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1 Introduction and preliminaries

A quantum mechanical system is described by a C*-algebra, the dynamical variables
(or observables) correspond to the self-adjoint elements and the physical state of the
system are modelled by the normalized positive functionals of the algebra, see [ ).
The evolution of the system M can be described in the Heisenberg picture in which
an observable A € M moves into a(A), where « is a linear transformation. « is an
automorphism in case of the time evolution of a closed system but it could be the
irreversible evolution of an open system. The Schrodinger picture is dual, it gives
the transformation of the states, the state ¢ € M* moves into ¢ o a. The algebra
of a quantum system is typically non-commutative but the mathematical formalism
brings commutative algebras as well. A simple measurement is usually modelled
by a family of pairwise orthogonal projections, or more generally, by a partition of
unity, (£;)%,. Since all E; are supposed to be positive and > . E; = I,  : C* —
M, (21, 29,...,2) — Y.z E; gives a positive unital mapping from the commutative
C*-algebra C" to the non-commutative algebra M. Every positive unital mapping
occurs in this way. The essential concept in quantum information theory is the state
transformation which is affine and the dual of a positive unital mapping. All these
and several other situations justify to study of positive unital mappings between C*-
algebras from a quantum statistical viewpoint.

If the algebra M is “small” and N is “large”, and the mapping a : M — N
sends the state ¢ of the system of interest to the state ¢ o a at our disposal, then
loss of information takes place and the problem of statistical inference is to reconstruct
the real state from partial information. In this paper we mostly consider parametric
statistical models, a parametric family S := {yg : 0 € ©} of states are given and on the
basis of the partial information the correct value of the parameter should be decided.
If the partial information is the outcome of a measurement, then we have statistical
inference in the very strong sense. However, there are “more” quantum situations, to
decide between quantum states on the basis of quantum data, see Example Bl below.
The problem we discuss is not the procedure of the decision about the true state of
the system but we want to describe the circumstances under which this is perfectly
possible.

The paper is organized as follows. In the rest of this section we summarize the
relevant basic concepts both in classical statistics in the non-commutative framework.
Section 2 is about sufficient subalgebras, or subsystems of a quantum system. Most of
the result of this section has been known but we give a complete presentation and in our
proof the operator algebraic methods are minimized. Section 3 is devoted to sufficient
coarse-grainings. The importance of the multiplicative domain of a completely positive
mapping is emphasized here. The factorization theorem of Section 4 is the main result
of the paper. Section 5 connects the exponential families of the quantum setting to
sufficiency problem. In Section 6 the equality case in the strong subadditivity of the
von Neumann entropy is discussed in a possibly infinite dimensional framework and
the factorization result is applied.



In this paper C*-algebras always have a unit I. Given a C*-algebra M, a state
¢ of M is a linear function M — C such that ¢(I) = 1 = ||¢||. (Note that the
second condition is equivalent to the positivity of ¢.) The books Hl B] — among many
others — explain the basic facts about C*-algebras. The class of finite dimensional full
matrix algebras form a small and algebraically rather trivial subclass of C*-algebras,
but from the view-point of non-commutative statistics, almost all ideas and concepts
appear in this setting. A matrix algebra M,,(C) admits a canonical trace Tr and all
states are described by their densities with respect to Tr. The correspondence is given
by p(A) =TrD,A (A€ M,(C)) and we can simply identify the functional ¢ by the
density D,,. Note that the density is a positive (semi-definite) matrix of trace 1.

Let M and N be C*-algebras. Recall that 2-positivity of a : M — N means that

om0 (28]

for 2 x 2 matrices with operator entries. It is well-known that a 2-positive unit-
preserving mapping « satisfies the Schwarz inequality

a(A*A) > a(A) a(A). (1)

A 2-positive unital mapping between C*-algebras will be coarse-graining. Here
are two fundamental examples.

Example 1 Let X be a finite set and A/ be a C*-algebra. Assume that for each z € X
a positive operator E(x) € N is given and > E(z) = I. In quantum mechanics such
a setting is a model for a measurement with values in X.

The space C'(X) of function on X is a C*-algebra and the partition of unity E
induces a coarse-graining « : C(X) — N given by a(f) = >, f(x)E(z). Therefore
a coarse-graining defined on a commutative algebra is an equivalent way to give a
measurement. (Note that the condition of 2-positivity is automatically fulfilled on a
commutative algebra.) O

Example 2 Let M be the algebra of all bounded operators acting on a Hilbert space
H and let N be the infinite tensor product M @M ®. ... (To understand the essence of
the example one does not need the very formal definition of the infinite tensor product.)
If v denotes the right shift on N, then we can define a sequence a,, of coarse-grainings

M — N: .
a,(A) = E(A +9(A) + ...+ (A)).

a, is the quantum analogue of the sample mean. O
Let (X;,A;, j1;) be a measure space (i = 1,2). Recall that a positive linear map

M L™(Xy, Ay, py) = L>®(Xs, Ag, o) is called a Markov operator if it satisfies
M1 =1 and f, N\ 0 implies M f,, \, 0. For mappings defined between von Neumann



algebras, the monotone continuity is called normality. In case that M and N are von
Neumann algebras, a coarse-graining M — N will be always supposed to be normal.
Our concept of coarse-graining is the analogue of the Markov operator.

We mostly mean that a coarse-graining transforms observables to observables cor-
responding to the Heisenberg picture and in this case we assume that it is unit
preserving. The dual of such a mapping acts on states or on density matrices and it
will be called coarse-graining as well.

We recall some well-known results from mathematical statistics, see [23] for details.

Let (X, .A) be a measurable space and let P = {5 : 6 € ©} be a set of probability
measures on (X, A). A sub-o-algebra A, C A is sufficient for P if for all A € A,
there is an Aj-measurable function f4 such that for all 6,

fa = Py(A|Ay) Py — almost everywhere,

that is,
Py(AN Ap) = fadPy (2)
Ao
for all Ay € Ay and for all 8. It is clear from this definition that if A is sufficient then
for all Py there is a common version of the conditional expectation Eylg|.Ag| for any
measurable step function g, or, more generally, for any function g € Ngeo L' (X, A, Pp).

In the most important case, the family P is dominated, that is there is a o-finite
measure g such that P << p. The following lemma is a useful tool in examining
sufficiency.

Lemma 1 If P is dominated, then there is a countable subset {Py, Ps....} C P such
that Py(A) = 0 holds for all 0 € © if and only if P,(A) = 0 holds for all n € N.

It follows that if P is dominated then there is a (possibly infinite) convex combina-
tion Py =Y ¢, P, P, € P, such that P = .

For our purposes, it is more suitable to use the following characterization of suffi-
ciency in terms of randomization.

Let P, = {P,¢ : 0 € ©} be dominated families of probability measures on (X;,.A;),
such that P; = p;, i = 1,2, We say that (X3, Az, Ps) is a randomization of
(X1, A1, P1), if there exists a Markov operator M : L>(Xy, Ao, pg) — L(X71, Aq, 1),
satisfying

/(zw)azpe,l:/fazpe,2 (0O, felo(XsAsPy)).

If also (X3, .4y, Py) is arandomization of (X3, As, Po), then (X7, Ay, Pr) and (Xs, As, Ps)
are stochastically equivalent.

For example, let P = Py and let A4y C A be a subalgebra. Then (X, Ag, P|Ap) is
obviously a randomization of (X, .A,P), where the Markov operator is the inclusion
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L>(X, Ay, Po|Ag) — L>*(X, A, R). On the other hand, if A, is sufficient, then the
map

f = E[f]| Ao, E[f|Ao] = Ep[f]Ao], Ps» — almost everywhere,
is a Markov operator L>*(X, A, Py) — L>*(X, Ay, Po|4,) and

/E[f\Ao]dPg\Ao _ /fdp,, (f € (X, A, Py, 0 € 0).
We have the following characterizations of sufficient subalgebras.

Proposition 1 Let P be a dominated family and let Ay C A be a sub-c-algebra. The
following are equivalent.

(1) Ay is sufficient for P

(ii) There exists a measure Py such that Py = P and dPy/dPy is Ag-measurable for
all .

(i1i) (X, A, P) and (X, Ay, P|Ag) are stochastically equivalent

It follows that if P = p, then the sub-c-algebra generated by the functions {dFPp/du
0 € O} is sufficient for P, moreover, it is contained in any other sufficient subalgebra
in A. Such subalgebras are called minimal sufficient.

Next we formulate a non-commutative setting. Let M be a von Neummann algebra
and M, be its von Neumann subalgebra. Assume that a family S := {py : 6§ € ©}
of normal states are given. (M,S) is called statistical experiment. The subalgebra
My C M is sufficient for (M, S) if for every a € M, there is a(a) € M, such that

wo(a) = wo(a(a)) (0 €0O) (3)

and the correspondence a — «a(a) is a coarse-graining. (Note that a positive mapping
is automatically completely positive if it is defined on a commutative algebra.)

Example 3 Consider a bipartite system H = H, ® Hp and a family {py : 0 € ©}
of states on H. Assume that the expectation value of all observables localized at A is
known to us, that is, we know the restriction of ¢y’s to B(H4) (or the reduced density
matrices). This information is not sufficient in general to decide about #. We impose
the further condition that H = H; ® Hr and the factorization

Vo = ) ® PrB,

where ¢ is a state on B(Hy) and the state prp of B(Hr) @ B(Hp) is independent of
the parameter . In this case the restriction of the unknown state to B(#H ) determines
the true value of the parameter # and yy is recovered uniquely.

The subalgebra B(H,) is sufficient and the example is close to typical. In the general
case, however, the relation of the subalgebras B(#H ) and B(#H4) is more subtle. [
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The following lemma is a quantum version of Lemma [II

Lemma 2 Assume that the von Neumann algebra M admits a faithful normal state
. Let S = {pg: 0 € O} be a family of normal states on M. Then there is a sequence
(pn) of states in S and a normal state

w = i AnPn
n=1

such that supp g < suppw for all 6 € O.

Proof: Let {p; : i € I} be a set of pairwise orthogonal projections in M, then
Y(p;) > 0 and (D, p;) < 1, therefore any such set must be at most countable.

We set
P ={pg:=suppyy: 0 € O}

and show that there is a countable subset {py, ps, ...} C P, such that sup, pg = sup,, p»,

Let C be a set of at most countable subsets in P, ordered by inclusion. Consider
all chains in C, such that if C' C D in the chain, then supC' # sup D. It is clear
that each such chain has at most countably many elements. Let {C,Cy,...} be a
maximal such chain and let C' = U,,C,, = {p1, p2, . . .}. Then sup,, p, = sup, py. Indeed,
if sup,, p, # supy pg, then there is an element p € P, such that sup C' # sup C U {p},
which contradicts the maximality of {C}, Cy, .. .}.

Let now 1, @9, ... be elements is & such that supp ¢, = p,. Choose a sequence
A1, Ag, ... such that A, > 0 for all n and ) A, =1 and put w = Y_ A\,p,. Then it is
clear that suppw = sup,, p, and supp g < suppw for all 6. O

Throughout the paper, we suppose that the hypothesis of the above lemma is satis-
fied, that is, the von Neumann algebras considered admit a faithful normal state. The
algebra B(H) satisfies this condition if and only if the Hilbert space H is separable.

When the states ¢,, belong to S and for

W= i AnPn
n=1

the condition supp py < suppw holds for all § € ©, we say that S is dominated by
w.

2 Sufficient subalgebras

In the study of sufficient subalgebras monotone quasi-entropy quantities could be use-
ful. The relative entropy and the transition probability are examples of those
16, [13].



Let ¢ and w be normal states of a von Neumann algebra and let £, and &, be the
representing vectors of these states from the natural positive cone. Then the transition
probability is defined as

PA((paw) = <§g&>€w>'
In case of density matrices this reduces to Ps(D;, Dy) = TT(Di/ 2D;/ %).

Theorem 1 Let (M, {pg : 0 € O}) be a statistical experiment and let My C M be
von Neumann algebras. Assume that {@g : 0 € O} is dominated by a faithful normal
state w. Then the following conditions are equivalent.

(i) My is sufficient for (pg).

(i1) Pa(pe,w) = Pa(ps| Mo, w| M) for all 6.
(iit) [Dypg, Dw]y = [D(pg| M), D(w|My)]: for every real t and for every 6.
(iv) [Dpg, Dw]; € My for all real t and every 6.

(v) The generalized conditional expectation E, : M — M leaves all the states @y

mvariant.

Note that condition (iii) is formulated in terms of Connes’ Radon-Nikodym cocy-
cle and the generalized conditional expectation appearing in (iv) is discussed in the
appendix.

The theorem is essentially Thm 9.5 from [I3] and we give the detailed proof in the
finite dimensional situation. The following two lemmas will be used.

Lemma 3 Let T : B(H) — B(K) be a coarse-graining sending density matrices to
densities. Let Dy and Dy be density matrices acting on the Hilbert space H. Then

Pa(Dy, Dy) < Po(T(D1), T(D2))

Proof: On the Hilbert space B(#) one can define an operator A as
Aa = DyaD;? (a € B(H)),

where the generalized inverse D; ' is determined by the relation D;D;' = D;'D; =
supp D;. This is the so-called relative modular operator and it is the product of
two commuting positive operators: A = LR, where

La = Dya and Ra=aD;' (a € B(H)).

We have
Pa(Dy, Dy) = (D)%, AV2D}?).



Set
Aa = DyaD;' (a € B(H)) and Agx =T(Dy)xT(Dy)™" (x € B(K)).

A and Ag are operators on the spaces B(H) and B(K). (They become Hilbert space
with the Hilbert-Schmidt inner product.) The transition probabilities are expressed by
the resolvent of relative modular operators:

Ps(Dy, D) = <Di/2,A1/2D%/2>
1 o
- ‘/ 72— (D12 (A + )7 DY) dt
0

PA(T(Dy), T(D2)) = (T(D:)Y? AY*T(Dy)"?)
— l/ t=Y2 _2(T(D)Y? (Ao + t)7IT(Dy)Y?) dt

™

where the identity

zl/? = l/ V2 2 ) at
T Jo

is used. Let us define the operator
V(@T(D)? +€) = T"(2)Dy” (4)
where & € [B(K)T(D;)"?]*. Then V is a contraction:

IT*(2)DY?|> = TrDyT*(x*)T*(z) < TrDT*(z*z) = TrT(Dy)z*z =
=T (D) 2|1 < [|aT(D)Y? + €]f?

since the Schwarz inequality is applicable to T™*. Let now p; = supp D; and ¢ =
supp T'(Dy). Since T* is unital, 0 = TrT(Dy)(1—¢q1) = TrD:(1—T%(q1)) and therefore
p1 < T*(q1). The Schwarz inequality () now implies

(VET(D)Y? +6),AVET(D)'? +6)) = TrDT"(0)pT"(27) < TrDyT* (wgia”)
= (2T(D))"?, AgaT(D))?) < (2T(D)Y? + €, Ag(2T (D)2 + €))

where the last inequality follows from
(DoxT(D1)'2,€) = (T(Do)2T(Dy)"'T(D1)"/2,€) = 0

It follows that
VAV < A,. (5)

The function y — (y + t)_l

hence

is operator monotone (decreasing) and operator convex,

(Ao +)' < (VAV + )" <VHA+ )V (6)
(see [B]). Since VT(D;)"/? = D}/, this implies

(DY, (A +1)7'Dy%) 2 (T(D)Y2, (Ao + 1) T(Dy)2. (7)
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By integrating this inequality we have the monotonicity theorem from the above inte-

gral formulas.

O

Condition (i) implies that Pa(@g,w) = Pa(vg| Mo, w|My) due to the monotonicity
of the transition probability under completely positive mappings. Indeed, if « leaves

all ¢y invariant, then wo a = w.

Now we are in the position to analyze the case of equality.

Lemma 4 [If
PA(D1, Dy) = PA(T(D1), T(D5)),

then 4 4 ' '
T*(T(D2)"T(Dy)™")p1 = DY DT py,

where p; = supp D1 .

Proof: From the integral formula for the transition probability we have

(T(Dy)Y2, V(A +t)'VT(D)Y?) = (T(Dy)"?, (Ag +t) T (Dy)?) .

for all t > 0. This equality together with the operator inequality (@) gives
VA(A+ )" DY = (A + t) ' T(Dy)"/?

for all t > 0. Differentiating by t we have
VA + 672Dy = (Ao + ) 72T (D)

and we infer

VXA +8)IDY2P = (Ao +t)2T(Dy)Y2, T(Dy)Y?)
(VXA +)72D,*, T(D))"?)
= A+

(10)

When ||V*¢|| = ||€|| holds for a contraction V', it follows that VV*¢ = £. In the light

of this remark we arrive at the condition
VV*(A+1)'DI? = (A +t)'Dy/?
and

V(Ao + )" T(D)Y? = VV*(A+t)'Dy?
= (A+)7'Dy?

By Stone-Weierstrass approximation we have

V(Do) T(D)Y? = f(A)D}?

9
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for continuous functions. In particular for f(z) = 2 we have

T*(T(D2)"T(Dy)™")p1 = Dy Dy "py . (12)
This condition is necessary and sufficient for the equality. O

The previous lemma shows that condition (ii) implies (iii) and it is clear that (iii)
implies (iv). We prove that (iv) implies (i).

Let M; be the subalgebra generated by {[Dyy, Dw];, t € R} and let wy, ¢1 be the
restrictions of w, wp to My. Then [Dypy, D], satisfies the cocycle condition for o' and
therefore there is a weight 1) on My, such that [Dv, Dw:); = [Dpg, Dw;.

On the other hand, M, is invariant under the modular group o!, hence there exists
a conditional expectation F': M — M, preserving w and

[D¢ e} F, DUJ]t = [D¢, le]t = [Dg@g, DW]t, Vit

It follows that ¥ o F' = gy, therefore ¢ = ¢y and F preserves also .

Let now (iv) be satisfied, then M; C M,. The conditional expectation F is a
coarse-graining M — M, preserving all ¢y and (i) follows.

Next, we want to show that (iii) implies (v). Let E : M — M, be the trace
preserving conditional expectation. Then the generalized conditional expectation FE,, :

M — M, acts as
E,(a) = E(D)"Y2E(DY?aDY?)E(D)/?

We have to show that
TrE(Dy)E,(a) = TrDya

which is equivalently written as
TrE(Dy)?E(D)"Y2E(DY2aDY?)E(D) Y2E(Dy)"/? = TrDya
By analytic continuation from condition (iii), we have
E(Dg)l/QE(D)—l/z _ Dé/QD_l/Q
It follows that
TrE(Dg)E,(a) = TrE(Dg)"?>E(D)"Y2DY24DY?E(D) V?E(Dy)'/? =

— TrDyD '>D'?aD'>*D?D}/* = TrDya.

The implication (v) — (i) is trivial. O
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3 Sufficient statistic and coarse-graining

A classical sufficient statistic for the family P is a measurable mapping 7" : (X, A) —
(X1, A;) such that the generated sub-o-algebra T—'(A;) C A is sufficient for P. To
any statistic T', we associate a Markov operator

T : Loo(XhAl?POT) - LOO(Xv A, PO)? (Tg)(l’) = g(T(JJ))

Obviously, (X7, Ay, PT) is a randomization of (X, A, P). As in the case of subalgebras,
we have

Proposition 2 The statistic T : (X, A) — (X1, A1) is sufficient for P if and only if
(X, A, P) and (X1, A1, PT) are stochastically equivalent.

Proposition 3 (Factorization criterion) Let P << u. The statistic T : (X, A) —
(X1, A1) 1s sufficient for P if and only if there is an A;-measurable function gy for all
0 and an A-measurable function h such that

P
%(m) = go(T'(z))h(x) Py — almost everywhere
w

Let N, M be C*-algebras and let o : N — M be a coarse-graining. We say that
o is sufficient for the statistical experiment (M, gy) if there exists a coarse-graining
B M — N such that @y 000 = ¢y for every 0.

Let w = ) Ay, be the normal state obtained in Lemma Pl and let p = supp w,
q = suppw o o. Let us define the map a : gNq — pMp by a(a) = po(a)p, then a is a
coarse-graining such that ppoo(a) = ¢goa(qaq) for all § and o, = ¢, where the dual
o} is defined in the Appendix. We check that « is sufficient for (pMp, pglpr,) if and

only if ¢ is sufficient for (M, ¢g). Indeed, let B pMp — gNq be a coarse-graining
such that @p|pamp © @0 S = @glpmp and let 5 : M — N be defined by

B(a) = B(pap) + w(a)(1 - q)
Then ( is a coarse-graining and
o000 B(a) = pgoa(qBla)g) = psoao Blpap) = ws(pap) = we(a)

The converse is proved similarly, taking B(a) = gf(a)q for a € pMp. Therefore we
may, and will, suppose that both w and w o ¢ are faithful.

Let us recall the following property of coarse-grainings.

Lemma 5 Let M and N be C*-algebras and let o : N — M be a coarse-graining.
Then

N, :={aeN :co(a*a) =c(a)o(a)" and o(aa*) = o(a)*o(a)} (13)
is a subalgebra of N and
o(ab) = o(a)o(b) and o(ba) = o(b)o(a) (14)

holds for alla € N, and b € N
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Proof: The proof is based only on the Schwarz inequality

o(x*z) > o(x)*o(x).
From this we have
t(o(a)o(b) + o(b)*o(a)*) = o(ta* +b)*o(ta* +b) — t*c(a)o(a)* — a(b)*o(b)

< o(ta* +b)*o(ta* +b) — t*o(aa*) — o (b)*o(b)
to(ab+b*a*) + o(b*b) — a(b)* o (b)

for a real t and a € N,. Divide the inequality by ¢ and let ¢ — +oo. Then
o(a)a(b) +o(b)*o(a*) = o(ab+ b*a")

and similarly

o(a)o(b) —o(b)*o(a)* = o(ab—b*a").

Adding these two inequalities we have

o(ab) = o(a)o(b).

We call the subalgebra N, the multiplicative domain of o.

Let now A and M be von Neumann algebras and let w be a faithful normal state
on M such that w o o is also faithful. Let

={a €N, o’ oco(a) =a}
It was proved in [I7] that N is a subalgebra of N,, moreover, a € N if and only
if o(a*a) = o(a)*o(a) and o(0¥°7(a)) = 0¥ (o(a)). The restriction of o to N; is an
isomorphism onto

={beM, oo (b) =0b}

The following Theorem was proved in [I7] in the case when ¢y are faithful states.

Theorem 2 Let M and N be von Neumann algebras and let o : N — M be a coarse-
graining. Suppose that (M, @g) is a statistical experiment dominated by a state w such
that both w and w o o are faithful and normal.

Then following properties are equivalent:

(i) o(Ny) is a sufficient subalgebra for (M, pq).
(i1) o is a sufficient coarse-graining for (M, @g).

(111) Pa(pg,w) = Pa(pgoo,woo)

12



(iv) o([Dypy o o, Dw o al;) = [Dpy, Dw];
(v) My is a sufficient subalgebra for (M, ¢y).

(vi) poo 0007 = o,

Proof. Suppose (i), then there is a coarse-graining v : M — o (N, ), preserving ¢g.
It is easy to see that the restriction of o to N, is invertible. Let o be the inverse of
this restriction and put

B=aoy
Then 8 : M — N is a coarse-graining such that g o 0 o 5 = g and (ii) is proved.

The implications (ii) — (iii) and (iii) — (iv) follow from Lemmas B and El

Suppose (iv) and denote u; = [Dyg 0 0, Dw o ol;, vy = [Dyy, Dw];. Then we have
o(u) = v for all t. Let pg = supp g, g9 = supp gy o 0. Putting ¢t = 0 in the condition
(iv), we get o(qp) = py and

o(uuy) = o(qp) = po = vevf = o(ug)o(ug)”
On the other hand, o(us)*o(uy) < o(ujus) by Schwartz inequality and from
w(o(uy)*o(u)) = wvv) =w(o
wlo(uju)) = woo(ujuy) =wo (o™ (gp)) = wlps)
we get o(ujuy) = o(ug)*o(uy). Hence uy € o(N,) for all . Further, by the cocycle
condition and Lemma B,
o(07% (w)) = o(Wgusie) = vives = o (0 (ur))

therefore v; € M and by Theorem [, M, is sufficient and (v) is proved. As M, is a
subalgebra in o (N, ), this implies (i).

Finally, we prove that (ii) is equivalent to (vi). First, note that a coarse-graining is
sufficient for (M, ) if and only if it is sufficient for (M, 1)y), where

Yy =cpg+ (1 —)w

for some 0 < € < 1.

As the states 1y are faithful and w = ) A\, it follows from the results in [I7]
that o is sufficient if and only if 1y o 0 0 6} = 1)y for all §. Since, by definition,
w oo oo =w, this is equivalent to (vi). O

Let My C M be a subalgebra. From the above theorem, together with the remarks
preceding Lemma Bl we have a generalization of Theorem [l to the case that suppw = p
and suppw|am, = ¢. Namely, M, is sufficient for (M, ¢y) if and only if the coarse-
graining a : sgMoq — pMp, a(qaq) = pap is sufficient for the restricted experiment.
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Remark. Let S(p,w) be the relative entropy and suppose that S(¢g,w) is finite for
all . Then the condition (iii) can be replaced by

S(pg,w) = S(pgoo,woo)

This can be proved similarly as for the transition probability, using the formula

logx:/ooo(1+t)_l — (x+t)"'dt. (15)

The equality in inequalities for entropy quantities was studied also in [20]. O

The previous theorem applies to a measurement which is essentially a positive map-
ping NV — M from a commutative algebra. The concept of sufficient measurement
appeared also in [3]. For a non-commuting family of states, there is no sufficient mea-
surement.

4 Factorization

Let M be a von Neumann algebra and let w be a faithful state on M. Let My C M
be a subalgebra and assume that it is invariant under the modular group o}’ of w. Let
My = M{N M be the relative commutant. We show that M, is invariant under oy’
as well. If a € My and b € M1, then for t € R, we have

aoy (b) = oy’ (0%,(a)b) = o' (bo?,(a)) = o7 (b)a

Hence M, is invariant under of’. Let wy, w; be the restrictions of w to M, and M;.

Then oy’|pm, = 07 and oy’| pm, = 07" are known facts in modular theory.

Recall that the entropy of a state ¢ of a C*-algebra is defined as
S(e) =sup { Y NS(eile) : D i = o,

see (6.9) in [I3]. For the sake of simplicity, we will suppose in the rest of this section
that the state w has finite von Neumann entropy S(w). Then M must be a countable
direct sum of type I factors, see Theorem 6.10. in [I3]. Let 7 be the canonical normal
semifinite trace on M and let D, be the density of w with respect to 7, then

o¥(a) = D"aD " a € M.

As the subalgebras My and M; are invariant under o}’, we have by Proposition
6.7. in [I3] that S(wo), S(w1) < S(w) < oo. It follows that both M, and M; must be
countable direct sums of type I factors as well.
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Let D,, € Mgy and D,, € M; be the densities of wy and w; with respect to the
canonical traces 7y := 7| Mg and 71 := 7| M. Then for a € M,

DlaD;" = 0y (a) = 0¢°(a) = D! aDJ".

It follows that wy, := D_"D is a unitary operator in M; and the operators D
and D% commute for all ¢,s € R. It is easy to see that wy is a strongly continuous
one-parameter group. Moreover, we have for a € My,

« _ it p=it _ _wi(,\ it it
wiaw; = DjaD," = o' (a) = D, aD,]

Therefore, the unitary z = D "w; is in the center of M;. Again, w, and D commute
for all ¢, s and it is easy to see that z, = 2 for some positive element z in the center
of M. Putting all together, we get

D, = Dy,D, 2 (16)

The following theorem is a generalization of the classical factorization theorem.

Theorem 3 Let (M,S) be a statistical experiment dominated by a faithful normal
state w such that S(w) < oco. Let My C M be a von Neumann subalgebra invariant
with respect to the modular group of. Then My is sufficient for S if and only if

Dg = D970Dw12, (17)

where Dy, Do and D, are the densities of @, po|m, and w|Mjy N M, respectively
and z is a positive operator from the centre of My N M.

Proof. By the assumptions and ([8), we have D = DZ D 2. If M is sufficient,
then - . .
u; := Dy D" = [Dy, Dwl, = [Dgg|am,, Dwols = Dy DY,

hence Dy = w,D = Dy DY 2" and () follows.
Conversely, let () be true, then u, = Dy, D" and M is sufficient. O

The essence of the factorization (@) is that the first factor depends on 6 while the
others do not.

From Theorem [M (iv), it follows that the subalgebra generated by the partial isome-
tries {[Dyp, Dw]; : t € R} is minimal sufficient, that is, it is sufficient and contained
in any sufficient subalgebra. Moreover, it is invariant under oy. We will denote this
subalgebra by Mgs. By Theorem B, we have the decompositions:

Dy = Ds¢gDprzs, D, = Ds,Dpgzs (18)

where Dgg, Ds, are the densities of the restrictions ¢g|pms and w|rg with respect
to the canonical trace 7s, it will be called the S-decomposition. The next Theorem
shows that each decomposition of the form (I7) is given by an invariant sufficient
subalgebra and ([[§) is the maximal one.
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Theorem 4 Let us suppose that there is a decomposition Dy = Lg R, with some positive
operators Lg, R in M, such that supp R = I and R commutes with all Lg. Let My,
be the von Neumann algebra generated by {Ly : 0 € ©}. Then My is sufficient and

invariant under oy . Moreover,
Lo = DsgRy,

where Dgyg is given by [I8) and Ry € My is a positive element commuting with all
Dgﬂ.

Proof. We have D, =) A,Dp, = > A\Lg, R, hence > A, Lg, converges strongly
to some positive operator L, € My, such that D, = L, ,R. For a € M, we get

DZfaD;it = LffaL;it e My,

and M, is invariant under oy’. It follows also that there is a density operator D,,, €
My, of the restriction wy = w|n,, such that D,, ¢ = L, for some ¢ € M N M.
Moreover, it is easy to see that Mg C M, so that M, is sufficient and the densities
of @g|m, satisty

By Theorem B there is a decomposition Dy = DsgDp 21, such that Dg 2z €
M N M. Putting all together, we get

Ly = Dy .c = DsgRy

where RO :DR7LZLC€M:SHML. O

It is easy to see that the S-decomposition is, up to a central element in Mg, the
unique decomposition having the property described in the previous theorem.

Keeping the assumptions of Theorem B, let us suppose that M acts on some Hilbert
space H. The relative commutant Mg := MsNM is a countable direct sum of factors
of type I, hence there is an orthogonal family of minimal central projections p, such
that > p, = 1. Therefore, zs = > 2,p,, with some z, > 0. Moreover, there is a
decomposition

H=EPH:oH!,  p.: HoHEOH)] (19)
such that, up to isomorphism,

Ms = EPChLy ® B(HY)
(M3) = EPB(HL) ®Clys

From Dr € M§ and Dsy € Ms C (MS)', we have
pnDRr = Cf(l"ﬂﬁ ® Dr}?)> anS,G = 05(9)(1771(9) ® 17{5)’
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where D is a density operator in B(HE), D,(0) is a density operator in B(H%) and
c® cE(9) > 0. From this and ([[8), we get the following form of the S-decomposition

TL77’L

Dy = DsyDrzs = zapnDsopnDr = Y _ sn(6)Dn(0) @ DY, (20)

n

where s,(0) > 0 for all 8, n. Clearly, this decomposition is unique, up to isomorphisms.
It is also clear that s,,(0) = 7(Dgpn) = we(pn)-

In particular, each statistical experiment (B(H),S), dominated by a faithful state
with finite entropy, defines a decomposition of the form ([J) of the Hilbert space H,
which is up to isomorphisms unique. Note also that if the dimension of H is finite, then
it can be shown from Theorem H that (20) gives the maximal decomposition, obtained
by Koashi and Imoto in [R].

Theorem 5 Let K and H be Hilbert spaces and let (B(H),S) be a statistical experi-
ment, dominated by a faithful state w with S(w) < oo. Let a: B(K) — B(H) be a
coarse-graining and let (B(K),Sy) be the experiment induced by . Then the following
are equivalent.

(i) « is sufficient for (B(H),S).

(ii) Let {Id) be the decomposition of H given by (B(#H),S). There is a decomposition
K=, KLteKE such that if g, : K — KE® KE is the orthogonal projection,
then a(q,) = pn. Moreover, there are unitaries U, : Kt — HEL and coarse-
grainings oy, o B(KE) — B(HE) such that the restriction o, = a|g.B(K)gn
has the form

Q= Q1 @ o, an(a) =Uyal), a € B(lCﬁ)

(11i) Let Dy = DsgDgzr be the S-decomposition. The density Dy of pg o a has the
form
D970 = Lngé*(DRZR).

where Loy € B(K) is a positive operator satisfying o(Lgo) = Dsg.

If any of the above conditions is satisfied, then the Sy-decomposition of the densities
Dg’o 18

Dy = o (Dsg)a*(Drzr) = Z ©o(pn)U, D (0)U,, @ a;,n(Df) (21)

Proof. Let Ms C B(H) be generated by {[Dys, Dw|; : t € R}, note that in this
case Mg = (M%) and MG = M.

Let us denote by N5, C B(K) the subalgebra generated by {[D(pg 0 a), D(w o
a)]s, t € R}. If « is sufficient, then by Theorem B, N, is in the multiplicative domain
of o and the restriction a|Ns is a *-isomorphism Ng, onto Ms. Hence, Ng, has
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the same structure as M. Namely, there is an orthogonal family of minimal central
projections {g,} in Ns, such that ¢,K = KL @ KE

Ns, = P B(KE) © Cli, % = P Clicx ® B(KY)

and a(q,) = p,. Moreover, there are unitaries U, : KX — HL  such that if a € N,

n?

a=7y,a, ® Igr for some a, € B(KL), then aa) = Y, Upa, Uy @ Iyyr.
Let b € Ng,, then for a € Mg,
a(b)a = ab)ala(a)) = alba™(a)) = a(a " (a)b) = aa(b)

so that a(b) € M’s. Consequently, a(bg,) = a(b)p, € Mlp, and if b, € B(KX), then
o (Ixr @ by) = Iz @ V), for some b, € B(H]). Tt is clear that the map o, : by, — b,
is a coarse-graining B(KZ) — B(HE). We also have

n(an®bp) = an((an @Ik ) (I @by)) = an(an@Icr)an(Icr @by) = UpanUy @y (br),

hence a,, = a1, ® as, and (ii) is proved.

Conversely, let (ii) be satisfied and let a € M. Thena =} a,®1yr and a = a(b)
with b =}~ b, ® Igr, b, = Uya,U,. Clearly, a(bb) = a(b)*a(b), a(bb*) = a(b)a(b)*
and therefore b is in the multiplicative domain. By Theorem £ (i), « is sufficient for S
and (i) is proved.

To prove (i) — (iii), suppose that « is sufficient, then by the first part of the proof
of (i), Ns, is a countable direct sum of type I factors and, moreover, if 75, is the
canonical trace on Ng,, then 75, = 75 0 @«. We have the Sy-decomposition

Dyo = Ds,0Drozr0

where Dg, ¢ is the density of ¢y o a|Ng, with respect to 7s,. For a € Ns,, a(a) € Ms
and

7so(Dsypa) = wo(a(a)) = 7s(Dspala)) = ts(a(a,(Dsg))ala) = 7s,(a,(Ds g)a),
hence Dg, 9 = a)(Dsy) and a(Ds, 9) = Dsg. Further, let a € B(K), then
TrDgoa = TrDya(a) = Tra(Ds, ¢) Drzra(a) = TrDs, go (Drzr)a

and (111) fOHOWS7 with L970 = D5079.

Conversely, suppose (iii) and let a € B(K), then
TrDgoa = TrLgoa*(Drzr)a = Tra(aLeg)Drzr
On the other hand

TrDgoa = TrDga(a) = Tra(a)a(Lyo)Drzr
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In particular, by putting a = Ly, we get

Tr(oz(L;O) —a(Lyo)?)Drzr =0
From this and Schwarz inequality, we get

WH2(a(Lg,) — a(Loo) )W =0

where W = Dpzp is positive, supp W = 1. Consequently, a(Lg,) = a(Lge)?, hence
Ly is in the multiplicative domain. Since Dgy = a(Lgp) generates Mg, this implies
that « is sufficient.

It remains only to prove the second half of (Z1I), which follows easily from (ii). O

Corollary 1 Let H and K be finite dimensional Hilbert spaces. Let (B(H),S) be a
statistical experiment dominated by a faithful state w and let () be the corresponding
decomposition of H. Suppose that a : B(K) — B(H) is a completely positive map,
with the Kraus representation a(a) = >, V;aVi*. Then « is sufficient for (B(H),S) if
and only if there is a decomposition K = @, Kt @ KE and

Vi=> U, ® Ly

where U, : KLY — HE are unitary and L;,, : KE — HE are linear maps such that

Proof. Note first that S(w) < 0o, so that the conditions of Theorem H are satisfied.

It is clear that if V; have the above form, then the restrictions
an, = a|B(KE @ KR = a1, ® ag,

with oy ,(a) = UpaUy; and ag,(a) = 3, Liwal, . By Theorem H (ii), a is sufficient.

Conversely, if « is sufficient, then there is a decomposition K = @, KX @ KF and
the corresponding projections g, satisfy a(gnaqy) = ppa(a)p,,. Consequently

= ana<z QkGQZ>pm = ana(QnGQm)pm = Z <anviqn>a< Z qui*pm)
n,m k,l n,m T n m

Let Vi, := puVign, then V;,, : B(KE) @ B(KE) — B(HE) ® B(HE) and

ZVmaV* = ap(a), a € B(KY) @ B(KE).

By Theorem |, there are unitaries U,, : KL — HL and coarse-grainings as,, : B(KE) —
B(Hf) such that a,, = a1, ®as,,, in fact, it is easy to see that s, have to be completely
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positive. This implies that there are linear maps K;,, : KF — HE Y. KinK{, = lyg,
such that
an(a) = § ,(Un ® Ki,n)a(Un ® Ki,n)*

(2

is another Kraus representation of a,. Hence there are {u7;}, >, pi' ity = 0k, such
that V;,, = U, ® Zj i i K. Similarly, there are v; ;, > i VijVik = 0;k, such that

‘/z' - Z Vi,j(z ‘/],n) - Z Un X Lz‘,n
7 n n

where L;,, = Zj,k Vi gl 1 Kk - O

As another corollary, we obtain a result previously proved in [R].

Corollary 2 Under the assumptions of Corollary [, suppose that K = H. Let Dy =
> @o(pn)Dn(0) @ DE be the S-decomposition. Then pgo o = @y for all pg € S if and
only if

‘/z' - Z 1’}-[% & Lz’,n

where ), Li L7, = 1yr and L, commutes with DE for all i, n.

Proof. Let « satisfy pg o a = gy for all 6, then « is obviously sufficient and by
Corollary M, V; = > U, ® L;,,. On the other hand, by (1),

Do = Doo= 3 ¢o(pa)U; Du(0)U, & 0, (DF)

and therefore U, D,,(0)Uy; = Dy, (0) and o, (DF) = >, L7, DEL; ,, = D] for all 6 and
n. By construction of the S-decomposition (), the operators D,,(0) generate B(HE),
hence U,, = 1yx. Moreover, the operator DT is in the fixed point space of s, if and
only if it commutes with the Kraus operators L;, for all 4, [7].

The converse statement is obvious. O

5 Exponential families

A set of measures P = {F), § € O} < p is an exponential family if there are
functions &1, ...,&, : © — R and measurable functions 77, ...,7T,, : X — R such that
for all # € ©

dPy

dp

(@) = 557 (;wm(x)) ho).

In this case, all elements in P are mutually equivalent.
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It is immediate from the factorization criterion that the statistic 7' = (T1,...,T},)
is sufficient for P. Moreover, it is minimal sufficient if the functions {1p,&;,...,&n}
are linearly independent.

Let P be a family of measures such that the elements are mutually equivalent. Then
P is an exponential family if and only if the linear space spanned by the functions
{log %, P € P}, is finite dimensional.

In the non-commutative case, let us assume that w is a state of the finite dimensional
algebra M and assume that the density of w is written in the form exp H, H = H* €
M. Determine the states ¢y by their density

exp (H + ). &(0)a;)
Dy = ¢ 22
where &, ...,&, : © — R are functions, a4, ao, ..., a,, are self-adjoint operators from

M and Z(6) is for normalization. We call (22) quantum exponential family around
w. One can always assume that w(a;) =0 in 22).

The next example tells us how the exponential family arises.

Example 4 Let aq,as, ..., a,, be self-adjoint operators from an algebra M and assume
that the density of a state w is written in the form exp H, H = H* € M, moreover
w(a;) = 0. If © is a small neighborhood of 0 € R™, then minimization of S(¢,w) under
the constraints ¢(a;) = 0; (0 = (61,0s,...,0,) € ©,1 <i < n) gives a state Dy which
is of the form (22) and we arrive at an exponential family. The functions &;(0) are
determined by the constraints

1
mT’f’ exXp (H + ;fz(e)m) CI,]’ = 9]',
which has a unique solution if §; are small enough. O

Let M be a von Neumann algebra and w be a normal state. For a € M** define
the state [w?] as the minimizer of

U= S, w) —Y(a). (23)
If the density of w is eff, then the density of [w?] is nothing else but

exp (H + a)
Trexp (H +a)’

therefore we can extend the above concept of exponential family as
01— py = [wibie], (24)

where aq, as, ..., a, are self-adjoint operators from M. Note that the support of the
above states is suppw. For more details about perturbation of states, see Chap. 12 of
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[T3] but here we recall the analogue of (22) in the general case. We assume that the
von Neumann algebra is in a standard form and the representative of w is {2 from the
positive cone. Let A, be the modular operator of w then ¢y of ([24)) is the vector state
induced by the unit vector

exp 3 ( log A, + >, 62-%)&2

R ST CRNSPA T |

(25)

(This formula holds in the strict sense if w is faithful, since A, is invertible in this case.
For non-faithful w the formula is modified by the support projection.)

In the next theorem oy denotes the modular automorphism group of w, o¢(a) =
ATAN

Theorem 6 [I5] Let M be a von Neumann algebra with a faithful normal state w and
My be a subalgebra. For ay,as,. .., a, € A% the following conditions are equivalent.

(i) My is sufficient for the exponential family (Z4)
(i1) 0¥ (a;) € Mg for allt € R and 1 < i < n.

(i1i) For the generalized conditional expectation E, : M — My E,(a;) = a; holds,
1< <n.

Let us denote by ¢(w, a) the minimum in (23)), that is, ¢(w, a) = S([w?],w) — [w?](a).
Then
c(w,a) = —logw?(1),

where w® is the positive functional induced by the vector exp %(log A, + a)Q. The
function 6 — c(w, > 6;a;) is analytic and

—ic(w, > 0ia;) = wg(ay), for allg and j.
60] g

Theorem 7 Let N';, M be von Neumann algebras and let o : N — M be a coarse-
graining. Let w be a faithful normal state on M and suppose that wy := w o « is also
faithful. Let g, 0 € © be the exponential family pg = [w=:%%] for by, ...b, € M.
Then « is sufficient for (M, pg) if and only if b; = a(a;), i = 1,...,n for some a; € N*
and

ppoa = [W()Zﬁiai} . (26)

Proof. Let « be sufficient for (M, ¢y) and let

M ={a e N, aj0a(a) =a} ={a € Ny, a(07”(a)) = 07’ (a(a))}.

22



Then «(N;) is a sufficient subalgebra and therefore o¢'(b;) € a(N;) for all ¢, j =
L,...,k, in particular, b; = a(a;), a; € Ni. Let a(f) = >, 0;a; and consider the
expansion

[Dgy, Dw]; = [Dwo‘(a(e)), Duw);

On the other hand, « is sufficient, therefore [Dypy, w]; € a(N,,) and
a([Dyg o o, Duwyls) = [Dg, Dwly

As « is invertible on N,, it follows that [Dyy o o, Dwgl; = [D[wg(g)], Duwyl; and (28]
follows.

Conversely, let b; = a(a;) for some a; € N and suppose (24)), then
9w, al6) = —[5D)(a;) = —po(alay)) = 2 c(w, ala(6)))
00; o 700,

for all @ and j. Putting 6 = 0, it follows that c(wg,a(f)) = c(w,a(a(d))) for all 6.
Hence

S(e,w) = c(w, a(a(f))) + pola(alf))) = c(wo, a(0)) + wo 0 a(a(f)) = S(ps o a,wo )
and « is sufficient. O
Remark. Note that in case M = B(H), dim H = n, the condition (28) reads
a(log a®(Dy) — log a*(D,,)) = log Dy — log D,,,

where o* is the dual of a with respect to (A, B) = TrA*B. This condition is known
to be equivalent to sufficiency of a. O

Corollary 3 Let M be a von Neumann algebra with a faithful normal state w, Mgy a
commutative subalgebra and ([Z4) the exponential family for ay, as, . .., a, € M. Then
My is sufficient for the exponential family if and only if a, ..., a, € My and

wg(a) =w(exp (D .0;a;)a) aeM

Proof. Let M; be the subalgebra generated by o¢(a;), t € R, i = 1,...,n. Then
M, is sufficient, by Theorem @l Let £ : M — M, be the w preserving conditional
expectation, then E preserves all gy, by sufficiency (Theorem[ (iv)). If M, is sufficient,
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then M; C My, hence M, is commutative. Let wy, ¢y be the restriction of w, gy to
My, then by Theorem [0

o0 = lwi” ] = woexp(X0;a;) - )

It follows that for a € M,

vo(a) = poo(E(a)) = wolexp(Xbia:) E(a)) = w(exp(d_iai)a)

Conversely, let aq,...,a, € My and let vy = w(exp ) 6;a;) - ), then the restriction
of vy to M is the exponential family [woz giai] and M, is sufficient, by Theorem [ [J

6 Strong subadditivity of entropy

Let H = Ha ® Hp ® He and let wape be a normal state on B(H) with restrictions
wp,wap and wpe. The von Neumann entropies satisfies the strong subadditivity

S(WABc) -+ S(MB) S S(MAB) + S(ch) i (27)

which was obtained by Lieb and Ruskai [0]. A concise proof using the Jensen operator
inequality is contained in [I6] and [12] is a didactical presentation of the same ideas.
As we want to investigate the case of equality mostly, we suppose below that all the
involved entropies are finite. The case of equality was studied in several papers recently
but always restricted to finite dimensional Hilbert spaces [7, [[0]. Our aim now is to
allow infinite dimensional spaces.

The strong subadditivity is equivalent to
S(wap,wa ®wp) < S(wape,wa ® wpe), (28)

which is a consequence of monotonicity of the relative entropy. Clearly, the equality in
ED) is equivalent to equality in (E8) which means that B(H4) ® B(Hp) is a sufficient
subalgebra for the states wapc and wa ® wpe. Our results on factorization apply.

Theorem 8 Let wapc be a faithful normal state on B(H) such that the von Neumann
entropy S(wapc) is finite and

S(CUABC) + S(WB) = S(WAB) + S(WBc).

Then there is a decomposition Hp = @, HEp @ HE, such that

WABC = ZWB(pn)Dﬁ ® Dq}fa (29)

where DE € B(Ha) @ B(HER) and DE € B(HE,) @ B(Hce) are density operators and
pn € B(Hp) are the orthogonal projections Hp — HLp @ HE,.
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Proof. Equality in the strong subadditivity is equivalent to sufficiency of the subal-
gebra B(Ha®@Hp)®Cle for (B(H),S) where S := {wapc, wa @ wpc}, and the latter
is equivalent to

[Dwapc, Dwa ® wpely = [Dwap, Dwa @ wpl @ 1¢
for all t. Let Ng C B(Hp) be the subalgebra
Ng={be B(Hp): 0% (b® Ic) = 0,2 (b) ® I for every t € R}.
Then in follows from the above equality and the cocycle condition that
[Dwap, D(wa @ wp)]; € B(HA) @ N for all ¢

and therefore B(H4) ® N ® Clg is sufficient for S. Since wy ® wpe is faithful,
S(wa ® wpe) < oo and clearly dominates S, moreover, the subalgebra is invariant

under ¢4%“5¢  we have by Theorem Bl that there is a decomposition

Dype = (D ®1¢)(14 ® Dpg),

where Dy € B(Ha) @ N, Dr € N ® B(H¢) are density operators.

On the other hand, Np is invariant under o;”, therefore S(wp|y,) < S(wp) < oo.
Similarly as in Section B, we obtain a decomposition Hp = @@, HLp @ HE,; such that

Ng =@ B(HLp) @ Clys, b =P Clyz, © B(H)

and (Z9) follows. O

The structure (29) of the density matrix wape is similar to the finite dimensional
situation discussed in [7, [T0], however the direct sum decomposition may be infinite.

The theorem is stated under the condition of faithfulness of wapc. It would be
worthwhile to weaken this condition. When wypc is pure the strong subadditivity
reduces to

S(wAc) S S(WA) + S(wc),

which is simply the subadditivity. The equality holds here if wsc = wa ® we. Since
the purification of a product state is a product vector, we have the product structure
@9) (without the summation over n). Note that this kind of states were discussed in
[21].

The decomposition ([Z9) has a continuous version formulated in terms of direct
integrals (see [I4] for references about the direct integral of fields of Hilbert spaces
and operators or [22]). Let (X,u) be a measure space. Assume that for z € X
density matrices DX(z) € B(H4) ® B(HE(z)) and D®(x) € B(H%(x)) ® B(H¢) such
that HE(z) and HE(x) are measurable fields of Hilbert spaces and the operator fields
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D% (z) and D®(z) are measurable as well, z € X. Given a probability density p(z) on

wape = / p(z) DX (x) ® DR(x) du(x) (30)
(&)
is a density on the Hilbert space Hy ® Hp ® He, where
Hp = / HE (@) @ H () dp()
D

Then B(H4) ® B(Hp) is a sufficient subalgebra for the states wapc and wa ® wpe. If
the measure p is not atomic, then S(wapc) = oc.

7 Appendix

Dual mapping

Let M7 and M be von Neumann algebras and let o : M; — M be a coarse-graining.
Suppose that a normal state ¢o is given and ¢; := 5 0 ¢ is normal as well.

We assume that both von Neumann algebras are in a standard form and the rep-
resentative of ¢; is ®; from the positive cone. From the modular theory we know
that

is the support projection of ¢; (i=1,2).
The dual «a : poMsps — pyMyp; of o is is characterized by the property

<A1, JlOé(AQ» = <O'(A1), J2A2> (31)

(see Prop. 8.3 in [I3]). The dual of the embedding of a subalgebra into an algebra is
called generalized conditional expectation [I].
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