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A CONTROLLED APPROACH TO THE ISOMORPHISM CONJECTURE

DANIEL JUAN-PINEDA* AND STRATOS PRASSIDIS**

ABSTRACT. We use a hocolim approach to the Isomorphism Conjecture in K-Theory to analyze
the case of groups of the form G x Z and G1 x¢ G2. As an important corollary we prove that the

isomorphism conjecture in K-Theory holds for a finitely generated free group.

1. INTRODUCTION

The Isomorphism Conjecture is, currently, one of the most important tools in calculating alge-
braic invariants that appear in classification problems in Topology. It should be considered as an
induction technique that evaluates geometrically important obstruction groups of a space from the
virtually cyclic subgroups of the fundamental group of the space. The algebraic invariants relevant
to the rigidity problems in topology are the A and K-invariants, L~°°-invariants and pseudoiso-
topy invariants. They all can be characterized as elements of homotopy groups of the corresponding
spectrum.

More specifically, let Gr be the class of virtually cyclic subgroups of a group I', £Gr the classifying
space for the class Gr, and

p: ETxpEGr — EGr /T = BGr

the projection map. Let S be any of the A, K, L™ or the pseudoisotopy spectra.
Conjecture (Isomorphism Conjecture ([I0])). The assembly map
H.(Bgr, S(p)) — S(BT)

induced by the commutative diagram:
ETxpréGr —— BT
d |
BGr —_ %

18 a homotopy equivalence.
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The homology spectrum that appears in the Isomorphism Conjecture can be computed, via a
spectral sequence, from the S-groups of the virtually cyclic subgroups of T'.

Farrell-Jones have proved the isomorphism conjecture for a large class of geometrically significant
groups and for the pseudoisotopy spectrum ([I0], [T1]). That implies the isomorphism conjecture
for lower K-groups.

In this paper, we will study the Isomorphism Conjecture using homotopy colimits. The homology
spectrum in the statement of the conjecture can be described as a homotopy colimit. In this context,
the Isomorphism Conjecture reflects the extend of how much the factors mentioned above commute
with certain homotopy colimits.

Homotopy colimits in the Isomorphism Conjecture have been used before ([, [8], [17], [20]).
In all the references the homotopy colimit machinery encodes, in a homological /homotopical way,
controlled problems.

The Isomorphism Conjecture can also be considered as a statement about a “forget control”
map. In this context, we will use Segal’s Pushdown Construction ([T5]) in homotopy colimits to
capture the geometric idea of change of control. This approached is applied to two cases, with
S = K, the K-theory spectrum:

e Groups that admit an epimorphism to Z and the kernel satisfying the IC.
e Amalgamated free products where each factor satisfies the IC.

In the first case (Section Hl), we will describe the part of K-theory that is controlled over the
circle and the forget control map in this case. More precisely, let I' = Gx,Z where G satisfies the
S-IC. The main result in this case (Theorem ET) states that the homology spectrum of BGrxS!
is homotopy equivalent to the “controlled” part, over S, of the theory, in analogy with the results
in [16] and [I7] in K-theory. Let Kg denotes the functor that maps a space X to K(R[m1(X)]).

Theorem (Semidirect Product with Z). Let I' = GX4Z such that G satisfies the Kgr-IC. Let
gr : ETxpET — S'xBr.

Then

(1) there is an exact sequence:
... = m(BG) =2 1,(BG) — Hi(S*x BT, Kr(qr)) — mi_1(BG) —25 m_1(BG) ...
(2) If RG is regular coherent, then the assembly map
H;(BT,Kgr(pr)) — K;(RT)
is an epimorphism for all i € Z.

In the special case when I is a trivial extension, we derive information about the cokernel of the
forget control map i.e. the Nil-part of the theory. That leads to a proof of the IC for the K-theory
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reduced Nil-spectrum (Section Hl), under the assumption that groups of the form GyxZ, with Gy
virtually infinite group, satisfy the Kg-1C.

Theorem (Product with Z). Let G satisfy the Bundle Kr-IC and, for every virtually infinite cyclic
subgroup Go < G, GoxZ satisfies the bundle Kg-IC. Let T' = GxZ. Then

(1) T satisfies the Bundle Kr-1C.
(2) G satisfies the Bundle Nilg-IC

In the second case (Section [l), we prove that the part of the theory that is controlled over the
interval satisfies a Mayer-Vietoris property in analogy to the result in [I7].

Theorem (Amalgamated free products). Let I' = Gy xg, G2 such that G, i = 0,1,2, satisfy the
KR-IC. Let

gr : ET'x<p€&I" — IxBI.
Then

(1) there is an ezxact sequence:

mi(BGo) — mi(BG1)®mi(BG2) — H;(IxBI',Kgr(qr)) — m(BGy) — mi—1(BG1)®m—1(BG2)

(2) If RGy is regular coherent, then the assembly map

H;(BT,Kgr(pr)) — K;(RT)
is an epimorphism for all i € Z.

If in addition the base groups (G in the semidirect product case and Gy in the amalgamated free

product case) are torsion free and satisfy the integral Novikov conjecture, then the assembly map
is a homotopy equivalence. Using these ideas we prove (Corollary [[):

Corollary. Let F' be a finitely generated free group and R a reqular coherent ring. Then

(1) F satisfies the Kr-IC.
(2) FXZ satisfies the Kg-IC

The authors would like to thank Tom Farrell whose suggestions improved considerably the orig-
inal form of the paper. The second author would like to thank the Instituto de Matematicas,
UNAM, Unidad Morelia for its hospitality during the preparation of this paper.

2. NOTATION

Let T be a discrete group and Cr a class of subgroups of I' (i.e. a collection of subgroups of T'
closed under taking conjugates and subgroups). The classifying space of the class Cr, ECr is the
I’'-complex whose isotropy groups are in Cr and its non-empty fixed point sets are contractible.
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A model for this space, reminiscent of the bar construction ([I0]), is given as follows: It is the
realization of a semi-simplicial complex with n-simplex given by a sequence

o =vlo(nT1,72l2, .., mln)

with I';€C such that ’yi_lFi_lfyi Cc Iy fori=1,...,n. The face operator is given by

Yor1l1(vel's, - ¥ml'n), i=0,
00 =9 ylonl, . vicalict, yiviraDivrs Yir1 Tig 1, - 7aln), 0<i <,
70F0(71F1, e ,%_J‘n_l), Z =n.

The group I' acts on ECr by

~vo = (vy0)To(y1T'1, 722, . - ., v n), for ver.
We write BCr for the orbit space ECr/T". To ensure that BCr is a simplicial complex, we subdivide
ECr twice, i.e. BCr = (ECF)///P.
The construction of the classifying space is functorial with respect to group homomorphisms.
Let Cr be a class of subgroups of I'. For if p: I' — G be a group homomorphism then p induces a
p-equivariant map

p:ECr — ECq, yolo(ml1, 72l ..y wml'n) = p(h0)p(To)(p(11)p(T'1), p(12)p(T2), - -, p(Yn) p(I'n))

where Cg is a class of subgroups of GG that contains the images, under p, of the elements of Cr. The
map p induces a map p’ to the quotient spaces.

For each simplicial complex K, we write cat(K) for the category of simplices of K, viewed as a
partially ordered set. Thus objects are the simplices of K and there is a single morphism from o

to 7 whenever o < 7.

Definition 2.1 ([I]). Let p : E — B be a map with B = |K]|, the geometric realization of a
simplicial complex. The map is said to have a homotopy colimit structure if there is a functor

F : cat(K)” — Top
such that:
e I = hocolim(g)or (F)-

e p = hocolim g K)op(u), where v is the natural transformation from F' to the constant point
functor.

Notation. Let p : E — B be a map, B = |K| and cat(K)° the category of the simplicial complex
K. We define the barycentre functor

bar(p) : cat(K)% — Top, o +— p 1(5)

where & is the barycentre of o.



A CONTROLLED APPROACH TO THE ISOMORPHISM CONJECTURE 5

Remark 2.2. We give basic examples of maps that admit a homotopy colimit structure. The proofs
follow from direct calculations (also [20]).

(1) Let p: E — B, B = |K]|, be a map that admits a homotopy colimit structure relative to
the functor bar(p). Let p’ : E' — E be a fiber bundle. Then the composition
¢ ELELB

admits a homotopy colimit structure relative to the functor bar(q).
(2) Let I' be a discrete group, ET" a free contractible I'-complex and ECr the classifying complex
for the family of subgroups of I'. Let

pr : ETXF(‘:CF — 5CF/F = BCF

be the projection map to the second coordinate. Then pr has a homotopy colimit structure
with respect to the functor bar(pr). Notice that, in this case, pp 1(6) is a space of type
BT, where I', is the isotropy group of o, an element in the class Cr.

(3) Let p: I" = G be a group epimorphism. Then the map

q: ETxrécr & Ber 25 Bee

has a homotopy colimit structure with respect to the functor bar(q), where C¢ = p(Cr), the
class of subgroups of G consisting of the images of elements of Cr.

Let F': C — D and X : C — Top be two functors. Then Segal’s Pushdown Construction (see for
example [I5]) defines a functor F.X : D — Top such that

hocolime X ~ hocolimp F,. X.

We will explicitely describe the construction to the case of Part(3) in Remark In this case, we
start with a map:

q: ETxréCr & Ber 25 Bee
The map p’ induces a functor
P : cat(BCr)P — cat(BCq)P
We will describe the functor

P,bar(p) : cat(BCq)? — Top.

For each simplex o of BCq, let Plo be the over category. In this case, the objects of Plo are
simplices 7 of BCr such that p'(7) contains o as a face. Set

po =p|:p  (|Plo]) = |Plo].

Then Pbar(p)(o) = hocolimp ,bar(p,). Summarizing:
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Proposition 2.3. There is a homotopy equivalence:
hocolim cqyBepyer (bar(p)) == hocolim qyBeg)or (Ps bar(p)).

The class of subgroups of I' of interest in the Isomorphism Conjecture is the class of virtually
cyclic subgroups, denoted Gr. They naturally split into two categories:
e Finite subgroups of I'.
e Virtually infinite cyclic subgroups of I' i.e. subgroups which contain an infinite cyclic
subgroup of finite index.
The subgroups of the second type are two-ended subgroups of I' ([9]) and they split into two
types:

e Groups H that admit an epimorphism to Z with finite kernel i.e.
H = KxZ.

e Groups H that admit an epimorphism to the infinite dihedral subgroup D., with finite

kernel, i.e.

H=AxpC, [B:1]<o0, [A:B]=[C:B]=2.

3. A HOMOTOPY APPROACH TO THE ISOMORPHISM CONJECTURE

We will present a reformulation of the IC using homotopy colimits. This approach depends
heavily on the interpretation of the homology spectrum as a homotopy colimit ([I], [20]).

Let I" be a discrete group and S a homotopy invariant functor from spaces to spectra. As before,
let Gr be the class of virtually cyclic (finite or infinite) subgroups of I'. Let £Gr be the classifying
I'-complex for the class Gr and

pr : ET'xp€Gr — EGr /T = BGr

be the projection map. Let cat(BGr)° be the category corresponding to the partially ordered set
of simplices of BGr. Let bar(pr) be the barycentre functor. Let r : Y — BT be a bundle. Form
the pull-back:

>~<

Y —

g

EFXFSQF —— BT

al

ng —

T

¥ — —

Notice that
hocolim g (sg,.yorbar(prop) = Y~Y
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Let * denote the category with a single object and a single morphism. Let

Fr:x — Top, Fr(x)=Y

The Bundle Isomorphism Conjecture. With the notation above, the functor from cat(BGr)% to ,

induces a homotopy equivalence of spectra:

hocolima(Bg,)orSobar(prop) — hocolimg,g () Sobar(Fr) = S(Y).

Remark 3.1.

(1)

In the interesting cases, the functor S factors as
S : Top ENVGIER Spectra

where C is the category of small categories and B is the classifying spectrum functor. Using
the notation in [21], Theorem 3.19, the left hand side can also be re-written:

hocolim . (Bgyor B(Sobar(prop)) =~ B / Sobar(prop)
cat(BGr)°p

Thus the isomorphism conjecture can be reformulated as follows:

Categorical Reformulation of the Bundle IC. The natural functor cat(BGr)?? — x induces

a homotopy equivalence of categories:
/ Sobar(prop) — /Son = S(Y)
cat(BGr)°P *

Since S is homotopy invariant and Y >~ hocolim ¢ (gg,.)e»bar(prop) we see that the Bundle
IC states that S commutes, up to homotopy, with the homotopy colimit above, i.e.:

1C Using Homotopy Colimits. With the above notation,

/ Sobar(prop) =~ S(hocolim .y (pg,)orbar(prop)).
cat(BGr)°P

The above formulation is related to the classical statement of the conjecture in [I0] as

follows:

(a) If r is the identity map, then the Bundle IC is the Isomorphism Conjecture in [10].

(b) In [10], the Fibered Isomorphism Conjecture is stated under the assumption that r is
a fibration. Our assumption that r is a bundle is needed to preserve the homotopy
colimit structure of the composition prop.
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As an illustration of the categorical approach to the Isomorphism Conjecture, we study the
Isomorphism Conjecture under certain group extensions.

Let S be a homotopy invariant functor from spaces to spectra and p : I' = G a group epimor-
phism. Then the map p induces a commutative diagram (Section B):

ETxpréGr —— EGXcEGa

| Jre

/

BGr ——  BGg
The top horizontal map is induced by the map between classifying spaces and the map
p:EGr — EGq.
The map pr induces a functor:
Pr : cat(BGr)” — cat(BGg).

Let [o]g represent a simplex of BGg. The space £Gg with the G, action is a space of type
EGq, and the quotient £Gg /G, is a space of type BGg,. Since G, is virtually cyclic, £Gg is
G,-contractible and BGg, is contractible. We write

pa, : EGxq,£Ga — BGa,

for the projection map.
Let A, = p~1(G,), a subgroup of I'. Then EGr, with the A, action, is a space of type £Ga, .
Consider the projection map:

PA, : EFXAUSQF — SQF/AJ = BQAU

Then the functor bar(pa,) induces the homotopy colimit structure on pa,. The map p induces a

commutative diagram:
EFXAUSQF E— EGXGUEQG

Pa, l lpag
BGa, S Bga,

With this set up, the map p, maps simplices to simplices and induces a functor
P, : cat(BGa, ) — cat(BGg, )
Lemma 3.2. For each simplex [o] of BGq there are homeomorphisms:

9o : |Prllolc] = [Prllolal, @0 :palt[Pollolal = b1 Prdlole]

natural in o.
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Proof. We will show that the first map is a homeomorphism. The inclusion map A, — T" induces

a map
¢ :BGa, = EGr/As = EGr /T = BGr.

The restriction of ¢ induces a map
¢o‘ : |P0'\L[O-]G| — |PF~L[O-]G|

We will define the inverse of ¢,. For this, let [7]r represent a simplex in |Prl[o]g|. Thus there is
g € G such that gp(7) > 0. Let v € T" be such that p(y) = g. Define

Yo+ [Prdlolcl = [Follolal, o ([mr]) = [y7la,

e 1, is well defined:
— Yo ([mr]) € |Psllo]c|: That follows because

p(7) = p(v)p(7) = gp(7) > 0.
— The definition of v, does not depend on the choice of v: Let v/ € T' be such that
p(7') = g. Then
v e Ker(p) C A,.
Thus 7], = [V'7]a,-
— The definition of v, does not depend on the choice of the representative of the orbit of

7: Let ¢’ € G such that ¢/p(7) > 0. Then p(7) contains both g~!o and (¢’) 1. Since

BG¢ is a simplicial complex, that implies

-1

g lo=1(g)""

o= ¢dgteG,.

Since A, = p~H(Gy), 1, is well defined.
e 1, is the inverse of ¢,: That follows directly from the definition of the functions.

For the construction of ®, we start by defining a subcomplex of £Gr:
Qo ={17 €&Gr, p(r) > o}

Then
pal(|Prlo]) = EDxa,A0Qo,  pp'(|Prlol) = ETxr0Q,.

Since each simplex in @, has isotropy group a subgroup of A,
ppt(|Prlo]) = ETxrTQ, = ETx A, ArQ,.

The naturality of the homeomorphisms is immediate from their construction. O



10 DANIEL JUAN-PINEDA AND STRATOS PRASSIDIS

As in Proposition Z3] there is a homotopy equivalence
hocolim(sg;yor (Sobar(pr)) =~ hocolime, g, )er (Pr«(Sobar (pr))).

Using Lemma B2, we can reformulate the description of the functor Pr.(Sobar(pr)). For this, we
define

hr : cat(BGa) — Spectra, o +— hocolimeag(sg,, yor (Sobar(pa,))-
Proposition 3.3. With the above notation, there is a homotopy equivalence
hocolim oy Bgy.yor (Sobar(pr)) == hocolim g )yer (hr)-

Proof. We put everything together:

e Using the commutative diagram for G, and Segal’s Pushdown Construction,
hocolimeag (g, )or (Sobar(pa, ) = hocolime, (g, yor (Pos (Sobar(pa, )))

e Since BGq, contracts to [o]q, which is also contractible,

hocolime, (g, or (Sobar(pa, ) == Prs(Sobar(pa,))([o]c) ~ hocolimp, (4] (Sobar(pa,|))-

e By Lemma B2 the diagram

pa, (Pollolcl) —— pr'(|Prilolal)

par | e

|Pollolel  ——  [Prlolc]

commutes and the horizontal maps are homeomorphisms. Thus, by naturality,
hocolimp, | (4], (Sobar(pa, )|) = hocolimp, (4], (Sobar(pr)]).
e Thus
hr(o) = hocolimeay (g, )or (Sobar(pa,)) ~ hocolimprug}c(Sobar(pp)\)

and the equivalence is natural in o.
e Since Pribar(pr)(c) = hocolimp (4], (Sebar(pr)|),

hocolim ., (Bg,)or (Sobar(pr)) =~ hocolim g, yor (Pr«bar(pr)) ~ hocolim . pge)er (hr)
That completes the proof of the proposition. O
The next Lemma is an application of Proposition to the barycentre functors.
Lemma 3.4. With the above notation, there is a homotopy equivalence
BT > hocolim cqyg)er (B)

where B(o) = hocolimp,. s, bar(pr|) is a space of type BA,.
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Proof. Notice that a model for BT is given by hocolimsg,.)er (bar(pr)). The result follows from
applying Proposition O

Theorem 3.5. Let S be a homotopy invariant functor from spaces to spectra and p : I' — G a
group epimorphism. Assume that

(1) The Bundle S-IC' is true for G.
(2) For each FEGq, the Bundle S-IC is true for p~(F).
Then the Bundle S-1C holds for T'.

Proof. We will give the proof when the bundle over BI is the identity. The general case follows
similarly. By Proposition B.3]

hocolim ag(sg;yor (Sobar(pr)) = hocolime,g (g, )er (hr)

where
hr([o]e) = hocolim g (g, , )or (Sobar(pa,))

with A, = p~1(G,). By Assumption (2), the functor hr is naturally homotopy equivalent to the
functor A/, given by

h'([o]a) = S(BA,) ~S(B([o]c))
The group I' acts on EG via p. The action is not free because elements of the kernel fix EG.
Consider the bundle map:

BT = ETxrEG — EG/G = BG
induced by projection to the second coordinate. Form the pull-back diagram:

Y — BT

g |

EGXGEQG ——— BG

e | |

BQG — Xk
For each [0]g a simplex in BGg, the inverse image of its barycentre under p¢ is a space of type
BG,. Thus the inverse image

(pgor)~1([6]q) ~ BA,.
Since the Bundle S-IC holds for G
S(BT)

1

hocolimcat(lggc op (Sobar(pgor))

(
(S(BA,))
(
(

1

hocolime (564 )or

12

)
r)

hocolim,,y(sg,yor (Sobar(pr))

hO COlimcat (BQG)OP

D‘D‘

12

hO COlimcat (BQG)OP

1
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proving the S-IC for T'. O

Corollary 3.6. The proof implies that if the Bundle S-IC holds for G and the S-1C holds for the
tnwverse images of virtually cyclic subgroups of G, then the S-IC holds for T.

4. SPACES OVER THE CIRCLE

Let ' = Gx4Z. Here « is the automorphism of G induced by the action of the generator of
Z. The automorphism « is well-defined up to inner automorphisms. By choosing a suitable right
G-space for EG, there is an a-equivariant homeomorphism

b : EG - EG
ie. P(xg) = ¥(x)a(g). By taking quotients, we see that there is a homeomorphism
¢: BG — BG

that induces the map « in the fundamental group, again up to inner automorphisms. Choose as a
model for BI' the mapping torus of ¢:

BT = BGx[0,1]/~, (¢(x),0) ~ (z,1).
Then a model for ET is the infinite mapping telescope of 1):
ET = EGX[0,1]XZ/~, (z,1,n) ~ (¥(z),0,n + 1).

The right action of I' on ET is given by:

(z,t,n)(g,m) = (za"(g),t,n + m).
The map

®: BGx|[0,1] — BT, ®(x,t) = [z,1]
has the property that:

O(z,0) = [2,0], ®(z,1) = [z,1] = [¢(x), 0]

i.e., it defines a homotopy between the identity map and the map ¢ on BG inside BI'. Also, the
natural projection map to the second coordinate:

p: Bl — St

is a bundle. Consider the commutative diagram
ETl'xprEGr —— ET'X1pEGr

or | |

S'xBGr — BGr
In the applications the spectrum S has an infinite loop space structure. Let CF be the homotopy
cofiber:
S(BG) =% S(BG) — CF
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Since idpg and ¢ are homotopic in BT, there is an induced map:
f:CF — S(BT).
This is the map that ‘forgets the control’ over S'. We will give a homological description of CF.
With the above notation:

e Every simplex o of £Gr defines an equivalence relation on Z,
mi~emo <= [eN(1,m1)G(1, —mg) # 0.
e For each t € S, m € Z, a map
im : (EGx{t}x{m})Xr,ngo — (EGx{t} xZ)xrl'é, [(x,t,m),5] — [(z,t,m), 5]
here EGx{t}xZ C ET. Notice that the image of 4,, depends on the choice of t € S?.

Lemma 4.1. Fizt € S'. Let o be a simplex of EGr and t € S, Then:
(1) 4y, is @ monomorphism for each m € Z.
(2) Im(ipm,) = Im(im,) if and only if mi~sma.

(3) The images of im, and ip, are either equal or disjoint.

(4)

4) The induced map:

i= ] im, : [ Imlix) = (EGx{t}xZ)xrT6
() [

where my, runs over a complete set of representatives of ~, is a homeomorphism.

Proof. For (1), assume that i, ([(z,t,m),d]) = im([(y,t,m),5]). Then, there is (g,n) € T', such
that
((z,t,m),6) = ((y,t,m)(g,n), (9,7) " &) = ((ya™(g),t,m +n), (g,n)~"5).
That implies that (g,n) € I'y and n = 0. Thus (g,n) € I';NG and [(z,t,m), 5] = [(y,t,m), 5]
Similar calculations show that in Im(iy,, ) = Im(iy,, ) then my ~, ma. If we assume that mj~,ma,
then there is g € G such that (g, m; —ma) € I'y. Then, if [(x,t,m1),5] € Im(iy, ), then

[(w7t7m1)7&] = [(m7t7m1)7 (gvml - mQ)&] = [(maml (g)7t7m2)7&] € Im(imz)a

proving (2).
For (3), assume that m; and mg are not equivalent and let [(z,mt), 5] € Im(iy,, )NIm(iy, ). But
by (2), m~gmq and m~,mso. Thus mq~smg, contrary to our assumption.
It is immediate that ¢ is surjective. Parts (1)—(3) show that i is a bijection. The inverse of i is
given by:
it (BGx{t}xZ)xrTe — [[ Im(ix), [(2.t,m),(g,n)6] = [(wa™(g),t,m + n),6] € Im(im4n),
[m]

and thus ¢ is a homeomorphism. O
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The following result is immediate from the proof.
Lemma 4.2. Fiz 0 € EGr and t € S*. Then the map
X : EGxcgG(1,m)6 — EGxr&Gr, [x,(g,m)é] — [(xg,t,m),d]
induces a homeomorphism onto Im(iy,).
We will study the homotopy colimit structure of the quotient map:
gr : ETxpEGr — BGrx S'.

Equip S! with the structure of a simplicial complex with three O-simplices v;, i = 0, 1,3 and three
1-simplices e; = {v;, vj+1}, where i is taken mod 3. The projection map induces a functor:

p : cat(S' x BGr)°? — cat(S1)°P.
Using Segal’s Pushdown Construction we get a homotopy equivalence:
hocolim g (g1x pgp)er (Sobar(gr)) == hocolim,g s1yor (Pip)-

We will describe explicitely the functor P.p on cat(S*)o:
For each simplex t of S, let

Sobar(qr)(t,—) : cat(BGr)” — Spectra, o + Sobar(qr)(t, o)
and thus
P, p(t) = hocolimyy(pgp)or (Sobar(qr)(t, —)).
So if we fix ¢, the functor bar(gr) associates to o, the space
grH(tx6) = (EGx{t}xZ)xrT6 = (EGx{t}xZ)xr, 5,

after subdividing.
The inclusion map G — I' induces a commutative diagram:

EGxcEGr —L— (EGx{f}xZ)xrEGr
o |
EGr/G = BGg —— 1xBGr = tx&EGp/T

where u is just the quotient map. Notice that £Gr is a model for the space of type £Gg. Then u
induces a functor:

U : cat(BGq)? — cat(BGr)”
Let [o]r denote the I'-orbit of the simplex o of £EGpr. Then the over category:

Ullolr ={[y7lg : 7> 0,y T}={[(1,m)r]g : T > o,m € Z},

where [—]g denotes the G-orbit of the simplex.
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Lemma 4.3. With the above notation,

(1) [Uolr] = JT 1TdL(1, mi)o)al.

[mk]
2) pg"([ULelel) = T] ' (1dLI(1,me)olal) =
[mz]
[ EGxaG(1dL(1,mp)o)) = [] EGxr,nadL(1, my)o].

where my, runs over a complete set of representatives of ~..

Proof. Notice that:
iola = 120l <= TomGry ' # 0

In this case, each orbit admits a representative of the form (1, m)7, with m € Z,
[(17m1)0]G = [(17m2)0]G Aand FUﬂ(Lml)G(l? _m2) 4 ) = mi~gMms,

which implies that |Ul[o]r| is equal to the union on the right side. Since we used the double
subdivision of the original object, it follows that ¢ and o are equal or there is no chain of simplices
containing both of them. That proves Part (1).

The first equality for Part (2) follows from (1), and the last homeomorphism is standard. O

Now we have all the basic tools to apply Segal’s Theorem on the functor U.

Lemma 4.4. Assume that G satisfies the S-IC. Then for each t € cat(S')°P, there is a natural
homotopy equivalence:

P.p(t) = hocolim e or (Sobar(ar) (1, -)) = S(BG).
Proof. We will show that
hocolim ., 5g)or (Sobar(pg)) = hocolimag (g, yor (Sobar(qr)(t, —)).

Since G satisfies the S-IC, the result will follow.
Segal’s Theorem implies that

hocolim, ., 56)or (Sobar(pg)) ~ hocolimcat(Bg)?)(h)
where, for each simplex o of £Gr,

h([o]r) = hocolim cag (174 o]r|)or (Sobar(pg|))

where [o]r is the T-orbit of o and

pal: (pe) ™ ([ULolr]) — [Ud[o]r]
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is the restriction of pg. Using Lemma EE3]

h([o]r) = hocolime, (v (o) |)er (Sobar(pe|))
~ \/ hocolim ca(j1d}[(1,my )o] )0 (Sobar(pg|)), from Lemma B33, Part (1)
[m]
o~ \/ hocolim ca(|((1,my )o] o |)or (Sobar(pa|)), because [Id}[(1,mg)o]r| =~ [(1,mg)0]a
[m]
~ \/ S(pg* ([(1,m%)8]c)), from the definition
[mi]
~ S H pG [(1,my)o ))
]
=S IIEGXGGuﬂnw&)
[m]
~ S H Im(ig) from Lemma
]
~ S((EGx{t}xZ)xrT&), from Lemma ET]

= Sobar(qr)(t, [o]r)
(the wedge is the coproduct in the category of spectra). Therefore

S(BG) ~ hocolim,g (5o (Sebar(pg)) ~ hocolim ., (sgyer () ~ hocolim ., (gyer (Sebar(qr)(t, —))
completing the proof. O

Proposition 4.5. If the S-IC holds for G, then the homotopy cofiber of 1—¢, is H.(S' x BGr, S(qr)).
Thus there is a long exact sequence:

- = mi(S(BQG)) 120, 7(S(BG)) — H;(S'xBGr,S(qr)) — mi_1(S(BG)) —
Proof. We use the fact that ¢r has a homotopy colimit structure and
H;(S*xBGr,S(qr)) = m;(hocolime,g (g1 x Bgpyor (Sobar(qr)))
Using the multiplicative properties of homotopy colimits and Lemma EEZ],
H;(S'xBGr,S(qr)) = m;(hocolim,g (s1)0r (S(BG)))
The result follows as in Section 3 in [I7]. O

The commutative diagram
EFXFEQF E— EPXFSQF —— BT

| e |

SlegF e ng — X
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induces a map of spectra
f:H.(S*xBGr,S(qr)) — S(BI).
Corollary 4.6. The following diagram commutes, up to homotopy:

S(BG) —— H.(S'xBGr,S(qr))

z‘dl lf

S(BG) —— S(BT)

Proof. This is because the inclusion induced map S(BG) — S(BT') factors through the spectrum
H.(S*x BGr,S(gr)) because of the commutative diagram

BG +—— EGXGEQF — EPXFSQF E— EPXFSQF — BT’

| .| [

* BGa — S'xBGr —— BGr — X

Notice that the map in the second square is not natural because it depends on the choice of an
element of S! but the composition induced by the third square is not affected by that choice. O

We set up the notation for the Bundle version of Proposition Start with a commutative

diagram:

— Y

|
|

p

i
%
i
%
i
%

EGXG(“:QF —_— EGXG(“:QF e ETXFggF — BT

| po | |

St xBGg —— BGa E— BGr .

where p is a bundle and the top diagrams are pull-back diagrams. Then p is also a bundle. The
proofs of Lemma EE4] and Proposition also work in this case.

Theorem 4.7. Assume that the Bundle S-1C holds for G. Then there is an exact sequence:
o m(SOY) 22 m(S(Y)) = Hi(S*x BGr, S(pogr)) — mi—1(S(Y)) — ...

where ¢ : Y =Y is the homeomorphism induced by c.
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We specialize to the case S = Kg, the K-theory spectrum with coefficients in a ring E. Then
Corollary implies that there is a commutative diagram of exact sequences for each i:

H;(S*xBGr, Kr(qr))

- / \ -

K;(RG) — K;(RG) ! K;_1(RG) — K,;,_1(RG)
K;(RT)
Proposition 4.8. Let RG be a reqular coherent ring. Then
f: Hi(S"xBGr,Kg(qr)) — K;(RT)
18 an isomorphism for all i € 7.

Proof. This follows from the analogue of the Bass—Heller-Swan formula for semidirect products
(221, [23]). The top sequence is exact by Proposition The bottom sequence is exact because
the assumption on RI" implies that the Nil-groups vanish. O

iFrom the definition of f we have that f factors as:
[+ Hi(S"xBGr Kr(ar)) % Hi(BIr Kr(pr)) = Ki(RI)
where p is induced by the projection to the second coordinate and A is the assembly map.
Proposition 4.9. Let RG be a reqular coherent ring. Then
A: H;(BGr,Kg(pr)) — K;(RT")
18 an epimorphism.

Proof. 1t follows from Proposition O

5. A SPECIAL CASE

Let I' = GxZ. Then a model for ET can be chosen to be EGxR, where EG is any model for
the classifying space of G. In this case, Proposition has a much simpler interpretation. The
assumption for this section is that:

Assumption (IC): The S-IC holds for groups of the form GyxZ where Gy is a virtually infinite
cyclic subgroup of G.

Remark 5.1. For S the pseudoisotopy spectrum the result follows from [I0] because the GyxZ is
virtually abelian. For the K-theory spectrum it is not known if the K-IC holds for such groups.
Partial results in this direction are in [5] and [I2].
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Proposition 5.2. Let I' = GxZ. Assume that the S-IC holds for G. Then, in the notation of the
last section, there is a homotopy equivalence:

H.(S'xBGr,S(qr)) ~ S(BG)xQ1(S(BQG)).

The projection map I' — G induces a commutative diagram
(EGXxR)xpEGr —— (EGXxR)x1&G¢

| Js

BGr — BGa

where I' acts on £Gg through the projection I' — G.
Lemma 5.3. Let [z] be a point in BGg. Then ¢~([z]) = p5*([2]) xSt

Proof. Let [x]€BG¢q, with x the G-orbit of a point z€£Gg. Then a point [(e, ), y|e(EGXR)x1r&Gq
is in ¢~!(x), if there is g€G such that gy = x. Define a map

a:q ([z]) = pg ([ xS, [(e,r).y] = ([e.y] [])

where [r] is the Z-orbit or r. The map is a well-defined homeomorphism. O

The map u induces a functor U : cat(BGr)? — cat(BGg)°P. Let o be a simplex BGq with
isotropy group Go. We will describe the category Ulo. Let [o]g be the G-orbit of a simplex o of
EG¢ with isotropy group Gy < G. A simplex []p of BGr will be an object of Ulo if u([g]r) > [o]c-
The homotopy invariant functor S induces a functor

S[S'] : Top — Spectra, S[S'](X) = S(X xS
which is also homotopy invariant.

Proposition 5.4. Assume that G satisfies Assumption (IC). With the above notation, there is a
homotopy equivalence of spectra:

hocolim oy Bgy.yor (Sobar(pr)) == hocolim ayBge,yor (S[SY]obar(pc)).

Proof. We will use Segal’s Pushdown Theorem for comparing the two homotopy colimits. The map
u induces a functor U : cat(BGr)?? — cat(BGg)P. Let [o]g be a simplex in BGg, with isotropy
group Gy (defined up to conjugation). We choose the classifying spaces of Gy and Gy xZ:

(1) Since Gy is in G, BGg, can be chosen to be a representative o and £Gg, = |o].

(2) Since GoxZ < I', we choose £Gg,xz to be the subcomplex of EGr consisting of all simplices
with isotropy group a subgroup of a Gy xZ-conjugate of GoxZ i.e. of the form yH~~!, with
v € GoxZ and H < GogxZ. Set BgGOXz = 5QGOX2/GQXZ.
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With the above choices, we get a commutative diagram:

(EGXR)XGOnggGOXz E— (EGXR)XGOX2|O'| L) B(G(]XZ)

pGoXZl qGoXZJ/ J/

uo

BgGoXZ e |[U]G| Em— *
Since the S-IC holds for Gy xZ, the induced map
hocolimeat(Bge, )0 (Sobar(pgyxz)) — hocolim, (Sox) = S(B(GyxZ))

is a homotopy equivalence. Since in the right square the horizontal maps are homotopy equivalences,
the induced maps

hocolimeay(Bgg, .z)or (Sobar(payxz)) — hocolimeag((o]q)er (Sobar(gayxz)) = S(B(GoXZ))  (x)

are also homotopy equivalences. The map wug induces a functor Uy between the corresponding
categories. We will apply Segal’s Pushdown Theorem on the functor Uy. For each [7]¢ < [0]q,
define the following map, which is the restriction of pg,xz:

pr i (EGXR)xayxzpgtya (Ustlrlal) = Usllrlal
Define a functor
he : cat([o]q)” — Spectra, h(r) = hocolimy, ), (Sebar(p)).
Then Segal’s Pushdown Construction implies that
hocolimeay (g, z)v (Sobar(pgyxz)) = hocolimcag (] )er I-
But the category cat([o]z)? has a unique minimal element, namely [o]g. Thus

hocolimcat(BgGo <2)°P (Sobar(pgyxz)) ~ hocolimg( orh = hocolimy, 1, (Sobar(ga,xz))-

[6le)

Each simplex of Ul[o]| has isotropy group that it is contained in GoxZ. Thus, the natural map

induces a commutative diagram

(EGXR)Xgoxzpgexz(IUodlola]) —— (EGXR)xrpr ' (|UL[o]c|)

paoxz\l lpr\

|Uod[o]cl — \Ullo]c|

and the horizontal maps are homeomorphisms. Therefore,
hocolimg 4], (Sobar(pg,xz)) =~ hocolimy| (5, (Sobar(pr)).

Combining with (*),
S(B(GoxZ)) =~ hocolimy |, (Sobar(pg,xz))

which implies that
S(B(GoxZ)) =~ hocolimys 4], (Sobar(pg,xz))  (¥*)
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and the homotopy equivalence is natural for [o]g a simplex in BGg.
Now we apply Segal’s Pushdown Construction to the functor U. Then

hocolim g (Bgyyor (Sobar(pr)) = hocolim .y sgeyor (X)

where, for each simplex [o]g of BGq,

x(0) = hocolimyy (), (Sobar(pgyxz))-

;From (**), we have that

hocolim gy (g, yor (Sobar(pr)) = hocolimg,(zg,,yor (1)

where ¥ ([o]g) = S(B(G4%xZ)). The result follows from the definition and the homotopy invariance
of the functor S. O

We now specialize to the case that S = Kp is the K-theory spectrum with coefficients in a
ring R. Then Proposition B4l provides an alternative description of the homology term in the IC,
corresponding to the Bass-Heller-Swan splitting of K-theory ([3], [14], [T9]). For the definition of
the Nil-spectrum functor we use ideas from the Bass-Heller-Swan Formula:

Nilg(—) = Cofiber[Kr(—) — Kgp(—)]

where R[t] is the polynomial ring. The Bass-Heller-Swan Formula implies that there are natural
homotopy equivalences:

Kpgpy(=) =~ Kg(—)xNilg(-)

Krp—11(-) Kpr(—)xNilg(-)
KR[t,tfl](_) ~ KR(—)XQ_IKR(—)XNilR(—)XNilR(—)

1

The following result is the homological analogue of the Bass-Heller-Swan Formula.

Lemma 5.5 (Bass—Heller-Swan Formula). Let G be a group that satisfies Assumption (IC). Then
there is a homotopy equivalence:

HL.(BGr, Kr(pr)) =
H.(BGc, Kr(pa))xH.(BGa, ' Kr(pe)) < H.(BGq, Nilr(pg)) x H.(BGr, Nilr (pc)).-

Proof. Proposition .4 shows that
H.(ng, KR(pF)) ~ H.(BgGa KR[t,tfl} (pg)).
The Bass-Heller-Swan Formula applies to the coefficient spectrum. The result follows. O

The homotopy groups of the homology spectra can be computed using spectral sequences. Using
this description, we immediately have that:

H.(BGc, ¥ 'Kr(pa)) ~ O 'H.(BGa, Kr(pa))-
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Corollary 5.6. Let G be a group as in Lemma A Then there is a homotopy equivalence:

HL.(BGr, Kr(pr)) ~
H.(ng, KR(p(;)) XQ_IH.(ng, KR(p(;)) XH.(ng, NilR(pg)) XH.(BQR, NilR(p(;)).

The following summarizes certain immediate consequences of the calculations above.

Corollary 5.7. Let G be a torsion free group that satisfies the Kg-IC and Assumption (IC). Let
I' =GxZ. If R is a regular coherent ring, then there are homotopy equivalences:

Kr(BG)xQ 'Kr(BG) ~ H.(S*xBGr, Kgobar(qr)) ~ H.(BGr, Krobar(pr)).

Furthermore, the commutative diagram
ETxEGr —— EI'xEGr

q’pl lpr
S'xBGr ———  BGr

induces the second homotopy equivalence.

Proof. Since G is torsion free, the virtually cyclic subgroups of G are infinite cyclic. But, since R
is regular coherent the Nil-groups of R and R[Z] vanish ([I8], [23]). Therefore the Nil-spectrum of
the corresponding spaces is contractible. Lemma and Corollary imply that

H.(BGr, Kg(pr)) ~ H.(BGa, Kr(pa)) xH.(BGa, Q' Kr(pa)) ~
H.(BGg, Kr(pa)) xQ 'H.(BGa, Kr(pa)) ~ Kr(BG)xQ 'Kgr(BG).

The result follows from Proposition
For the second part of the Corollary, let ¢ be the map induced from the commutative diagram.

Notice that there are commutative diagrams:
EGxaEGr —— (EGXZt)XF(‘:gF — ET'%EGr —— ET'xEGr

pcl q’Fll q’Fl prl
BGa i {t} xBGr — S'xBGr ——  BGr
The composition map induced by the commutative diagrams induce the inclusion
Kgr(BG) — H.(BGr, Kg(pr)).
The map induced from the first two diagrams induce the map
Kr(BG) — H.(S"xBGr, Kr(qr)).

Thus the diagram commutes:

Kr(BG) ——  H.(BGr,Kr(pr))

(BG
| s
Kr(BG) —— H.(S*xBGr,Kg(q))
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The result follows. g

Theorem 5.8. Let RG be a reqular coherent ring, the Kg-IC holds for G, and G satisfies Assump-
tion (IC). Then the Kg-IC holds for T.

Proof. That follows from the Bass-Heller-Swan Formula for Kz ([I8]):
Kgr(BT') ~ Kr(BG)xQ 'Kr(BG)

because RG is regular coherent. The result follows from Corollary B because G must be torsion
free for RG to have finite cohomological dimension. O

For the Bundle Kg-IC the regularity of RI" is not needed.

Proposition 5.9. Let G a group that satisfies the bundle Kg-IC and the bundle version of As-
sumption (IC). Then the bundle Kr-IC holds for T.

Proof. The proof follows from Corollary B.0l O

Another application of the methods coming from the Bass-Heller-Swan Formula is the IC for the
Nilg-spectrum.

Theorem 5.10. Let G be a group that satisfies the Bundle Kg-IC and the bundle version of
Assumption (IC). Then G satisfies the Bundle Nilp-IC.

Proof. Again we will give the proof when the bundle map is the identity. The general case follows
similarly. For F' < G a virtually cyclic subgroup, its inverse image under the projection map I' = G
are of the form F'xZ. Since GG and the inverse image of its virtually cyclic subgroups satisfy the
Bundle Kg-IC, T does too (Theorem BH). Since Kg-IC holds for G, Proposition and Lemma
imply that

HL(S" % BGr, Kg(qr)) xH.(BT, Nilg(pr)) xH.(BT, Nil g (pr)) —— H.(BT,Kg(pr))

l |

H.(S* xBGr, Kr(qr))xNilg(BI') xNil (BT ———  Kg(BI)
where the bottom horizontal map is a homotopy equivalence by the Bass-Heller-Swan Splitting.
The vertical maps are induced by the assembly map and the right one is a homotopy equivalence
because the Kz-IC holds for I'. That implies that the left map, which is the product of the identity
and two assembly maps, is an isomorphism. Thus, the assembly map

H.(BT,Nilg(pr)) — Nilg(BT)
is a homotopy equivalence. O

Remark 5.11. In Theorem we can not remove the bundle assumption even if only the Nilz-1C
is to be proved.
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6. CONTROLLED GROUPS OVER THE INTERVAL

Let I' = G *¢, G2, where H is a subgroup of G1NGa. Let BG;, @ = 0, 1,2, be classifying spaces
for the corresponding groups with BGy a subcomplex of BGiNBGs. Choose BI' to be the double
mapping cylinder of the inclusion maps. Then there is a natural map p : BI' — I, where [ is the
unit interval. Let ET" be the universal cover of BI'. Let

EPXFSQF q—F> [XBgF

be maps induced by the natural projection.
We work as in Section Bl Choose coset representatives:

Ai={vij: vijge A}, i=0,1,2.

In other words,
I'= ] Giij» i =0,1,2.
JEA;

With the above notation:

e Every simplex o of £Gr defines an equivalence relation on A;,

Yij~oVij = Faﬂ’Yi,jGi(’Yz{,j)_l # 0.
o Lettel. Seti=0ifteInt(l)andi=tifte OI. For each v;; € A;, a map
L'Yi,j : EGinUmGinga' — EGiPera', [LE,"}/LJ'(?] — [JZ,’YZ',]'@']
here EG;I" C ET'. Notice that the image of ¢,, ; depends on the choice of ¢ € I.
The analogues of Lemmata BTl and hold in this case. Thus there is a homeomorphism:
Xi - EGiXGiGi’W,ja— — EFXF(S‘QF

onto Tm(¢,, ;).
Equip I with the structure of a simplicial complex with one 1-simplex I, and two O-simplices
0,1. The projection map induces a functor:

p:cat(IxBGr)® — cat(I)

We will use Segal’s Pushdown Construction. We start by giving a description of the functor Pip
on cat(I)°. For each simplex t of I, define a functor:

Sobar(qr)(t,—) : cat(BGr)® — Spectra, o + Sobar(qr)(t, o)
Then the functor P,p is defined as:
Pyp: cat(I) — Spectra, Pyp(t) = hocolimy(pg,)or (Sobar(qr)).
So if we fix ¢, the functor bar(gr) associates to o, the space

¢t (tx6) = (EG)Txrl¢ = (EG;)T xr, 6,
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after subdividing, where ¢ = 0 if ¢ is an interior point and G; = G¢y1 when t € 9I. Actually, the
inverse image for ¢ € Int(I), is

gl (ix6) = (EG;x{t})T xrTé

The inclusion map G; — I' induces a commutative diagram:

EGixc,EGr —1—  EBGIxr&Gr

v o
EQF/G, = Bg(;i L) ixBQp = fxigp/l“

where u is just the quotient map. The analogue of Lemma B4 also works here.

Lemma 6.1. Suppose that the S-IC holds for G;, i = 0,1,2. For each t € cat(I)°P, there is a
natural homotopy equivalence:

Pyp(t) = hocolim gy pg,yor (Sobar(qr)(t, —)) = S(BG;).
The analogue of Proposition works in this case too.

Proposition 6.2. Assume that the S-1C holds for G;, i = 0,1,2. Then the following is a homotopy

cartesian diagram:
S(BGo) —— S(BG1)

S(BGl) E— H.([XBQF, S(qp))
Proof. The proof works as in Proposition The only difference is that for the final result [I7],
Section 2 is used. O

We also have the analogue of Propositions and when S = Kp.

Proposition 6.3. Let R be a ring such that RGyq is reqular coherent. Then
(1) the forgetful map
[ H.(IxBGr : Kr(qr)) — Kg(BT)
is a homotopy equivalence.
(2) the assembly map
A :H.(BGr,Kgr(pr)) — Kg(BT)

induces an epimorphism on homotopy.

Proof. The proof follows from the splitting theorem in [22] and [23]. The assumption on the ring
guarantees that the Waldhausen’s Nil- groups vanish. O
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7. APPLICATIONS

We will apply the results to prove that Kg-IC is true for certain types of groups. Before we start
we state the Novikov Conjecture for a discrete group I'. Let Cr be the classifying space for the
class of finite subgroups of I'. Again, there is a commutative diagram:

ETXF(“:CF — BT’

/| !

BCF — X
A group I satisfies the integral S-Novikov Conjecture if the assembly map

Ac : H.(BCr, S(p)) — S(BT)

induces a split injection on the homotopy groups. It is an open question if all the torsion free groups
satisfy the integral Kgz-Novikov Conjecture. It was proved that groups of finite cohomological
dimension that also have finite asymptotic dimension satisfy the integral Kz-Novikov Conjecture
(M), generalizing the calculations in [1].

A connection between the integral Novikov conjecture and the Isomorphism conjecture is given
in the following statement.

Lemma 7.1. Let R be a reqular coherent ring. Let G be a torsion free group that satisfies the
integral Kr-Novikov Conjecture. Then the assembly map

Ac : H.(BCG,KR(]?)) — KR(BP)
induces a monomorphism on the homotopy groups.

Proof. Following the ideas in the Appendix in [I0], notice that A¢c = AoA¢ g because of the com-

mutative diagram
EGXG(SCG —_— EGXGE’QG — BG

pl lpc l

BCG e BQG — Xk
The relative assembly map is the map induced by the first commutative square. Theorem A.10 in
[T0] states that Ac g is an equivalence if the assembly map Ac, is an equivalence for all virtually
cyclic subgroups S of G (a similar calculation appears in [§]). Since G is torsion free, the only
finite subgroup of G is the trivial group and the only virtually cyclic subgroups are infinite cyclic
subgroups. Thus Ac, is the assembly map in the integral Kg-Novikov conjecture for S = Z. Since
R is regular coherent, this map is an equivalence ([I0], Remark A.11). Therefore, since A¢ induces
a monomorphism on homotopy groups, so does A. O

Theorem 7.2. Let G be a torsion free group and R a reqular coherent ring. Assume that G satisfies
the Kr-I1C, and that RG is a reqular ring. Let " be a torsion free group defined by:
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(i) I' = GXZ, or
(il) T' = Gy xg Ga, such that G;, i = 1,2, satisfy the Kg-IC,
such that I' satisfies the integral Kgr-Novikov conjecture. Then I' satisfies the Kg-IC.

Proof. Using Lemma [[ Tl we see that the assembly map A induces a monomorphism on the homo-
topy groups. Using Proposition for case (i) and Proposition for case (ii), we see that A is

an epimorphism. Thus A is an equivalence. O
Now we give applications of the Theorem.

Corollary 7.3. Let G be a torsion free group and R a regular coherent ring. Assume that:
(1) G satisfies the Kr-1C,
(2) G has finite asymptotic dimension,
(3) RG is a regular ring.
Let T be a torsion free group defined by:
(i) I' = GXZ, or
(il) T = Gy g G2, such that G;, i = 1,2, satisfy the Kg-IC and they have finite cohomological
and asymptotic dimensions.

Then T satisfies the Kr-1C.

Proof. The assumptions on the groups imply that I" has finite asymptotic dimension ([6]). Also, T’
has finite cohomological dimension and thus it admits a finite dimensional BI'. By [H], I" satisfies
the integral Kp-Novikov conjecture. The result follows from Theorem O

Corollary 7.4. Let F be a finitely generated free group and R a reqular coherent ring. Then

(1) F satisfies the Kg-IC.
(2) FXZ satisfies the Kg-IC

Proof. The first statement follows by induction on the number k& of generators of F: If k = 2, then
F = 7 % 7Z and the result follows from For k > 2, F = F_41 % Z, where F}_q is the free group
on (k — 1) generators. All the assumptions of Corollary are satisfied and thus F' satisfies the
Kg-IC.

For the second statement, we use again Corollary Part (1) implies that assumption (1) is
satisfied. Also, the free group has finite asymptotic dimension and thus assumption (2) is satisfied.

Assumption (3) follows because R is regular Noetherian ring. O

Remark 7.5. In [2] and [13], there was a special assumption for groups of type F'XZ to satisfy the
fibered pseudoisotopy IC. Essentially the assumption was that the action of Z on F' has certain
geometric properties. Corollary [Z4 is more general because such an assumption is not needed but
it only gives the Kg-IC and not the fibered version. A general fibered version could not follow
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along the same lines because the assumption in Corollary guarantee that all the Nil-groups that

appear vanish.

(1]

23]
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