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(-1,—-1)-BALANCED FREUDENTHAL KANTOR TRIPLE
SYSTEMS AND NONCOMMUTATIVE JORDAN
ALGEBRAS

ALBERTO ELDUQUE*, NORIAKI KAMIYA®°, AND SUSUMU OKUBO*

ABSTRACT. A noncommutative Jordan algebra of a specific type is at-
tached to any (—1,—1)-balanced Freudenthal Kantor triple system, in
such a way that the triple product in this system is determined by the
binary product in the algebra. Over fields of characteristic zero, the
simple noncommutative Jordan algebras of this type are classified.

1. INTRODUCTION

The well-known Tits-Kantor-Koecher construction [Tit62) [Kan64l, [Koe67]
relates Jordan systems to 3-graded Lie algebras. In [Kan73], several models
of exceptional Lie algebras with a 5-grading

g=9g2Dg-1DgoD g1 D g2

are given, based on generalized Jordan triple systems:

Definition 1.1. A vector space J over a field F', endowed with a trilinear
operation J x J x J — J, (x,y, z) — xyz, is said to be a generalized Jordan
triple system (GJTS for short) if it satisfies the identity:

wo(zyz) = (wvx)yz — x(vuy)z + xy(uvz) (1.2)
for any u,v,z,y,z € J.

A (linear) Jordan triple system is then a generalized Jordan triple system
with the added constraint:
TYz = YT (1.3)
for any x,y, z.
Unless otherwise stated, all the algebras and algebraic systems considered
will be assumed to be defined over a ground field F' of characteristic not 2.
Given two elements a,b in a GJTS J, consider the linear maps lop, ko :
J — J given by lgpc = abc, kqpc = acb 4 bea. Thus, equation ([LZ) is
equivalent to
[lu,v’ lr,y] = lluyvx,y - lx,lv,uy (14)
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for any u,v,x,y.

Definition 1.5. A generalized Jordan triple system J is said to be a (—1, —1)
Freudenthal Kantor triple system ((—1,—1)-FKTS for short) if it satisfies

lackab + Kapled = i, ye,d (1.6)
for any a,b,c,d € J.

The more general concept of (¢,d) Freudenthal Kantor triple system was
introduced in [YO84] for e, = £1.

In case there is a nonzero symmetric bilinear form (.|.) defined on a
(=1, —1)-FKTS such that

1
ko pc = 5(a\b>c (1.7)

for any a, b, ¢, the (—1,—1)-FKTS is said to be balanced.
In this case, equations ([CA) and (7)) simplfy to

xay = xyx = (z|r)y (1.8)

for any z,y.

Therefore, a (—1,—1)-balanced Freudenthal Kantor triple system (or
(—1,—1)-BFKTS for short) is a vector spaced over a field F' endowed with
a trilinear operation zyz and a nonzero symmetric bilinear form (.|.) such
that both (C2) and (LF)) hold.

Some simple (—1, —1)-BFKTS’s were used in [KO03] to give models of the
simple complex exceptional Lie superalgebras of classical type: D(2,1;a),
G(3) and F(4). Furthermore, this close relationship between (—1,—1)-
BFKTS’s and some Lie superalgebras was used in [EKOO03] to provide the
classification of the simple finite dimensional (—1, —1)-BFKTS’s over fields
of characteristic zero.

The aim of this paper is to show that a quadratic noncommutative Jordan
algebra in a specific variety can be attached to any (—1,—1)-BFKTS in such
a way that the triple product is determined by the (binary) multiplication
of the algebra. The classification of the simple finite dimensional quadratic
noncommutative Jordan algebras over fields of characteristic 0 in this variety
will be deduced too from the known classification of the simple (—1,—1)-
BFKTS’s.

The next section will be devoted to introduce the variety V of noncom-
mutative Jordan algebras that will be relevant for our purposes. Then in
Section 3, the relationship between some GJTS’s and algebras in V will
be studied, while in Section 4 the attention will be restricted to (—1,—1)-
BFKTS’s. The last Section will deal with the classification of the simple
finite dimensional quadratic noncommutative Jordan algebras in the variety
V over fields of characteristic 0.

2. A VARIETY OF NONCOMMUTATIVE JORDAN ALGEBRAS

Given any algebra A over a field F' (always of characteristic # 2), let
L, and R, denote the left and right multiplications by x: L,(y) = zxv,
R, (y) = yx; and let (z,y,2) denote the associator of the elements z,y, z:

(z,y,2) = (zy)z — x(y2).
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Recall that the algebra A is a noncommutative Jordan algebra if it is
flexible:

(2,y,2) =0 (2.1)
for any =,y € A, and satisfies the Jordan identity:
(2,,2%) = 0 (2:2)

for any z,y € A.
The Jordan identity is equivalent to the condition [L,, R, 2] = 0 for any
x € A, while the flexibility amounts to [L,, R;] = 0 for any x € A. Also, by
flexibility
(z,2,y) + (y,2,2) =0
for any =,y € A, or L2 —L? = R,2— R2. Thus, in the presence of flexibility,
[Lz, R,2] = 0 if and only if
[Ly, L,2] =0 (2.3)
for any x € A.
Given two elements x,y of a flexible algebra A, consider the linear map
A — A given by:
Dyy = Ligy) — [La, Ly]
= (xaya ) - (y7:1:7 )
= (’7:1:7y) - ('7y7x)
= _R[z,y] - [RI7 Ry]
Notice that (23]) is equivalent to the condition D,2 , = 0.

Let V be the variety of those noncommutative Jordan algebras A over a
field F satisfying that

D, , is a derivation of A for any z,y € A. (2.5)
This is the variety that will be relevant in what follows.
Theorem 2.6. Let A be an algebra in V, then for any x,y,z € A,
Daye + Dy + Diy = 0. 2.7)

Proof. The fact that D,y = Ly — [Ls, Ly] € Der A (the Lie algebra of
derivations of A) for any z,y € A is equivalent to the validity of

(Lo Lz] = [[Le, Ly)s L] = Lo y,)~(y.0,)
for any z,y, z € A. Permute cyclically x, y, z and add the resulting equations
to get

[Liwy)s Ls) + [Liy.als La)] + [Lzas Ly

(2.8)
- L(z,y,z)—i—(y,z,:c)—i—(z,z,y)—(y,:c,z)—(z,y,:c)—(z,z,y)'

But in any algebra,

(.T,y,Z) + (y,Z,{L‘) + (Z7‘T7y) - (y,a;,z) - (Z,y,(l)) - (‘T7Z7y)
= [[=,y], 2] + [ly, 2], 2] + [z, 2], 9],
so (Z8) is equivalent to

[Lizy)s L] + [Liy2)s La] + [Liza)s Ly] = Lifwg) 2+ {ly. 2l + 2.0
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or to
Diz ),z + Diyele + Dizagy = 0. (2.9)
But D,z , =0 for any = € A, since A is a noncommutative Jordan algebra,
so that, by linearization, Dyoy,® + Dy2,, = 0 for any z,y € A, where zoy =
zy + yx, and
Droy,z + Dyoz,x + ng;g,y =0 (210)
for any x,y,z € A.
The result now follows by adding up 29) and ZI0). O

The algebras A endowed with a skew symmetric bilinear map D : A X
A — Der A, (z,y) — D, satisfying (Z7) have been named generalized
structurable algebras in [Kam92]. The variety of generalized structurable
algebras includes the most usual varieties of nonassociative algebras.

Corollary 2.11. Any algebra in V is a generalized structurable algebra.

3. GENERALIZED JORDAN TRIPLE SYSTEMS

It will be shown in this section the close connection of the algebras in the
variety )V with some generalized Jordan triple systems:

Theorem 3.1. Let J be a generalized Jordan triple system over a field F
of characteristic # 2,3 which contains an element e € J such that:
(i) eee =,
(ii)) eex = xee for any x € J,
(iii) the map U, : x — exe is onto.

Then the homotope algebra J'©), defined on the vector space J with multipli-
cation given by x -y = xey for any x,y € J, belongs to the variety ¥V and is
unital with 1 = e. Moreover, the map r — T = exe is an involution of J©
and the triple product in J satisfies

zyz=x-(§ 2)—y-(x-2)+([H 2) = (32)

for any x,y,z € J.

Conversely, let (A,-) be a unital algebra inV over a field F of character-
istic # 2, with unity element 14 and endowed with an involution x — Z, and
define a triple product on A by means of BZ). Then A becomes a GJTS
and satisfies conditions (1)—(ill) above with e = 14 and Uex = Z for any
x € A.

Proof. Let J be a GJTS satisfying the conditions above. Then ([Z), to-
gether with (i) and (ii), give:
ee(exe) = (eee)re — e(eex)e + ex(eee)
= 2exe — e(eex)e,
exe = ex(eee) = (exe)ee — e(xee)e + ee(exe)
= 2ee(exe) — e(eex)e.
Since the characteristic of F is # 3, (B3)) and (B4) imply

eve = ee(exre) = e(eex)e (3.5)
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for any = € J. Since U, : © + exe is onto, we get
x = eex (= wee), (3.6)
so that
r=e-r=x-e€
for any x € J and e is the unity element of the homotope algebra J(©).
Now, by (B3) and (T2,
x = ze(eee) = (vee)ee — e(exe)e + ee(xee)
= 2z — e(exe)e
so & =z for any x € J, where T = U.x = exe. Also, for any xz,y € J,
x -y = ze(eey) = (zee)ey — e(exe)y + ee(zey)
=x-y—€exy+x-y,
x -y = xe(yee) = (vey)ee — y(exe)e + ye(xee)
=x-y—yre+y-x.
Hence, for any x,y € J,
ery =T -y,
rye =1 -y,
while

Z -y = ex(eye) = (exe)ye — e(xey)e + ey(exe)

—

Il
Kl

ye —x -y + ey
=T-Yy—T-y+yr,
and this shows that T-y = - for any =,y € J. Therefore, the map = +— &
is an involution of J(©).
Besides, for any x,y,z € J,
Y- (z-z) =ye(zrez) = (yex)ez — x(eye)z + ze(yez)
=y -a)-z—azyz+ta-(y-2),

so, substituting y by ¢ we obtain ([B2).
But also, because of ([B1),

z-(z-yg) = ez(xye) = (ezx)ye — x(Zey)e + zy(eze)

=(z-x)-y—z-(Z-y) +zyz,
S)
wyz = (§2) — (zo2) G+ (z-7) (3.8
for any z,y, z, since x —  is an involution. Equations (B2) and X)) yield,
for any z,y,z € J,

(g,.’L‘,Z)' = —(Z,Jl‘,g)', (39)
where (a,b,¢) = (a-b)-c—a- (b-c) is the associator in J©). Identity (B3)
is equivalent to the flexible law in J(©),

Moreover, ([B2) is equivalent to
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where L, denotes the left multiplication by a in J(€) and Dy = Ligy —
[Ls, Ly] as in ([Z4). Notice that L, =l and Lz = I, (because of ([B1)).
Thus,

[Dw,ya lz,t] = _[lr,g, lz,t] + [lmy,e, lz,t]

_lzgz,t + lz,gj:ct + l(:c~y)ez,t - lz,e(:c~y)t (3 11)
l—ngz+(r~y)~z,t + lz,gjwt (g-z)t

- lDz’yZ,t - lZ,Dg’jt
for any z,y,2,t € J. With t = e, this shows that [D,,, L.] = Lp, ., since

D, e =0 for any a,b € J. Hence D, , € Der J© for any z,y € J.
Finally, (BI0) shows that I z = Ly.4, so

lx ,€9 x,z]

=
lrew , T lr,eww
l

T, T lw , T by (BZZD’
—2[Lx, Lx.x] by ﬂexibility.

Since the characteristic is # 3, this shows that [L;, L, 2] = 0 for any x € J
which, together with the flexible law, shows that J (©) is a noncommutative
Jordan algebra, thus completing the proof of the first part of the Theorem.

Conversely, let (A, -) be a unital algebra in V endowed with an involution
x — Z. Let e = 14 be the unity element and use ([BZ) to define a triple
product on A. Then

zey=z-(e-y)—¢€-(z-y)+(€-x)y
=zr-y—z-y+a-y,

so x -y = zey for any z,y € A, and hence eece = e and eex = x = xee for
any x € A. Also,

exe=e¢-(T-x)—T-(e-e)+(T-e)-e==T

for any = € A. Hence, conditions (i)—(iii) are satisfied.
Finally, with D, , defined by (Z4), we obtain for any z,y, z € A,

Dw,yZ = ngZ = —ngz, (312)

because

(z,9,2) = =(2,9,7) = (L, 7, 2)
by flexibility. Since D, , € Der A, (B12) and ([B2) show that
[Dzy»lap) = 1D, yab — la,Dy b (3.13)
for any z,y,a,b € A. Now, (1)) amounts to
[Lab, Le] + [Locs La] + [Leas L]

3.14
= L[a-b,c]—i—[b-c,a}—l—[c-a,b] ( )
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for any a,b,c € A. But

Liab,c+[b-c,a]+[cab]
= L(ab,c) +(b,c,a) +(c,ab)
= Lia ) —(b,a,0) +(be,a)
= Lp, e + Lipca)
= [Daps Le] + Lipc.a)
= _[[LCU Lb]a Lc] + [L[a,b}7Lc] + L(b,c,a)‘a

thus (BI4]) becomes,
[Le, [La, L] 4 Lya] = ([Leas L) + Ly (ca)) — ([Las Live] + Lipe)a) -
Substituting b by b and using (2), this last equation is equivalent to
[Leslap) = leap = lagn (3.15)
for any a,b,c € A. From (BI0), (BI3) and EID) we obtain

[lr,y’ la,b] = [_Doc,qj + Lx-?ja la,b]
= —Ip, yab +la,Dy b t lzg)apb — layz)b

=l yab — lajly b

= lwya,b - la,yrln
thus proving that A is a GJTS with the triple product defined by 2) O
Remark 3.16. Notice that in the proof of the first part of the Theorem

above, the restriction on the characteristic to be # 3 has only been used to
prove (BH) and [L,, L,2] =0 for any x € J.

As a particular case, for Jordan triple systems, the following known result
is recovered [LooT1l, 1.4, 3.2]:

Corollary 3.17. Let J be a Jordan triple system over a field F of charac-
teristic # 2,3 which contains an element e € J such that

ere = (3.18)

for any x € J. Then, the homotope algebra J(©) (with the product x-y = xey)
18 a unital Jordan algebra with 1 = e. Moreover, for any x,y,z € J:

xyz=x-(y-z2)—y-(x-2)+(y-x) -z (3.19)
Conversely, if A is a unital Jordan algebra with unity e, then the triple prod-

uct xyz defined by BIT) becomes a Jordan triple system satisfying [BIS).

Proof. For a Jordan triple system J satisfying (BI]), all the conditions (i)
(iii) in Theorem Bl are automatically satisfied. Moreover, for any = € J,
T = exe = x so that the involution law T-y = ¢ - T is equivalent to the
commutative law z -y =y - x. O
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4. (—=1,—1)-BALANCED FREUDENTHAL KANTOR TRIPLE SYSTEMS

An algebra @ over the field F' is said to be quadratic if it is unital and
for any = € @, 1, x and 22 are linearly dependent. Then the set of vectors
V={xeQ\F1:2%¢c F1} is a subspace of Q with Q = F1 @ V [Osb62)].
For any u,v € V,

wo = —(u|v)l +u x v, (4.1)
where (.|.) is a bilinear form and x is an anticommutative multiplication

on V. The triple (V, (.].)s x) determines the algebra @, so we will write
Q= Q(V, (1), ><). Moreover, for any x € @,

22 —T(z)x+ N(z)1=0 (4.2)

where T is a linear form and N a quadratic form on A, called the norm,
given for any o € F' and u € V by

{ T(al+u) =2«

N(al+u) = o + (u|u) (4.3)

In particular, T'(x) = N(x,1) for any x, where N(z,y) = N(z+y)— N(z)—
N(y) is the associated symmetric bilinear form.

It is well-known [Osb62] that the bilinear form (.|.) is symmetric if and
only if the map x — & = T'(x)1—=x is an involution (the standard involution),
and that the quadratic algebra @ is flexible if and only if (.|.) is symmetric
and (u x vlw) = (ulv x w) for any u,v,w € V. Notice that if (.|.) is
symmetric, it is determined by N and that any flexible quadratic algebra is
a noncommutative Jordan algebra.

Theorem 4.4. Let S be a (—1,—1)-balanced Freudenthal Kantor triple sys-
tem over a field F' and let e € S such that (ele) # 0 ({.|.) as in (L)). Define
a binary product on S by

x~y:< exy

ele)
for any x,y € S. Then (S,-) is a quadratic algebra in the variety V with
norm given by N(x) = %}? for any x € §. Moreover, the original triple

product on S is related to the binary product by

—~
<

zyz = (ele)(@-y) - 2= (y-2)+y- (@ 2)) (45)

for any z,y,z € S, where x — I denotes the standard involution of the
quadratic algebra (S, ).

Conversely, let (Q,-) be a quadratic algebra in V with norm N and define
a triple product on @ by the formula

wyz=(T-y)-z2—=T-(y-2)+y-(T-2), (4.6)

where x — T = N(x,1)1 — x is the standard involution on Q. Then Q, with
this triple product, is a (—1,—1)-BFKTS with associated nonzero symmetric
bilinear form given by (x|x) = N(x) for any x € Q.
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Proof. Let S be a (—1,—1)-BFKTS and let e € S with (ele) # 0. Define a
new triple product on S by the formula

TYz = YTz,

1
(ele)
Then the map l~x,y : 2z — TYz equals

.y — <6|€> Y,z
! (24aly)id — L.y
= ——(2{z|y)id —
(ele) \TE T )
where [, , is the ‘left multiplication’ on S (see ([LH)). Thus, for any z,y, 2,t €
S,

~ 1
[lz,ya lz,t] = W [ly,xa ly z]

2 yxt,z lt :cyz)

(4.7)

g
Q(Zt yoz—2(zly)2 lryt—2(x\y>t,z)
ol

lt yrz xyt z)

wget = by gt

Therefore, (S,zyz) is a GJTS. Moreover,

N 1

eer — —(/—€exr =,

{ele)

— 1

ree = ———-ere = T,

(ele)
so (B is satisfied, and
— 1

T =exe= @xee = @ (—eex + 2<e|x>6)

=—x+ N(e,x)e

with NV the quadratic form given by N(x) g}g for any z € S. Define the
algebra (.S, -) by means of
1
(ele)
for any x,y € S. This algebra (S, -) is unital with 1g = e and for any = € S:
1 1
T-T=-——err = —(2<e|x> - xex)
(ele) (ele)
= N(e,z)x — N(x)e,

so (S,-) is quadratic. Now by Theorem Bl and Remark BI6 the algebra
(S, -) is flexible (and hence noncommutative Jordan) and satisfies that D, ,, €

exy = xey

Ty =
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Der(S, -) for any z,y. Finally, from B2,
xyz = (ele)yxz
—(ele)(y- (@ 2) 2 (y-2)+ (@ y) - 2)

for any z,y, z € S, thus completing the proof of the first part.
Conversely, if (Q,-) is a quadratic algebra in V with norm N and we use
(D) to define a triple product on Q, then

rry=(T-z)-y—2-(x-y)+x-(T-y)=N(z)y
ryr = (T-y)-x—2-(y-z)+y-(T-2)=N(z)y

sincex-z=2-x=N(@)l,z-(r-y) =z (T -y) and (Z,y,x) = 0 for
any x, as T € F1 + Fz and (Q,-) is flexible. Also, with zyz = yxz =
(-z)-z—y-(x-2z)+x-(y-2), Theorem Bl shows that (Q,zyz) is a GIJTS
and, as in (E7), this shows that so is (Q,zyz), as required. O

We close this section with a result relating the simplicity of a quadratic
algebra in V and of the associated (—1,—1)-BFKTS, constructed in the
previous Theorem.

Theorem 4.8. Let (Q,-) be a quadratic algebra in V and let (Q,xyz) be
the associated (—1,—1)-BFKTS with triple product given by X). Then
(Q,xyz) is simple if and only if either (Q,-) is simple or (Q,-) is isomorphic
to the direct product of two copies of the ground field F: (Q,-) 2 F x F.

Proof. Assume first that (Q,zyz) is simple and let 0 # I be an ideal of
(Q,). Let x — Z be the standard involution. Then either I = I and hence,
by D), I is an ideal of (Q,zyz), so I = Q by simplicity, or I # I. In the
latter case, I + I and I NI are ideals of (Q,-) closed under the involution
so, by the previous argument, I NI = 0 and I 4+ I = Q. Besides, I # I, so
there is some element = € I with N(z,1) # 0. But for any y € Q, by ([2),

r-y+y-xz=N(z,1)y+ N(y, 1)z — N(z,y)l,

so N(z,1)y — N(z,y)l € I and hence {y € Q : N(z,y) = 0} C I and the
codimension of I (which coincides with the codimension of ) is 1. The only
possibility is that dim/ = dim/ = 1 and Q = I @ I. In particular both I
and I are one-dimensional quotients of the unital algebra @, so both I and
I are isomorphic, as algebras, to the ground field F, and (Q,-) = F x F, as
required.

Conversely, any ideal I of (Q, zyz) satisfies that for any x € I, £ = z11 €
I, so that I is an ideal of (@Q,-) closed under the involution, and hence I is
trivial in both cases: (@, ) simple or (Q, ) 2 F x F. O

5. SIMPLE ALGEBRAS

According to Theorems EEfland EL]], to obtain the simple finite dimensional
quadratic algebras in V it is enough to consider the simple finite dimensional
(—=1,—1)-BFKTS’s S with an element e € S such that (e|e) = 1 and to define
the associated quadratic algebras (.S, -) where

-y =exy (5.1)

for any z,y € S. The element e becomes the unity element of (.S, ).
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The classification of the simple finite dimensional (—1, —1)-BFKTS’s over
fields of characteristic zero was obtained in [EKO03]. Here we will review the
list of examples that appear in [EKO03, Section 3] and obtain the associated
quadratic algebras in V. This will set the stage for the classification in the
last section.

5.(i) Orthogonal type:

Let S be a vector space endowed with a symmetric bilinear form (.|.) and
an element e € S such that (e|e) = 1. Then S becomes a (—1,—1)-BFKTS
with the triple product

ryz = (zlz)y — (zly)z + (z|y)=
for any x,y,z € S. Therefore, (B1l) becomes

z-y = (ely)r + (elr)y — (z|y)e
so that (S,-) = Fe® V, with V = (Fe)* (the orthogonal subspace to Fe

relative to (.|.)), is the Jordan algebra of a quadratic form: for any u,v € V
and a, 8 € F,

(e 4+ u) - (Be+v) = (aff — (ulv))e + (av + Bu). (5.2)

5.(ii) Unitarian type:

Let K be a quadratic étale F-algebra; that is, either K is a quadratic field
extension of F' (recall that the characteristic of F'is not 2) or it is isomorphic
to F' x F; and let S be a left K-module endowed with a hermitian form
h:S xS — K and an element e € S with h(e,e) = 1. Thus, h is F-bilinear
and

h(az,y) = ah(z,y)
h(z,y) = h(y, x)
for any € F and x,y € S, where a — & is the nontrivial F-automorphism

of K.
Then S is a (—1, —1)-BFKTS with the triple product

ryz = h(z,x)y — h(z,y)x + h(z,y)2

for any z,y,z € S. Thus (&) becomes here:
for any x,y € S; so that (S, ) = Ke® W, with W = (Ke)* = {z € S :
h(e,x) = 0} and for any o, 8 € K and u,v € W:
(e +u) - (Be+v) = (af — h(v,u))e + (av + fu). (5.4)

Therefore, (S, ) is the structurable algebra associated to the hermitian form
—hlw (see [AIIT8, § 8, Example (iii)].
5.(iii) Symplectic type:

Change K to H, a quaternion algebra over F', in the unitarian type; so
that now S is a left H-module endowed with a hermitian form h : Sx.S — H
and an element e € S with h(e,e) = 1. (Here a — a denotes the standard

involution in H.) As before, S = He @ W with W = (He)*, but now (54
becomes

(e +u) - (Be+v) = (aB+ B(a — @) — h(v,u))e + (av + Bu). (5.5)
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for any o, 8 € H and u,v € W.

In order to deal with the remaining types, some preliminaries are needed.
Given a quadratic algebra QQ = Q(V, .1, x) and a nonzero scalar u € F,

we will denote by QI the quadratic algebra
QW = Q(V.n(]). x).

(Same anticommutative multiplication on V', but bilinear forms scaled by
1)

There is a related construction in the literature. Given any algebra A
and a scalar o € F, the scalar mutation A (see [ATb4S, IMcCG6]) is the

algebra defined on the same vector space but with the new product
:Eo-éy:aa:y—l—(l—a)yx

for any x,y € A. For a flexible quadratic algebra @ = Q(V, (.1, x), it

follows immediately from @) that Q(® = Q(V, (1), 2a — 1)><) (same

bilinear form, but anticommutative multiplication scaled by 2« — 1). Also,
for any 0 # v € F, the linear endomorphism of Q = F1 & V, given by

~

©(1) = 1 and p(v) = vov for any v € V, gives an isomorphism QI =~
Q(V,(].),v1 x), so that for a # %, the scalar mutation Q@) is isomorphic

to Qla].

5.(iv) D,-type:

Let S be a four dimensional vector space endowed with a nondegenerate
symmetric bilinear form (.|.) and an element e with (e|e) = 1, and let ¢ :
S xS x8 xS — F bea nonzero alternating multilinear form (unique up
to multiplication by a nonzero scalar). Define the alternating triple product
[zyz] on S by means of

¢(x,y, 2, 1) = ([zyz][t)

for any x,y,z,t € S. Then [EKOO3, Lemma 3.2] there exists a nonzero
scalar p € F' such that

([arazas]|[brbabs]) = prdet ({ailby) ) (5.6)

for any a;,b; € S (i =1,2,3).
In this case, S becomes a (—1,—1)-BFKTS with the triple product

zyz = [vyz] + (zle)y — (zly)z + (z]y)=
for any z,y,z € S. Thus, (&) becomes
z-y = lexy] + {ely)x + (elr)y — (zly)e,
so that (S,:) = Fe®V with V = (Fe)* and for any o, 3 € F and u,v € V,
(e +u) - (Be+v) = (af — (ulv))e + (v + fu + u X v), (5.7)
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where u x v = [euv]. That is (S,-) = Q(V, (.]-), x). From (&8 and since
(ele) =1, it follows that for any u,v € V,

(ulu)  (ulv)
(ulv) (v]v)

(ufu)  (ulv)
(ulv)  (v]v)
where (u|v) = p(u|v) for any u,v € V. The above equation (&8) shows that
X is a vector cross product on V relative to the nondegenerate symmetric
bilinear form (.|.) (see [BG6T]) and, therefore, the quadratic algebra H =

Q(V, (.].), x ) is a quaternion algebra over F'. But then we conclude that

(8,0 = Q(V, (), x) = (Vo™ (), x ) = L.

That is, (5,) is a quadratic algebra obtained from a quaternion algebra by
scaling the bilinear form on the subspace of vectors.

Conversely, it is straightforward to check that for any quaternion algebra
H and nonzero scalar v € F, the quadratic algebra H"! belongs to V.
5.(v) G-type:

Let C be a Cayley algebra (that is, an eight dimensional unital compo-
sition algebra) over F' with norm n and trace ¢t and let S = Cy = {x €
C :t(x) = 0}. Let 0 # a € F and consider the nondegenerate symmetric
bilinear form and the triple product on .S given by:

(x|y) = —2at(zy)
xyz = a(D%y(z) - 2t(a:y)z)
for any z,y,z € S, where
Dyy = [La, Ly] + [La, Ry] + [Re, Ry

(a derivation of C'). We refer to [Sch95l Chapter III] for the basic properties
of Cayley algebras. Assume that there is an element e € S with (ele) = 1.

(u X vju xv) =p ,

so that

(u X v|u xv)= ) (5.8)

Then t(e?) = —2n(e) = —5=, S0
_ tay)
<ZL‘|y> - t(€2)’
xyz = #{e) (Dm,(z) - 2t(:1:y)z).

Here K = F1 + Fe is a quadratic étale subalgebra of C and S = Fe® V,
where V = {z € Cj : t(ex) =0} = {x € C : t(Kz) = 0}. For any u,v € V,
(B0 becomes
1
U= —Deu 5

u-v (o) e (v)

but Dy (2) = [[z,y], 2] + 3(z, 2,y) ([Sch9h, (3.70)]), so
Deﬂt(v) = [[G,U],U] + 3(6,'0,11,)
= —2[ue,v] 4+ 3(u,e,v) (since eu + ue = 0 as t(eu) = 0)

= (ue)v + 2v(ue) — 3u(ev).
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Also, t(eu) = t(ev) = 0 so that, by alternativity, for any u,v € V,

(ue)v = —(uv)e,
v(ue) = —v(eu) = e(vu) = —n(u,v)e — e(uv),
u(ev) = —e(uv).

Hence D, ,(v) = —2n(u,v)e + [e,uv] and (EJ]) becomes
n(u,v)
2n(e)

)e + (om + Bu + L[e, uv]) (5.9)

(e +u) - (Be+v) = (aﬁ - )

for any o, 8 € F and u,v € V.
Now ([Hach8, §6], [EMI5, §§ 2,3]) for any u,v € V,

)

w = —o(u,v) + u*wv, (5.10)
where o(z,y) = %(n(w,y) - %n(ew,y)e) for any z,y € V. Then o :
V x V — K is a hermitian form, * is anticommutative and

p(x *y) = (Ax) x y,
olx,y*z)=oc(xxy,z), (5.11)
(xxy)x2z=o0(z,2)y — oy, 2)z,
for any p € K and z,y € V. The quadratic algebra B = F1&V =
Q(V, —n(\),*) is a color algebra (see [EM95]) and any color algebra is

obtained in this way. For the origin and basic properties of color algebras
one may consult [EM95] and the references therein.

Proposition 5.12. The linear map ¢ : BI72 — (S,.) given by ¢(1) = e
and p(u) = —2eu for any u € V is an isomorphism of algebras.
Proof. Since e is the unity element of (S,-) and Bl=2 = Q(V, 2n(.|.), *), it
is enough to prove that for any u,v € V,
o(—2n(u,v)1 +uxv) = p(u) - (v). (5.13)
But
o(—2n(u,v)1 + uxv) = —2n(u,v)e — 2e(u * v),

n(eu, ev 14
o) o) = 1(ew) - (e0) = 2" e e ey Y

and n(eu, ev) = n(e)n(u,v) by the composition property of the norm of C,
while (E10) and (EI10) give

(eu)(ev) = —o(eu,ev) + (eu) * (ev)

= —céo(u,v) + & (u* v)
= —n(e) (a(u, v) + u* v).

(Note that € = —e and ee = n(e)l.) Since [e, K| = 0 and eu + ue =
—n(e,u)l =0, for any u,v € V:

le, (eu)(ev)] = —n(e)[e,u * v] = —2n(e)e(u * v).

This, together with (BI4]) proves the validity of (BI3). O
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Therefore, the quadratic algebras in V associated to the (—1, —1)-BFKTS’s
of G-type are precisely the algebras Bl=2, where B is a color algebra.
5.(vi) F-type:

Here the characteristic of F' will be assumed to be # 2,3. Let S be an eight
dimensional vector space over F' endowed with a nondegenerate symmetric
bilinear form (.|.), an element e € s with (e|e) = 1 and a 3-fold vector cross
product X of type I associated to (.|.) (see [EId96], [Oku95l, Ch. 8] and the
references therein). Then S is a (—1, —1)-BFKTS with the triple product

vy = 5X(@,9.2) + {elo)y = (ely)o + (aly)2

for any z,y,z € S.
Then S has the structure of a Cayley algebra, denoted by C, with unity
element e, norm n(x) = (z|z) and standard involution = — Z, such that

X(z,y,2) = (29)z + (z]2)y — (y|z)z — (z]y)2,

so the triple product above becomes
1 _
vyz = 3 ((29)2 + Hal)y — 4ylz)z + 2(zly)2)

for any z,y,z € S, while (BJl) becomes

2oy = 5 Ty + Alely)e + 2fele)y — Alaly)e)

= 2 (~ow + Alely)z + 4lelay — 4lzly)e)

for any z,y € S, since x + = = 2(e|x)e.
Now, (S,-) = Fe®V with V = (Fe)* (orthogonal relative to (.|.) and for
any u,v € V, uv = —(ulv)e + %[u,v]. Hence, for any o, 3 € F and u,v € V

1/1
(e +u) - (Be +v) = (0 — {ulo))e — 5 <§[u,v]> ,
so that (S5,-) =C (=3) (scalar mutation), which is isomorphic to Cll.
Therefore, the quadratic algebras in V associated to the (—1, —1)-BFKTS’s
of F-type are precisely the algebras Cl%, where C is a Cayley algebra.

6. SIMPLE QUADRATIC V-ALGEBRAS

The classification of the simple finite dimensional (—1, —1)-BFKTS’s in
[EKOO03] over fields of characteristic 0, together with the previous sections,
does almost all the work needed to prove our last result:

Theorem 6.1. Let (Q,-) be a finite dimensional simple quadratic algebra in
the variety V over a field F' of characteristic 0. Then, up to isomorphism,
either:

(i) (Q,) is the Jordan algebra of a nondegenerate quadratic form, with
the exception of (Q,-) = F x F.
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(ii) There exists a quadratic étale algebra K over F' such that @Q is a free
K-module of rank > 3, endowed with a nondegenerate hermitian
form h:Q x Q — K such that h(1,1) =1 and for any x,y € Q,

x-y=nh(y,)z —h(y,x)1 + h(1,2)y. (6.2)

In this case, (Q, ) is the structurable algebra of the restriction of the
nondegenerate hermitian form —h to {x € Q : h(1,z) = 0}.

(iii) There exists a quaternion algebra H over F such that Q is a free left
Q-module of rank > 2, endowed with a hermitian form h : Q X QQ —
H such that [62) holds.

(iv) There exists a quaternion algebra H over F and a nonzero scalar
p € F such that (Q,-) = HM.

(v) There exists a color algebra B over F such that (Q,-) = BI=2.

(vi) There exists a Cayley algebra C over F such that (Q,-) = C1,

Moreover, two algebras in different items above are not isomorphic and:

(i’) Two algebras of type (i) are isomorphic if and only if their quadratic
forms are isometric.

(i) Two algebras Q1 and Q2 in item (ii) with associated étale algebras K
and Ky and hermitian forms hy and ho are isomorphic if and only if
the hermitian pairs (Q1,h1) and (Q2,hs) are isomorphic. (That is,
there is an isomorphism of F-algebras o : K1 — Ko and an F-linear
bijection ¢ : Q1 — Qo such that hs (go(x),gp(y)) = J(hl(aj,y)) for
any z,y € Q1.)

(iii’) Two algebras Q1 and Q2 in item (iii) with associated quaternion
algebras Hy and Hy and hermitian forms hy and ho are isomorphic if

and only if the hermitian pairs (Q1,h1) and (Q2, he) are isomorphic.

(iv’) Two algebras H{’“} and H2[”2} in item (iv) are isomorphic if and only

if so are the quaternion algebras Hi and Ho and py = po.

(v') Two algebras Bg—z} and Bg—z} in item (v) are isomorphic if and only
if so are the color algebras By and Bs.

(vi") Two algebras 01[9] and 02[9} in item (vi) are isomorphic if and only

if so are the Cayley algebras C1 and Cs.

Proof. That the finite dimensional simple quadratic algebras in V over F are
precisely the algebras in the assertion of the Theorem follows directly from
Theorem EZl, Theorem and the classification of the simple (—1,—1)-
BFKTS’s in [EKO03, Theorem 4.3].

For the isomorphism problem, notice that any isomorphism ¢ between two
flexible quadratic algebras satisfies ¢(Z) = ¢(z) for any x, where z — Z de-
notes the standard involution) and hence extends to an isomorphism between
the corresponding (—1, —1)-BFKTS’s, because of ([Zf]). Conversely, any iso-
morphism between the corresponding (—1, —1)-BFKTS’s that matches the
unity elements of the quadratic algebras is indeed an isomorphism of the
quadratic algebras.

Now, the assertions in (i’)—(iii’) would follow from the corresponding as-
sertions in [EKOO3, Theorem 4.3] if it could be proved that if the her-
mitian or quadratic pairs (Q1,h;) and (Qs2,hg) are isomorphic, the iso-
morphism can be taken to match the unity elements. This is a direct
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consequence of Witt’s Theorem [Sc85] in case (i’) and in cases (ii’) and
(iii’) with K and H being division algebras. For the split cases in (ii’")
(K =F x F) and (iii’) (H = Maty(F')) an extra argument is needed. First,
if K = F x F and @ is a free K-module of rank > 3 endowed with a nonde-
generate hermitian form h, then (see [EKOO03, p. 358], up to isomorphism,
Q = W xW* for a vector space W (W* being its dual) and h((u, f), (v,9)) =
(9(u), f(v)) € F x F = K. Now, given any two elements (u, f) and («/, f/)
with h((u, f), (1, £)) = 1= h((tl, /'), (o, ")) (that is, f(u) = 1 = f'(u),
there is a linear bijection ¢ : W — W such that p(u) =’ and fop™! = f’
(just complete {u, f} and {«/, f'} to a couple of dual bases of W and W*).
Then the linear map ¢ : Q@ — Q given by ¥((v,9)) = (p(v),g o ¢ ) is
an automorphism of the hermitian pair (Q, h) that carries (u, f) to (v, f/).
This finishes the proof of (ii’). Also, if H = Matg(F') and @ is a free left
H-module of rank > 2 endowed with a nondegenerate hermitian form h,
then ([EKO03, p. 359]), up to isomorphism, Q@ = U ®p W, where U is
the irreducible (two dimensional) left H-module and W is a vector space,
and h(u; ® wi,ug ® wy) = Y(wy,we)p(—,uz)u; € Endp(U) = H, where
p: UxU — Fand v : W x W — F are nondegenerate skew symmetric
bilinear forms. Let {aj,as} be a basis of U with ¢(aj,a2) = 1. Then for
any element x = a1 ® w1 + az ® wa € Q,

h(z,z) = Y(wi, w2)p(—, az)ar + Y(wz,w1)e(—,ar)az
= (w1, w2) (SO(—a az)ay — o(—, al)az)
= P(wy, wo)1.

Thus h(z,x) = 1 if and only if (w1, wy) = 1. But if z = a1 @ w1 + a2 @ we
and y = a; @ W) + az @ wh are two elements of Q with h(z,z) =1 = h(y,y),
that is, (w1, wq) = 1 = ¢(w],w)), there is an element in the symplectic
group ® € Sp(W, ) such that ®(w;) = w} and ®(w2) = w). Then 1 @ &
is an automorphism of the hermitian pair (@, h) that carries x to y. This
completes the proof of (iii’).

For (iv’)—(vi’) notice that any isomorphism of quadratic algebras ¢ :

Q(Vl,(.|.)1, xl) — Q(Vg,(.|.)2, ><2) restricts to an isomorphism of anti-

commutative algebras ¢ly; @ (V1,x1) — (Va, X2), which is also an isom-
etry (Vl,(.|.)1) — (Vg,(.|.)2). But for a quaternion or Cayley algebra

Q(V, .1, x), the bilinear form (.|.) is determined by x due to the identity:

(z xy) xy = (zly)y — (yly)z, (6.3)
and the same happens for color algebras due to the identity:
1
(@ xy) xy) xy =S yly)z xy. (6.4)
(See [EId8Y].) Thus, for instance, if
p: H = Q(V1,M1(-|-)1, ><1) — HY = Q(V2,M2(-|-)2, ><2)

is an isomorphism of algebras in item (iv), where V; is the set of vectors
of the quaternion algebra H; = Q(Vi, (1), xi), i = 1,2, then ¥ = ¢ly; :
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(V1, x1) = (Va, x2) is an isomorphism of anticommutative algebras and also
an isometry ¢ : (V4, p1(.].)1) = (Va, p2(.].)2). By @3), ¢ is an isometry too
between (V4, (.].)1) and (Va, (.].)2), so that 1 = pig and ¢ is an isomorphism
between the quaternion algebras H; and Hs. The cases (v’) and (vi’) follow
using the same arguments (but with (84]) instead of (&3] for case (v’)). O

There appears the natural open question of studying the quadratic sim-
ple algebras in V over arbitrary fields of characteristic # 2 and check if
some other kind of algebras appear. This would lead to a classification of
the simple (—1,—1)-BFKTS’s over these fields. The known classification
in characteristic 0 depends heavily on the classification of the simple Lie
superalgebras in characteristic 0, and the restriction on the characteristic
there is essential.

REFERENCES

[Alb48] A. A. Albert, Power-associative rings, Trans. Amer. Math. Soc. 64 (1948), 552
593.

[ALl78]  B. N. Allison, A class of nonassociative algebras with involution containing the
class of Jordan algebras, Math. Ann. 237 (1978), no. 2, 133-156.

[BG67] Robert B. Brown and Alfred Gray, Vector cross products, Comment. Math. Helv.
42 (1967), 222-236.

[Eld88]  Alberto Elduque, On the color algebra, Algebras Groups Geom. 5 (1988), no. 4,
395-410.

, On a class of ternary composition algebras, J. Korean Math. Soc. 33
(1996), no. 1, 183-203.

[EKOO03] Alberto Elduque, Noriaki Kamiya, and Susumu Okubo, Simple (—1,—1) bal-
anced Freudenthal Kantor triple systems, Glasg. Math. J. 45 (2003), no. 2, 353—
372.

[EM95] Alberto Elduque and Hyo Chul Myung, Colour algebras and Cayley-Dickson
algebras, Proc. Roy. Soc. Edinburgh Sect. A 125 (1995), no. 6, 1287-1303.

[Jac58] N. Jacobson, Composition algebras and their automorphisms, Rend. Circ. Mat.
Palermo (2) 7 (1958), 55-80.

[Kam92] Noriaki Kamiya, On a generalization of structurable algebras, Algebras Groups
Geom. 9 (1992), no. 1, 35-47.

[KO03] Noriaki Kamiya and Susumu Okubo, Construction of Lie superalgebras
D(2,1;a), G(3) and F(4) from some triple systems, Proc. Edinb. Math. Soc.
(2) 46 (2003), no. 1, 87-98.

[Kan64] 1. L. Kantor, Classification of irreducible transitive differential groups, Dokl.
Akad. Nauk SSSR 158 (1964), 1271-1274.

, Models of the exceptional Lie algebras, Dokl. Akad. Nauk SSSR 208
(1973), 1276-1279.

[Koe67] Max Koecher, Imbedding of Jordan algebras into Lie algebras. I, Amer. J. Math.
89 (1967), 787-816.

[Loo71] Ottmar Loos, Lectures on Jordan triples, The University of British Columbia,
Vancouver, B.C., 1971.

[McC66] Kevin McCrimmon, Structure and representations of noncommutative Jordan
algebras, Trans. Amer. Math. Soc. 121 (1966), 187-199.

[Oku95] Susumu Okubo, Introduction to octonion and other non-associative algebras in
physics, Montroll Memorial Lecture Series in Mathematical Physics, vol. 2, Cam-
bridge University Press, Cambridge, 1995.

[Osb62] J. Marshall Osborn, Quadratic division algebras, Trans. Amer. Math. Soc. 105
(1962), 202-221.

[Sch95] Richard D. Schafer, An introduction to nonassociative algebras, Dover Publica-
tions Inc., New York, 1995.

[E1d96]

[KanT73]




(=1,-1)-BALANCED FREUDENTHAL KANTOR TRIPLE SYSTEMS 19

[Sc85] Winfried Scharlau, Quadratic and Hermitian forms, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol.
270, Springer-Verlag, Berlin, 1985.

[Tit62] J. Tits, Une classe d’algébres de Lie en relation avec les algébres de Jordan,
Nederl. Akad. Wetensch. Proc. Ser. A 65 = Indag. Math. 24 (1962), 530-535.

[YO84] Kiyosi Yamaguti and Atsuko Ono, On representations of Freudenthal-Kantor
triple systems U (e, ), Bull. Fac. School Ed. Hiroshima Univ. Part II 7 (1984),
43-51.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE ZARAGOZA, 50009 ZARAGOZA,
SPAIN
E-mail address: elduque@unizar.es

CENTER FOR MATHEMATICAL SCIENCE, THE UNIVERSITY OF A1ZU. A1ZU-WAKAMATSU,
965-8580 JAPAN

E-mail address: kamiya@u-aizu.ac. jp

DEPARTMENT OF PHYSICS AND ASTRONOMY, UNIVERSITY OF ROCHESTER, ROCHESTER,
NY 14627, USA
E-mail address: okubo@pas.rochester.edu



	1. Introduction
	2. A variety of noncommutative Jordan algebras
	3. Generalized Jordan triple systems
	4. (-1,-1)-balanced Freudenthal Kantor triple systems
	5. Simple algebras
	6. Simple quadratic V-algebras
	References

