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Elliptic analog of the Toda lattice
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Abstract

The action-angle variables for N-particle Hamiltonian system with the Hamilto-
nian H = YN nsh™2 (p,/2) + In(p(@n — 2no1) — p(2n +2n_1)), TN = 0, are
constructed, and the system is solved in terms of the Riemann #-functions. It is shown
that this system describes pole dynamics of the elliptic solutions of 2D Toda lattice
corresponding to spectral curves defined by the equation w? — Pﬁ,l (z)w + AN =0,
where Pg(2) is an elliptic function with pole of order N at the point z = 0.
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1 Introduction

The main goal of this paper is to construct the action-angle variables for a finite dimensional
Hamiltonian system of equations

B = (22 = D)(V(2p, Tpp1) + V(Tp, Tno1), Tnyn = T, (1.1)
where
1 p'(u—v)— ¢ (u+v)
9 o(u—v) —pu+v)’

and to identify it as an elliptic analog of N-periodic Toda lattice. Here p(z) = p(z|2w, 2w’)
and ((z) = ((z|2w, 2w") are classical Weierstrass functions.

V(u,v) =C(u—v)+(u+v)—C((2u) = (1.2)

Recently, finite-dimensional integrable soliton systems have attracted very special inter-
est due to their unexpected relations to the theory of supersymmetric gauge models. The
celebrated Seiberg-Witten ansatz ([, f]) identifies moduli space of physically non-equivalent
vacua of the model with moduli space of a certain family of algebraic curves. In [B, ] it was
shown that the family of curves corresponding to four-dimensional N = 2 supersymmetric
SU(N,.) theory is defined by the equation

N.—1
w? —wPy,(E) + A*Ne =0, Py (BE)=E"+ Y wE' (1.3)

1=0

In [f] it was noted that this family can be identified with the family of spectral curves
of N.-periodic Toda lattice, and the Seiberg-Witten ansatz was linked with the Whitham
perturbation theory of finite-gap solutions of soliton equations proposed in [f, [f]. Integrable
systems related to various gauge models coupled with matter hypermultiplets in various
representations were considered in [§-[B3], where more complete list of references can be
found.

In B3, B3 N.-periodic spin chain related to XY Z model was proposed as soliton coun-
terpart of N = 1 supersymmetric SU(N,) theory in six dimensions compactified in two di-
rections, and coupled with N; = 2N, matter hypermultiplets. Spectral curves of N -periodic
homogeneous XY Z spin chain have the form

w? —wPy (2) + Q3. (2) = 0, (1.4)

where P (z) and QS (2) are elliptic polynomials, i.e. elliptic functions with poles of order
N, and 2N, at the point z = 0. Note, that ([[.4) is an elliptic deformation of the family
of curves found in [B4] for four-dimensional N = 2 sypersymmetric SU(N,) model coupled
with matter hypermultiplets.

A particular case of ([4), when QS (2) is a constant, Q5 (z) = A" can be seen as an
elliptic deformation of ([.3). The corresponding family of curves depends on N, parameters
which can be chosen as A and the coefficients u; of the representation of P{(2) in the form:

Pﬁ(z):%a&? Z 05 o(2) + o, (1.5)



An attempt to find a soliton system corresponding to the family of spectral curves defined
by the equation
w? — wPL(2) + A*N =0, (1.6)

led us to ([.]). After the system was found it turned out that, by itself, it is not new. Up to
a change of variables ¢, = @(z,), it coincides with one of the systems listed in [BY], where the
classification of all Toda type chains which have Toda type symmetries was obtained. The
new results obtained in this work are: isomorphism of ([[.]) with a pole system corresponding
to elliptic solutions of 2D Toda lattice, the construction of action-angle variables, and explicit
solution of the system in terms of the theta-functions.

In [[g, [7 it was shown that a wide class of solutions of the Seiberg-Witten ansatz can
be described in terms of a special foliation on the moduli space of curves with punctures.
That allows one to consider such systems as reductions of 2D soliton equations. Following
this approach, let us note, that ([[.G) defines an algebraic curve I' as two-sheeted cover of
the elliptic curve I'y with periods 2w, 2w’. Let Py be preimagies on I' of z = 0. According
to the construction of [Bd], any algebraic curve with two punctures generates a family of
algebro-geometric solutions of 2D Toda lattice

(02 — 02 )pn =4 (e‘p"“_‘p” — e‘p”_%*l) , (1.7)

parameterized by points of the Jacobian J(I") of the curve.

In the next section we show that algebro-geometric solutions ¢, (z,t) corresponding to I'
defined by ([[.6]) are periodic in n up to the shift, ¢, = ¢, n + 2N In A, and have the form

o(x — xpi1(t) +a)o(z + xppa(t) + a)
o(x —x,(t) + a)o(z + z,(t) + a)
Substitution of ([.§) into ([.7) leads to equations ([.1]) for x,(t).

It section 3 we construct a new Lax representation for ([.]) and show that the spectral
curve defined by the Lax operator has the form ([.g). We prove also, that if z,(t) is a
solution of ([[.])), then there exist functions «,(t) (unique up to the transformation o, (t) —
an(t) + et + o, ¢; = const), such that the functions ¢, (x,t) of the form (L[.§) satisfy ([[.7).

The last section is devoted to the Hamiltonian theory of system ([1)). Equations ([[-])
are generated by the Hamiltonian

on(2,t) = an(t) +In (1.8)

N-1

H=> Insh™(p./2) + In(p(x, — ¥0_1) — p(@n + Tn-1)), (1.9)
n=0

and the canonical Poisson brackets {p,,, ,} = dpm. We would like to emphasize that though
this Hamiltonian structure can be easily checked directly, it was found by the author using
the algebro-geometric approach to Hamiltonian theory of the Lax equations proposed in
[[G, 7, and developed in [BY. The main advantage of this approach is that it allows us
to find simultaneously the action-angle variables and a generating differential which defines
low-energy effective prepotential.

Note, that from the relation of system ([L.1) to 2D Toda lattice it is clear that degeneration
of the elliptic curve I'y corresponds to a degeneration of this system to the Toda lattice.
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It would be very interesting to consider this degeneration explicitly on the level of the
Hamiltonian structure. We will consider this problem elsewhere.

2 Elliptic solutions of 2D Toda lattice

Algebro-geometric solutions of 2D Toda lattice were constructed in [Bf]. Let " be a smooth
genus g algebraic curve with fixed local coordinates z4 (@) in neighborhoods of two punctures
Py €T, z(Py) =0. Then, for any set of g points 71, ..., 7, in general position there exists
a unique function v, (z,t, Q) such that:

19 4, (2, t,Q), as a function of the variable Q@ € T', is meromorphic on I' outside the
punctures Py and has at most simple poles at the points 7, (if all of them are distinct);

29 in the neighborhoods of the punctures the function v, has the form

Py = 2F Vel <Z§i (z,t)2 ) & =1 (2.1)

Uniqueness of 1, implies that it satisfies the following system of linear equations
(O + 0u)thn (2,1, Q) = 2¢npa(2,t,Q) + vala, ) (2,1, Q), (2.2)
(8t - 8m)¢n(l’, t, Q) = an(xv t)%—l(% t>7 (23)

where the coefficients are defined by the leading coefficient &; of expansion (B.1) with the
help of the formulae:

Up = (O + Op)on(z,1), 0= egon(m,t)—gonq(w,t)’ ¢n(z,t) =In 50_(56,15) (2.4)

Compatibility of (B.2) and (2.3) implies that ¢, (x,t) is a solution of 2D Toda lattice ([I.7).

The function ¥, (x,t,Q) is called the Baker-Akhiezer function and can be explicitly ex-
pressed in terms of the Riemann theta-function associated with a matrix of b-periods of
holomorphic differentials on I". The corresponding formula for ¢, is as follows.

Let us fix a basis of cycles a;,b;, i =1,...,g, on I' with the canonical matrix of intersec-
tions: a;0a; = b;0b; =0, a; ob; = d;;. The basis of normalized holomorphic differentials
dQ?(Q), j=1,...,9,is defined by conditions §, dQ? = 0;;. The b-periods of these differen-
tials define the Riemann matrix By; = fbj dQZ. The basic vectors e, of C9 and the vectors By,
which are columns of the matrix B, generate a lattice B in C9. The g-dimensional complex
torus

J(T)=C%B, B=7) mnyer+mpBy, ny,my € Z, (2.5)
is called the Jacobian variety of I'. A vector with the coordinates
@ o
Ak(@) = asy; (2.6)
Py

defines the Abel map A : ' — J(I').



The Riemann matrix has a positive-definite imaginary part. The entire function of ¢
variables z = (21, ..., 24)

9(2) — ‘9(2|B) — Z e27ri(z,m)+7ri(Bm,m)7

meZ9

is called the Riemann theta-function. It has the following monodromy properties
0(z +e) = 0(2), 0(z+ By) = e ™= mBrrg (1), (2.7)

The function 0(A(Q) + Z) is a multi-valued function of Q). But according to (B.7), the zeros
of this function are well-defined. For Z in a general position the equation 8(A(Q) + Z) =0
has g zeros vi,...,74. The vector Z and the divisor of these zeros are connected by the
relation Z = — Y, A(vs) + K, where K is the vector of Riemann constants.

Let us introduce normalized Abelian differentials dQ® and dQ® of the second kind.
They are holomorphic on I' except at the punctures P.. In the neighborhoods of Py they
have the form

W = d(zz' +0(1)), dQ® = d(+21" +0(1)).

Normalized means that they have zero a-periods. The vectors of b-periods of these differen-
tials are denoted by 27V and 2miW, i.e. the coordinates of the vectors V and W are equal

to
1 1
Vi==—¢ dQW, W, =-—¢ dQ®. 2.8
M ori L (2.8)
Let dQ™ be a normalized abelian differential of the third kind with simple poles at the
punctures Py with residues F1. From the Riemann bilinear relations it follows that the

vector of its b-periods satisfies the relation

1
U, = — QM = A(P) — A(P,). 2.
k omi bkd ( ) (+) ( 9)

If we choose a branch of the Abelian integral Q™ near P, such that Q™ = —1In 2, +O(z,),
then near P_ it has the form

QM =Inz_ + Iy + O(z_).

Theorem 2.1 ([34]) The Baker-Akhiezer function is equal to

0(AQ) +nU + zV +tW + 2)0(Z)

Unle Q) = G eV oW+ 206(AQ) 1 2)

exp (nQ(”) + 20@ 4 tQ(t)) . (2.10)

The function p,(z,t) given by the formula

0((n+ 1)U + 2V + tW + Z)

—nlp +1
enlest) =nlo+In =0

(2.11)

1s a solution of 2D Toda lattice.



For a generic set of the algebro-geometric data the function ¢, (x,t) given by (E.I1)) is a
quasi-periodic meromorphic function of all the variables (n, z,t). In [B7] the solutions of 2D
Toda lattice which are elliptic in the discrete variable n were considered. It was found that
dynamics of its poles coincides with the elliptic Ruijsenaars-Schneider system [B]. In this
paper we consider solutions that are elliptic in the variable x and are periodic in n.

The condition that ¢, is elliptic in one of the variables is equivalent to the property
that the complex linear subspace in J(I') spanned by the corresponding directional vector
is compact, i.e. it is an elliptic curve ['y. In the case of x-variable it means that the vectors
2wV, = 1,2, belong to the lattice B defined by (R.5):

2w,V =Y nje, +mBy, ny,m; € Z. (2.12)
k

Here and below w; = w,wy = w’ are half-periods of the elliptic curve I'y.
Theorem 2.2 Let I' be a smooth curve defined by equation ([I.8) and let Py be preimages

on I of the point z = 0 € I'y with local coordinates in their neighborhoods defined by the local
coordinate z on I'y. Then the corresponding algebro-geometric solutions given by formula

(2.11) satisfy the relation
nin(2,8) = pu(e.t) + 2N In A, (2.13)
and have the form (L.§), i.e.

(x — 2pia(t) + a)o(z + zpia(t) + a)
o(z — z,(t) + a)o(x + x,(t) + a)

on(x,t) = an(t) +1In g

The functions x,(t) defined by this representation enjoy equations ([1). The functions a,
satisfy the relation

geon 1 ®=an®) — (1 — 32 (t)) W (@, Tyt )W (20, Tam1), (2.14)

n

where
o(u—v)o(u+v)

o(2u)

W(u,v) = (2.15)

Proof. The first statement of the theorem is a direct corollary of the uniqueness of the
Baker-Akhiezer function. The projection Q = (w,z) € I' — w defines w = w(Q) as a
function on the curve. This function is holomorphic on I' outside the puncture P, where
in has the pole of order N, w = z=™(1 4+ O(2)). At the point P_ it has zero of order N,
w = A*MzV(1 + O(z)). Therefore, we have the equality

¢n+N($at>Q) = w(Q)%(SE%Q)a (2'16)

because the functions defined by its left- and right-hand sides have the same analytical
properties.

Let us consider the functions

To(z) = eXEwa=2az oy — (w,). (2.17)



They are double-periodic and holomorphic on I'y except at z = 0. Again, comparison of
analytical properties of the left- and right-hand sides proves the equality

Un(T + 2wa, t, Q) = Ty (2)Un (2,1, Q), Q= (w,z). (2.18)

The function e¥” is defined as a ratio of the leading coefficients of an expansions of 1, on two
sheets of I'. Therefore, it does not change under the shifts * — x + 2w,,, and consequently, it
is an elliptic function of the variable . From (B.I1)) it follows that if we denote roots of the
equation 8(nU +zV +tW + Z) = 0 in the fundamental domain of I'g by 27 (¢), j =1,..., D,

then
D

ePn(@t) — gom(t) H U(I — 1’%4—1 (t)) . (2.19)
L 0]

Our next step is to show that e¥ has only two poles and zeros in I'.

Lemma 2.1 The function 0(xV + &) corresponding to a smooth algebraic curve I' defined
by (I-4), as a function of the variable x is an elliptic theta-function of weight 2, i.e. it can
be represented in the form

0(zV +¢) = r(§)o(z — 2'(§))o(z — 2*(6)). (2.20)

Proof. Let us find the coefficients of expansion (E.13). The branching points 2 of I" over
'y are roots of the equations Pg(z) = =AY, In a generic case, when they are distinct, the
curve I' is smooth. The Riemann-Hurwitz formula 2g — 2 = v which connects genus ¢ of
branching cover of an elliptic curve with a number v of branching points, implies that I" has
genus N + 1. We choose a;, b; cycles on it as follows:

a;, 1 = 1,...,N — 1, are cycles around cuts between branching points z;",z; and ay and
any1 are two preimages of a-cycle on I'y. (We assume that a and b-cycles on I'g correspond

to the periods 2w and 2w’, respectively.)

From the definition of the differential dQ®) it follows that

4@ — q (g(z) _ ﬁz) . (2.21)
w
Therefore, the coordinates of the vector V' defined by (P-§) are equal to
1 1
‘/;:O, 1= 1,...,N—1, VN:VN-H = — (ﬁ/—ﬂw/) = ——. (222)
i w 2w

Comparing the vector of b-periods of dQ® with the vector (0, ...,0,2w’, 2w’) of b-periods of
the differential dz, considered as a differential on I', we get

j{dmw:_ ™ ](dz,z‘:1,...,N+1. (2.23)
bi 20w’ Jb

The a-periods of dz are equal (0, ...,0, 2w, 2w). Therefore,

dz = 2w(dQy + d%.. ),
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where dQ" are normalized holomorphic differentials. From (:23) we finally obtain that
%'V = —By — Bya1, (2.24)
where B; are the vector of b-periods of dQ2?. The monodromy properties of f-function imply
O((z +2w)V + 2)=0(zV + Z), 0((x+2)V + 2Z) =@0(zV + 2), (2.25)
where
l(z) =mi (22(Vn + Vyt1) + Byrin+1 + Byy — Byny1 — Bysan +2Zn41 + 22y)
Using (2.29) we obtain

o
di(z) = - dg. (2.26)

w
The number D of zeros of the function #(zV +¢) in the fundamental domain can be found by
integrating of the logarithmic derivative of this function over the boundary of the domain.

From (R.25) and (B.26) it follows that
1

D=— 1 Z)=2. 2.2
57 acod nf(zV + 2) (2.27)

The equality (B.20) is proved. It implies that the index j in (R.19) takes values j = 1,2. The
sums of zeros and poles of an elliptic function are equal to each other (modulo periods of
['y). Hence, 27 (t) can be represented in the form

zy = 2o (t) +alt), xi(t) = —z,(t) + a(t). (2.28)
In order to complete a proof of ([.§) we need only to show that a(t) does not depend on ¢.

Let us substitute (2.19) into ([L7). A’priory the difference of the left- and right-hand sides
of ([7) is an elliptic function of = with poles of degree 2 at the points z7 (t) and x4 (t).
Vanishing of the pole of degree 2 at ¢ implies that

()" —1=Fi(ab), (2.29)

where

] _ _
F:L(,'L') =7, Hj O'(QU xn+1>0-(x ‘ xn—l) Ty = _4ean—an,1 ) (230)

T o (x — xh)
Vanishing of the pole of degree 1 at z¢ implies

B, = O,Fi(x) = Fi(el) (0, InFi(al)) =

n

= ((s‘c;)z - 1) (Z Clad, = ahpy) + Clal, — 2h_y) — 2> Clad, — xﬁ)) - (231)

J#i
Substitution of (.2§) in (£.30) shows that
Fy () = F(ap) = ra(OW (2, 2pi1) W (@0, Tn)-

n

Hence, we obtain the equality (i})? = (4#2)2, which implies that ¢ = 0. Equalities ([[.§) and
(B-I4) are proved. At the same time substitution of (E.2§) into (R-3])) gives equations ([[.])).
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3 Generating problem and Lax representation

In this section we construct the Lax representation for ([[.1) following an approach proposed
in [£0], and developed in [B7, [, £ (see their summary in [BY])). According to this approach
pole dynamics can be obtained simultaneously with its Lax representation from a specific
inverse problem for a linear operator with elliptic coefficients.

In the most general form this inverse problem is to find linear operators with elliptic
coefficients that have sufficiently enough double-Bloch solutions. A meromorphic function
f(zx) is called double-Bloch if it has the following monodromy properties:

f(x 4+ 2wy) = Bof(x), a=1,2. (3.1)

The complex numbers B, are called Bloch multipliers. (In other words, f is a meromorphic
section of a vector bundle over the elliptic curve.) It turns out that existence of the double-
Bloch solutions is so restrictive that only in exceptional cases such solutions do exist.

The basis in the space of double-Bloch functions can be written in terms of the funda-
mental function ®(z, z) defined by the formula

ey P2
br, ) = T s oo, (3.2)

From the monodromy properties of the Weierstrass functions it follows that ®, considered
as a function of z, is double-periodic: ®(zx, z + 2w,) = P(x, z), though it is not elliptic in
the classical sense due to essential singularity at z = 0 for x # 0. As a function of z, the
function ®(z, z) is double-Bloch function, i.e.

O (z + 2wy, 2) = To(2)P(z, 2),

where T, (z) are given by (B.I7). In the fundamental domain of the lattice defined by 2w,
the function ®(x, z) has a unique pole at the point z = 0:

O(z,2) =2 4+ O(x). (3.3)

Let f(x) be double-Bloch function with simple poles z; in the fundamental domain and with
Bloch multipliers B, (such that at least one of them is not equal to 1). Then it can be
represented in the form:

f(x) = ; ci®(x — x;, 2)ek?, (3.4)

where ¢; is the residue of f at x; and (z, k) are parameters such that B, = T,(2) exp(2wak).

Now we are in position to present the generating problem for ([L.]).

Theorem 3.1 The equation

(O + 0,) W, = 20,11 + v (2, 1) T, (3.5)



with an elliptic coefficient of the form

2

() = (1) + 3 (¢ = 2, () = i (D¢ (@ = 2 (1)) (3.6)
where
o (t) = z,(t) +a, 22(t) = —2,(t) +a, a= const, (3.7)

n n

has two linear independent double-Bloch solutions with Bloch multipliers T, (z) (for some z),
i.e. solutions of the form

t) = ; c®(x — a2l (1), 2) (3.8)

if and only if the functions x,(t) satisfy equation (I1).

If equation ([3.9) has two linear independent solutions of the form ([5.§) for some z, then
they exist for all values of z.

Proof. Let us substitute (B-§) into (B:H). The both sides of the equation are double-Bloch
functions with the same Bloch multipliers and with the pole of order 2 at ¢, and the simple
pole at 2% ;. They coincide iff the coefficients of their singular parts at these points are

equal to each other. The equality of the coefficients at (x — z!)~2 implies
Rl =i —1. (3.9)
The equality of residues at «?, . is equivalent to the equation
Cf@+1 =27'n, n+1 Z D(z) 11 — l,)cl,. (3.10)
The equality of residues at x! is equivalent to the equation
Oucr, = My + hyy 3 ®(a,0y — @7)c, (3.11)
J#i
where . o '
Z Wl (e, — xh00) + > b (e, — o). (3.12)

J#i
Equations (B.I0) and (B.I1]) are hnear equations for ¢! . Their compatibility is just a system
of the equations:

O (In hfﬁl)fb(:)ﬁ;“ — ) + (iiwl - i%)q),(ziz+1 ) = (M;H-l M?)®(z, Tpyr — T )+

+ Z(D(xiz+1 n+1)hn+1q>( Lpt1 — Z D(x n+1 -z )hk ( 55]) (3.13)
ki k#j
which can be written in the matrix form:
oL, = M,.1L, — L,M,, (3.14)

where L,, and M,, are matrices defined by the right-hand sides of (B.10)) and (B-11]). Equations
(B.14) are necessary and sufficient conditions for the existence of solutions of (B.5) which have
the form (B.§). Therefore, the following statement completes a proof of the theorem.
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Lemma 3.1 Let L, = (Li(t,2)) and M,, = (M (t, 2)) be defined by the formulae
L =270l (@2l —al,2), M) =M, M;=ho@,—al,z),i#j] (3.15)
where z} = x,, 12 = —x,, h!, = 1! — 1, and M! is given by (B.13) with v, such that

(& = 1o (2a,) )

O'(xn — xn—l—l)U(xn + xn—l—l)U(xn - xn—1>a(xn + xn—l)

Tn — Vn—1 = dt In ( (316)

Then they satisfy equation (B.13) if and only if the functions x,(t) solve equations ([I.1).

Note, that (B.16) defines 7,(¢) up to a constant shift v,(t) — ~v,(t) + g(t), which corre-
sponds to the gauge transformation ¥,, — e9V,, of equation (Bj), and which does not effect
equations for x,,.

Proof. The right- and left-hand sides of (B.IJ) are double-periodic functions of z that are
holomorphic except at z = 0, where they have the form O(z72)exp((z},, — 27)((2)). Such

functions are equal if and only if the corresponding coefficients at z=2 and z~! are equal.
The equality of the coefficients at z=2 gives
(ffwrl - qu) = h’iz+1 - h?@ + Z(h’fz - n—l—l) = hj@+1 h’gu (3-17)
k

which is fulfilled due to (B.9) (the second equality in (B.I7]) holds because v(z, t) is an elliptic
function of x and, therefore, a sum of its residues is equal to zero).

The equality of the coefficients at 27" in the expansion of (B:I3) at z = 0 gives
Or(Inhy, ) = (Fh41 = z£)<($;+l x)) = My — M+

+ 3 R [C@ = ) + el — ad)] = 2Bk (¢l —af) + ¢ —ad)] . (3.18)
k#i k#j

The second line in (B.I§) is equal up to the sign to the sum of residues at z¥, k # j, and at
xk ., k # 1, of the elliptic function

On(x,1) = v (2,1) [C(ah 1y — @) + Gz — 7))
Therefore, it equals to the sum of residues of this function at z’,, and z7. We have

resxilﬂﬁn(a:, t)+ resx%ﬁn(:c, t) = (hd —hl )C(2hy —xl) + MI—

Z i ( Ty — ) + Z hﬁ+1§<$i+1 - xfz—i—l) . (3.19)
ki

Substitution of the right-hand side of the last equality into (B-I§) implies (after the shift
n+1—n)

h_? Yo = Yoot + Y 20 (2, — @y Z{ na1 Gy, — @) + 1((55;_1'];—1)}- (3:20)
n ki k
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From (B.9) it follows, that (B.2(]) can be rewritten in the form

" = 9,G (1) + 0,GE (2),

where the function

[lyo(z — IELH)U(Z' - Iﬁ—

[Tizi 0% (2 — ak)

G;(ﬂf) :an—l—ln< 1)> ) atan:’yn_’}/n—b

depends on ¢ through the dependence on t of z! and a,, only. By chain rule we have

d

dy (G () = 3,0, G (a) + 0,Gi (), dy = =

n n

Therefore, '

From (B.7) it follows that

Gi(:)ﬁi) = Gi(:)ﬁi) = Gn(1y), a’cG:L(I}L) = _axGi(xi) = 0,Gn (1),

where

Go(2) = an +ln<

U(ZE - :L'n_,_l)O’(ZE + In+1)0'(£8 - :L'n_l)O'(ZE + zn—l))
o(z + ) '

Therefore, equations (B-29) for ¢ = 1,2, have the form

S = d(Galan) ~ (i — 10, (an)
S = d(Galan)) — i+ 1)0.G )

Equations (B.26) and (B.27) are equivalent to the equations:

iy = (12 — 1)0,Gp(xy), di (Gn(zy)) = diIn (22 — 1).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

The first among them, coincides with equations ([.T]) for z,, and the second one (compare it
with (R.14))) is equivalent to the definition of 7, by (B.16). Lemma and Theorem are proved.

4 Direct problem. Spectral curves.

In this section we consider periodic in n solutions of equations ([[]).

12



Lemma 4.1 Let x,(t) = zoon(t) be a solution of ([.]). Then

Al 0Ty = Tny1)0(Tn + Tpg1)o (2 — 2 1)0(Tp + Tp1)
=1l ( (2~ Do*(2r,) ) ’ @)

n=1

1s an integral of motion, I = const, and the monodromy matrix

N—1
T(t,z) = ] La(t,2) (4.2)
n=0
satisfies the Lax equation
0T = [M,, T]. (4.3)

Proof. If z,(t) is periodic in n, then the corresponding matrix functions L, (t, z) and M, (t, z)
defined by (B-I9) satisfy the relations

Lsn = Loy Myyn = My, — dy(In1). (4.4)
Therefore, equation (B13), 0,L,, = My +1 Ly, — L, M, implies that
AT = —d,(In1) T + [My, T]. (4.5)

Note, that if 9,/ = 0 then () coincides with (f3), and therefore, the second statement of
the Lemma follows from the first one.

Equation () implies that the function
P(z) = I(t)(tr T'(t,2)) (4.6)

is time-independent.

Matrix entries of L,, are double-periodic functions that are holomorphic on I'y except at
z = 0. Therefore, (tr T') is also double-periodic and holomorphic on I'y outside z = 0. In
order to prove that this function is meromorphic on I'y, it is enough to note that L, has the
form

LN(t’ Z) = gn-i-lf/ngr:la (4'7)

exnC(Z) 0
In = 0 el | -

From (B.2) it follows that in the neighborhood of z =0

where

L, = (z)_lig + Z}L + O(z), (4.8)
where .
70 _ = 1_j:n+1 1_j:n+1
Ln =3 ( T4 iy 14+ dney (4.9)
and
- 1(1-% 0 —C(Tns1 —xn)  —C(@n41 + T0)
L = - e : o K 4.10
" 2 < 0 1+ Tn+1 ) ( C(In—l—l + xn) C(xn—l—l - xn) ( )

13



Therefore,
N-1

tr T = tr <H L(t, z)) =2N(1+0(2)). (4.11)

n=0

The last equality shows that (tr T') is a monic elliptic polynomial P¢(z). Therefore, at z = 0
we have P(z) = I(t)2="(1+0(z)). Hence, I(t) is an integral of ([[1]) because P(z) does not
depend on z. Lemma is proved.

Due to ([£.J) the spectral curve I' defined by the characteristic equation
R(w,z) = det (w —T(t,2)) = w? — (tr T)w +detT =0 (4.12)
is time-independent.

Lemma 4.2 The characteristic equation (§-13) has the form ([[.3) .

Proof. We have already proved that (tr 7") has the form ([[.J). The relation ®(z, 2)®(—=z, z) =
©(2)—p(z), which is equivalent to the addition formula for the Weierstrass o-function, implies

det Li(t, 2) = 27%(dn 41 — 1) [9(Tnr1 — 20) = (a1 + 7)) - (4.13)

Therefore, though L, (t,z) depends on z, its determinant does not depend on z. Hence,
(det T) is also z-independent. As it does not depend on ¢, we identify A?" in ([[.f]) with

N-1
AN =detT(t,z) =27 T[ (@2 — 1) (p(2n — Tn1) — (@0 + 20m1)) = 272N, (4.14)

n=0
where H is the Hamiltonian of system ([L]]). Lemma is proved.

For a generic point @) of the spectral curve I', i.e. for a pair (w, z) that satisfies ([.12)
there exists a unique solution C,, = (¢’ (¢, Q)) of the equations

Cn+1(tv Q) = Ln(tv Z)Cn(tv Q)v atCn(tv Q) = Mn(tv Z>7 (415)
such that
Cn+N(t> Q) = won(ta Q)> (416)
and normalized by the condition
co(0, Q)P(—20(0), 2) + (0, Q)P (wo(0), 2) = 1. (4.17)

Remark. Normalization ([.I7]) corresponds to a usual normalization ¥y(0,0,() = 1 of the

solution W, (z,t, Q) of (B.5) defined by (B.g).

Theorem 4.1 The coordinates ¢! (t,Q) of the vector-valued function C,(t,Q) are meromor-
phic functions on I' except at the preimages Py of z = 0. Their poles vy, ..., yn+1 do not
depend on n and t. The projections z(~ys) of these poles on Iy satisfy the constraint

N+1

> 2(y.) =0. (4.18)

s=1

14



In the neighborhoods of Py the coordinates of C,(t, Q) have the form
et Q) = 2Tt 2)elHHen O (4.19)
ALQ) = 27 u(t z)eHmm (4.20)
where x}, 4 (t, z) are reqular functions of z:
X (t:2) = 204 (8) + O(%), x40, _(t,2) = x5, (1) + 2x5- (8) + O(%), (4.21)
such that the leading coefficients of their expansions have the form:

X (B) = c(O)(1 = &), x4 (1) = c()(1 + &), c(0) =1, (4.22)

Xo—(t) = sa(t), X —(t) = =sa(t), (4.23)
where functions s, satisfy the relation

Sp+1 = 2_2(‘7}3&1 — 1) [p(2n1 — Tn) — 9(Tpg1 + 24)] 55 (4.24)

Proof. Vector-columns S and S® of the matrix-function

B n—1
S(Z)] = 5ija Sn(ta Z) = H Lm(t’ Z)? n > O’ (425)
m=0

are holomorphic functions on I'g except at z = 0. They satisfy the equation Sﬂl = L,SW.
Therefore, the Bloch solution C), of (.I7) has the form

Cn(tv Q) = hl (Q)Sr(zl)(tv Z) + h2(Q)Sn2) (tv Z)? (426)

where h;(Q), Q = (w,z) € I', are the coordinates of the normalized eigenvector of the
monodromy matrix 7'(z), corresponding to the eigenvalue w. They are equal to

! L
Q) Q)

where T%(z) are entries of the monodromy matrix and the normalization constant r(Q)
equals

h(Q) = TH(2), ha(Q) = (w—T"(z)), (4.27)

r(Q) = T™(2)®(—x(0), 2) + (w - T“(z)) (20(0), 2). (4.28)

The function r(Q) has the pole of degree N + 1 at P, and the pole of degree N at P_.
Therefore, it has 2N + 1 zeros.

Let us show that N of these zeros are situated over roots of the equation T'(z) = 0 on
one of the sheets of I'. Indeed, if T"?(z) = 0, then eigenvalues w(z) of the monodromy matrix
are equal to T'(z) or T'?(z). Therefore, » = 0 at the points @ = (T*'(2),2). Equations
(E27) imply that C,, has no poles at these points. The poles 7, of C,(t, Q) on I" outside the
punctures Py are the other zeros of 7(Q)) and do not depend on n and ¢. Let us prove now

that they satisfy (L.I§).

15



The function r*(2) = r(Q)r(Q?) with ¢ : Q — Q7 as permutation of sheets of I, is a
well-defined function on I'g with the pole of degree 2N + 1 at z = 0. As it was shown above
it is divisible by T'2(z). Therefore, the ratio r*(z)/T'(z) is an elliptic function with the
pole of degree N + 1 at z = 0 and zeros at the points z(7,). Divisors of zeros and poles of
an elliptic function are equivalent. Therefore, (JE.I§) is proved.

From (f.7) it follows that the vector-function C, = g;'C, is a Bloch solution of the
equation C, 1 = L,C,. Let us first consider the neighborhood of the puncture P,, which
corresponds to the branch w = 2~V (1 + O(2)) of the eigenvalue of the monodromy matrix.

The vector-function X, (¢) with the coordinates given by (f.23) satisfies the equation
Xn41 = LOX,,, where L? is defined in ([£§). That implies that in the neighborhood of Pj
the vector-function C,,(t, @) has the form stated in the theorem up to a time-dependent factor
f+(t, z). Substitution of ({:I9,[F20) into the equation 0,C,, = M,,C,, shows that 0, f = O(z).
Therefore, the analytical properties of C), near P, are established.

Now we are going to prove by induction that at P_ equalities (.19, [E20), and (L23)
hold. For n = 0 they are fulfilled by the normalization conditions. Let us prove first, that if

(19, f.20), and (£.23) hold for n’ < n, then
260 = (((Tns1 + Tn) = ((Tns1 — Ta)) S + X + Xoo = 0. (4.29)

Indeed, the equation C, 1 = L, C,, implies that én+1 at P_ has the form

Chryr = 2" ( 8 +§23 ) +0(z" ). (4.30)

Hence,

~ 2n—N—1 (1 —113'0) 2n—N
Cy = <mrn[+1L ) 1 = 2 <<1+x0) >+O( ). (4.31)
If k, # 0, then the last equality contradicts the monodromy property Cy =wCy = O(N).
Therefore, k,, = 0, and then (f30) shows that C,, 1, has zero of order n+1 at P_. Therefore,
a step of induction for equalities (.19, [.20) is proved. The same arguments show that if
(E23) does not hold then the vector Cy has zero of order (2n — N) which again contradicts

the relation Cy = O(2V).

Equalities (.19, .20) near P_ are proved, possibly up to a time-dependent factor f_ (¢, z).
Their substitution into the equation 0,C,, = M,,C,, shows that 0,f_ = O(z) and completes a

proof of (.19, £:20), and ({.23).

Let C,(2) be a matrix formed by the vectors C,(t, Q;(z)), corresponding to two different
sheets Q;(z) = (w;(z), z) of . This matrix is defined up to permutation of sheets. From
(EI9H23) it follows that in the neighborhood of z =0

e®n¢(2) 0 (1—dy,)c s, ZHete() 0
C"(Z>—< 0 e‘x"qz)>l< (+ige —s, ) 1O 0 e

(4.32)
Therefore,
det C,, = —2cspz + O(2%), (4.33)
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and from the definition of C, we have C,,.; = L,,C,,. Hence,
Spe1 = Spdet Ly, (4.34)

which coincides with (f.24). Theorem is proved.

The correspondence which assigns to each solution z,(t) = z,4n(t) of ([X1]) a set of
algebro-geometric data {I", D}, is a direct spectral transform. The following statement shows
that the results of Section 2, can be seen as the inverse spectral transform.

Corollary 4.1 The solution
U, (2,t,Q) = ch(t,Q)P(x — x,(t), 1) + 2(t, Q)P(x + 7, (1), 1) (4.35)

of equation ([3.3) is equal to V,(z,t,Q) = c(t)n(x,t,Q), where 1, (x,t,Q) is the Baker-
Akhiezer function corresponding to I' and the divisor D of the poles of C,,; the factor c(t) is
defined in ([.23).

All the solutions x,(t) of ([4) have the form x, = L(z} — 22), where xi (t) are roots of

the equation .
O(nU + xz,(t)V + Wt + Z) = 0. (4.36)

Here 0(z) is the Riemann theta-function corresponding to I'; vectors U, V,W are defined by
(-3, 2-9); vector Z corresponds to the divisor D via the Abel transform.

As follows from the Theorem 4.1, the function ¥,, defined by (f.39) has the same analytical
properties on I' as the function ¢(t)v,. Therefore, they coincide. Equation (f.30) immedi-
ately follows from the formula (P-I0) for ¢,.

5 Action-angle variables

Until now we have not used the Hamiltonian structure of equations ([.1). Moreover, a’priory
it is not clear why a system that has arisen as a pole system of elliptic solutions of the 2D
Toda lattice is Hamiltonian. The general algebro-geometric approach which allows to derive
a Hamiltonian structure starting from the Lax representation was proposed and developed
in [16, 7, B).

The main goal of this section is to construct action-angle variables for ([]]). First of all,
let us summarize necessary results of the previous sections. A point (p,,z,) of the phase
space M of the system defines a matrix function L, (z) with the help of the formulae

Lg = 2_1h;+1q)(xiz+l - l{w Z)> (51)
1+ ePm
1—epn’

This function defines the spectral curve I' (with the help of (fI3)), and the divisor D of
poles 71, ..., vny1 of the Baker-Akhiezer function C,,(Q) = (¢} (Q), 2 (Q))

n ’r n

Cr1(Q) = La(2)Cn(Q), On(Q) = wCo(Q), Q= (w,2) €T, (5-3)

1 2 1 2
T, = Tp, T, =—Tp, h, =h, —1, h, = —h, —1, h, =

(5.2)
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normalized by the condition

co(0, Q)@ (=, 2) + 5(Q)P(wo, 2) = 1. (5-4)
The divisor D satisfies (-I§), i.e. defines a point of an odd part of the Jacobian J7"(T') €
J(I'), which is defined as a fiber of the projection

{7, vt € J(T) F— 2woy = Zz(%) € I, (5.5)

s=1

corresponding to ¢, = 0. All the fibers are equivalent and can be identified with the Prym
variety of I'. Note, that a shift of ¢, corresponds to the shift ©+ — x + a for the solution
(L.8) of 2D Toda lattice.

The correspondence
(Pn, 1) € M — {I', D € J"(I')} (5.6)

is an isomorphism. The coefficients (u;, A) of equation ([[.() are integrals of the Hamiltonian
system ([.1)). Equations ([.J]) on a fiber over I' of the map (p.G) are linearized by the Abel
transform (2.4).

The main goal of this section is to construct the action variables that are canonically
conjugated to the coordinates ¢1,...,on_1,¢_ :

N+1

k=Y Ak(Vs), ¢— = dn — b1, (5.7)
s=1

on the Prymmian J¥7(T). Note, that ¢, = ¢n + dny1-

Theorem 5.1 The transformation

(Tn,pn) > (01, -, On—1, 0511, ... IN) (5.8)

where I}, are a-periods of the differential dS = In(A=Nw)dz:

I :j{ In(ANw)dz, (5.9)
ag
s a canonical transformation, i.e.
N N—1
> dpa Adxy, =D (61 ANddy) + 6In A g (5.10)
n=1 k=1

Proof. First of all, following the approach proposed in [[{], we define a symplectic structure
on M in terms of the Lax operator and its eigenfunctions. After that we will calculate it in
two different ways which immediately imply (B.10).

The external differential 6L, (z) can be seen as an operator-valued one-form on M.
Canonically normalized eigenfunction C,,(Q) of L,(z) is the vector-valued function on M.

18



Hence, its differential is a vector-valued one-form. Let us define a two-form w on M by the
formula

w= (res&Q + resRQ) : (5.11)

N | —

where

Q=<C 1(Q)5L,(2) NOC,(Q) > dz. (5.12)
Here and below < - > stands for the sum over a period of a periodic in n function, i.e.
N-1
< fa>= Y fu;
n=0

C*(Q) is the dual Baker-Akhiezer function, which is defined as a co-vector (row-vector)
solution of the equation

Cri1(Q)La(2) = C1(Q), CH(Q) =w™'C(Q), (5.13)

normalized by the condition

Co(Q)Co(Q) = 1. (5.14)

The form w can be rewritten as
w= %reso Tr < (C;il(z)cSLn(z) A 5Cn(z)) > dz, (5.15)
where C,(z) is a matrix with the columns C,,(Q;(2)), Q;(2) = (z,w;) corresponding to

different sheets of T'.

Note, that C*(Q) are rows of the matrix C,;!(z). That implies that C*(Q) as a function
on the spectral curve is: meromorphic outside the punctures; has poles at the branching
points of the spectral curve, and zeros at the poles v, of C,,(Q). These analytical properties
are used in the proof of the following lemma.

Lemma 5.1 The two-form w equals

N+1

w= > 06z(vs) AdInw(ys). (5.16)

s=1

The meaning of the right-hand side of this formula is as follows. The spectral curve by
definition arises with the meromorphic function w (@) and multi-valued holomorphic function
2(Q). Their evaluations w(ys), z(7s) at the points 74 define functions on M, and the wedge
product of their external differentials is a two-form on M.

Proof. The differential €2, defined by (5.13) is a meromorphic differential on the spectral curve
(the essential singularities of the factors cancel each other at the punctures). Therefore, the
sum of its residues at the punctures is equal to the sum of other residues with negative sign.
There are poles of two types.

First of all, 2 has poles at the poles v, of C,,. Note, that §C, has the pole of the second
order at 7,. Taking into account that C}' has zero at 75 we obtain

res,, Q0 =< Cr 1 0L,Cp > NO2(7s). (5.17)
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From (f.3) and (p.13) it follows that

m=n-+1

N-1 n—1
< Cr 6L, C, >=<Cy ( 11 Lm) SLn (H Lm> Cy >= (Cr0TCy), (5.18)
m=0

where T is the monodromy matrix. Using the standard formula for the variation of the
eigenvalue of an operator: dw = Cj071'Cj, we obtain that

res,, Q2 = 6 Inw(vys) A 0z(7s)- (5.19)

The second set of poles of €2 is a set of branching points ¢; of the cover. The pole of C
at ¢; cancels with the zero of the differential dz, dz(¢;) = 0, considered as differential on
I'. The vector-function C), is holomorphic at ¢;. If we take an expansion of (), in the
local coordinate (z — z(g;))'/? (in general position when the branching point is simple), and
consider its variation, we get that

ac,
0C, = — p 02(q;) + O(1). (5.20)
Therefore, 6C,, has a simple pole at ¢;. In the similar way, we obtain
dw
Sw = ——082(q). 5.21
w=-"52a) (5.21)

Equalities (p.20) and (p-21)) imply that

res, ) = res,, |< C7,,6L,dC,, > A(S;Udz . (5.22)
w
At ¢; we have dL,(q;) = 0. Therefore, in the way similar to (b.1§), we get
dwd
res,, () = res,, [(C’;,éTdCO) Al Z] : (5.23)

Due to skew-symmetry of the wedge product we may replace d7 in (B.23) by (07 — dw).
Then using identities C'x (07 —ow) = 6Cx(w—T) and (w—T)dCy = (dT — dw)Cy we obtain

res,, () = —res,, (0CyCh) A dwdz = res,, (CydChH) A dwdz. (5.24)
Note, that the dT" does not contribute to the residue, because d1'(¢g;) = 0.
Expansions (.19, f.20) near the punctures imply that

resp, (CydCh) A dwdz = 0. (5.25)
Therefore,
N+1 N+1
> resy, (Cn0Co) Adwdz = — Y res,, (Cx0Cy) Adwdz = dInw(vs) Adz(vs). (5.26)
qi s=1 s=1
The sum of (p-19) and (5.29) gives (p-1d), because
N+1
2w=— ) res, Q= res, Q. (5.27)
s=1 qi

Our next goal is to prove the following statement.
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Lemma 5.2 The symplectic form given by ([p.11) coincides with the canonical symplectic

structure
N+1

w= Y 0p, Adz,. (5.28)

n=0

Proof. Using the gauge transformation ([L.7)

Ly = gni1lng,', Con=09nC, gn = ( emoC : e—xng) ) )
we obtain
w = %reso Tr < C; L (2)0L,(2) ASC(2) +Crt 0L, A SFoCh
= Coly (0fuss NOLn + 0 fss A Lndf) Cy > dz, (5.29)
where d f,, = dg,g,,'. From ([E33), using the equality
(C(Tng1 + 2n) — ((Tnp1 — T0)) I8 + 5(X111’,1— + X1112—) = 820 (((Tng1 — @0) — ((Tny1 + 20)),
which follows from (f.2§), we obtain that the first term in (5.29)
Ji =resg < Tr (é;il(z)éin(z) A 5C~n(z)) > dz

is equal to
s
J =< “

s 5hn+1 A 5 (C(xn - xn—l—l) + g(xn—l—l + xn)) > .
n+1

Equation (f.34) implies

7 - 25hn;1 A 0Ty B 25h§+1 A Oz, <go(zn — Tpa1) + p(T, + an)) - (5.30)
h’n-i—l —1 h’n-i—l -1 @(l’n - xn+1) - @(l’n + xn—l—l)
The second term in (5.29) equals
Joy =< resg Tr (égiléin A 5fnén) > dz =< resy Ir (E;léf)n A 5fn) > dz
From definition (b)) of L,, by direct calculations we obtain that
9 _
J,—< 5h;,+1 Az, <go(xn Tpt1) + (s + xn+1)> - (5.31)
Mg — 1 P(Tn — Tnt1) — P(Tn + Tny1)

At last, the third term in (5.29) is equal to
Js = — < resp Tr (é;i@fnﬂ A 5Enén) > dz =< resy Ir ((5[~/n)E;1 A 5fn+1) >dz, (5.32)

because . . .
Jy =< resg Tr (Coly 3 fusa A Lndfn) Cu > dz = 0. (5.33)
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In order to prove (p.33), let us note that at z =0

e =roe 2= ). (5.3

—z,
Therefore,
Ji = <reso Tr (Coly 00y ALndf) Co > p(2)dz
= <resy Tr (Coly0f04 1 A LS fy) Co > p(2)dz. (5.35)
The last term in (B.37) is equal to the sum of residues at the punctures P, of the differential
< Cri10fnin A Lnd foCo > p(2)dz,

which is holomorphic on I' outside the punctures. Hence J; = 0.

From (5.32) by direct calculations we obtain, that

20hp41 N 0Tpq1
hn—i—l 1

Equations (p.30,p.31]), and (p.36) imply (5.2§). Lemma is proved.
Now we are ready to complete the proof of the Theorem. Equations (p:16) and (P-I4)
imply that

J3 =<

(5.36)

N+1

w=—ba, a= Z/ SIn(A"Nw)dz. (5.37)
Indeed, we have
N+1 N+1
b= dlnw(ys) Adz(7s) — NOInAAG D z(7s). (5.38)
s=1 s=1

The last term in (5.38) equals zero on the fibers ¢, = const of the map (5.3).

The differential dS = In(A~Nw)dz is multi-valued on T' but, following the arguments
of [[4], one can show that its derivatives with respect to I, k = 1,..., N (which can be
considered as coordinates on a space of curves given by ([L.6])), are holomorphic differentials.
dS is an odd differential with respect to the permutation of sheets of I'. Therefore, Iy, =
— Iy and the definition of I, implies that

0 0

8—[de aor, k=1,...,N —1, Eds AV — dQ ;. (5.39)

Equations (p.7) and (P-G) imply that

N-1
= > (¢b1i) + ¢_01y, (5.40)

k=1

and using (p.37) we finally obtain (p.10). Theorem is proved.
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