4.8381E-08

L' order — 3.8645 87717 4.4331

L>®-error  9.2719E-05 5.8423E-06 38.6815E-07 1.9127E-08
L>®-order — 3.9883 3.9882 4.2666

pu  L%-error  8.0222E-05 5.7501E-06 3.9938E-07 1.8463E-08
L2-order — 3.8024 3.84717 4.4851
L-error  1.3091E-04 9.3984E-06 6.9878E-07 3.0859E-08

L'-order — 38.8000 8.7495 4.5010

L®-error  5.6795E-05 8.1587E-06 1.7577E-07 1.1372E-08
L>®-order — 4.168 4.1675 5.9502

pv  L2-error  4.2407E-05 2.7470E-06 1.8497E-07 9.3140E-09
L2-order — 3.948/ 3.8925 4.8118
Ll-error  7.0188E-05 4.3502E-06 3.2201E-07 1.5252E-08

L'-order — 4.0187 3.7498 4.4000

L>®-error  7.6232E-05 4.8337E-06 2.8666E-07 1.6498E-08
L>®-order — 3.9792 4.0757 4.1190

E  L%-error  5.7506E-05 3.8493E-06 2.3815E-07 1.2923E-08
L2-order — 8.9011 4.0146 4.2038
Ll-error  9.5/98E-05 6.1273E-06 4.1033E-07 2.1644E-08

L'-order — 3.9621 3.900/ 4.2448

Fluzx format: local Lax-Friedrichs flux;
Temporal discretization format: TVD-RKS3;
CFL=0.1;
P? and P°-polynomial approzimations and uniquely spaced cells are utilized;
Note that in order to fully demonstrate the influence of various limiters on numerical results,
no discontinuity indicators are used in this Example 9.4.
Numerical results based on different limiters including IS-TVB-minmod limiter, L?-TVB-
minmod limiter, SimpleWENQO and OEDG [44] are demonstrated in Figure 2. Note: when
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Exact solution
—6—IS-TVB
—8—L2-TVB

— —- — SimpleWENO
— - OEDG

(a) 20 cells, P3-polynomial approximation with different limiters

55
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TABLE 8. P2-FVS(Steger-Warming)-DG using uniform structured triangular meshes. 2D-Compressible
Euler Equationswith smooth initial conditions: po(z,y) =1+ 0.2cos(rz + 7y), wo(z,y) = —0.7, vo(z,y) =

0.3, Py(z,y) = 1. L, L2, L' errors and convergence orders for conservative variables p, pu, pv, E.

Mesh 8x8 16x16 82x 32 64x 64

L®-error  9.3877E-04 1.8671E-04 1.7590E-05 2.1995E-06
L®-order — 2.7719 2.9583 2.9996

p  L%-error  8.1292E-0 1.1096E-0f 1.4844E-05 1.8091E-06
L2-order — 2.8730 2.9515 2.9872
Ll-error  1.8097E-03 1.7368E-04 2.1929E-05 2.7399E-06

L'-order — 2.9147 2.9856 3.0006

L%®-error  5.9550E-04 8.5540E-05 1.1053E-05 1.3838E-06
L% -order — 2.7994 2.9522 2.9977

pu L2-error  5.1786E-04 7.0930E-05 9.1898E-06 1.1599E-06
L%-order — 2.8681 2.9483 2.9861
Ll-error  8.4123E-04 1.1217E-04 1.4225B-05 1.7796E-06

L'-order — 2.9069 2.9791 2.9988

L°®-error  8.7102E-04 5.5142E-05 7.1893E-06 9.1021E-07
L% -order — 2.7503 2.9592 2.9816

pv  L2-error  8.0768E-04 4.3852E-05 5.7438E-06 7.2709E-07
L%-order — 2.8107 2.9326 2.9818
Ll-error  4.9562E-04 6.8821E-05 8.8443E-06 1.1098E-06

L'-order — 2.8483 2.9600 2.9945

L -error 4.2025E-04 6.0872E-05 7.8618E-06 9.9419E-07
L% -order — 2.7874 2.9528 2.9833

E  L2-error  8.4478E-04 4.9342E-05 6.4757E-06 8.2032E-07
L%-order — 2.8048 2.9297 2.9808
Li-error  5.4155E-04 7.7310E-05 1.0117B-05 1.2801E-06

L'-order — 2.8084 2.9339 2.9824

using P°-polynomial approximation, Simple WENO doesn’t work with 20 cells. (the numerical
results are “NaN”)

According to the Figure 2, we can see that when approximating with high-order polynomi-
als, the IS-TVB-minmod limiter exhibits no overshoot near discontinuities, whereas both the
L2-TVB-minmod limiter and OEDG show overshoot phenomena; When approzimating with
P3-polynomial, Simple WENOQO, although not overshoot near discontinuities, has slight oscilla-
tions and is not as smooth as the IS-TVB-minmod limiter; Under the same CFL number (0.1)

and the same coarse mesh (20 cells) conditions, when approximating with P°-polynomial,
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Simple WENQO does not work (in fact , even if adding up cells to 500, SimpleWENO still
doesn’t work), while the IS-TVB-minmod limiter remains effective, demonstrating that the
mesh resolution of the IS-TVB-minmod limiter is superior to that of Simple WENQO and
IS-TVB-minmod limiter is more suitable for high-order approximation than Simple WENO.
Compared with the 1S-TVB-minmod limiter, OEDG requires more cells to mitigate overshoot
phenomena, in fact, OEDG still has overshoot even with 500 cells, while IS-TVB-minmod
limiter consistently maintains no overshoot during mesh refinement, even on a very coarse
mesh (20 cells), there is no overshoot phenomenon with IS-TVB-minmod limiter. There-
fore, the artificial viscosity and the mesh resolution of the IS-TVB-minmod limiter is also
superior to that of OEDG. Finally, it needs to be emphasized that as the mesh is refined, the
discontinuities captured by IS-TVB-minmod limiter become increasingly clear and sharp, yet
there is still no overshoot.

Example 9.5. nonlinear non-convexr scalar Buckley-Leverett problem.
Control Eq: u; + (4L)x =0;

u2+(1—u)?
Computational domain: Q x [0, T,nq] = [—1,1] x [0,0.4];
1, —i<z<o,
ICs: up(z) = 2T

0, elsewhere;
BCs: periodic boundary conditions;
Flux format: global Lax-Friedrichs flux with fized o = 2.4;
Temporal discretization format: TVD-RKS3;
CFL=0.1;
P3-polynomial approximation and uniquely spaced 80 cells are utilized;
TVB-minmod discontinuity indicator with parameter M = 1 is utilized for all limiters in this
Ezxample 9.5.

Numerical results based on different limiters including IS-TVB-minmod limiter, L*-TVB-
minmod limiter, WENQOS5-JS, SimpleWENQO and OEDG are demonstrated in Figure 5.

The IS-TVB exhibits no overshoot behavior, while the SimpleWENO and OEDG exhibit
noticeable overshoot phenomena; the IS-TVB has no numerical spurious oscillations, whereas
the L?-TVB shows noticeable numerical oscillations within the range —0.2 < x < 0; although
the WENQOS-JS does not have numerical oscillations, its dissipation is significantly larger and
its precision is inferior to that of the IS-TVB within the range —0.06 < x < —0.02.

9.2.2. Two-dimensional Test Cases for Scalar Equations. In this subsection, in addition to
LLF flux, we used “scalar Steger-Warming flux” inspired by Steger-Warming splitting for
systems. More details about “scalar Steger-Warming flux”, please refer to Appendix C.2.2.

Example 9.6. 2D nonlinear inviscid Burgers’ problem.

Control Eq: U, + (3U), + (3U), = 0;

e 2D-Burgers’ problem with smooth initial conditions and a shock during the evolution
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008 -004 0

© IS-TVB
Exact Solution

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 06

(a) 80 cells, P3-polynomial approzimation with IS-TVB
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- x  SimpleWENO - 4 OEDG
x| Exact Solution
|

Exact Solution

(d) 80 cells, P3-polynomial approzimation with Simple WENO (e) 80 cells, P3-polynomial approzimation with OEDG

FIGURE 3. 1D-Buckley-Leverett problem u: + (%)I = 0 with initial condition v = 1 when

—% <z < 0 and u = 0 elsewhere. The simulation is performed up to time t = 0.4. P3-polynomial

approximation and uniquely spaced 80 cells. Numerical results based on different limiters including IS-
TVB-minmod limiter, L2-TVB-minmod limiter, WENOS5-JS, SimpleWENO and OEDG are compared with

each other.

Computational domain: € x [0, To.a) = {[0,4] x [0,4]} x [0, £2];

1Cs: Up(z,y) = sin (2(z + y))

BCs: periodic boundary conditions;

Flux format: local Lax-Friedrichs flux;

Temporal discretization format: TVD-RKS3;

CFL=0.1;

P3-polynomial approximation and uniform rectangular 50 x 50 cells are utilized;

TVB-minmod discontinuity indicator with parameter M = 1 is utilized in this test case.
Numerical results based on IS-TVB-minmod limiter (wig =1, wr2 = 0) are demonstrated

n Figure 4.

e 2D-Burgers’ problem with discontinuous initial conditions
Computational domain: € x [0, T..q] = {[0,0.1] x [0,0.1]} x [0,0.05];
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Exact Solution
1 -o-isTvB

(a) 3D view for IS-TVB numerical solution (b) IS-TVB solution vs. exact solution along the cuty = x

FIGURE 4. 2D-Burgers’ problem U; + (%U)z + (%U)y = 0 with smooth initial conditions Up(z,y) =
sin (3 (z +y)) while a shock during the evolution. The simulation is performed up to time t = 1% when a
shock has already appeared. P3-polynomial approximation and uniquely spaced rectangular 50 x 50 cells.

Discontinuity is captured based on IS-TVB-minmod limiter (wrs =1, wy2 = 0).

(0.5, <005,y < 0.05
0.8, 2 >005y<0.05
1, x>005y> 005

\—0.2, r < 0.05,y > 0.05
BCs: free boundary conditions are imposed on all edges of Q);

ICs: ug(x,y) =

Flux format: Steger-Warming fluz (please refer to Appendiz C.2.2);

Temporal discretization format: TVD-RKS3;

CFL=0.1;

P3-polynomial approximation and uniform rectangular 50 x 50 cells are utilized;

TVB-minmod discontinuity indicator with parameter M = 1 is utilized in this test case.
Numerical results based on IS-TVB-minmod limiter (wrg =1, wr2 = 0) are demonstrated

in Figure 5.

Example 9.7. 2D linear advection equation.

e Swirling deformation flow [45].

Control Eqs: Uy — (cos® (£) sin(y)g(t)U) _ + (sin(z) cos® (¥) g(t)U), =0,
where g(t) = 2w cos(nt/T), T = 0.75.
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i 1
0.02 0.04 0.06 0.08 0.1
x

(a) 3D view (b) 8D view (handstand) (¢) 2D top-down view

FIGURE 5. 2D-Burgers’ problem with discontinuous initial conditions. Us + (%U)ﬂc + (%U)y =0. At
t =0, Up(z,y) = 0.5 when z < 0.05 and y < 0.05, Up(z,y) = 0.8 when z > 0.05 and y < 0.05, Up(z,y) = —1
when > 0.05 and y > 0.05, Up(z,y) = —0.2 when & < 0.05 and y > 0.05. The simulation is performed
up to time ¢t = 0.05. P3-polynomial approximation and uniform rectangular 50 x 50 cells. Discontinuity is
dealed with IS-TVB-minmod limiter (w;s =1, wy2 = 0).

(a) 3D view (b) 2D top-down view

FIGURE 6. initial profile for rigid body rotation and swirling deformation flow

Computational Domain: 2 X [0, Tena] = {[—m, 7] x [=m, 7]} x [0,0.75]

1Cs: initial condition plotted in Figure.6 which consists of a slotted disk, a cone as well as a

smooth hump, similar to the one used in [45].

BCs: periodic boundary conditions;

Fluz format: Steger-Warming fluz (please refer to Appendiz C.2.2);

Temporal discretization format: TVD-RKS3;

CFL=0.1;

P3-polynomial approzimation and uniform rectangular 120 x 120 cells are utilized;

TVB-minmod discontinuity indicator with parameter M = 1 1is utilized in this test case.
Numerical results based on IS-L*-TVB-minmod limiter (wrs = 0.75, wr: = 0.25) are

demonstrated in Figure 7 and Figure 8.
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(a) 3D view (b) 2D top-down view

FIGURE 7. 2D-swirling deformation flow U, — (cos® (%) sin(y)g(t)U) , + (sin(z) cos® (§) g(t)U)y =
0, g(t) = 2mwcos(nt/T) with initial data in Fig.6: the period T' = 0.75 and the final integration time
0.375. P3-polynomial approximation with IS-L2-TVB-minmod limiter (wrs = 0.75, wr2 = 0.25). Uniform
rectangular 120 x 120 cells.

(a) 3D view (b) 2D top-down view

FIGURE 8. 2D-swirling deformation flow Uz — (cos? (%) sin(y)g(t)U) , + (sin(z) cos? (%)g(t)U)y =
0, g(t) = 2mcos(nt/T) with initial data in Fig.6: the period 7" = 0.75 and the final integration time
0.75. P3-polynomial approximation with IS-L2-TVB-minmod limiter (w;s = 0.75, wy2 = 0.25). Uniform
rectangular 120 x 120 cells.

9.3. Solving the Riemann Problems for Hyperbolic Conservative Systems Using
FVS-DG with IS-L2-TVB(D)-minmod Limiter.

9.3.1. One-dimensional Test Cases for Hyperbolic Systems. In this subsection, several clas-

sical one-dimensional Riemann problems related to the compressible Euler equations and
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shallow water wave equations are numerically simulated to test the suitability of the IS-L*-
TVB(D)-minmod limiter with high-order polynomial approximations (P¥, K > 3) and its
ability to suppress numerical oscillations.

e Riemann Problems for one-dimensional compressible Euler system.

Example 9.8. Sod problem with compressible Euler equations.
ICs:

(1,0,1), —1<x<0,

(psu,p) =
(0.125,0,0.1), 0<z <1,

Free boundary conditions are applied on both the left and right boundaries;
Computational Domain:

Q x [0, Teng) = [—1,1] x [0,0.2];

Limiter parameters: 1S-TVB-minmod limiter, wrs = 1.0, w2z = 0.0;
TroubledCell-Indicator: TVB-minmod discontinuous indicator and take M = 1 into effect;
P3-polynomial approzimation was applied;

Numderical flux format: Steger-Warming;

Temporal discretization format: TVD-RKS3;

CFL=0.05;

Mesh with 400 cells was applied.

At t = 0.2, the density p, velocity u, pressure P and total energy E are ploted in Figure 9.

Example 9.9. Lax problem with compressible Euler equations.

1Cs:

(0.445,0.698,3.528), —5 <z <0

(p,u,p) =
(0.5,0,0.571), 0<z<5

Free boundary conditions are applied on both the left and right boundaries;
Computational Domain:

Q x [0, Teng) = [-5,5] x [0,1.3];

Limiter parameters: 1S-TVB-minmod limiter, wrs = 1.0, w2z = 0.0;
TroubledCell-Indicator: TVB-minmod discontinuous indicator and take M = 1 into effect;
P3-polynomial approzimation was applied;

Numderical flux format: van Leer;

Temporal discretization format: TVD-RKS3;

CFL=0.1;

Uniform mesh with 2000 cells was applied.

At t = 1.3, the density p, velocity u, pressure P and total energy E are ploted in Figure 10.
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Example 9.10. Shu-Osher problem with compressible Euler equations.

1Cs:
(3.857143,2.629369, 10.333333), —5H<x < —4

(p,u, p) = _
(1+0.2sin(52),0,1), —4<x<b

Free boundary conditions are applied on both the left and right boundaries;
Computational Domain:
Q x [0, Teng) =[5, 5] x [0, 1.8];
Limiter parameters: IS-L*-TVB-minmod limiter, wrs = 0.75, wr2 = 0.25;
TroubledCell-Indicator: TVB-minmod discontinuous indicator and take M = 1 into effect;
P?-polynomial approzimation was applied;
Numderical flux format: Steger-Warming;
Temporal discretization format: TVD-RKS3;
CFL=0.1;
Uniform mesh with 500 cells was applied.
At t = 1.8, the density p, velocity u, pressure P and total energy E are ploted in Figure 11.

Example 9.11. Blast problem with compressible Fuler equations.
1Cs:

(1,0,10%), 0<z<0.1

(p,u,p) =4 (1,0,1072), 0.1 <z <09

(1,0,10%), 09<z<1
Reflect boundary conditions are applied on both the left and right boundaries;
Computational Domain:

Q x [0, Tena) = [0, 1] x [0,0.026];

Limiter parameters: IS-L*-TVB-minmod limiter, wrs = 0.8, wr2 = 0.2;
TroubledCell-Indicator: TVB-minmod discontinuity indicator and take M =1 into effect;
P2-polynomial approzimation was applied;
Numderical fluz format: AUSM;
Temporal discretization format: TVD-RKS3;
CFL=0.005;
uniform mesh with 800 cells was applied.
At t = 0.026, the density p is ploted in Figure 12.

e Riemann Problems for one-dimensional shallow water wave system.

Example 9.12. Dam break on a flat bed with shallow water wave equations.
Bottom elevation:
Zy = 0;
Computational domain:
Q x [0, Teng) = [—1,1] x [0,0.2];
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FIGURE 12. Blast problem for 1D-Compressible Euler Equations. P2
FVS(AUSM)-DG with IS-L2-TVB-minmod limiter (w;s = 0.8, wrz = 0.2)
using equally spaced 800 cells. At t = 0.026, physical variable p is demon-
strated.

Riemann 1Cs:

(1,0), —-1<x<0,

(h,u) =
(0.1,0), 0<x<I;

BCs: free boundary conditions are applied on both the left and right boundaries,
P*-polynomial approzimation was applied;

Limiter parameters: 1S-L*-TVB-minmod limiter, wrs = 0.75, wr2 = 0.25;
TroubledCell-Indicator: TVD-minmod discontinuous indicator;

Numderical flux format: van Leer;

Temporal discretization format: TVD-RKS3;

CFL=0.1;
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Uniform mesh with 200 cells was applied.
At t = 0.2, the surface level h and discharge hu are ploted in Figure 15.

09 09
08 08
07 07
06 06
<05 205
0.4 0.4
03 03

0.2 0.2

0.1 L 0.1

(a) DamBreak: surface level h att = 0.2 (b) DamBreak: discharge hu at t = 0.2

FIGURE 13. Dam break at a flat bed with shallow water wave equations. P*-
FVS(vanLeer)-DG with IS-L?*-TVB-minmod limiter using equally spaced 200
cells. At t = 0.2, conservative variables h, hu are demonstrated.

9.3.2. Two-dimensional Test Cases for Hyperbolic Systems. Three Riemann problems in 2D
case for compressible Euler equations are simulated here to demonstrate the performance of
IS-L2-TVB(D)-Limiter in conjunction with FVS-DG.

Example 9.13.

Computational Domain: 2 x [0, T.,qa) = {[0,0.1] x [0,0.1]} x [0, 0.022];
ICs(1):

0.5313,0,0,0.4)T, > 0.05,y > 0.05,

((
( 7 (1,0.7276,0,1)", = < 0.05,y > 0.05,
p? U,U,p -
(0.8,0,0,1)T, z < 0.05,y < 0.05,
(

1,0,0.7276,1)T, 2 > 0.05,y < 0.05,

\
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BCs: free boundary conditions are imposed on all edges of §2;
P3-polynomial approzimation was applied;
Limiter parameters: 1S-L*-TVB-minmod limiter, wrs = 0.8, wr2 = 0.2;
TroubledCell-Indicator: TVB-minmod discontinuity indicator with M = 1;
Numderical Flux Format: Steger-Warming;
Temporal Discretization: TVD-RKS;
CFL: 0.2;
Uniform rectangular mesh with 40 x 40 cells.

The numerical result of density at t = 0.022 s plotted in Figure 14.

FIGURE 14. 2D Euler equations for Riemann problem with ICs(1). P3-FVS(Steger-Warming)-DG
with IS-L2-TVB-minmod limiter (w;s = 0.8, wr2 = 0.2). Uniform rectangular mesh with 40 x 40 cells.
The density distribution at ¢ = 0.022

Example 9.14.

Computational Domain: Q x [0, Tena) = {[0,1] x [0, 1]} x [0, 0.25];

ICs(2):

((1.1,0,0,1.1)7, x> 05,y > 05
(0.5065,0.8939,0,0.35)T, x < 0.5,y >0.5
(1.1,0.8939,0.8939, 1.1), z < 0.5,y < 0.5

\(0.5065, 0,0.8939,0.35)7, = > 0.5,y <0.5

BCs: free boundary conditions are imposed on all edges of €1;

(p,u,v,p)" =

P2-polynomial approzimation was applied;

Limiter parameters: IS-TVB-minmod limiter, wrg = 1.0, w2 = 0.0;
TroubledCell-Indicator: TVB-minmod discontinuity indicator with M = 1;
Numderical Flux Format: AUSM;
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Temporal Discretization: TVD-RKS;
CFL: 0.2;
Uniform rectangular mesh with 100 x 100 cells.
The numerical result of density at t = 0.25 is plotted in Figure 15.

O A N
© mhwhuo~N®©O

oo
o N

FIGURE 15. 2D Euler equations for Riemann problem with ICs(2). P2-FVS(AUSM)-DG with IS-
TVB-minmod limiter (wys = 1.0, wy2 = 0.0). Uniform rectangular mesh with 100 x 100 cells. The density
distribution at ¢t = 0.25

Example 9.15.

Computational Domain: 2 x [0, Tena) = {[0, 1] x [0, 1]} x [0, 0.3];

ICs(3):

((0.5313,0,0,0.4)7, = > 0.5,y > 0.5,
(1,0.7276,0,1)7, 2 < 0.5,y > 0.5,
(0.8,0,0,1)7, z <05,y < 0.5,

(1,0,0.7276, 1), > 0.5,y < 0.5,

(p,u,v,p)" = 3

BCs: free boundary conditions are imposed on all edges of €);
P2-polynomial approzimation was applied;
Limiter parameters: IS-L*-TVB-minmod limiter, wrs = 0.8, wr2 = 0.2;
TroubledCell-Indicator: TVB-minmod discontinuity indicator with M = 1;
Numderical Flux Format: Steger-Warming;
Temporal Discretization: TVD-RKS;
CFL: 0.2;
Uniform rectangular mesh with 100 x 100 cells.

The numerical result of density at t = 0.3 s plotted in Figure 16.

71
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FIGURE 16. 2D Euler equations for Riemann problem with ICs(3). P2-FVS(Steger-Warming)-DG
with IS-L2-TVB-minmod limiter (wrs = 0.8, w;2 = 0.2). Uniform rectangular mesh with 100 x 100 cells.
The density distribution at ¢ = 0.3

10. CONCLUSION

This paper constructs the numerical flux required for the DG spatial discretization scheme
based on the flux vector splitting method, which is implemented in two-dimensional problems
by introducing the normal flux on cell interfaces. The TVB(D) limiter and the WENO lim-
iter are currently the two main streams of limiters; we utilize the smoothness factor 1.5 from
the WENO limiter in the TVB(D)-minmod limiter, successfully overcoming the ill-posed
problem of the TVB(D)-minmod limiter in the case of high-order polynomial approxima-
tion by constructing an optimization problem based on the smoothness factor constraint.
Furthermore, by drawing on existing practices and introducing the L2-error constraint, the
TVB(D)-minmod limiter is able to balance the suppression of oscillations and the main-
tenance of high precision. For local characteristic decomposition, we use an arithmetic
average or Roe average of the integral mean on the common interface of adjacent cells for
local freezing, which is different from the usual practice. We also use an interpolation-based
characteristic transformation to achieve the mutual conversion between the one-dimensional
model in physical space and characteristic space. Numerical experiments have confirmed the
effectiveness of the aforementioned work.
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APPENDIX A. VECTOR, MATRIX, AND TENSOR OPERATIONS IN FVS-DG
The following notations and operational rules are used for the derivation of the FVS-DG
spatial discretization scheme (definition of the FVS-DG weak solution).

e The Hadamard product between two vector-valued functions: a®b = (a1by, asbs, . . ., ambm)T.
e The quasi-Hadamard product between a matrix-valued function and a vector-valued
function is defined as

HoV = . ,

where H® = (h;1, his, . .., hig), that is, the matrix H is partitioned row-wise.
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e The inner product between vector-valued functions acts component-wise, i.e.,
<u17 U1>
<U2, U2>

<U7V> =

(Unn, Umn)

e The Frobenius inner product between vector functions is defined as (U:V) =

Z?il <ui’vi>'

HD
H® ‘
e Let the matrix-valued function H = , where H® = (h;1, hig, . . ., hiq), that is,

H(m)

the matrix H is partitioned into row T_)locks__.
v
V@ ‘

Let the matrix-valued function V = , where VO = (v;1, 050, ..., v54), that is,
V(im)

the matrix V is partitioned into row blocks.

The Frobenius inner product between the matrix-valued functions is defined to act
<H(1) . V(1)>

<H(2) . V(2)>
component-wise along the rows, i.e., (H:V) =

16 CORR O

e When the divergence operator acts on a matrix-valued function, the matrix-valued

function is partitioned column-wise for the computation, such that
V-H=0,Hu+ 0, Hpa + -+ 0y, Ha,

where H;y = (hyj, hoj, . .., hmj)T represents the j-th column of matrix H.
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e In this paper, Kronecker product between two vector-valued functions, still denoted
by ®, is redefined as:

aq Clel a1b2 Clei’)
a®@b=abl = as | [01,02,03] = | asby ashy asbs
as Clgbl @3b2 G/Sb?)

In the dummy index summation notation, the new Kronecker product between two
vector-valued functions is expressed as: a® b = a;e; ® bje; = a;b;e;e;, where e; and
e; are the standard basis vectors in their respective spaces.

e The gradient of a vector function is a second-order tensor function. Let V =

(1,09, ..., 0,)T, then we have
azlvl 83021)1 tee 83%’111
axlvg GIQUQ cee 8%1}2
VV = ,
Ouy Vi  OpyUmy =+ Oy U,

VV = (&vj)el-ej .

APPENDIX B. FLUX VECTOR SPLITTING METHOD FOR SHALLOW WATER SYSTEM

e 1D-Shallow Water Equations:

Ut + Fm - S,

h hu 0
U= F= S =

hu hu? + Lgh? —gh (%),

Jacobian matrix of flux function:

OF 0 1

A:—:
ou gh —u? 2u

The eigenstructure of the Jacobian matrix is given by

A = RAL,

_ utv/gh 1
A v Vgh 0 R 1 1 L= | 2 3/ah

0 utVah u— VAR ut gk e
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e 2D-Shallow Water Equations:

U, +F, +G, =S,
h hu hv 0

U= | h |, F=|p+m? | ,G= huwv ,S=1 —gh(z),
hv huv p + ho? —gh (20),

/

Let n = (n,,n,) be the unit outward normal vector; then the normal flux is defined

as
Fn=n,-F+n,- G.

The Jacobians in the x-direction, y-direction, and normal direction are given by

5 0 1 0 5 0 0 1
F G
9u gh—u* 2u 0 |, U w voou |,
—uv voou gh—v?> 0 2v
0 Ny Ny

A,=An, +Bny, = | ghn, —uq, ¢,+ung uny

ghn, — vqy, VN Gn + VN
where ¢, is the normal velocity, defined as
n = UNg + V1.

The eigenstructure of the outward normal Jacobian is

An = RnAnLna
n — V gh 0 0
An = 0 dn 0 5
0 0 qn+/ah
1 0 1
v—+/ghn, £, v-++/ghn,

Vohtan _  ng _ My
2+/gh 2v/gh 2+/gh

L, = —qr Ly ey )
Vgh—aqn Ny
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where T = (¢, {,) is the unit tangent vector, and ¢, is the tangential velocity, defined
as
[fa:, ey] = [_nya nx] 5

q = uly + vl

In shallow water equations

a = +/gh,
1

P = —gh*.
R 9"

Note that in the shallow water wave equations, the conservation of mass is described by the
water level equation, namely

Further, combining this with the speed of sound calculation formula a = 1/%, it can be
deduced that

AW = 9,

It should be noted that the source-free shallow water wave equations do not have an en-
ergy conservation equation. In summary, the source-free shallow water wave equations are
isentropic Euler equations with the thermodynamic property parameter v = 2.

To implement the flux calculation based on Mach number splitting for the shallow water
wave equations, simply set the parameter v to 2 in the van Leer and AUSM splitting sub-
routines of the compressible Euler equations, replace the density p with the water level h,
and use P = gh?.

It is emphasized once again, the Jacobian of the shallow water wave equations does not
possess homogeneity, hence it does not satisfy f(u) = % - u. Reference [7] reconstructs a
homogeneous Jacobian by forcibly modifying the wave speed and then applies the eigenvalue
splitting method.

For a more detailed introduction to the shallow water wave equations, readers are referred

to [46].
B.1. Flux Vector Splitting for Shallow Water Wave Equations in One-dimension.

B.1.1. Mach Number Splitting Based on True Wave Speed.
True wave speed: a = +/gh.

True local Mach number: M, = u/a.

Pressure: P = 1gh? Adiabatic index: v = 2.

hu M,
(vanLeer) F = = ha
hu? + Lgh? uM, +a/y
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hu haM, 1 0
(AUSM)  F=— — — haM, Iy
hu? + Lgh? haMju + P u 1
—_—
Fo FP

The splitting method for M, and P is the same as for the compressible Euler equations.

B.1.2. Jacobian Eigenvalue Splitting Based on Modified Wave Speed|7].
True wave speed: a = /gh.

Modified wave speed: a* = /gh/2.
The Jacobian and its eigenstructure after forced modification are:

0 1
A" = ,
% —u? 2u
u— h/2 0
AF = gh/
0 u++/gh/2
1 1
R* =
u—/gh/2 u++/gh/2
u+ gh/2 1

L* — 2+/gh/2 2+/gh/2
_u \/gh/2 1
v gh/

24/ gh/2 2\/gh/2

After the modification of the wave speed, it holds that F = A*U.
Subsequently, the Steger-Warming splitting or Lax-Friedrichs splitting can be applied.

B.2. Flux Vector Splitting for Shallow Water Wave Equations in Two-dimension.

B.2.1. Mach Number Splitting Based on True Wave Speed.
True wave speed: a = \/gh.

True local normal Mach number: M = g, /a.

Pressure: P = %th; Adiabatic index: v = 2.

hq, haM, 1 0
(AUSM)  F,.=| hug,+ Pn, | = | haMyu+ Pn, | =haM, | u | +P | n,
hvg, + Pn, haM,v + Pn, v Ny

The splitting method for M, and P is the same as for the compressible Euler equations.
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B.2.2. Jacobian FEigenvalue Splitting Based on Modified Wave Speed|7].
True wave speed: a = \/gh.

Modified wave speed: a* = \/gh/2.

The Jacobian and its eigenstructure after forced modification are:

Gn —\/9h/2 0 0
0 0 gn++/gh/2
_ \/M+Qn _ ng Ny
1 0 1 24/gh/2 2\/%7 24/ gh/2
R,=1| u—+/gh/2n, €, u++/gh/2n, |.L,= —qq l, l, ,
—\/gh/2n, ¢ h/2 VETET o
| v gh/2ny by v+ /gh/2n, 2y/gh/2 2¢/gh/2 24/ gh/2

Al =RIATLE.

After the modification of the wave speed, it holds that F, = A*U.
Subsequently, the Steger-Warming splitting or Lax-Friedrichs splitting can be applied.

APPENDIX C. DEVELOPMENT OF NUMERICAL FLUX FORMATS FOR SCALAR
EQUATIONS BASED ON THE SYSTEM’S JACOBIAN-EF'VS METHOD

C.1. The Classical Lax-Friedrichs Flux Format from the Jacobian-FVS Perspec-
tive. This section attempts to derive the classical Lax-Friedrichs flux format from the L-F
splitting method within the Jacobian-FVS.

Consider a one-dimensional hyperbolic conservation system as an example. The L-F split-

ting process is shown below:
Take

1 1
Alt = §(AL + M1y = 5(A(UL) + M"1y),
1 1
AR = 5(AR - MBI = 5(A(UR) — M"1,),
where M*, MF are positive constants that should ensure

MAET) = NAF + ME1,) >0,
MART) = \(AR - MEL) <0,
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hold at every cell interface.

At Tit1/2, there is

R e
fi+1/2 = Az+1/2U’L+1/2 Az+1/2Uz+1/2

1

1
- 2 (A (Uz+1/2) + M+1/2[) Uz+1/2 (A (Uz+1/2) Mz+1/2I> UH—I/Q
1

A (U1'L+1/2) UiL+1/2 + M+1/2U1'L+1/2> + 2 (A (Uﬁklﬂ) UEH/Q - Mz+1/2UZ+1/2)
1
f (Uz+1/2) Mz+1/2Uz+1/2) +35 (f (Uz+1/2) Mz+1/2Uz+1/2>

FOUEL ) + £ (Ul ) — (M .Uy — MY, U S,))

The classic L-F flux format is given by

2 1
fi+1/2 = 5 (f( z+1/2) f( z+1/2) Qit1/2 (Uz+1/2 Uz+1/2))

where a;11/7 is usually taken as

wl»—lewlv—

Qip1/2 = P 8_

Y
U
mz’-¢-1/2>

which means ;12 is the spectral radius of the Jacobian of the flux function f with respect

to the field variable u evaluated at x;;1/s.
It is noted that if we take

Mz+1/2_maX{ +1/2a zi1/2}7

then M/, also satisfies

A(Aﬁ:{/z) A(Az—i-l/Q + Miy1/214) > 0, }
MA ) = )\(Aﬁuz — Mit1/214) < 0.

i+1/2
Thus, M1/ can be used to simultaneously replace Mk it1/2 and M +1 /o In the numerical flux
f to obtain

X 1
fi+1/2 = 5 (f (U2+1/2) + f ( z+1/2) - (Mi+1/2UE|-1/2 - Mi+1/2Uz'I/+1/2>)
1
9 (f( z+1/2) f( z+1/2) = Mit1y2 (Uﬁl/z Uz+1/2))

By comparing f and f , it can be observed that the a1/ in the classical Lax-Friedrichs flux
formula is a specific choice for the M;;/, in the Lax-Friedrichs splitting method.

C.2. Constructing Steger-Warming flux for the scalar equation based on Steger-
Warming splitting for system.

From C.1, it is known that the Lax-Friedrichs splitting method can derive the classical
Lax-Friedrichs flux format, which is not only used for system control equations but also
commonly applied to scalar equations. Inspired by this, this section attempts to apply the
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Steger-Warming splitting method to scalar equations in order to derive a new numerical flux

format suitable for scalar equations.

C.2.1. Steger-Warming Fluz for One-Dimensional Scalar Equations. The Jacobian-FVS for
a system of equations first requires rewriting the flux function in the form F(U) = A(U)-U.
Similarly, for the 1D scalar equation, we make a similar rewrite:

Let

a=Kf'(u), (C.1)
satisfy
f(u) =au = K f'(u)u, (C.2)

where K is an undetermined constant that varies with different equations (different f(u)).
Generally, a = a(z,t,u).

It should be emphasized that in scalar equations, A, A, and A are “the same”, all “equal
to a”. Thus, the scalar form of the Steger-Warming splitting method is as follows:

at = %M, a” = G_TM. (C.3)

If smoothness is considered:

/| 2 /2
a+\/|al” + 62 a —\/|al” + 62
at = @ ,a = i : (C.4)

2 2

where ¢ is a small positive quantity, for example, § can be taken as 1075.

Taking the interface x;;,/7 as an example, due to the multi-valuedness of u at the interface
(uiL+1/27 uﬁl/z), a is also multi-valued at the interface, i.e., (azﬂ/z, z+1/2) Accordingly, the
Steger-Warming flux format for the 1D scalar equation is as follows:

FSW L+ L R
it1/2 = Qg pWike T+ az+1/2uz+l/2
z+1/2 + z+1/2‘ . aﬁ1/2 - aﬁl/z‘ R
= 9 Uiy + 9 Wit1/2
1
~3 (f( z+1/2) + f( z+1/2) - (‘aﬁl/ﬂ “ﬁl/z - |az‘L+1/2} “iL+1/2)) : (C.5)

The following discussion will focus on the linear advection equation and the nonlinear
Burgers’ equation in detail:

e Case 1: uy + (c(z,t)u), = 0.

fu) = c(z,thu, f'(u) = c(z,t),

thus we take
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At this point, with aiLH/2 = aﬁrl/z = (%4172, ), the Steger-Warming flux splitting
scheme for the linear scalar advection equation is given by:
A 1
sw R L R L
i+1/2 — 9 (C($i+1/2>t) (ui+1/2 + Uz‘+1/2) - ‘C("Eiﬂ/?’ t)‘ (“z‘+1/2 - “z‘+1/2)) : (0'6)
Let’s examine the time step t":
— If ¢(@iq1/2,t") > 0, abbreviated as taje > 0,
then a; 12 = Ciaje >0, and thus [a;11/2] = @iy1/2-
Consequently, aiLj o = Git1/2, aﬁ{m =0,
and the Steger-Warming numerical flux at the interface is given by

FSW L+ L L
ir1/2 = Qg Wig1/2 = Citp1 /21 2-
Given that A /2 > 0, the local upwind direction at x;i;/, should be in the
direction of —x, meaning that the numerical flux should be calculated using the
left state of the field function. That is, take fiy;/2 = Fulye) = i patifi -
It can be seen that jiivf/z satisfies the upwind property.
— If ¢(@iq1/2,t") < 0, abbreviated as Haje <0,
then a1/, = e <0, and thus |a;;1/2] = —@i41/2.
Consequently, afj 2 = 0, aﬁI/Q = Qiy1/2,
and the Steger-Warming numerical flux at the interface is given by

pSW _ R— R _ n R
i+1/2 = iy 9Wit12 = Cipr/2Wit /2

Given that g 2 < 0, the local upwind direction at x;;;/> should be in the
direction of +x, meaning that the numerical flux should be calculated using the
right state of the field function. That is, take fiﬂ/g = f(ufilﬂ) =

It can be seen that ﬁivf/z satisfies the upwind property.

n R
Cit1/2%it1)2:

Remark C.1. The fact that ¢ is a function of v and t implies that the upwind
direction in different regions of the flow field is not consistent and may change over
time. When c is only a function of t, or more so when ¢ = const, the above discussion
results are still applicable, but the entire flow field will share the same upwind direction

(if ¢ = ¢(t), this upwind direction will change over time).

o Case 2: wu + (3u?) =0.

thus we take
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The Steger-Warming flux for the Burgers’ equation is given by

N 1/1 1 1 1
53//2 ) (5 ’uﬁ1/2|2 + 2 |uf+1/2|2 - (5 ‘uﬁl/Q‘ ufH/Q 3 |uiL+1/2‘ UiL+1/2)>

1
= 7 (ol + b ol = (ol uftnj = [ ol wbin2) )

1 R

R R L L L
= (‘ui+l/2‘ (’uz’+1/2| - Uz‘+1/2) + ‘ui+1/2‘ (’uz’+1/2| + ui+1/2)) : (C.7)
When applied to the nonlinear Burgers’ equation, the Steger-Warming flux satisfies
“compatibility, Lipschitz continuity, and monotonicity.” This ensures that the spatial
semi-discrete weak solution of the Burgers’ equation, based on the Steger-Warming
flux, satisfies the cell entropy inequality and L? stability, as detailed below in section

C.2.3.

C.2.2. Steger-Warming Flux for Two-Dimensional Scalar FEquations. Similar to the tech-
niques used in Section 6, the 2D problem is converted into several 1D problems along the
outward normal direction by introducing the normal flux.

Consider the following two-dimensional scalar equation:

Ui+ (f(U))e + (9(U))y = 0.
Let F(U) = (f(U), g(U)), and suppose the unit outward normal vector at a point on the cell
boundary is n = (n,, n,), The normal flux is then defined as
F,(U)=n-F=n,f(U)+n,g(U).
To use the Jacobian-FVS, it is necessary to construct a,(z,t,U) such that
F.(U)=a,- U
Similar to the one-dimensional case, a,, is chosen in the following form:
— KEJ(U),

where K is a constant to be determined.

The splitting method for a,, is consistent with the previously described one-dimensional case.
Consequently, the Steger-Warming flux for the two-dimensional scalar equation at a specific
point on the cell interface, denoted by Gy, is delineated as follows:

FSW(Uint(Gk,t), Uezt(qu — 'Lnt ,+ U’Lnt(Gk, ) + aslzt,f . Uezt(Gk,t)

znt int ext ext
+ i n = |Un ex
< ‘a ) Ulnt(kat) + <(12|a> U t(Gk,t)
l
2

Fo (U(Gi, t)°™) + (Ui"t(Gk,t)) - (\az“| U™ (G, t) —

int
(2%

Ui"t(Gk,t))) .
(C.8)

e The two-dimensional conservative linear scalar transport equation

U + (oz(x, Y, t)U)x + (ﬁ(xv y7t)U)y = 0.
Fn(U) nx-oz(x,y,t)U—i—ny-ﬁ(:c,y,t)U,
F(U) =n; - a(z,y,t) +ny - B(z,y,t),
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hence we take
K =1, a, =n,;-a(z,y,t)+n, - B(z,y,t).

Therefore, a™(Gy, ) = a**(Gy, ) = n, - a(Gy, ) + n, - B(Gy, *),
the Steger-Warming flux for the two-dimensional linear scalar transport equation is
given by

FT?W(Uint(Gk> t)7 Uext(Gka t))

— %((nx (G, t) + 1y - B(Gi, 1)) - (UG, t) + U™ (G, 1))

— |y - (G, t) + ny - B(Gi, )] (U (G, t) — U™ (G, 1)) ) (C.9)
e The two-dimensional nonlinear Burgers’ equation U; + (3U?), + (1U?), = 0.

1
F,(U) = (ny +ny) - §U2,
F(U) = (ng +ny) - U,

hence we take

1 1
K:§, anzé(nm—l—ny)-U.

the Steger-Warming flux for the 2D Burgers’ equation is given by

ESV(U™(Gy, t), U™ (G, 1)) (C.10)

= Lo (0G0 + G 0))

— (UG, )| U (G, t) — | U™ (G, )| U™ (G, 1)) ) (C.11)

C.2.3. Properties of the Steger-Warming Flux for the Scalar Equation. This section discusses
the properties of the Steger-Warming flux within the scope of one-dimensional conservative
linear scalar transport equations and nonlinear Burgers’ equations.

The one-dimensional scalar equation Steger-Warming flux is given by

A 1
e = 3 (f (ufirye) + f (uiirye) = (|aaye| wiaye = afi ] whag)) -

e Conservative linear scalar transport equation u; + (¢(x, t)u), = 0,
a=c(x,t);

e Nonlinear Burgers’ equation u; + (%UQ)Q; =0,

a = —u.
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When applied to conservative linear scalar transport equations and nonlinear Burgers’
equations, the Steger-Warming flux scheme satisfies “consistency, Lipschitz continuity, and
monotonicity”, which will be introduced and proven below:

Since all discussions are at x;y1/2, the subscript “i + 1/2” is omitted for all variables in

the following processes.

e Consistency, that is, it satisfies 5" (u,u) = f(u).

Proof. Let
ut = u = u*
Since a = a(x,t,u), then
aL<7 ) uL> - aR('a ) U’R) = CL(, ) u*>
Let us denote a* = a(-, -, u*), thus we have
P * * 1 * * * * * *
Fo (u yut) =5 (f (') + f () = (Ja"w” — |a"| u™))
1
=52/ (u*)
= f(u’).

O

e When f(u;z,t) is Lipschitz continuous function of u, the Steger-Warming numerical
flux f5W (uX, u®) is Lipschitz continuous with respect to both u” and u*.

Proof.
We first establish the Lipschitz continuity of f SW(uk uf) with respect to u”.
Let A is a constant that can be either positive or negative, and define

"t =a(-, -, vt +A), (C.12)
then
FW (A, u) = 2 (F () 4 F (u + A) = (o] u® — a2 (uF +A))), (C13)
hence
POVt 4 Aty = IV (b )
= 2 (F (P A) 0B (4 A) — f (u) o[ ut) (C.14)
Perform the following simple decomposition:
PV Gt 4 A, ) — Y (k)

= 5 (F (0 + 8) = F (%) + a5 (u” + ) — |a| (u" + A) + [a"] (s + ) — |a*] uF)
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[f (u" +A) = f (")) + (Ja" 2] = |a"]) - (" +A) +]a"|-A . (C.15)

Since f(u;x,t) is Lipschitz continuous with respect to u, then
E'Ll > O,S.t. |T1| < L1|A|

f being Lipschitz continuous implies that its derivative f’ is bounded. Consequently,
a is bounded as well (given a = K f'(u), where K is a constant), and thus we have

EILg > O,S.t. |T3| < Lg‘A’

Both a*2 and al are bounded, which implies that the difference |[a?*2| — |a®| is

also bounded. Noting that u” is a finite state, we deduce that
EILQ > O,S.t. |T2| < L2|A|

Hence, there exists a constant M > 0 (e.g. take M = 2 - max{Ly, Ly, Ly}) such that

; A 1
Pl A ) = Pl )| < ST + ] + | T5)) < MA], (C.16)

which implies that fSW(uL,uR) is Lipschitz continuous with respect to u* when
f(u; x,t) is Lipschitz continuous function of w.
Similarly, it can be shown that f5V (u”, u®) is Lipschitz continuous with respect to

u® under the same conditions. O

Monotonicity: The Steger-Warming numerical flux f5% (u%, u®) is non-decreasing
with respect to the first variable u* and non-increasing with respect to the second
variable uf. This property is succinctly denoted as f5V (1, 1).

Proof.

We first prove that fSW(uL ,u®) is non-decreasing with respect to the first variable
L

u”.

Following the proof of Lipschitz continuity, we have

PGt + A, uR) - (o, )
1
=L (a4 ) [ a8 — £ () — o).
However, here we set A > 0.
— Conservative linear scalar transport equation: u; + (c(z,t)u), = 0, f(u) =
c(x,t)u, a = c(x,t).

LA _

Since a is independent of u, it follows that a a*. Consequently,

]ESW(UL + A7uR) _ fSW(uL,uR)

= 5 (e (0 8) el (uF + 8) = e (u*) — el )
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1
:§(c+|c|)A20.

This implies that f SW(ul, uft) is non-decreasing with respect to the first variable

u” when applied to the conservative linear scalar transport equation.

— Nonlinear Burgers’ equation: u; + (3u?), =0, f(u) = 3u?, a = iu.
FE (uh 4 AL uf) - fSW(u Ju')

1/1 1, ,0 1,4 1

:2(2(u +A |u —I—A’u—l—A) Q(U)—é‘u|u)

1
=L A (8 a4 ) — ] (] + o).
We introduce an auxiliary function g(u) = u? + |u|u. Then, we have
. 1
Pt 4 A ) PV ) = 1 (gl A) — o))

It is clear that g(u) is non-decreasing with respect to w.

Given that A > 0 and v + A > u”,

it follows that fSW (ul + A, uf) > W (ul uf),

which demonstrates the non-decreasing nature of fSW(u ,u) with respect to

the first variable u’.
By similar reasoning, it can be proven that the Steger-Warming numerical flux
fSW(u uft), when applied to either the conservative linear scalar transport equa-
tion or the nonlinear Burgers’ equation, is non-increasing with respect to the second

variable 1. O

When a numerical flux scheme satisfies the aforementioned properties of “consistency, Lip-
schitz continuity, and monotonicity,” it can be proven that the DG (Discontinuous Galerkin)
weak solution based on this flux scheme satisfies the cell entropy inequality and L? stability.
This proof process is standardized, and readers are referred to the literature [47, 48] for
details.

C.2.4. Numerical Exzperiments. We conducted numerical experiments to compare the Steger-
Warming flux scheme discussed in this appendix with the classical Lax-Friedrichs flux scheme
within the context of conservative linear scalar transport equations and nonlinear Burgers’
equation.

e Accuracy test

Example C.1. Linear transport equations.
e Control Eqs: u; + (sin(wt)u), =0, w =m;
Computational domain: Q x [0, T.,q] = [0, 27| x [0, 20];
ICs: up(x) = sin(x);
BCs: periodic boundary conditions;

True solutions: u(x,t) = ug(x + —(cos(wt) — 1));
w
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2

Note: The smallest positive period of the solution u is T = <= = 2, hence, it implies
simulating up to 10 periods that T,..q is taken as 20.

Temporal discretization format: TVD-RKS3;

CFL=0.1.

L?, L' numerical errors and convergence orders with P%-polynomial approximation
are summarized respectively in Table 9 and Figure 17.

TABLE 9. P2_Steger-Warming-scalar-DG and P2-Lax-Friedrichs-scalar-DG both using equally spaced

cells. ut + (sin(t)u), = 0 with smooth initial conditions: wug(z) = sin(z). L2, L' errors for u.

Mesh 20 40 80 160 320

S-W | L?-error 5.0283E-04 6.8601E-05 0.7973E-05 0.9975E-06 1.2471E-07
L-F | L2-error 6.1941E-04 8.8553E-05 1.2804E-05 1.8863E-06 2.8289E-07

S-W | Ll-error 1.1090E-03 1.4070E-04 1.7664E-05 2.2117E-06 2.7663E-07
L-F | Ll-error 1.8487E-03 1.9093E-04 2.7256E-05 3.9575E-06 5.8503E-07

Control Eqs: u; + (sin(z)u), = 0;

Computational domain: Q x [0, Te,q] = [0, 27] x [0, 1];
ICs: up(x) =1,

BCs: periodic boundary conditions;

sin(2 arctan(e™" tan(3)))

)

True solutions: u(x,t) = .
sin(z)

Temporal discretization format: RKY;

CFL=0.05.

L?, L' numerical errors with P®-polynomial approximation are summarized respec-

tively in Table 10 and Figure 18 .

TABLE 10. P3-Steger-Warming-scalar-DG and P®-Lax-Friedrichs-scalar-DG both using equally spaced

cells. ut + (sin(x)u); = 0 with smooth initial conditions: ug(x) = 1. L2, L' errors and convergence orders

for u.

Mesh 20 40 80 160 320

S-W | L?-error 1.1214E-06 3.1954E-08 5.8956E-10 9.4229E-12 5.7994E-13
L-F | L?-error 1.2660E-06 3.3854E-08 4.7961E-10 7.8348E-12 7.5041E-13

S-W | L'-error 1.1410E-06 3.0824E-08 4.8678E-10 1.0050E-11 0.8858E-12
L-F | Ll-error 1.8414E-06 38.2669E-08 4.6412E-10 0.9267E-11 1.05{0E-12

Example C.2. Nonlinear Burgers’ equation.

e 1D-Control Egs: u, + (3u?), = 0;

Computational domain: Q x [0, T,,q4] = [0, 27| x [0, 0.6];

Note: the exact solution remains smooth during t € [0,0.6];
ICs: up(x) = sin(x);

BCs: periodic boundary conditions;

True solutions: u(x,t) = uo(x™), x* satisfies x* + ug(x™) - t = z;
Temporal discretization format: RKY;

CFL=0.05.
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(a) L?-convergence order (b) L!-convergence order

FIGURE 17. P2-Steger-Warming-scalar-DG and P2-Lax-Friedrichs-scalar-DG
both using equally spaced cells. u; + (sin(¢)u), = 0 with smooth initial condi-
tions: ugp(x) = sin(x). L?, L' convergence orders for .

L?, L' numerical errors and convergence orders with P3-polynomial approzimation are sum-
marized respectively in Table 11 and Figure 19.

TABLE 11. P5-Steger-Warming-scalar-DG and P®-Lax-Friedrichs-scalar-DG both using equally spaced
cells. ut + (%uz)z = 0 with smooth initial conditions: ug(x) = sin(x). L2, L' errors and convergence orders

for wu.

Mesh 20 40 80 160 320

S-W | L?-error 5.842170E-06 1.62220980E-07 2.285972076E-09 3.9838927E-11 8.2960E-13
L-F | L2-error 5.342175E-06 1.62220986E-07 2.285972077E-09 3.9838921E-11  8.2980E-13

S-W | Lt-error 4.25502E-06 1.0785780E-07  1.4120418E-09 2.2865E-11 1.2853E-12
L-F | L'-error 4.25507E-06 1.0785784E-07  1.4120415E-09 2.2864F-11 1.2861E-12

e 2D-Control Fqs: Uy + (%U2)m + (%UZ)y =0;
Computational domain: Q x [0, T,na) = {[0,4] x [0,4]} x [0, 22];
Note: the ezxact solution remains smooth during t € [0, 07],
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10? 10" 10? 10"

(a) L?-convergence order (b) L!-convergence order

FIGURE 18. P5-Steger-Warming-scalar-DG and P°-Lax-Friedrichs-scalar-DG
both using equally spaced cells. u; + (sin(x)u), = 0 with smooth initial con-

ditions: ug(x) = 1. L?, L' convergence orders for w.

ICs: Uy(z) = sin(%x + gy);

BCs: periodic boundary conditions;

By performing the variable substitution & = x +y on Uy(w,y), we obtain ty(§) = sin(5§),
then the true solution is given as:

Ulx,y,t) =uo(E), £ satisfies & = & + 2u(E") - t, where &€ = x4+ y;

Temporal discretization format: TVD-RKS3;

CFL=0.05.

L*, L2, L' numerical errors and convergence orders with P?-polynomial approzimation

based on scalar Steger-Warming flux are summarized in Table 12.

The one-dimensional and two-dimensional numerical results indicate that the PX-DG
method, based on the Steger-Warming flux scheme, is capable of achieving the optimal
convergence order of K + 1. Furthermore, the accuracy test results in one-dimensional case
indicate that for scalar equations, the dissipation of the Steger-Warming flux is slightly lower
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FIGURE 19. P5-Steger-Warming-scalar-DG and P°-Lax-Friedrichs-scalar-DG
both using equally spaced cells. u;+ (%u2)x = 0 with smooth initial conditions:

ug(r) = sin(z). L?, L' convergence orders for u.

TABLE 12. P2_Steger-Warming-scalar-DG using uniform rectangular meshes. 2D-Burgers’ Equation

with smooth initial condition: Ugp(z) = sin(Fx + Fy). L™, L?, L' errors and convergence orders for U.

Mesh 15x15 30% 30 60x 60 120%x 120 240x 240

L -error 6.5224FE-02 1.1657E-02 1.5466E-03 1.8680E-04 3.0712E-05

L°°-order — 2.48438 2.9140 3.0495 2.6046
S-W  L2%-error  5.1671E-02 6.5497E-03 8.5550E-04 1.1426E-04 1.5193E-05
L2%-order — 2.9798 2.9366 2.9044 2.9109
Ll-error  1.0390E-01 1.1668E-02 1.6231E-03 2.1695E-04 2.7951E-05
L'-order — 3.1546 2.8456 2.9034 2.9564

than that of the classical Lax-Friedrichs flux. This is consistent with the statement that “in
system control equations, the dissipation of the Steger-Warming splitting is less than that
of the Lax-Friedrichs splitting”.
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Remark C.2. Due to the excessive dissipation of the Lax-Friedrichs fluzx, it paradozically
results in a slightly smaller L*-error compared to the Steger-Warming fluz. This is pri-
marily because the L>®-error is more sensitive to peaks than L*-error and L'-error; hence,
a scheme with higher dissipation may often achieve a smaller L>®-error. The degree of dis-
sipation of numerical fluzes becomes more pronounced in high-order schemes, which is why
this paper selects the P5-DG method for testing, in order to more clearly reflect the dissi-
pative characteristics of the L-F and S-W fluxes respectively. Furthermore, the dissipative
properties of the flur scheme become evident in long-time numerical simulations. At such
times, using lower-order polynomial approzimation, such as P%-polynomial approximation,
can distinguish the degree of dissipation between the S-W flux and the L-F flux, as we have
done in the test case “uy + (sin(wt)u), =0, t € [0,20]”.

e Numerical oscillation test

Example C.3. We continue to utilize the one-dimensional test case presented in FExample
C.2, with the simulation duration extended to 1., = 2.6, at which point discontinuities
have developed. No additional limiters are incorporated to amend the numerical solutions,
allowing for observing the inherent performance differences of the Steger-Warming and Lazx-
Friedrichs numerical fluxes near discontinuities. Contrastive tests were performed under
four distinct conditions: coarse and fine meshes, as well as low- and high-order polynomial
approzimations (P! and P3). The results are demonstrated in Figure 20.

Without the introduction of any limiters, near discontinuities, the number of oscillations
and the degree of overshoot of the L-F flux are both greater than those of the S-W flux. Ad-
ditionally, by observing the jump in the DG approximation solution uy, at the cell interfaces,
it is found that [un];", > [[uh]]il‘l’[; In summary, the S-W fluz scheme inherently has a
better capability for handling discontinuities than the L-F fluz, and the DG approzimation
based on the S-W fluz is more “smooth” (with smaller jumps at interfaces).

(Z. Xie) SCHOOL OF MATHEMATICAL SCIENCES, EAST CHINA NORMAL UNIVERSITY, SHANGHAI 200241,
CHINA
FEmail address: xzr_nature@163.com; 52265500018@stu.ecnu.edu.cn

(X. Cai) RESEARCH CENTER FOR MATHEMATICS, BEIJING NORMAL UNIVERSITY, DIVISION OF SCIENCE
AND TECHNOLOGY, BNU-HKBU UNITED INTERNATIONAL COLLEGE, ZHUHAI 519087, CHINA

Email address: xfcai@bnu.edu.cn

(H. Zheng) SCHOOL OF MATHEMATICAL SCIENCES, EAST CHINA NORMAL UNIVERSITY, SHANGHAI
200241, CHINA

Email address: hbzheng@nath.ecnu.edu.cn



FLUX VECTOR SPLITTING RKDG METHOD

—e—SW
—e—LF
1
0.8
0.6
0.4
0.8
0.2
-0.82
E} > 0
-0.84)
-0.2
0.84] ? 322 324 326
-0.4 i
0.82]
-0.6
0.8| ‘
08 8o
-1 302 304 306 308 D
- .
25 3 35 4 45 3 3.05 3.1 3.15 32 3.25 33
X X
1 _ 1 _
(a) P*, Mesh=10 (b) P, Mesh=100
—6—S8sW
—e—LF

Uexact

0.2 0.78|
i 08|
> 2 or 0582
084
0.2 |- 084
082 IR
0.4 | 0.8 1
056 078
302 304 306 308
0.8
af
X 3.05 3.1

(c) P3, Mesh=10

(d) P3, Mesh=100

LTrt~NT1 1 ON Jinvcrnr \ M aviritire camalars MO a-d T a<sr v Al camnalas MO WA+

95



	1. Introduction
	2. Overview of RKDG
	3. Overview of Flux Vector Splitting for Hyperbolic Conservative System in One-dimension
	3.1. Based on Jacobian eigenvalue Splitting
	3.2. Based on Mach Number Splitting

	4. Roe Average
	5. DG Based on Flux Vector Splitting in One Dimension (1D-FVS-DG)
	6. DG Based on Flux Vector Splitting in Two-dimension (2D-FVS-DG)
	6.1. DG Based on Flux Vector Splitting in Two-dimension
	6.2. Normal Roe Average Employed by DG in Two-dimension

	7. A Novel TVB(D)-minmod Limiter for Numerical Pseudo-Oscillation Treatment
	7.1. Commonly Used Discontinuity Indicators
	7.2. Constrained Optimization-based TVB(D)-minmod Limiter Compatible with High-Order Polynomial Approximation

	8. Reconstruction in Characteristic Field
	8.1. Local Freezing Based on Cell Interface Integral Mean
	8.2. Interpolation-based Characteristic Transformation
	8.3. Equivalence of Interpolation-based Characteristic Transformation and Moment Characteristic Transformation

	9. Numerical Results
	9.1. Accuracy Tests for FVS-DG
	9.2. Performance of the IS-L2-TVB(D)-minmod Limiter for Scalar Conservation Law
	9.3. Solving the Riemann Problems for Hyperbolic Conservative Systems Using FVS-DG with IS-L2-TVB(D)-minmod Limiter

	10. Conclusion
	Acknowledgments
	References
	Appendix A. Vector, Matrix, and Tensor Operations in FVS-DG
	Appendix B. Flux Vector Splitting Method for Shallow Water System
	B.1. Flux Vector Splitting for Shallow Water Wave Equations in One-dimension
	B.2. Flux Vector Splitting for Shallow Water Wave Equations in Two-dimension

	Appendix C. Development of Numerical Flux Formats for Scalar Equations Based on the System's Jacobian-FVS Method
	C.1. The Classical Lax-Friedrichs Flux Format from the Jacobian-FVS Perspective
	C.2. Constructing Steger-Warming flux for the scalar equation based on Steger-Warming splitting for system


